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Abstract

In this work we study nonlinear dispersive waves such as atmospheric Rossby waves, and drift waves
on plasmas modeled by the nonlinear equation of Charney-Hasegawa-Mima (CHM). This equation admits
solutions of interacting triplets of waves called triads, and when sharing common modes, these triads couple
together to form large clusters. In the limit of small nonlinearity, clusters only interact via exact-resonances,
however for finite nonlinearity clusters can interact non-resonantly. We study in detail the construction
of the evolution equation governing these non-resonant clusters, and develop a formalism to find a set of
functionally independent quadratic invariants for these clusters, in terms of a basic linear algebra problem
consisting of finding the null space of the so-called non-resonant matrix. We show how to count the number of
effective degrees of freedom of the evolution equations using the non-resonant cluster matrix and the so-called
resonant cluster matrix. The latter matrix was introduced in paper [1] by Bustamante and co-workers, but
the non-resonant case had not been understood until this work. We apply this theory to discuss selected
examples of non-resonant clusters arising in numerical simulations of the CHM equation. Clusters involving
a few interaction modes can be integrable if the number of degrees of freedom is reduced. Such reduction is
attained when wave vectors in the cluster satisfy certain relations so that the cluster matrices change their
rank. The results of this work are staring point towards the modeling of turbulent cascades of energy and
enstrophy in discrete and mesoscopic wave turbulence.
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1. Introduction

Dispersive waves play a crucial role in a vast range of
physical applications, from quantum to astrophysical
scales, such as geophysical Rossby waves in geophysical
fluid dynamics [2, 3, 4], mode coupling in non-linear
optics [5], drift waves in magnetized plasmas [6] and
internal waves in stratified fluids [7, 8].

A mathematical differential equation describing a
system of nonlinear waves is called dispersive if its lin-
ear part has wave solutions ψ(x, t), that depend on
space and time as follows:

ψ(x, t) = Ak cos(k · x− ωkt+ ϕ), (1)

where Ak is a constant wave amplitude, ϕ the con-
stant wave phase, k the constant wave vector associ-
ated with the wave’s wavelength λ by k = |k| = 2π

λ ,
and ωk ≡ ω(k) the angular wave frequency which is
a quantity determined by the particular wave system,
commonly known as the wave dispersion relation [9].

The general solution of the differential equation will
consist of the superposition of several modes, of the
form (1) for different wave vectors. Waves are said to
be dispersive if their phase velocity ω

k , depends on k.

In bounded systems, the set of interacting wave vec-
tors k are no longer continuous variables, but instead
become discrete. For waves in a d−periodic box with
all side lengths L = 2π, the normal modes are given
by (1) with a discrete set of wavenumbers k = 2πm

L
where m ∈ Zd. Systems that are in a state where k are
discrete variables, and intermediate states where both
discrete and continuous k exist are called Discrete and
Mesoscopic Wave Turbulence [10, 11, 12, 13]. In this
work we focus on the aspects of these two regimes of
wave turbulence.

It is often assumed in the literature that the most ef-
ficient energy transfers take place between three modes
which are in exact resonance (limit of small ampli-
tudes) known as resonant triad. Such that the wave
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vectors k obey:

k1 + k2 − k3 = 0,

|ω1 + ω2 − ω3| ≤ δ,
(2)

when δ = 0, where δ is the frequency mismatch of
non-resonant triads. In discrete systems, it is often
necessary to rely on approximate resonances to ac-
count for energy transfer, approximate resonance is
possible due to the phenomenon known as nonlinear
resonance broadening, such that triads which are not
exactly in resonance can then interact at finite ampli-
tude. Therefore, when δ 6= 0 triads become quasi-
resonants or non-resonants, the energy transfer be-
tween modes within the triad is less efficient so larger
clusters form quickly (connected triads sharing com-
mon modes), however these are physically more sensi-
ble, since exact resonance conditions are hard to sat-
isfy in real physical systems . Another usual assump-
tion is that higher wave amplitudes give rise to more
efficient energy transfers. It was shown in [14] that
these assumptions do not hold in certain regimes, par-
ticularly in finite-sized systems. Therefore it is essen-
tial to study energy transfers between non-resonant
triads, and non-resonant clusters.

Isolated triads are integrable systems where its mo-
tion is regular and periodic, but for large clusters
the dynamics can be irregular and chaotic, where the
systems are not integrable. We follow the principles
of integrability in [15, 16] where it is stated that a
n-dimensional system of autonomous evolution equa-
tions is usually integrable in many cases with the
knowledge of only (n − 2) conservation laws. Such
that a new conservation law can be constructed, which
is functionally independent of the original ones, and
therefore the system is integrable.

1.1. The CHM equation

Geophysical Rossby waves and drift waves in plas-
mas are often mentioned together because of the
same simplified nonlinear PDE which was suggested
for their description, namely the Charney-Hasegawa-
Mima equation [17, 18]

∂

∂t
(∆ψ − Fψ) + β

∂ψ

∂x
+ J [ψ,∆ψ] = 0. (3)

In the context of Rossby waves: the wave field ψ(x, t)
with x ∈ R2, is the streamfunction or the geopotential
height, F = 1

ρ2 is the inverse square of the Rossby
deformation radious ρ; and β is the gradient of the the
Coriolis parameter f . In the plasma context ψ is the
electrostatic potential for Drift waves; F is the inverse
square of the Lamour radius; and β is the gradient of
the logarithm of the plasma density. We introduced
the notation for the Jacobian operator,

J [f, g] = (
∂f

∂x
)(
∂g

∂y
)− (

∂f

∂y
)(
∂g

∂x
). (4)

Introducing the Fourier transform ψ̂k =
1
L2

∫
Box

ψ(x)e−ik·xdx, and the interaction repre-
sentation, which is a a set of complex amplitudes
such that bk = ψke

iωkt, Eq. (3) is equivalent to the
following:

ḃk =
1

2

∑
1,2

Uk
12δ

k
12b1b2e

−iωk
12t, (5)

since ψ is a real wave function, in Fourier represen-
tation the two modes are equivalent ψ−k = ψ∗k ,
the sum is over all modes that satisfy Eq.(2), and
ωk
12 = ωk−ω1−ω2 is the so-called detuning parameter

of the triad, (where ωk
12 corresponds to the frequency

mismatch δ in Eq. (2)) such that ω(k) ≡ ωk, and

ωk = − kxβ

k2 + F
, (6)

is the dispersion relation of the original PDE Eq. (3).
The coefficients

Uk
12 =

k22 − k21
k2 + F

(k1xk2y − k2xk1y), (7)

are the so-called the interaction coefficients, where k =
(kx, ky) and k = |k|.

The CHM equation (3) conserves both energy E and
enstrophy Ω for any system of Rossby and drift waves.
In Fourier k-space the conserved quantities read

E =
1

2

∑
k

(|k|2 + F )|ψ̂k|2, (8)

and
Ω =

∑
k

|k|2
(
|k|2 + F

)
|ψ̂k|2, (9)

where both E and Ω are characteristics of any system
of turbulent nonlinear waves.

2. Clusters

As mentioned before, when resonant triads share com-
mon modes, they couple together to form a large net-
work of connected triads called a resonant cluster. If
the nonlinearity is finite, strong transfers can occur
towards non-resonant triads so the network of energy-
exchanging connected triads (i.e. the non-resonant
clusters) is generally more complex than in the small-
nonlinearity case [14]. Therefore non-resonant clusters
of a system of interacting Rossby or Drift waves in the
limit of finite amplitudes can be described by Eq. (5)

2.1. Conserved quantities in clusters general
setting

We consider a conserved quantity I for any given non-
resonant cluster with quadratic dependence on the
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modes’ amplitudes (5),

I =

N∑
n=1

ϕn|bn(t)|2, (10)

where ϕn ≡ ϕkn is a real function of the wave numbers
(such as energy or enstrophy). The quantity I is a
conserved quantity if its time derivative is equal to
zero

İ =

N∑
n=1

ϕn(b∗nḃn + bnḃ
∗
n) = 0, (11)

we substitute for the amplitudes Eq. (5) in Eq. (11)
and obtain that

İ = 2
∑
123

(U3
12ϕ3 − U1

23ϕ1 − U2
13ϕ2)Re(b1b2b

∗
3e
iω3

12t)

= 0,

(12)

where the sum is over all triads in the cluster so in
particular k1 + k2 = k3. Thus, I is a conserved quan-
tity if, and only if, the corresponding linear system of
equations of all triads in the cluster:

U3
12ϕ3 − U1

23ϕ1 − U2
13ϕ2, (13)

is equal to zero, where the factor b1b2b
∗
3e
iω3

12t is a func-
tion of time, typically independent of the correspond-
ing factors for the other triads.

Energy (8) and enstrophy (9) are two functions of
the wave modes that satisfy the linear system of Eqs.
(13), and at the same time, are linearly independent.
The proof of independence is given by contradiction:
a given cluster of M triads and N modes has E and
Ω linearly dependent if and only if all wave vectors
kn = 1, ..., N have the same size. Therefore, in generic
clusters with at least one wave vector of different size,
there are at least two linearly independent invariants.

2.1.1 Connection with resonant clusters

In this section we consider the limit of exact-
resonances ω3

12 = 0. Then it is possible to obtain a
mapping between the linear system of equations Eq.
(13), and the linear system of equations obtained in [1]
for resonant clusters. Consider the transformation to
normal variables (see. e.g. [10] for a better description
of these variables):

ϕk = γk
(k2 + F )2

βkx
, (14)

where zonal modes kx = 0 are discarded. Substituting
Eq. (14) in Eq. (10), we get

I =

N∑
n=1

γn
(k2 + F )2

βkx
|bn|2, (15)

by taking the time derivative of I and making use of
the properties of the resonance conditions of the fre-
quencies Eq. (2):

k1x
k21 + F

+
k2x

k22 + F
=

k3x
k23 + F

, (16)

and using the resonance condition k3x = k1x + k2x
terms can be manipulated and rearranged such that
Eq. (16) becomes equivalent to

k1x(k21 − k23)(k22 + F ) = k2x(k23 − k22)(k21 + F ), (17)

or

k1x(k22 − k21)(k23 + F ) = k3x(k23 − k22)(k21 + F ). (18)

we obtain that

İ =
∑
123

Z123

(
γ1 + γ2 − γ3

)
(b1b2b

∗
3 + c.c.), (19)

for simplicity of the equation we defined:Z123 = 2(k1×
k2)z

k23−k
2
2

βk1x
(k21+F ), where (k1×k2)z = k1xk2y−k2xk1y.

Consequently, the linear system of equations in [1] is
obtained: (γ1 + γ2 − γ3). This can be achieved by
using the fact that it is not possible to find non-zero
resonant triads with k1 ‖ k2 or |k1|2 = |k2|2 = |k3|2,
and if zonal modes are excluded.

2.1.2 Momentum conservation

Resonant cluster conserve both kx and ky. However,
in the case of non-resonances only kx is conserved1, ky
on the other hand is not. Let us substitute γn = kny
in Eq. (15), again with the help of the relations of the
resonance conditions in frequencies with a detuning:

k2x(k23−k22)(k21+F ) = k1x(k21−k23)(k22+F )+ω3
12

3∑
i

(k2i+F ),

(20)
we obtain that

İ = 2(k1×k2)z

3∑
i

(k2i +F )ω3
12Re

[
b1b2b

∗
3e
iω3

12t

]
, (21)

so that kny implies that

İ = 2
∑
triads

(k1 × k2)z

3∑
i

(k2i + F )ω3
12Re

[
b1b2b

∗
3e
iω3

12t

]
=

=
∂

∂t

∑
triads

(k1 × k2)z

3∑
i

(k2i + F )Im

[
eiω

3
12tb1b2b

∗
3

]
,

(22)

where ∂
∂t means derivative with the explicit time de-

pendence.

1it can be proved kx is a linear combination of E and Ω.
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2.2. Cluster matrices: resonant and non-
resonant

Considering a cluster of M triads and N modes, the
underlying problem of finding the solutions of the lin-
ear systems of equations can be reduced to a simple
algebraic problem of finding the null space of a matrix.
Thus solving linear system of equation in [1] for exact
resonance clusters is equivalent to solving

N∑
n=1

Amnγn = 0, m = 1, ...,M, (23)

where Amn is a N ×M matrix of N columns and M
rows called the resonant matrix A. Similarly for non-
resonant clusters, the solution of the linear system of
equations Eq. (13) is equivalent to the solution of

N∑
n=1

Bmnϕn = 0, m = 1, ...,M, (24)

where Bmn is a matrix of the same dimensions as A
so-called the non-resonant matrix B.

2.2.1 Counting of degrees of freedom

Considering the same cluster introduced in Section 2.2,
we prove a new way of counting the number of degrees
of freedom d.o.f. for any given cluster. We consider
the wave amplitudes bn of this cluster in the amplitude
phase representation [19]:

bn = cne
iθn , n = 1, ..., N, (25)

where cn = |bn| are real amplitudes and θn individual
phases of the interacting modes. In this representation
the dimension of the system is reduced by elimination
of the so-called ”slave” variables, since these corre-
spond to phases that can be obtained by quadratures
[16, 19]. The effective number of degrees of freedom
is then equal to N + M∗A: N equations for the real
amplitudes cn and M∗A equations for the linearly inde-
pendent phases, so-called dynamical phases,

ϕm = θ1 + θ2 − θ3, m = 1, ...,M, (26)

where M∗A corresponds to the number of linearly inde-
pendent rows of the resonant matrix A.

In the previous Section it was shown that the num-
ber of linearly independent quadratic invariants J of
a non-resonant cluster is equal to the maximal set of
linearly independent vectors in the null space B. From
the algebraic properties of a matrix, these are equal to

J = N −M∗B , (27)

where M∗B is the number of linearly independent rows
of the B. This set of linearly independent quadratic in-
variants of the cluster reduce even further the degrees

of freedom of the cluster such that the effective num-
ber of degrees of freedom of any given non-resonant
cluster is equal to

#d.o.f. = M∗A +M∗B . (28)

This established that the effective number of d.o.f.
of non-resonant clusters is simply related to linearly
independence of the rows of both resonant and non-
resonant cluster matrices.

Note that a similar count of the degrees of freedom
for resonant clusters can be deduced from Eq. (28),
where in this case we obtain that

#d.o.f. = 2M∗A, (29)

this is possible because of the mapping from A to B
presented in Section 2.1.1 in terms of the respective
linear system of equations. In other words, B is equal
to A when the ”non-resonant” clusters described by
Eq. (5) are actually in exact resonance, consequently
M∗B = M∗A.

3. Low Dimensional Clusters

In this section we analyze clusters up to connections
of double triads.

3.1. Triad

The primary cluster is a simple isolated triad with a
single 3-wave interaction.

Figure 1: Isolated Triad - Arrows mean b3 is active
and b1, b2 are passive (see text for explanation).

The dynamical system of an Isolated triad is ob-
tained from the projection of Eq. (2) in Eq. (5), and
reads

ḃ1 = −b∗2b3U1
23e
−iω3

12t

ḃ2 = −b∗1b3U2
13e
−iω3

12t

ḃ3 = b1b2U
3
12e

iω3
12t.

(30)

For a non-resonant triad there is an explicit time de-
pendence e−iω

3
12t due to the frequency detuning which

is not seen in the resonant triad. The resonant matrix
reads

A =
[
1 1 −1

]
, (31)
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whereas the non-resonant matrix B gives,

B =
[
−U1

23 −U2
13 U3

12

]
. (32)

The number of quadratic invariants from Eq. (27)
gives J = 2:

I13 = U1
23|b3|2 + U3

12|b1|2,
I12 = U1

23|b2|2 − U2
13|b1|2,

(33)

where I13 and I12 correspond to the two Manley Rowe
quadratic invariants (see, e.g.[20, 21]). The dynamical
system Eq. (30) in the amplitude phase representation
Eq. (25) reads

ċ1 = −c2c3U1
23 cosϕ

ċ2 = −c1c3U2
13 cosϕ

ċ3 = c1c2U
3
12 cosϕ

ϕ̇ = c1c2c3 sinϕ

(
U1
23

c21
+
U2
13

c22
− U3

12

c23

)
,

(34)

thus the number of #d.o.f. of an isolated triad is equal
to M∗A+M∗B = 2. The isolated triad is an Hamiltonian
system, which means that the motion of the isolated
triad is confined to a 1-dimensional manifold. There-
fore the system of equations of the triad Eq. (30) is
reduced to a single differential equation [11, 16]. The
evolution of the triad is regular and periodic, and it
can be seen in Figure 2.

2 4 6 8 10
t

0.15

0.20

0.25

0.30

0.35

bk

Figure 2: Complex wave amplitudes b1, b2, b3 evolution
of the non-resonant isolated triad for 0 ≤ t ≤ 10s, with
the initial conditions for the wave amplitudes, b1(0) =
.16, b2(0) = .25, b3(0) = .3eiπ/2, and the interaction
coefficients U1

23 = 25
9 , U

2
13 = 40

9 , U
3
12 = 45

7 , β = 10 and
F = 1.

3.2. Kite

There are two types of double triad clusters: butterfly
and a kite. A butterfly is a cluster connected by one
common mode, whereas in the kite both triads share
two common modes. The kite is shown in Figure 3,

Figure 3: Kite: the only combination of modes for a
kite is AP-PP because of the resonance conditions and
the fact that for systems of Rossby and drift waves the
wave function ψ is real (see more in [1].

Similarly to the isolated triad, the dynamical system
of a kite is obtained from Eq. (5) but for two systems
of 3-wave resonances with two common modes, and
gives

ḃ1 = −b∗2b3U1
23e
−iω3

12t

ḃ2 = −b∗1b3U2
13e
−iω3

12t − b∗3b4U2
34e
−iω4

23t

ḃ3 = b1b2U
3
12e

iω3
12t − b∗1b3U3

24e
−iω4

23t

ḃ4 = b2b3U
4
23e

iω4
23t,

(35)

The resonant matrix A reads

A =

[
1 1 −1 0
0 1 1 −1

]
, (36)

where M∗A = M = 2. We consider two cases for the
kite: a generic where all the interaction coefficients of
B are non-zero; and a special case, where one ore more
interaction coefficients can be zero.

3.2.1 Generic case

The non-resonant matrix B in the generic case reads

B =

[
−U1

23 −U2
13 U3

12 0
0 −U2

34 −U3
24 U4

23

]
, (37)

this gives M∗B = 2, and according to Eq. (27) the kite
has J = 2 independent invariants

I123 =U1
23U

2
34|b3|2 − U1

23U
3
24|b2|2+

+ (U2
13U

3
24 + U3

12U
2
34)|b1|2,

I124 =U2
34|b4|2 + U1

23U
4
23|b2|2 − U2

13U
4
23|b1|2,

(38)

that can be obtained from the null space of B. Thus
from Eq. (28), the kite in the generic case has,

#d.o.f. = M∗A +M∗B = 4. (39)
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3.2.2 Particular case: k22 = k23

In order to understand which set of possible wave vec-
tors of the non-resonant modes bn with n = 1, ..., 4,
satisfy the condition k22 = k23, we use the complex rep-
resentation of 2-dimensional wave vectors as a tool.
The resonance conditions of the kite (obtained from
(36)) are written as

Reiα3 = Reiα2 + |k1|eiα1

|k4|eiα4 = Reiα3 +Reiα2 ,
(40)

where R = |k2| = |k3| is a natural number. This
equation reduces to the equation

|k1|2 + |k4|2 = 4R2, (41)

of 4 integer variables (two components of k1 and two
components of k4) and can be solved by using La-
grange’s four square theorem [22]. The non-resonant
cluster matrix reads,

B =

[
0 −U2

13 U3
12 0

0 −U2
34 −U3

24 0

]
, (42)

where U1
23 = 0, U4

23 = 0, U2
13 = U3

12 and U2
34 = −U3

24.
These conditions on the interaction coefficients imply
that there is only one linearly independent row in B so
that M∗B = 1, therefore this cluster in the particular
case of k22 = k23 has J = 3 quadratic invariants, given
by

I1 = |b1|2,
I23 = |b3|2 + |b2|2,
I4 = |b4|2.

(43)

This is shows that the amplitudes |b2| and |b3| ex-
change energy periodically as |b3|2 + |b2|2=const., and
that the amplitudes |b1| and |b4| are constants of mo-
tion. In other words, |b1| and |b4| are no longer in-
teracting amplitudes, so that a consequent decoupling
from modes b2 and b3 occurs in the cluster. Thus the
number of #d.o.f. of the cluster in this particular case
is equal to

#d.o.f. = M∗A +M∗B = 3. (44)

We might ask the question: is the dynamical system
of the kite in the particular case of k22 = k23 integrable?
As mentioned before not only the amplitudes |b1| and
|b4| are constant but also the full complex functions b1
and b4 are constant. Therefore, equations for b2 and
b3 become a linear system of ODEs with essentially
time-dependent periodic coefficients, where

ḃ2
ḃ∗2
ḃ3
ḃ∗3

 = M(t)


b2
b∗2
b3
b∗3

 . (45)

The equations can be interpreted as a generalization of
the swing equation [23]. The solutions are not trivial
and can show the so-called parametric instability [24],
however Floquet theory [25] ensures the construction
of solutions. Moreover since |b2|2 + |b3|2 is bounded,
there should be no instability.

4. High Dimensional Clusters

In this section we consider high-dimensional clusters as
a starting point towards the long-term goal of under-
standing the mechanisms of turbulence in large clus-
ters of many modes. Similarly to the analysis of the
kite, we consider the two distinct cases: generic, where
all Uk

12 6= 0; particular, where specific Uk
12 = 0.

4.1. Five-Triad cluster

First we consider a fully connected non-resonant clus-
ter of N = 7 modes and M = 5 triads.

Figure 4: Five-Triad Cluster.

This cluster has the resonant matrix:

A =


1 1 −1 0 0 0 0
1 −1 0 1 0 0 0
0 0 1 1 0 0 −1
0 0 1 0 1 −1 0
0 0 0 0 1 1 −1

 , (46)

where there are no linearly dependent triads in the
cluster, M∗A = M .

4.1.1 Generic case

In the generic case the non-resonant cluster matrix
reads,

B =


−U1

23 −U2
13 U3

12 0 0 0 0
−U1

24 U2
14 0 −U4

12 0 0 0
0 0 −U3

47 −U4
37 0 0 U7

34
0 0 −U3

56 0 −U5
36 U6

35 0
0 0 0 0 −U5

67 −U6
57 U7

56

 ,

(47)

this matrix has M∗B = M = 5 linearly independent
rows, therefore this cluster will have J = 2 quadratic
invariants that correspond to the energy Eq. (8) and
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enstrophy Eq. (9) of the cluster. Consequently by Eq.
(28) we conclude that this cluster has, M∗A+M∗B = 10
degrees of freedom in the generic case. Note however
(by the expression of Eq. (28)) that this large number
of #d.o.f. is only related to large number of triads
M and has no explicit dependence on the number of
modes N .

In order to further analyze this cluster we form a
smaller square 2× 2 matrix B′ located in the top left
corner of (47). Where B′ reads

B′ =

[
−U1

23 −U2
13

−U1
24 U2

14

]
, (48)

the determinant of this matrix gives

DetB′ = (k21 − k22)(k23 − k24), (49)

where two interesting particular cases must be consid-
ered:

• k21 = k22,

• k23 = k24,

such that in both cases, the determinant of B′ is equal
to zero.

4.1.2 Particular case: k21 = k22

In this case, the non-resonant matrix B reads,

B =


−U1

23 −U2
13 0 0 0 0 0

−U1
24 U2

14 0 0 0 0 0
0 0 −U3

47 −U4
37 0 0 U7

34
0 0 −U3

56 0 −U5
36 U6

35 0
0 0 0 0 −U5

67 −U6
57 U7

56

 ,

(50)

where: U3
12 = 0, U4

12 = 0, U1
23 = −U2

13 and U1
24 = U2

14.
Therefore the non-resonant matrix B decomposes as
a direct sum of B′ with the bottom right 3 × 5 sub-
matrix in (50). This implies that modes b1 and b2 no
longer interact with the other modes of the cluster.
In other words the two modes b1 and b2 get decou-
pled from the rest of the cluster, and the dynamics of
the original cluster is determined by the dynamics of
two separate smaller clusters. One containing modes
b1 and b2 and a second with the remaining modes of
the cluster b3, b4, b5, b6 and b7. The smaller cluster
of modes b1 and b2 contribute with one linearly inde-
pendent quadratic invariant to the main cluster. Be-
cause U1

23 = −U2
13 and U1

24 = U2
14, both rows of B′

become linearly dependent, therefore modes b1 and b2
contribute with an invariant given by,

I = |b1|2 + |b2|2. (51)

The remaining part of B on the other hand has all its
rows linearly independent. One way to detect the lin-
early dependence, can be done by eliminating linearly
independent rows/columns until we are left with the

two or more rows/columns linearly dependent. The
fourth column of B has only one element −U4

37, con-
sequently the third row of B is necessarily linearly in-
dependent (because rows/columns with only one ele-
ment non-zero necessarily are linearly independent).
While the last two rows of B will be linearly depen-
dent unless the cluster, in addition to satisfying the
first condition k21 = k22, also satisfies a second condi-
tion k25 = k26. However, it is not possible to find such
cluster that satisfies both conditions and the clusters
resonance conditions2. This means that the remaining
part of the cluster has always J = 2 quadratic invari-
ants for the condition k21 = k22. Thus the total num-
ber of invariants of the original cluster in this case is
J = 3, one more than in the generic case J = 2. Con-
sequently, the number of d.o.f. will also be less than
the generic case, #d.o.f. = M∗A +M∗B = 9.

4.1.3 Particular case: k23 = k24

The non-resonant cluster matrix B in this case reads:

B =


−U1

23 −U2
13 U3

12 0 0 0 0
−U1

24 U2
14 0 −U4

12 0 0 0
0 0 −U3

47 −U4
37 0 0 0

0 0 −U3
56 0 −U5

36 U6
35 0

0 0 0 0 −U5
67 −U6

57 U7
56

 .

(52)

When the cluster obeys the condition k23 = k24, there is
only one interaction coefficient that becomes equal to
zero: U7

34 = 0. We count the number of independent
rows in B in the same way as we did for the previous
case (eliminating linearly independent rows/columns),
and obtain that theB has a linearly dependent row if,

B′′ =

−U2
13 U3

12 0
U2
14 0 −U4

12

0 −U3
47 −U4

37

 , (53)

has determinant equal to zero. Because of the con-
dition k23 = k24, some interaction coefficients become
equal: U2

13 = U2
14, U3

12 = U4
12 and U3

47 = −U4
37. This

implies that in (53) row1 + row2 is proportional to
row3. Therefore the non-resonant matrix (52) has one
linearly dependent row, so the cluster in this particu-
lar case also has an extra invariant, i.e. J = 3. Thus,
the cluster in the case of k23 = k24 has the same number
of d.o.f. as in the previous case #d.o.f. = 9.

4.2. Five-Triad Triangle

In this section we consider a cluster of N = 6 modes
and M = 5 triads.

2It can be showed from the resonance conditions given in
(46), that the condition k21 = k22 implies that k26 = k25 + k23 .
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Figure 5: Five-Triad Triangle.

The resonant cluster matrix reads

A =


1 1 −1 0 0 0
0 1 1 −1 0 0
−1 1 0 0 1 0
1 0 1 0 0 −1
0 0 0 1 1 −1

 . (54)

The cluster has one linearly dependent resonant con-
dition, that can be proved by showing that

row5 = row4 + row3− row2, (55)

so that, for example, row5 is linearly dependent M∗A =
M − 1.

4.2.1 Generic case

The non-resonant matrix of this cluster in the generic
case reads

B =


−U1

23 −U2
13 U3

12 0 0 0
0 −U2

34 −U3
24 U4

23 0 0
U1
25 −U2

15 0 0 −U5
12 0

−U1
36 0 −U3

16 0 0 U6
13

0 0 0 −U4
56 −U5

46 U6
45

 . (56)

The relation (55) is not observed in the non-resonant
matrix (56), nevertheless row 5 of the non-resonant
matrix B is linearly dependent M∗B = M − 1. Explic-
itly, we have

α row1− U4
56

U4
23

row2 +
U5
46

U5
12

row3 +
U6
45

U6
13

row4 = row5,

(57)
where α is a constant dependent on the wave vectors of
the cluster. This means that despite the cluster being
in the generic case, the minimum number of quadratic
invariants is J = N −M∗B = 2, where M∗B = M − 1.
This can be explained (and generalized for all clus-
ters) because of the linear independence of the two
quadratic invariants: energy (8) and enstrophy (9).
The number of d.o.f. in this cluster in the generic form
is equal to:

#d.o.f. = M∗A +M∗B = 8. (58)

4.2.2 Particular case: k22 = k23

The non-resonant matrix in this case reads,

B =


0 −U2

13 U3
12 0 0 0

0 −U2
34 −U3

24 0 0 0
U1
25 −U2

15 0 0 −U5
12 0

−U1
36 0 −U3

16 0 0 U6
13

0 0 0 0 −U5
46 U6

45

 , (59)

where U1
23 = 0, U4

23 = 0, U4
56 = 0, U5

46 = U6
45,

U2
13 = U3

12 and U2
34 = −U3

24. It can be deduced from
the resonances conditions in (46), that the condition
k21 = k22 implies that k26 = k25, thus the change in the
interaction coefficients of the last row. Consequently
the fourth column of (59) is equal to zero, this re-
quires that mode b4 is disconnected from the cluster,
and treated separately, similarly to the particular case
of the kite in Section 3.2 where k22 = k23, modes b1
and b4 become non-interacting modes of the cluster.
Therefore it means that the amplitude |b4| will be a
constant of motion.

Due to the equalities U2
13 = U3

12 and U2
34 = −U3

24 the
first two rows of (59) are linearly dependent, therefore
the sum of first two terms in Eq. (57) is equal to zero.
Thus Eq. (57) gives

U5
46

U5
12

row3 +
U6
45

U6
13

row4 = row5, (60)

which means that the last row of (59) is also lin-
early dependent. Consequently, matrix (59) has M∗B =
M −2 = 3 independent rows, that gives J = 3 linearly
independent quadratic invariants, i.e. one more than
the general case. Therefore the number of degrees of
freedom is also reduced by one #d.o.f. = 7, in com-
parison to the generic case where #d.o.f. = 8.

4.3. Four-Triad Triangle

We consider the cluster presented in [1] of N = 6
modes and M = 4 triads.

Figure 6: Four-Triad Triangle.

The resonant matrix of this cluster reads

A =


1 1 0 −1 0 0
1 0 1 0 −1 0
0 −1 1 0 0 1
0 0 0 −1 1 1

 , (61)

it is easy to see that row4 = row1 − row2 − row3,
therefore this cluster has M∗A = M − 1. This means
that in the resonant case, this cluster would have J = 3
independent quadratic invariants.

For non-resonant cluster and considering the cluster
only in the generic case, the non-resonant matrix B
reads

B =


−U1

24 −U2
14 0 U4

12 0 0
−U1

35 0 −U3
15 0 U5

13 0
0 U2

36 −U3
26 0 0 −U6

23
0 0 0 U4

56 −U5
46 −U6

45

 . (62)
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This matrix has no linearly dependent rows M∗B =
M = 4, where one of the rows in the non-resonant
matrix (62) would be linearly dependent, if and only
if the condition

row1
U4
56

U4
12

− row2
U5
46

U5
13

− row3
U6
45

U6
23

= row4, (63)

is satisfied (in the generic case, the denominators in
Eq. (63) are non-zero). It is easily seen by inspec-
tion of the first three columns of B that the condi-
tion (63) can not be satisfied, which means that B
has no linearly dependent rows M∗B = M . Therefore
the number of linearly independent quadratic invari-
ants of this non-resonant cluster in the generic case is
J = N − M∗B = 2, and not J = 3 (resonant case).
This yields that the real number of d.o.f. of this clus-
ter in the non-resonant case is then given by #d.o.f. =
M∗A + M∗B = 7, which is one degrees more than when
the cluster is in exact-resonance #d.o.f. = 2M∗A = 6.
We then conclude that in the regime of non-resonant
clusters, the number of degrees of freedom of a given
cluster is not the equal to the number of d.o.f. for the
same cluster in the regime of exact-resonance, even
when the cluster is in the generic case.

5. Conclusions

In this work it was studied nonlinear dispersive waves
described by the Charney-Hasegawa-Mima (CHM)
equation admitting both resonant and quasi-resonant
interactions. For different levels of nonlinearity in
wave systems, two different regimes are observed:
small nonlinearity, i.e. wave amplitudes are small,
then energy is concentrated in triplets of waves which
are grouped in so-called resonant triads. When these
triads share common modes, they couple together to
form bigger clusters. For finite nonlinearity, strong
transfers can occur towards non-resonant triads so the
network of energy-exchanging connected triads is gen-
erally more studied in detail before this work.

In a first part we study in detail the systems of evo-
lution equations arising in Fourier representation of
the CHM equation and show that both energy and en-
strophy are conserved. We construct the formalism for
finding quadratic invariants of the dynamical systems
that are obtained by truncating the set of interacting
modes. This defines the clusters and we prove that
the search for quadratic invariants can be replaced by
a simple linear problem of finding the null space of
a certain matrix: the cluster matrix. We show that
the counting of degrees of freedom for a given clus-
ter is done in terms of the properties of the cluster
matrix. In a second part we consider two examples
of the lowest-dimensional clusters: the triad and the
kite. We apply the previous theory in order to ana-
lyze, for each cluster, the quadratic invariants and the

number of degrees of freedom. Then we study non-
generic situations where the wavenumbers are chosen
so that extra invariants appear. In these non-generic
cases the system of evolution equations typically be-
come of lower dimensionality and sometimes can be
integrated explicitly in terms of Floquet theory. Fi-
nally, we consider high-dimensional clusters as a start-
ing point towards the long-term goal of understanding
the mechanisms of turbulence in large clusters of many
modes. We conclude that non-generic cases (whereby
the number of quadratic invariants is greater than in
the generic case) are observed when some wave vectors
have the same size. This situation, while non-generic,
is nevertheless not too uncommon, particularly when
waves are reflected by boundaries, this means that our
results are relevant in physically meaningful contexts.

Future work would include understanding the dy-
namical aspects of the evolution of large clusters, such
as periodic orbits and chaos. As well as changing
the aspect ratio on the values of the interaction co-
efficients, leading to the vanishing of all interaction
coefficients. Such non-generic cases could be studied,
leading perhaps to new exact solutions of the evolution
equations.
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