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Abstract–This work compares linear and nonlin-
ear solutions for the flight control and attitude es-
timation of a quadrotor. A model of the aircraft
QUAVIST, developed by UAVision®, is introduced
as a basis for the analysis. Then, a cascade control
design is defined. A low level controller stabilizes
the quadrotor attitude and altitude; a high level
controller acts on the low level one, controlling the
horizontal position of the aircraft. Two approaches
are presented for the controllers: a linear LQR so-
lution and a Lyapunov based nonlinear solution.
The attitude estimation problem is then consid-
ered. Two extended Kalman filters are designed
to estimate the quadrotor attitude. Based on Lya-
punov’s stability theory, a nonlinear estimator is
proposed for the attitude and angular velocity of
the aircraft. Finally, several closed loop simula-
tions are performed. The Lyapunov low level con-
troller presents better results than the LQR linear
version, in simulations with high pitch and roll an-
gles. Both high level controllers are robust to wind
disturbances. All the three estimators proved to
be good solutions to estimate the quadrotor atti-
tude. The Lyapunov based estimation presented
better simulation results.
Keywords: quadrotor, LQR, Lyapunov, extended

Kalman filter

1 Introduction
The use of unmanned aerial vehicles (UAVs) in applica-
tions such as search and rescue operations, remote sensing
or air surveillance has increased in the last decades. UAVs
are acquiring an increased level of autonomy as more com-
plex mission scenarios are envisioned. Thus, the technol-
ogy is aiming to produce aircrafts with high maneuverabil-
ity, capable of hover flight and vertical take-off and land-
ing (VTOL). The quadrotor, a multicopter propelled and
lifted by four rotors, holds some advantages over conven-

tional rotorcrafts (helicopters). First, quadrotors do not
require mechanical linkage to vary the rotor blade pitch
angle. The propellers are in a fixed horizontal position,
simplifying the design and the maintenance of the aircraft.
Second, the use of four rotors allows a smaller diameter
for each blade, allowing them to possess less kinetic en-
ergy during flight. For these reasons, the concept of the
quadrotor has been a subject of interest in the scientific
community.

This paper is structured as follows: the model of the
quadrotor QUAVIST is presented in Chapters 2 and 3;
Chapter 4 presents the low level controllers; the high level
control is introduced in Chapter 5; the nonlinear estima-
tion is presented in Chapter 6; several closed loop sim-
ulations are presented in Chapter 7; finnaly, Chapter 8
presents the conclusions and future work.

The main contribution of this work is the Lyapunov
based estimation of the attitude and angular velocity of a
quadrotor.

2 Dynamics and kinematics model

Consider a quadrotor aircraft illustrated in Figure 1. To
model its behavior two frames are defined: an inertial ref-
erence frame (NED) and a body-fixed frame (xyz), cen-
tered in the quadrotor’s center of mass. In this work vec-
tors with the superscripts I and q are relative to NED
and xyz, respectively. The four rotors are grouped in two
pairs, rotating in opposite directions. Varying the thrust
produced by each rotor, the attitude of the quadrotor can
be changed.
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Figure 1: Quadrotor frames

The Euler angles Ψ = [φ, θ, ψ]T — roll, pitch and yaw—
define the attitude of the aircraft and the rotation matrix
S = SφSθSψ is used to express rotations from NED to
xyz frame. The attitude can also be represented by the
quaternion notation, q = [q0, q1, q2, q3]T. The dynamics
and kinematics model of a quadrotor is given by [1]

V̇q = 1
m

Fq −Ωq ×Vq + SqgI (1)

Ω̇q = −J−1 (Ωq × (JΩq)) + J−1Mq (2)
ṖI = ST

q Vq (3)

q̇I = −1
2ωqq

I (4)

where V = [U, V,W ]T, Ω = [P,Q,R]T, P = [X,Y, Z]T
and q represent the linear velocity, angular velocity, posi-
tion and attitude of the quadrotor. m is the mass, Fq ∈ R3

is the total thrust of the aircraft, Mq ∈ R3 is the total mo-
ment J ∈ R3×3 is the inertia matrix and gI ∈ R3 is the
gravity vector. ωq is the skew-symmetric matrix:

ωq =


0 P Q R
−P 0 −R Q
−Q R 0 −P
−R −Q P 0

 (5)

3 QUAVIST
QUAVIST (Figure 2) is a quadrotor vehicle developed by
the portuguese company UAVision®. The system that
controls the aircraft is based on the open source software
Paparazzi and performs several tasks: receives and pro-
cesses the information from the sensors, applies the control
laws and acts on the aircraft, transmits telemetry infor-
mation to a ground station and receives a remote control
signal from the pilot. In manual mode the pilot can send[
θ, φ, ψ̇,−Fz

]
commands to the system (Fz is the verti-

cal thrust). It has PID attitude and position controllers
and Kalman filters to estimate both attitude and altitude.
Therefore, it is already considered a final product. The
quadrotor is equipped with a wide range of sensors: a
3D accelerometer, a 3D gyroscope, a 3D magnetometer, a
sonar, a barometer and a GPS.

Figure 2: QUAVIST

The noise affecting the readings of the sensors was mea-
sured; m = 2.93 kg is the mass; d = 0.31 m is the length
of each arm; rh = 0.1651 m is the propeller radius. The
actuators include, four brushless DC electric motors, four
speed controllers and four propellers. A command is sent
by the aircraft system to the speed controllers. The speed
controllers control the input voltage, Vi, of the motors. For
each actuator, the induced rotation movement in the pro-
peller by the motor (wi) produce a correspondent thrust
and moment:Fi and Mi. The mathematical model of the
motors is suggested in [2]. The quadrotor’s total thrust
and moment is given by [3]:


Fz
Mx

My

Mz

 =


−1 −1 −1 −1
0 d 0 −d
d 0 −d 0
K −K K −K



F1
F2
F3
F4

 (6)

where Fi = Ktw
2
i and Mi = Kmw

2
i ; Kt and Km are

thrust and moment constants [4]; K = Km

Kt
. The xy plane

is orthogonal to Fi, so Fx = Fy = 0. Due to the lack of
information about the speed controllers the model input is
chosen V̂i = Vi

Vb
, where Vb is the quadrotor battery voltage.

The 3D accelerometer, 3D gyroscope and 3D magnetome-
ter can be modeled respectively by, [4]:

āq = SgI + Ω̇× r + Ω× (Ω× r) + µa (7)
Ω̄q = Ωq + µg (8)
N̄q = SNI + µm (9)

r = [0, 0, dz]T is the distance between the accelerometer
and the aircraft’s mass center, NI = [1, 0, 0]T is the mag-
netic North vector (neglecting the magnetic dip) and µa,
µg, µm are stochastic noise components.
A model of the aircraft was implemented in Simulink

(Matlab®). The computational model consists in equa-
tions 1, 2, 3 and 4 for the dynamics and kinematics model;
equation 6 and DC motor model from [2] for the actu-
ators. The state vector is chosen x = [V,Ω,P,Ψ]T,
u =

[
V̂1, V̂2, V̂3, V̂4

]T
is the input vector and y is the out-

put or sensors vector. The Euler angles notation is much
more intuitive than the quaternion notation, so the con-
version q to Ψ was made.
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4 Low level control
The cascade control design should be used in the pres-
ence of a fast dynamic process (secondary process) that
has to be manipulated to control a slow dynamic process
(primary process) [5]. Two sub-controllers are introduced:

• A low level controller, that controls the secondary
process. The state xB = [W,P,Q,R,Z, φ, θ, ψ]T is
used to stabilize the quadrotor’s attitude and alti-
tude. The controller acts directly on the quadrotor’s
four inputs V̂i.

• An high level controller to control the primary pro-
cess: the horizontal translational motion of the air-
craft. Its state and output are xA = [U, V,X, Y ]Tand
uA = [φref , θref ]T, the low level controller input.

According to [5], low level controller dynamics must be
at least four times faster than the high level controller
dynamics. It was chosen a sampling frequency of fA =
4 Hz for the high level controller and fB = 50 Hz for the
low level controller. The control system is illustrated in
Figure 3.

Figure 3: Control system

4.1 Optimal control
An optimal LQR controller was implemented. First the
QUAVIST model introduced in Section 3 is linearized, us-
ing the Taylor’s series first order approximation:

ẋ = ∂ẋ
x + Jx|x0,u0

(x− x0) + ∂ẋ
u

∣∣∣∣
x0,u0

(u− u0) (10)

This approximation is only valid in the vicinity of an
operating point (x0,u0). The hover flight condition was
chosen as the operation point for the linearization. The
control law is chosen to follow attitude and altitude refer-
ences, (xB,2)ref :

u = u0 −KB

[
xB,1

xB,2 − (xB,2)ref

]
(11)

where xB,1 = [W,P,Q,R]T, xB,2 = [Z, φ, θ, ψ]T and
KB is the LQR gain matrix.

4.2 Nonlinear control
The nonlinear controller is based in Lyapunov’s stability
theory, presented in [7]. Consider a Lyapunov function
V(x) that represents the energy of a generic nonlinear sys-
tem f (x) = ẋ. If V(x) = 0 the system is in equilibrium
state; asymptotic stability implies that the energy is con-
verging to V(x) → 0; instability is related to the growth
of V(x) over time.

Theorem1 Global stability [6]

Assume that there exists a scalar function V of the
state x, with continuous first order derivatives
such that

• V(x)→∞, ‖x‖ → ∞

• V is a positive definite function, V(0) = 0 ∧ V(x) >
0, x 6= 0

• The time derivative V̇(x) = dV
dt

exists and is negative
definite, V̇(0) = 0 ∧ V̇(x) < 0, x 6= 0

Then, the equilibrium point x = 0 is globally asymptoti-
cally stable.
The dynamic for the secondary process is defined as

follows:

Ṙ =R [Ω]× (12)
Ω̇q =− J−1 [Ω]× JΩ + J−1Mq (13)

Ẇ I =g0 + 1
m

R (3, 3)F q
z (14)

where R = ST and [Ω]× represents a vector to skew-
symmetric mapping: Ω 7−→ [Ω]×, so that ∀v ∈ R3,
[Ω]× v = Ω× v.
Now consider the following Lyapunov function V:

V = a

2 tr
(
D
(
I3 −RT

refR
))

+ b

2 (Z − Zref )2+1
2ΩT∆Ω+1

2W
2

(15)
D and ∆ are 3 × 3 tuning positive definite matrices,

a and b are positive constants. In [8] is proven that the
first term in equation 15 is a positive definite represen-
tative function of the attitude error. This can be eas-
ily shown setting a reference attitude matrix Rref = I3.
tr (D (I3 − I3R)) is then:

2d1
(
q2

2 + q3
2)+ 2d2

(
q1

2 + q3
2)+ 2d3

(
q1

2 + q2
2) (16)

Equation 16 is always positive and only vanishes for
R = Rref , for which q = [1, 0, 0, 0]T. The other terms
are also positive definite, vanishing for Z = Zref ∧W =
0 ∧Ω = [0, 0, 0]T. The time derivative of V is

V̇ =
[
W ΩT ] [ b (Z − Zref ) + Ẇ

a

2

(
DRT

refR −RTRrefD
)
∨

+ ∆Ω̇

]
(17)

[M]∨ is a skew-symmetric to vector mapping: M 7−→
[M]∨, so that ∀v ∈ R3, [M]∨ × v = Mv.
If the control input is chosen so that, with Λ a 4 × 4

positive definite tuning matrix

[
b (Z − Zref ) + Ẇ

a

2

(
DRT

refR −RTRrefD
)
∨

+ ∆Ω̇

]
= −Λ

[
W
Ω

]
(18)
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then V̇ is negative definite and the system is asymptot-
ically stable. Making ucom =

[
Ẇcom, Ω̇com

]T the control
input of the system

ucom = −Λ
[

W
∆−1Ω

]
−

[
b (Z − Zref )

a

2∆−1
(
DRT

refR −RTRrefD
)
∨

]
(19)

and knowing that

[
Fz
M

]
com

=
[
mR (3, 3)−1 (

Ẇcom − g0
)

JΩ̇com + [Ω]× JΩ

]
(20)

the correspondent input of the quadrotor’s system, u =[
V̂1, V̂2, V̂3, V̂4

]T
, can be computed.

4.3 Simulation

Figures 4 and 5 present the plot response of the system
for the two controllers implemented, with identical simula-
tion conditions. As one can see both controllers are stable
and their response is similar. However, if we excite the
nonlinearities of the system by setting a reference vector
(xB,2)ref = [−5, 45, 45, 0]T far from the hover equilibrium
point, we can clearly show the superior robustness of the
nonlinear solution (Figures 6 and 7). The LQR response
(Figure 6) shows a less stable control of the attitude; also
the controller cannot control the quadrotor altitude.

Figure 4: LQR low level control. Initial condition of
(xB,2)i = [−1, 30,−30, 40]T and a reference of
(xB,2)ref = [−3, 0, 0, 0]T.

Figure 5: Nonlinear low level control. Initial condition of
(xB,2)i = [−1, 30,−30, 40]T and a reference of
(xB,2)ref = [−3, 0, 0, 0]T.

Figure 6: Robustness test of low level LQR

Figure 7: Robustness test of low level nonlinear control
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4.4 Practical implementation
An altitude LQR controller was implemented in QUA-
VIST. The law control is given by

RC = RC0 − aK
[

W̄b

Z̄s − Zref

]
(21)

where RC is a QUAVIST system variable proportional
to Fz, K is the Kalman gain matrix, Z̄s is the sonar mea-
surement of the altitude, W̄b is a barometer based estima-
tion of the vertical velocity (also provided by the system)
and a is a proportional constant that relates RC to Fz;
RC0 is the equilibrium point input, for the hover flight.
RC0 = 6489 and a = −129.663 N−1 were determined using
experimental data from a manual performed hover flight.
The variables W̄b and Z̄s are given by QUAVIST system
at a rate of fZ = 2.5 Hz and fW = 4 Hz. It was chosen a
control sampling period of T = 1

5 s. Figure 8 illustrates a
performed flight; the controller was switched on and off at
t = 32 s and t = 70 s. It was requested Zref = −1.5 m to
the controller. Clearly there is a static error in the con-
trol. This error can be caused by several factors. First,
the control frequency and the measurements frequency, fZ
and fW , are different. Second, the available control res-
olution is somehow limited. Finnaly, the vertical velocity
W̄b is based on barometric altitude and as we can see in
Figure 8 there is an error between the two altitudes Z̄s
and Z̄b.

Figure 8: QUAVIST’s altitude control. Controller is ac-
tive in the interval [32, 70] s

5 High level control
To ensure a smooth horizontal movement of the aircraft
two modes are defined for the high level control: horizon-
tal velocity control mode and horizontal position control
mode. Given an horizontal position reference (xA,2)ref =
[Xref , Yref ]T and a desired linear velocity norm V0 the
controller will navigate the aircraft at constant speed, in
horizontal velocity control mode. The reference velocity
vector is then defined, with η = [X −Xref , Y − Yref ]T =
[η1, η2]T

|Uref |I = V0√
1 +

(
η2
η1

)2
(22)

|Vref |I = |Uref |I
|η2|
|η1|

(23)

so that (xA,1)ref = [Uref , Vref ]T and η are collinear.
If ‖η‖ < γ, the distance to the desired position, the con-
troller will switch to horizontal position control mode. The
distance γ is chosen by the user.

5.1 Optimal control
The state space formulation of the primary process is given
by

ẋA =
[

02,2 02,2
I2,2 02,2

]
xA +

 0 −g0
g0 0

02,1 02,1

uA (24)

The control law for the horizontal position control mode
is then

uA = −KAS
′

ψ

[
xA,1(

xA,2 − (xA,2)ref
) ] (25)

with xA,1 = [U, V ]T. KA is the LQR gain matrix and
S′ψ is a rotation about xy plane

S
′

ψ =
[

cosψ sinψ
− sinψ cosψ

]
(26)

This rotation is needed because the system was lin-
earized to a null yaw angle condition. For the velocity
control mode, the state space formulation is reduced to

ẋA,1 =
[

0 −g0
g0 0

]
uA (27)

and thus resulting in the following control law

uA = −KAS
′

ψ

(
xA,1 − (xA,1)ref

)
(28)

Obviously the LQR gain matrix has to be redefined.

5.2 Nonlinear control
The high level nonlinear controller is based on Lyapunov’s
stability theory and backstepping technique. Backstep-
ping is a control technique that stabilizes a special class of
nonlinear systems in a recursive way. Consider the system

ẋ = fz (x) + gz (x) · z1 (29)
ż1 = f1 (x, z1) + g1 (x, z1) · z2 (30)
...

żk = fk (x, z1, . . . , zk) + gk (x, z1, . . . , zk) · ū (31)

5



with virtual control inputs z1, . . . , zk. x is the state
vector and ū the real control input of the system. It is
assumed that a Lyapunov function Vx and a control law
z1 = ux are known for the subsystem 29.
The backstepping iterative method is now described.

The process starts with the subsystem 29. As we already
know Vx and ux, the next step will be extending the Lya-
punov function Vx with a positive definite term that in-
cludes the control law ux. Let ε1 = z1−(z1)d = z1−ux be
a fictitious variable and V1 the extended Lyapunov func-
tion:

V1 = Vx + 1
2 (ε1)2 (32)

Using the function V1 the fictitious control z2 = u1 can
be found. The subsystem 30 now stabilizes z1 in ux, which
in turn is used to stabilize the subsystem 29. This way the
asymptotic stability of the both subsystems is guaranteed.
This process can be repeated until the real control input
ū = uk is known. The primary process can be rearranged
in

uA =

 0 1
g0

− 1
g0

0

ah (33)

Then, with ah =
[
U̇ , V̇

]T, vh = [U, V ]T and xh =
[X,Y ]T

ẋh = vh (34)
v̇h = ah (35)

is in the form of the system from equations 29 and 30.
The subsystem 34 has the known Lyapunov function and
control law:

V1 = 1
2η

Tη (36)

vh = −αη (37)

with η = xh − (xh) ref . As the backstepping method
suggests, the fictitious variable ε = vh + αη is added to
V1:

V2 = 1
2 (vh +αη)T (vh +αη) + 1

2vT
hvh (38)

V2 is also a positive definite function and only vanishes
for xh = (xh) ref ∧ vh = [0, 0]T. The main result for the
horizontal position control mode is now presented

aq
h = −S

′

ψ (αvh + β (αη + 2vh)) (39)

with The rotation S′ψ accounts for the changes in the
yaw angle. If the horizontal position error is saturated,
η = C0 = [Cx, Cy]T, the controller only acts on the sub-
system 35 and therefore defining the horizontal velocity
control mode. The controller will follow the velocity

Uref = β1α1Cx
α1 + 2β1

(40)

Vref = β2α2Cy
α2 + 2β2

(41)

Combining these results with equations 22 and 23, the
constant vector C0 can be determined.

5.3 Simulation

A simulation using LQR high level controller is presented
in Figure 9. The same simulation for the nonlinear high
level controller is shown in Figure 10. Both controllers per-
form well; simulations were made with wind disturbances
demonstrating that the controllers are robust solutions.

Figure 9: LQR high level control with a horizontal posi-
tion reference of (xA,2)ref = [12, 9]T

Figure 10: Nonlinear high level control with a horizontal
position reference of (xA,2)ref = [12, 9]T
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6 Nonlinear estimation

6.1 Extended Kalman filter
The extended Kalman filter is the linear version of the
Kalman filter. Two solutions were design to estimate the
attitude of the quadrotor based on the measurements of
the 3D accelerometer, the 3D gyroscope and the 3D mag-
netometer. Consider the nonlinear discrete system with
sample period T

xk = f (xk−1,uk−1) + wk Process model
yk = h (xk,uk−1) + vk Observation model (42)

where wk and vk are Gaussian noises with covariance
Qk e Rk, respectively. For each iteration, the extended
Kalman filter estimate the state vector xk and the co-
variance error Pk|k, a estimation of the filter’s perfor-
mance. Also, for a given k , the filter linearizes the
nonlinear system for the current state estimate; Fk−1 =
∂f
∂x |x̂k−1|k−1,uk−1 and Hk = ∂h

∂x |x̂k|k−1,uk−1 are the Jaco-
bian matrices of f and h.
The extended Kalman filter algorithm is divided in two

steps:

• Prediction — the filter predicts the state and the co-
variance error, based on the process model and the
process covariance.

• Update — the filter corrects the previous step with
the observation covariance and the measurements of
the sensors

The main result of the algorithm can be consulted in [9].
Consider the following nonlinear discrete model

xk = I3xk−1 + TB (x) |xk−1 uk−1 (43)
yk = h (xk,uk−1) (44)

with T = 1
50 s (the sampling period of the three sensors)

and B (x), from [1]:

B (x) =

 1 tan θ sinφ tan θ cosφ
0 cosφ − sinφ
0 sinφ

cos θ
cosφ
cos θ

 (45)

The state, output and input of the system are chosen as:
xk = Ψ is the attitude, yk =

[
ā, Ω̄, N̄

]
is the sensors mea-

surements and uk = Ω̄ is the gyroscope measurements.

6.2 Simplified extended Kalman filter
This solution is similar to the previous version, only
the linearization point is different. Here, the lineariza-
tion is performed for the equilibrium point x0

k−1 =[
0, 0, ψ̂k−1|k−1

]T
. Thus, the first order Taylor’s series is

applied (equation 10) and the discrete linearized system is

given by:

xk = x0
k−1 + I3

(
xk−1 − x0

k−1
)

+ T I3uk−1

yk = y0
k + Cd

(
xk − x0

k−1
)

+ Dduk−1 (46)

with

y0
k =



02,1
g0

03,1
cos ψ̂k|k−1
− sin ψ̂k|k−1

0

 (47)

Cd =



0 −g0 0
g0 0 0

04,1 04,1 04,1
0 0 − sin ψ̂k|k−1
0 0 − cos ψ̂k|k−1

sin ψ̂k|k−1 cos ψ̂k|k−1 0

 (48)

Dd =

 03,3
I3,3
03,3

 (49)

With these changes, the computational effort is reduced
by a great amount.

6.3 Lyapunov based attitude and angular
velocity estimation

Let define the Lyapunov tentative function

V = a

2 tr
(
D
(
I3 −RT

mR̂
))

+ 1
2e

T
wew (50)

where tr
(
D
(
I3 −RT

mR̂
))

represents the error between
the estimated rotation matrix R̂ and measurement rota-
tion matrix Rm. D is a positive definite 3× 3 matrix and
a is a constant. They are both tuning parameters.

Rm =
[

N̄n [ān]× N̄n ān
]T (51)

with N̄n and ān being the normalized accelerometer and
magnetometer measurements. ew = ŵ− R̂TRmwm is the
angular velocity error between the estimated angular ve-
locity ŵ and the gyroscope measurements wm = Ω̄. Ac-
cording to [10] the tangent vectors d

dt

(
R̂
)
∈ >R̂SO (3)

and d

dt
(Rm) ∈ >RmSO (3) lie in different tangent spaces

and thus cannot be compared directly. For this reason
d

dt
(Rm) is transformed in a vector in >R̂SO (3) and ew re-

sults from the comparison d

dt

(
R̂
)
− d

dt
(Rm) RT

mR̂. The
function V from equation 50 is a positive definite func-
tion and only vanishes for the equilibrium state V = 0⇒(
ew = 0 ∧RT

mR̂ = I3

)
⇒

(
ŵ = wm ∧ R̂ = Rm

)
. The

main result for the time derivative of V is then introduced

V̇ = aeT
weR + eT

wėw = eT
w (aeR + ėw) (52)
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where the first term derivative can be computed as

d

dt

1
2 tr
(
D
(
I3 −RT

mR̂
))

= 1
2 tr
(
−DRT

mR̂ [ew]×
)

(53)

d

dt

1
2 tr
(
D
(
I3 −RT

mR̂
))

= 1
2e

T
w

(
DRT

mR̂ − R̂TRmD
)
∨

(54)
d

dt

1
2 tr
(
D
(
I3 −RT

mR̂
))

= eT
weR (55)

with eR = 1
2

(
DRT

mR̂ − R̂TRmD
)
∨
. Choosing an in-

put, with 4 positive definite, so that

ėw = −4ew − aeR (56)

makes V̇ negative definite and the asymptotic stability
for the system is achieved. Let us now define a discrete
estimator with sampling period T :

ew,k+1 = ew,k + T ėw,k (57)
ŵk+1 = ew,k+1 + R̂T

k Rm,kwm,k (58)
R̂k+1 = R̂k

(
I3 + T [ŵk+1]×

)
(59)

At each time step the angular velocity error function
is updated using the actual value for ew,k e ėw,k, having
its stability guaranteed by equation 56. Since ew,k+1 is
converging to the equilibrium point, the angular velocity
estimate and the rotation matrix estimate can now be de-
termined by equations 58 and 59.

6.4 Simulation

Two simulations are presented (Figures 11 and 12). The
references made to the low level control were Ψref =
[5, 5, 50] for the first simulation and Ψref = [16,−16, 50]
for the second (Euler angles, Ψ, in degrees) . For simplic-
ity we now call KS the simplified Kalman filter, KE the
extended Kalman filter and LP the nonlinear Lyapunov es-
timation. The error between the ideal and the estimated
attitude is represented by xid − xest = [eφ, eθ, eψ]. In Ta-
bles 1 and 2 the mean error |m̄|, the standard deviation σ
and the rms value xrms of the attitude error is presented.
The angular velocity error characteristics from LP are pre-
sented in Table 3.

Figure 11: Nonlinear estimation with a reference of
Ψref = [5, 5, 50] for the low level LQR
controller

Figure 12: Nonlinear estimation with a reference of
Ψref = [16,−16, 50] for the low level LQR
controller

eφ eθ eψ
|m̄| (◦) 0.0257 0.061 0.4231

KS σ (◦) 0.6769 0.5633 1.0543
xrms 0.6773 0.5666 0.136
|m̄| (◦) 0.0782 0.0359 0.025

KE σ (◦) 0.6457 0.5527 0.944
xrms 0.6504 0.5538 0.9447
|m̄| (◦) 0.0712 0.0922 0.0711

LP σ (◦) 0.1254 0.1140 0.2642
xrms 0.1442 0.1466 0.2736

Table 1: Attitude error characteristics for Fig. 11
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eφ eθ eψ
|m̄| (◦) 0.678 0.446 1.722

KS σ (◦) 0.869 0.585 1.072
xrms 1.103 0.736 2.029
|m̄| (◦) 0.042 0.02 0.025

KE σ (◦) 0.829 0.585 0.948
xrms 0.83 0.585 0.949
|m̄| (◦) 0.439 0.087 0.0643

LP σ (◦) 0.1808 0.3993 0.4048
xrms 0.4752 0.4088 0.4098

Table 2: Attitude error characteristics for Fig. 12

eP eQ eR
|m̄| (◦/s) 0.0184 0.0141 0.0187

LP σ (◦/s) 3.325 2.871 3.994
xrms 3.3257 2.8794 3.9946

Table 3: Angular velocity error characteristics for Fig. 11

The LP estimation presents the better results: the stan-
dard deviation and rms value are smaller and works well
for relatively high attitude angles. The KE filter appears
to have a better mean error. Although, the standard devi-
ation of the estimation is way higher than the LP estima-
tor. The KS estimation presents similar results to the KE
filter for small attitude angles. For relatively high attitude
angles the mean error of the estimation increases consid-
erably. This is understandable, because the KS model is
linearized for near hover conditions. The angular velocity
estimation of LP also provided good results. The three
estimation solutions were tested with experimental data
obtained from QUAVIST’s system (Figure 13).

Figure 13: Estimation with real data

7 Closed loop simulations
Given the flight control and estimation solutions from the
previous Sections, we can now present some closed loop
simulations. Four types of estimation are defined: the
KS filter, the KE filter, the LP attitude estimation (here
called La) and the LP attitude and angular velocity esti-
mation (here called Lv). Naturally the LP attitude and

angular velocity estimation is more suited to real imple-
mentation because it provides both attitude and angular
velocity, needed by the low level controllers. Feedback
control with each estimation is tested for each low level
controller: Figures 14 and 15 for the low level LQR, 16
and 17 for the low level Lyapunov control.

Figure 14: Low level LQR with Kalman estimation. Ref-
erence of Ψref = [8,−8, 20].

Figure 15: Low level LQR with Lyapunov estimation. Ref-
erence of Ψref = [8,−8, 20].
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Figure 16: Low level Lyapunov control with Kalman esti-
mation. Reference of Ψref = [8,−8, 20].

Figure 17: Low level Lyapunov control with Lyapunov es-
timation. Reference of Ψref = [8,−8, 20].

The output of the GPS sensor was used as feedback for
the two high level controllers. The feedback attitude and
angular velocity for the low level controllers is given by
the Lv Lyapunov estimation. The simulation for the high
level Lyapunov controller is presented in Figure 18. This
controller overall performs better than the linear version.
The horizontal velocity control was better and the position
control exhibited more stability.

Figure 18: High level Lyapunov control. Reference of
(xA,2)ref = [20, 20]T

8 Conclusions and future work
Comparing the low level control solutions, it was con-
cluded that the low level LQR is a less robust solution
outside the vicinity of the hover point. Both high level con-
trollers perform well in the presence of wind disturbances.
The linear altitude controller implemented on QUAVIST
presented positive results. Despite the existence of static
error in the control, the controller successfully stabilizes
the aircraft altitude. In general, the nonlinear Lyapunov
estimation provided better simulation results. There are
three advantages over the other two solutions: it provides
an estimation of the angular velocity of the aircraft, ap-
pears to be more robust to measurements noise and is in-
dependent of the observation model considered to model
the sensors.
Aiming the continuation or improvement of this work,

the following steps are defined:
• Perform a better experimental identification of QUA-

VIST’s actuators, mainly of the speed controllers.
Determine the command sent by the system to the
actuators so that it can be included in the computa-
tional model.

• Correct the static error of the implemented altitude
controller. This can be achieved by selecting the same
frequency for the controller and the measurements. A
vertical altitude and velocity estimation can be done,
based on both sonar and barometer.

• Implement the low and high level controllers in QUA-
VIST.
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