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We study the thermodynamics of thin matter shells in the context of general relativity, as well as
the implications of such study for the entropy of black holes. We follow the same work methodology
in a variety of cases, which starts by using Israel’s formalism to obtain the necessary pressure
and energy of the thin shell in order for it to be static. Those quantities are then used to find
the entropy of the shell which naturally possesses degrees of freedom that can be parametrized
by phenomenological functions which contain free parameters. These last are then subject to an
analysis which determines the interval of values for which the thermodynamic stability of the system
is guaranteed. This process is repeated for 4 different situations: a shell in 2+1 dimensions; a shell
in 2+1 dimensions with a non-null cosmological constant; a shell in d dimensions; and an electrically
charged shell in 4 dimensions. Lastly, we use the results obtained for the shells in the limit where
they are taken to their gravitational radius, where it is shown that they can behave like black holes.
In particular, the case of a charged shell in the extremal limit suggests a solution for the ongoing
debate concerning the value of the entropy of an extremal black hole.

I. INTRODUCTION

On a macroscopic scale, the microscopic degrees of fre-
edom are encoded in the entropy, which quantifies the
number of a specific ways in which a system can be
arranged. Therefore, if a microscopic theory for a sys-
tem if not available, one may use the entropy to try and
find some clues. A special example of such system is a
black hole, whose thermodynamic properties where dis-
covered by the works of Bekenstein [2] and Hawking [9],
leading to the definite entropy of a black hole, also called
the Bekenstein-Hawking entropy. This is an example in
which there is no known microscopic theory describing
the system, since a complete theory of quantum gravity
is not available yet, but there is already a known ex-
pression for the entropy. The next step would be to use
the entropy to find clues about the underlying theory of
quantum gravity but the problem is more complex than
it seems. In the case of statistical mechanics, the de-
grees of freedom are well know and localized, i.e., they
are the velocities and positions of the constituent parti-
cles and the question is a matter of finding the dynamics
that involve them, whereas for a black hole that is not so
straightforward.

When a black hole is formed by collapsing matter in-
side its gravitational radius, the information about the
microscopic configurations of the matter, i.e. the degrees
of freedom, is lost inside the event horizon, something
which is also known as the "no-hair theorem"[10, 21]. In
other words, it is unknown what becomes of the matter
and the degrees of freedom associated with it once the
black hole is created. The entropy of a black hole does
quantify the information of the black hole but it does not
specify where and what is the nature of the degrees of fre-
edom. Another unanswered question relating black holes
and entropy is what entropy should an extremal black
hole have. On one side we have the Bekenstein-Hawking
entropy which should be valid for any black hole, but on

the other side the extremal black hole has zero tempera-
ture so it should have zero entropy. This debate, along
with the question of where are the degrees of freedom
located, is the main motivation for this work.

Despite the fact that a quantum theory of gravity
should not create any distinction between "gravitatio-
nal"and "material"degrees of freedom, it is still a sub-
ject of study at the phenomenological level nonetheless.
The reason for this is that its investigation may clarify
some properties of the thermodynamics of the gravitati-
onal field [13], which in turn could shed some light on
the features of a definite unified treatment of quantum
interactions. We are thus interested in a system which
contains both gravitational and material degrees of fre-
edom but which does not introduce too many complexi-
ties due to the matter constitution. A particularly simple
system which satisfies these requirements is a spherically
symmetric self-gravitating thin matter shell at a finite
temperature.

A thin shell is an infinitesimally thin surface which
partitions spacetime into an interior region and an ex-
terior region. Since it corresponds to a singularity in
the metric of the spacetime, the thin shell must satisfy
some conditions in order for the entire spacetime to be
a valid solution of the Einstein equations. Such conditi-
ons are called junctions conditions, and relate the stress-
energy tensor of the shell to the extrinsic curvature of the
spacetime through Israel’s massive thin shell formalism
[5, 7, 12, 14, 15, 22]. Thus, the material degrees of free-
dom of the shell are related to the gravitational degrees
of freedom through the gravitational field equations, and
so the thermodynamics of the shell is deeply connected
to the structure of spacetime.

Another reason which motivates the use of thin shells
is the fact that they can be taken to their gravitational
radius, i.e., the black hole limit. One can, for example,
calculate the entropy of a shell for given spacetimes and
see what value it assumes in the black hole limit. Thus,
the black hole thermodynamic properties can be studied
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by a much more direct computation than the usual black
hole mechanics if thin shell are used, an idea which was
developed by Brown and York [3] and Martinez [20] and
which is going to be used throughout this work. A simi-
lar approach used for the study of black holes through
quasi-black holes has also been proposed by Lemos and
Zaslavskii [16, 18, 19].

This summary is divided into two parts. The first part,
consisting on Sec. II is the integral text from the paper
"Thermodynamics, entropy, and stability of thin shells in
2+1 flat spacetimes" by José P. S. Lemos and Gonçalo
M. Quinta, accepted for publication in the Physical Re-
view D [17]. The second part, made of the remaining sec-
tions, summarizes the results obtained for similar studies
of thin shells for different spacetime choices. Sec. III to V
follow the same line of work as in Sec. II but with different
spacetime choices: 2+1 dimensional spacetime with non-
null cosmological constant in Sec. III; d-dimensional flat
spacetime in Sec. IV; and a Reissner-Nordström space-
time in Sec. V. Additionally, Sec. III to V analyze as well
the limit of a black hole in the results obtained, where
the entropy of the corresponding black holes in each spa-
cetime is recovered. Sec. VI is dedicated to the case of
the extremal limit of a charged shell, in which a solution
to the debate of the entropy of a an extremal black hole
is obtained. Sec. VII sums up the conclusions of the work
done.

II. THERMODYNAMICS, ENTROPY, AND
STABILITY OF THIN SHELLS IN 2+1 FLAT

SPACETIMES

A. Introduction

The study of thermodynamics of gravitational systems
has proved important in many respects, such as the un-
derstanding that these systems can have negative specific
heat, and that the gravitational object par excellence, the
black hole, has definite temperature and entropy associ-
ated with it (see, e.g., [3]), which in turn indicates that
a quantum theory of gravity might be in sight. In par-
ticular, a special kind of gravitating system, a thin shell
with its surrounding spacetime, is prone to a direct at-
tack of its thermodynamic properties. Indeed, Davies,
Ford and Page [6] and Hiscock [11], have shown the use-
fulness of studying thin shells in (3+1)-dimensional gene-
ral relativistic spacetimes from a thermodynamic view-
point. Further progress was achieved by Martinez [20],
in which several thermodynamic quantities are discussed
and a stability analysis of thin shells is performed using
the formalism set in [4]. For related studies of thermody-
namics of gravitating matter, specially on the verge of
becoming a black hole, see [18, 19].

Although (3+1)-dimensional spacetimes are of the gre-
atest interest, it is also pertinent to study thin shells and
their properties in (2+1)-dimensional spacetimes. The
relevance in the study of three-dimensional gravity star-
ted with the work of Deser, Jackiw, and ’t Hooft [8],
where it was shown that, though the corresponding va-
cuum solution is trivial since it consists of Minkowski

spacetime, a point particle distorts it into a conical space
with the particle being located at the vertex of the cone,
and moreover, moving point particles display nontrivial
dynamics. The next simplest object, beyond a point a
particle in 2+1 dimensions, is a thin shell, i.e, a ring di-
viding two vacua regions, the interior and exterior to the
ring itself. The spacetime generated by such a ring can
be determined using the junction conditions formalism
[12].

To further understand the thermodynamic proper-
ties of gravitational systems we propose to study the
thermodynamics of a static thin ring shell in (2+1)-
dimensional general relativity. By making use of the ap-
propriate junction conditions for general relativity [12],
one can determine the pressure and rest mass of the shell
in order for it to be static with interior and exterior space-
times both flat. Using then the formalism developed by
Martinez [20], with the thermodynamic theory as pre-
sented in [4], one can find generic expressions for the
shell’s entropy, which upon some minimal assumptions
about the structure of the matter fields making the sys-
tem, i.e., an ansatz for the shell temperature in terms of
the gravitational quantities that characterize the system,
yields a definite expression for the entropy of the shell,
and permits a stability analysis.

The paper is organized as follows. In Sec. II B, we will
compute the components of the extrinsic curvature of the
shell that will lead to shell’s linear density and pressure.
In Sec. II C we will use these results by directly inserting
them in the first law of thermodynamics to obtain the
differential of the entropy, which will naturally have a
degree of freedom parametrized by an arbitrary function
associated to the matter fields that make up the shell.
Two phenomenological expressions will be considered for
the arbitrary function, namely a simple power law of the
rest mass and a power law of a quadratic expression of the
rest mass, which will lead to two different expressions for
the entropy. In Sec. IID we will analyze the thermodyna-
mic stability of the system for each entropy function by
calculating the allowed intervals of the free parameters in
order for the shell to remain thermodynamically stable.
In Sec. II E we conclude.

B. The thin shell spacetime

In 2+1 dimensions Einstein’s equation takes the form

Gab = 8πG3Tab , (1)

where Gab is the (2+1)-dimensional Einstein tensor, Tab
is stress-energy tensor, and G3 is the gravitational cons-
tant in 2+1 dimensions. G3 has units of inverse mass.
The speed of light is taken to be equal to one.

To find the solution for a thin shell in a (2+1)-
dimensional spacetime, we follow [12] and start by con-
sidering a one dimensional timelike hypersurface Σ that
partitions spacetime into two spherically symmetric regi-
ons: an inner region V− and an outer region V+.

Inside the hypersurface we will use flat-polar coordina-
tes (t, r, θ) for a flat metric with line element

ds2 = −dt2 + dr2 + r2dθ2 , r < R , (2)
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where r = R is the radius of the thin-shell hypersurface.
On the outside of the shell, the spacetime is again flat

but the presence of matter justifies the use of conical-
polar coordinates (t, r, θ), allowing the line element to be
written as ds2 = −β2dt2 + dr2 + r2α2d θ2, for r > R,
and some constant α. It is preferable to make the change
α r → r, and without loss of generality one can put β =
α, so that the metric takes the form

ds2 = −α2dt2 +
dr2

α2
+ r2d θ2 , r > R . (3)

The metric (3) has a conical singularity at r = 0 if the
thin-shell hypersurface has a radius R(τ) → 0, i.e., it
turns into a point particle.

The parametric equations of the thin shell hypersurface
Σ are described by r = R(τ), t = T (τ), where τ is the
proper time on the thin shell hypersurface. Choosing
coordinates (τ, θ), we have an induced metric hab given
by

ds2
Σ = −dτ2 +R2(τ)dθ2. (4)

The first junction condition states that in order for V+

and V− to be joined smoothly at Σ, the induced metric
seen from both sides must must satisfy [hab] = 0, where
the parentheses symbolize the jump in the metric across
the hypersurface. This condition leads to the relations

α2Ṫ 2 − Ṙ2

α2
= Ṫ 2 − Ṙ2 = 1. (5)

where the dot denotes differentiation with respect to τ .
The second junction condition involves the extrinsic

curvature Ka
b defined as

Ka
b = hachdb∇cnd (6)

where ∇c denotes covariant derivation. In general, when
there is a thin matter shell, the boundary stress-energy
tensor Sab is related to the jump in extrinsic curvature
by

Sab = − 1

8πG3
([Ka

b]− [K]hab) (7)

where K = hbaK
a
b and G3 is the gravitational cons-

tant in 2+1 dimensions. From the line elements given in
Eqs. (2) and (3) and using Eq. (5), one can compute the
non-zero components of Ka

b,

Kτ
+τ =

R̈√
α2 + Ṙ2

, (8)

Kτ
−τ =

R̈√
1 + Ṙ2

, (9)

Kθ
+θ =

1

R

√
α2 + Ṙ2 , (10)

Kθ
−θ =

1

R

√
1 + Ṙ2 , (11)

which, in turn, lead to the non-zero components of the
linear boundary stress-energy tensor

Sτ τ =
1

8πG3

√
α2 + Ṙ2 −

√
1 + Ṙ2

R
(12)

Sθθ =
1

8πG3

(
R̈√

α2 + Ṙ2
− R̈√

1 + Ṙ2

)
. (13)

Assuming the shell is a perfect fluid, the specific phy-
sical form of the linear boundary tensor is

Sab = (λ+ p)uaub + phab , (14)

where p is the linear pressure and λ is the linear mass
density of the shell. So for a perfect fluid Sτ τ = −λ and
Sθθ = p. Thus, from Eqs. (12)-(13), it follows that

λ =
1

8πG3

√
1 + Ṙ2 −

√
α2 + Ṙ2

R
(15)

p =
1

8πG3

(
R̈√

α2 + Ṙ2
− R̈√

1 + Ṙ2

)
(16)

Taking the static limit Ṙ = R̈ = 0 in the above equations
and using the definition of the shell’s rest mass

M = 2πRλ , (17)

we have immediately

M =
1− α
4G3

(18)

p = 0. (19)

In order to have a properly defined shell radius one has
to impose α > 0. Imposing positive mass it follows 0 <
α < 1, whereas negative masses appear in the range 1 <
α <∞. From Eq. (19) we see that in order for the shell
to be static in a (2+1)-dimensional spacetime, its linear
pressure must vanish.

C. Thermodynamics, entropy equation for the
shell, and stability

We assume that the entropy of the shell can be expres-
sed in terms of its characteristics, namely, its rest mass
M and radius R. It is more useful, though equivalent,
to work with M and A [20], where A is the area (here
circumference) of the shell, A ≡ 2πR. Thus we write,

S = S(M,A) . (20)

Assuming further that the shell is at some local tempe-
rature T , an explicit expression for S can then be found
by directly integrating the first law of thermodynamics

TdS = dM + p dA . (21)

By putting p = 0 as given in Eq. (19), the first law for
the (2+1)-dimensional thin shell spacetime simplifies to

TdS = dM . (22)
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Equation (22) can be integrated provided that the in-
tegrability conditions are satisfied. In this case there is
only one condition. It states that T = T (M), i.e., the
temperature T is a function of the mass M alone. This
simple dependence stems from the fact that p = 0 as gi-
ven in Eq. (19). Then, the most general expression for S
is

S(M) =

∫
β(M)dM + S0 (23)

where β ≡ 1/T is the local inverse temperature of the
shell at the equilibrium position r = R, and S0 is an in-
tegration constant. Note that β(M) is an arbitrary func-
tion of the mass which can be specified once the specific
matter fields that constitute the shell are known.

Local intrinsic stability of the shell can also be studied.
The former is guaranteed as long as all the following ine-
qualities are verified(

∂2S

∂M2

)
A

≤ 0 , (24)

(
∂2S

∂A2

)
M

≤ 0 , (25)

(
∂2S

∂M2

)(
∂2S

∂A2

)
−
(

∂2S

∂M∂A

)2

≥ 0 , (26)

where the formalism developed in [4] is being followed.

D. Two specific equations of state for the thin shell
matter: Entropy and stability

1. The simplest equation of state

The simplest form that can be considered for β(M) is
a power-law,

β(M) = γ G
(1+u)
3 Mu (27)

where we are assuming M ≥ 0, γ and u are free parame-
ters with γ > 0 to guarantee positive temperature, the
factor G3 must be present for dimensional reasons, and
Boltzmann’s constant is set to one. In 3+1 dimensions,
Planck’s length lp, with lp =

√
G4 h (G4 being the gra-

vitational constant in four-dimensional spacetime and h
Planck’s constant), appears naturally in the temperature
of a thin shell, since for a given mass there is always an
intrinsic length associated to it (the gravitational radius
of the system), and so to have the correct units for the
entropy one must resort to lp. However, here in flat 2+1
dimensions there is no intrinsic spacetime radius, and so
Planck’s length does not appear in this analysis at all.
This problem is thus purely classic and G3, with units of
inverse mass, suffices to set the scale.

When β(M) has the form given in Eq. (27), one can
substitute this in (23) to get

S(M) =
γ

u+ 1
(G3M)

(1+u)
+ S0 , for u 6= −1 , (28)

and

S(M) = γ ln(G3M) + S0 , for u = −1 . (29)

Although the values of the parameters γ and u can-
not be calculated without first specifying the nature of
the matter fields, it is possible to constrain them such
that physical equilibrium states of the shell are possi-
ble. Starting with S0, it is natural to assume that a zero
mass shell should have zero entropy, i.e., S(M → 0) =∫
β(M)dM + S0 → 0. It is seen directly from Eq. (27)

that the entropy diverges when M → 0 for u ≤ −1.
Therefore the above normalization condition can only be
satisfied for u > −1 and S0 = 0.

In relation to stability, it is seen that conditions (25)
and (26) are automatically satisfied for any u. On the
other hand, one can find that condition (24) can only
be satisfied provided that u ≤ 0. Thus we conclude that
assuming a power law equation of the form (27), stability
of the shell is possible for any M ≥ 0 as long as the
parameter values of u are restricted to

− 1 < u ≤ 0 . (30)

One can also consider negative values ofM , i.e., α > 1.
The relation (27) would be of the same form with the
proviso that one takes the absolute values of M . The
same results would follow.

2. A more contrived equation of state

Another possibility for β(M) could be a quadratic
function inM , of the form β(M) = δ G

(1+a)
3 (M+CM2)a,

where δ and a are some parameters with δ > 0 to gua-
rantee positive temperature, and C is some constant.
The constant C, however, has a natural connection to
Eq. (18). Indeed, defining m ≡ M + CM2 we can solve
forM , obtaining the physical solutionM = −1+

√
1+4Cm

2C .
Comparing with Eq. (18), we can make the association
C = −2G3 and so α =

√
1 + 4Cm =

√
1− 8G3m, thus

arriving at the natural quadratic expression for β

β(M) = δ G
(1+a)
3 (M − 2G3M

2)a. (31)

Equation (31) is most easily integrated in the variable
m. Changing from M to m in Eq. (23), defining the
parameter η = δ/α, and changing back again to M , we
obtain the entropy

S(M) =
η

a+ 1
G

(1+a)
3 (M − 2G3M

2)(1+a) + S0 ,

for a 6= −1 (32)

and

S(M) = η ln
(
G3(M − 2G3M

2)
)

+ S0 , for a = −1 .
(33)

Again, although the values of the parameters η and
a cannot be calculated without first specifying the na-
ture of the matter fields, it is possible to constrain
them such that physical equilibrium states of the shell
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are possible. Starting with S0, it is natural to assume
that a zero mass shell should have zero entropy, i.e.,
S(M → 0) =

∫
β(M)dM + S0 → 0. It is seen direc-

tly from (31) that the entropy diverges when M → 0 for
a > −1. Therefore the above normalization condition
can only be satisfied for a > −1 and S0 = 0.

From Eq. (31), the stability equations (25) and (26) are
automatically satisfied since the entropy does not depend
on A. Also, as mentioned above, α > 0 to have a physical
acceptable solution. Considering Eq. (24), it is possible
to show that it implies the inequality

(2a+ 1)α2 − 1 ≤ 0 . (34)

We can study the two cases, M > 0 and M < 0.
For M > 0, α is in the range 0 < α ≤ 1. In this

case Eq. (34) is automatically satisfied if the exponent
a obeys a ≤ 0. It is also satisfied for a > 0 but only if
0 < α ≤

√
1

2a+1 . Equivalently, this means that the rest
mass M of the shell must be within the range

1−
√

1− 2a/(2a+ 1)

4G3
< M ≤ 1

4G3
, (35)

for a > 0.
For M < 0, we know that α > 1, and Eq. (34) requires

additionally that α ≤
√

1
2a+1 . In terms of rest mass M ,

this represents the range

1−
√

1− 2a/(2a+ 1)

4G3
< M < 0. (36)

However, since
√

1
2a+1 > 1 and 2a + 1 > 0, we see that

the analysis for M < 0 is only valid for parameter values
−1/2 < a < 0.

E. Conclusions

General relativity in a (2+1)-dimensional spacetime
has no curvature in empty space but in matter distri-
butions curvature may still exist. Einstein’s equation
thus still plays a role in determining the required pressure
and energy of a static thin shell (or ring in this (2+1)-
dimensional setting). Indeed, we have seen that in this
situation the pressure must be zero and the rest mass of
the shell must satisfy Eq. (18).

Upon using the first law of thermodynamics we have
found a specific differential equation for the entropy of
the ring which contained a degree of freedom encoded
in the inverse temperature β. We have chosen the two
simple ansatz for the inverse temperature, a power law on
the shell’s rest mass and a quadratic form of it, obtaining
two distinct expressions for the ring’s entropy. This shell
entropy is purely classic, the only fundamental constant
that enters into the problem is the (2+1)-dimensional
gravitational constantG3, which has unit of inverse mass.
A thermodynamic stability analysis yielded the range for
the allowed parameters, revealing that the shell’s rest
mass must be confined to a given interval if the shell is
to be stable.

Our results are of importance if one uses a concrete
model for the shell, e.g., a model involving fundamental
scalar fields. One would then extract from the model the
specific equation of state with its precise values for the
exponents and constants, and could immediately deter-
mine through the above equations whether it would be
thermodynamic stable or not.

We also note that these ring-shell spacetimes when ex-
tended into 3+1 dimensions, through the use of a trivial
coordinate z say, represent infinite cylinders. Thus this
thermodynamic study also holds in 3+1 general relativity
for those cylindrical thin shells.

III. ENTROPY OF A BTZ BLACK HOLE
THROUGH THIN MATTER SHELLS

We consider a scenario similar to the one presented
in Sec. II namely a ring situated in a hypersurface Σ
which partitions a (2+1)-dimensional spacetime into two
regions.

Inside the shell we use the coordinates xα− = (t, r, θ),
where the metric is flat with a non-null cosmological cons-
tant Λ

ds2 = −(Λr2 + 1)dt2 +
dr2

(Λr2 + 1)
+ r2dθ2. (37)

On the exterior of the shell, the spacetime is described
by the line element

ds2 = −(Λr2−8G3m)dt2 +
dr2

(Λr2 − 8G3m)
+r2dθ2 (38)

written in the same coordinates as (37), where m is some
constant. Since the coordinates used in both sides of the
shell are the same, so will the parametric equations that
describe it, which will be denoted again by r = R(τ) and
t = T (τ).

For the coordinates on the hypersurface itself, we will
choose once more ya = (τ, θ), which allows the line ele-
ment of the hypersurface to be written as

ds2
Σ = −dτ2 +R2(τ)dθ2. (39)

Comparing the stress-energy tensor components compu-
ted through the extrinsic curvature with the ones impo-
sed by the assumption of a perfect fluid, we arrive at the
relations

M =

√
1 + ΛR2 −

√
−8G3m+ ΛR2

4G3
(40)

p =
ΛR

8πG3

(
1√

−8G3m+ ΛR2
− 1√

1 + ΛR2

)
. (41)

From Eq. (40) it is also possible to extract an explicit
expression for m in terms of the rest mass of the ring

m =
−1− 16G3M

2 + 8G3M
√

1 +R2Λ

8G3
. (42)

Inserting Eq. (41) and the differential of Eq. (40) in the
first law, we obtain

dS = β(M,R)
r+

√
Λ

4G3Rk
dr+. (43)
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where r+ ≡
√
G3m/Λ is the gravitational radius of the

ring, β ≡ 1/T is the inverse of the temperature at the
equilibrium position r = R and

k ≡
√

1−
r2
+

R2
(44)

is the redshift factor. Eq. (43) is integrable as long as
the appropriate form for β is given. To find the correct
expression for the inverse of the temperature, it is neces-
sary to note that the temperature plays a role of an inte-
gration factor in the first law of thermodynamics, which
implies that there will be an integrability condition that
must be specified in order to guarantee the existence of
an expression for the entropy, i.e. that the differential dS
is exact. Such integrability condition leads to a differen-
tial equation for β has the analytic solution (expressed
in the variables (r+, R))

β(r+, R) = Rk
√

Λb(r+) (45)

where b(r+) is an arbitrary function of the gravitational
radius. Note that b(r+) has units of inverse temperature
and can be interpreted as the inverse of the temperature
the shell would possess if located at R =

√
1/Λ + r2

+,
which can be seen from Eq. (45).

Inserting Eq. (45) in Eq. (43), one is led to the specific
form for the differential of the entropy

dS = b(r+)
r+Λ

4G3
dr+ (46)

and integrating yields

S(M,R) =
Λ

4G3

∫
b(r+) r+ dr+ + S0 (47)

where S0 is an integration constant. The most simple
suggestion for b(r+) is a power-law equation of the form

b(r+) = α
4G3

Λ

ra+

l
(2+a)
p

(48)

where α and a are free parameters and the factors 4G3/Λ
and lp = G3~ must appear for dimensional reasons, with
lp being the Planck’s length in a 3-dimensional spacetime
and ~ Planck’s constant. Inserting Eq. (48) in (47), we
get

S(M,R) =
α

a+ 2

(
r+

lp

)(a+2)

+ S0 . (49)

where physically acceptable solutions must have a > −2
and S0 = 0. Using this expression, it is possible to show
that the intrinsic stability conditions (24) to (26) cons-
train the radius R to be within the range

0 ≤ R ≤

(
(2a+ 3) +

√
(5a+ 9)/(a+ 1)

2(−a)Λ

)1/2

(50)

where the parameter a must satisfy the restriction −1 <
a < 0, and the total energym must belong to the interval

a

a+ 1

R2Λ

G3
≤ m ≤ R2Λ

G3
. (51)

Moving on to the black hole limit, one begins by noting
that it is expected that quantum fields are inevitably
present and that the back-reaction will diverge unless one
chooses the matter to be at the Hawking temperature [1],
which will fix the function b as

b(r+) =
2π

~
1

r+Λ
. (52)

This is equivalent to choosing a = −1 and α = π/2
in the ansatz (48). Inserting Eq. (52) in Eq. (46) and
integrating, the entropy of the shell gives

S(M) =
π

2

r+

lp
(53)

which is exactly the same as the entropy of a BTZ black
hole.

IV. ENTROPY OF A D-DIMENSIONAL BLACK
HOLE THROUGH THIN MATTER SHELLS

Consider a spherically symmetric timelike (d − 1) hy-
persurface Σ in a d dimensional spacetime. The interior
of the shell is empty, with a flat metric

ds2
− = −dt2 + dr2 + r2dΩ2

d−2 (54)

where

dΩ2
d−2 = dθ2

1 + sin2 θ1dθ
2
2 + sin2 θ1 sin2 θ2dθ3 + . . .

=

d−3∏
i=1

sin2 θidθ
2
d−2 (55)

is the differential of the solid angle in d dimensions and
the Schwarzschild coordinates xα− = (t, r, θ1, . . . , θd−2)
were used. Outside the shell, we use again the coordina-
tes xα+ = (t, r, θ1, . . . , θd−2) and assume a Schwarzschild
metric

ds2
− = −

(
1− 8πGd

(d− 2)Ωd−2

2m

rd−3

)
dt2+

+

(
1− 8πGd

(d− 2)Ωd−2

2m

rd−3

)−1

dr2 + r2dΩ2
d−2

(56)

where m is the total energy of the shell and Gd is New-
ton’s constant in d dimensions, defined so that Einstein’s
equation can be written as

Gab = 8πGdTab. (57)

As before, the evolution of the shell is parametrized by
the equations r = R(τ) and t = T (τ), which leads to the
(d− 1)-dimensional induced metric on the shell

ds2
Σ = −dτ2 +R2dΩ2

d−2 (58)

where the coordinates ya = (τ, θ1, . . . , θd−2) have been
used.
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The assumption of a perfect fluid, together with the
stress-energy tensor components calculated using the ex-
trinsic curvature, lead to the total energy m and pressure
p, given by

m = M − µM2

2Rd−3
(59)

p =
(d− 3)µM2

2(d− 2)Ωd−2Rd−2(Rd−3 − µM)
. (60)

where the quantity

µ =
8πGd

(d− 2)Ωd−2
(61)

was defined for the sake of notation simplicity. From
Eq. (59) we are able to solve for the rest mass of the
shell, obtaining

M =
Rd−3

µ
(1− k) (62)

where

k ≡
(

1−
(r+

R

)(d−3)
)1/2

(63)

is the redshift factor and r+ ≡ (2µm)−(d−3) is the
Schwarzschild radius of the shell. The integrability con-
ditions imposed by the first law of thermodynamics lead
to the specific solution for the inverse of the temperature
β

β(r+, R) = b(r+)k, (64)

where the variables (r+, R) were used. This gives the
entropy differential

dS =
(d− 3)

2µ
b(r+)rd−4

+ dr+. (65)

The results (64) and (65) in the case d = 4 are in agree-
ment with [20]. To proceed to a more detailed study of
the thermodynamic properties of the shell, assume that
b(r+) is given by a power law function of the form

b(r+) ≡ η0

~
r
a(d−2)+1
+

l
a(d−2)
p

(66)

where a and η0 are free parameters and lp = (Gd~)1/(d−2)

is the Planck length in a d-dimensional spacetime. De-
fining η = (d − 3)η0/(2µ), the choice (66) leads to the
physically acceptable solution

S(M,R) =
η

(a+ 1)(d− 2)

(
r+

lp

)(a+1)(d−2)

(67)

where a > −1. The intrinsic stability analysis starts with
Eq. (24), which is satisfied for any value of a, as long as
k is within the range

k ≤

√
d− 3

(2a+ 1)d− (4a+ 1)
. (68)

From condition (25) it is possible to obtain the condition

k ≥ a− 2α(d)

a+ 2
. (69)

where α(d) ≡ d−3
d−2 is always smaller than 1. For para-

meter values a ≤ 2α(d), any 0 ≤ k ≤ 1 is physically
acceptable. On the other hand, if a > 2α(d) then k is
only allowed to be in the range

a− 2α(d)

a+ 2
≤ k ≤ 1. (70)

Finally, regarding equation (26), it is possible to show
that is satisfied for values of k in the region k ∈
[0, k−[∪]k+, 1], where

k± =
3− a(d− 3)(d− 2)− d±

√
f(d)

(2 + a(d− 1))(d− 2)
(71)

where f(d) ≡ (3 + 2a(1 + a(d − 2))(d − 2) − d)(3 − d).
Since the quantity f(d) must be greater than zero, the
parameter a must satisfy the condition

−1−
√

2d− 5

2(d− 2)
≤ a ≤ −1 +

√
2d− 5

2(d− 2)
, (72)

which also satisfies the requirement a > −1. Regarding
the black hole limit, we note that the shell must possess
a temperature equal to the Hawking temperature TH due
to the presence of quantum fields in the vicinity of the
shell, which means that the function b must be

b(r+) =
4π

~
r+

(d− 3)
(73)

which is the same as selecting the values a = 0 and η =
Ωd−2/4 in the ansatz (66). Inserting this in Eq. (65) and
integrating, it is shown that the entropy for the shell is

S(M) =
Ωd−2 r

d−2
+

4Gd~
=
Ashell

4ld−2
p

(74)

where Ashell is the area of the shell. Since the area of the
shell in the limit R→ r+ is equal to the area of the black
hole, we see that the shell has the same entropy as a the
Schwarzschild black hole in a d-dimensional spacetime.

V. ENTROPY OF A NON-EXTREMAL
CHARGED BLACK HOLE THROUGH THIN

MATTER SHELLS

Consider the thin shell formalism in the case of a 4-
dimensional electrically charged spherically symmetric ti-
melike thin shell. The metric that correctly describes the
exterior spacetime to the shell is given by the Reissner-
Nordström line element

ds2
+ = −

(
1− 2Gm

r
+
GQ2

r2

)
dt2+

+

(
1− 2Gm

r
+
GQ2

r2

)−1

dr2 + r2
(
dθ2 + sin2 θdφ2

)
(75)
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where m is the total energy of the shell, Q its electrical
charge and the Schwarzschild coordinates xα+ = (t, r, θ, φ)
have been used. This line element has the two natural
horizons

r± = mG±
√
m2G2 −GQ2 (76)

where r+ is an event horizon and r− is a Cauchy horizon.
As for the interior of the shell, since there is no energetic
content inside it, the metric will be flat, i.e.

ds2
− = −dt2 + dr2 + r2

(
dθ2 + sin2 θdφ2

)
(77)

where the Schwarzschild coordinates xα− = (t, r, θ, φ) have
again been used. Due to the spherical symmetry of the
shell, it is convenient to use the spherical coordinates
ya = (τ, θ, φ) on it, where τ is the proper time of an ob-
server situated at the shell. If t ≡ T (τ) and r ≡ R(τ) are
the parametric equations of the shell, then the induced
metric will be that of a 2-sphere

ds2
Σ = −dτ2 +R2(τ)

(
dθ2 + sin2 θdφ2

)
. (78)

This makes it possible to calculate the stress-energy ten-
sor components using the definition of extrinsic curva-
ture, which in addition with the assumption the shell
being made of a perfect fluid gives the relations for the
total energy m and pressure p

m = M − GM2

2R
+
Q2

2R
(79)

p =
GM2 −Q2

16πR2(R−GM)
. (80)

Equation (79) can be solved with respect to the rest mass
M , returning

M =
R

G
(1− k) (81)

where the redshift factor k was introduced, defined by

k ≡
√

1− 2Gm

R
+
GQ2

R2
=

√(
1− r+

R

)(
1− r−

R

)
. (82)

Turning to the calculation of the entropy of the shell,
one needs the first law of thermodynamics for a charged
2-dimensional system

TdS = dM + pdA− ΦdQ, (83)

where dQ is the differential of the charge GQ2 = r+r−
and Φ is the electric potential of the shell. The integrabi-
lity conditions in this case fix two functions: the inverse
of the temperature β, which has the form

β(R, r+, r−) = b(r+, r−)k (84)

and the electric potential Φ, which must be

Φ(R, r+, r−) =
φ(r+, r−)−

√
r+r−√
GR

k
. (85)

The arbitrary functions b(r+, r−) ≡ β(∞, r+, r−) and
φ(r+, r−) ≡ Φ(∞, r+, r−) correspond respectively to the

inverse of the temperature and the electric potential of
the shell if it was located at infinity. The differential of
the entropy is thus found to be

dS = b(r+, r−)
1− c(r+, r−)r−

2G
dr++

+ b(r+, r−)
1− c(r+, r−)r+

2G
dr− (86)

where c(r+, r−) ≡ φ(r+, r−)/Q. This differential has its
own integrability condition

∂b

∂r−
(1−r−c)−

∂b

∂r+
(1−r+c) =

∂c

∂r−
br−−

∂c

∂r+
br+, (87)

which relates the functions b or c, making it necessary to
specify only one of them, since the other will be automa-
tically fixed by solving the above differential equation.

To obtain an explicit expression for the entropy, we
will first specify an adequate thermal equation of state
for b. The most simple possible choice is a power law of
the form

b(r+, r−) = 2Ga(r+ + r−)α (88)

where a and α are free coefficients. The integrability
equation (87) automatically fixes the function c as

c(r+, r−) = 2Gd
(r+r−)δ

(r+ + r−)α
. (89)

Inserting these results in Eq. (86) and integrating, gives
the entropy

S(M,R,Q) = a

[
(r+ + r−)α+1

α+ 1
− d (r+r−)δ+1

δ + 1

]
(90)

where we have considered only α > 0, a > 0 and d >
0. We can now proceed to the thermodynamic stability
analysis. In this case, there are four more conditions
to be specified apart from Eqs. (24)-(26), which can be
shown to be(

∂2S

∂M2

)(
∂2S

∂A2

)
−
(

∂2S

∂M∂A

)2

≥ 0 (91)

(
∂2S

∂A2

)(
∂2S

∂Q2

)
−
(

∂2S

∂A∂Q

)2

≥ 0 (92)

(
∂2S

∂M2

)(
∂2S

∂Q2

)
−
(

∂2S

∂M∂Q

)2

≥ 0 (93)

(
∂2S

∂M2

)(
∂2S

∂Q∂A

)
−
(

∂2S

∂M∂A

)(
∂2S

∂M∂Q

)
≥ 0. (94)

The set of all seven conditions constrain the redshift fac-
tor k to be in the interval

α

α+ 3
−

√
9

(α+ 3)2
+
GQ2

R2
≤ k ≤

√
−α− 1

α+ 1
+
GQ2

R2

(95)
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where α must be restricted to

α ≥
1 + GQ2

R2

1− GQ2

R2

. (96)

Concerning the lack hole limit, we argument that the
shell must possess the Hawking temperature at infinity,
i.e.

b(r+, r−) =
4π

~
r2
+

r+ − r−
. (97)

The function c(r+, r−) is fixed by the differential equation
(87), yielding the family of solutions

c(r+, r−) =
a(r+, r−)(r+ − r−) + r−

r2
+

(98)

where a(r+, r−) is an arbitrary constant of integration,
which we are free to fix as a(r+, r−) = 1. Thus, we have

c(r+, r−) =
1

r+
. (99)

Inserting this last result along with the function (97) in
the differential (86) and integrating, we obtain the en-
tropy of the shell

S(M,Q) =
πr2

+

l2p
=

1

4

Ashell

l2p
(100)

which is equal to the entropy of a charged black hole since
Ashell = ABH .

VI. ENTROPY OF AN EXTREMAL BLACK
HOLE THROUGH THIN MATTER SHELLS: A

SOLUTION TO THE DEBATE

The first way we are going to employ to calculate
the entropy of an extremal black hole is through a non-
extremal shell. Taking the shell to its gravitational ra-
dius, the differential of the entropy remains of the form
(86) since it is functionally independent of the radius R,
so the direct integration of the differential will follow the
same steps as in Sect. V, resulting in the entropy

S(M,Q) =
πr2

+

l2p
=

1

4

Ashell

l2p
. (101)

Imposing now the extremal limit Gm2 = Q2, or equi-
valently r+ = r−, the form of the above expression re-
mains intact. We arrive at the conclusion that the en-
tropy of an extremal black hole should be given by the
usual Bekenstein-Hawking entropy.

The second way of obtaining the entropy of an extremal
black hole is to consider the extremal condition before ta-
king the black hole limit, i.e., to consider a shell whose
matter obeys the condition r+ = r−. The entropy diffe-
rential of such a shell is obtained by taking the extremal
limit in Eq. (86), leading to

dS = b(r+)
1− c(r+)r+

G
dr+ ≡ f(r+)dr+ (102)

where b(r+) ≡ b(r+, r+), c(r+) ≡ c(r+, r+) and the func-
tion f is defined as

f(r+) ≡ b(r+)
1− c(r+)r+

G
. (103)

If we now take the shell to it’s gravitational radius, we
must again follow the usual logic and choose b(r+) equal
to the inverse of the Hawking temperature due to back-
reaction effects. However, since the entropy differential
depends only on r+, there is no longer an integrability
condition that relates the functions b and c. Consequen-
tly, although the function b is fixed, the function c is not,
and so the function f is arbitrary. Thus we conclude that
the entropy of the extremal shell in the black hole limit
is given by

S(M,Q) =

∫
f(r+) dr+. (104)

This suggests that the entropy of an extremal black hole
can assume any value, including the Bekenstein-Hawking
entropy, depending on the constitution of the matter that
collapsed to form the black hole.

VII. CONCLUSIONS

In this work we sought out to study the thermodyna-
mic properties of black holes by using thin matter shells
and the junction conditions. The same procedure was
applied to a variety of different spacetimes, which consis-
ted in imposing the junction conditions on the thin shell
such that the interior and exterior spacetimes to the shell
formed together a single solution of the Einstein equati-
ons. This led to the specific mass and pressure necessary
for the shell to remain static. By inserting those in the
first law of thermodynamics, we were able to obtain the
entropy differential in each situation, were the thermal
equation of state remained an arbitrary function of the
gravitational radius of the system. An ansatz was then
given for this undetermined function, thus allowing the
calculation of a specific entropy as well as an analysis of
the intrinsic thermodynamic stability of the shell. In the
cases where the black holes could exist in the given space-
time, the shells were taken to their gravitational radius,
leading to the Bekenstein-Hawking entropy. This result is
by no means trivial, since there is no reason a priori for a
two dimensional system to have the Bekenstein-Hawking
entropy once it was assumed to be at a constant Haw-
king temperature throughout its distribution. In fact,
since the shell is exactly at the event horizon of the black
hole when it is taken to its gravitational radius and in
that limit the usual black hole entropy is recovered, then
we are strongly inclined to believe that this is evidence
that the degrees of freedom of a black hole are situated
at its event horizon.

The particular case of a charged shell stood out for ha-
ving an interesting application when the shell was at its
event horizon, more precisely when the shell was made
of extremal matter. The entropy derived from a non-
extremal shell was shown not to change when the ex-
tremal condition was imposed if the shell was already
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at the extremal limit. However, if the shell satisfies the
extremal condition before being taken to the black hole
limit, then the result is entirely distinct, where it was
proven that the shell gives an entropy which depends on
its constitution. Since every shell reproduced the black

hole entropy when considered at their gravitational ra-
dius, then this inevitably leads us to conclude that the
entropy of an extremal black hole shares the exact same
dependence, thus suggesting that extremal black holes
belong to a different class of objects distinct from the
non-extremal black holes.
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