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Abstract—Parallel computing has been the subject of in-
tensive research in the last decade and is increasingly being
chosen as a solution for developing applications that require
high computational power, such as the Boolean Satisfiability
(SAT) and Pseudo-Boolean Optimization (PBO) problems.
Research in SAT solvers has obtained relevant results in
the last years, achieving significant reductions in execution
times. Unfortunately, hard instances of SAT require large
computational power and even efficient SAT solvers take
huge execution times to obtain their solution. Therefore,
SAT solvers adaptation to parallel computing systems be-
gan to be the subject of considerable research and there
already exist several distributed versions of popular SAT
solvers. However, the absence of distributed solvers for
the PBO problem is notorious. This work intends to con-
tribute and encourage the research into distributed solu-
tions to solve the PBO problem. The goal of this work is to
propose a distributed Pseudo-Boolean Optimization Solver,
named MPBO solver, based on MPI (Message Passing In-
terface) and focused on an efficient search space partition,
more specifically the partition of the problem optimization
search space. The proposed solver achieved significant re-
ductions in the time to solve hard PBO instances, when
compared to the MiniSat+ and pwbo solvers.

I. Introduction

The well known Boolean Satisfiability (SAT) and
Pseudo-Boolean Optimization (PBO) problems gained sig-
nificant attention in the last years, due to their possible ap-
plication in many domains, such as software and hardware
verification. Since then, several algorithmic solutions have
been proposed to solve both problems and many of them
proved to be very efficient when solving several instances
of the problems. Many SAT algorithmic solutions (known
as SAT solvers), for instance GRASP [1] and Chaff [2], con-
tributed with several techniques to improve the SAT reso-
lution. Due to the relevant results on SAT research, PBO
researchers embraced the SAT solvers efficiency and pro-
posed efficient ways to solve PBO instances by extending
SAT solvers to handle them.

Although SAT solvers are becoming more sophisticated
to reduce their execution time, adopting improvement
techniques such as clause learning, adaptive branching,
restarts and non-chronologically backtracks, the demand
for more computational power led SAT researchers to ex-
plore solutions taking advantage of parallel computing sys-
tems. Distributed systems, such as clusters and grids, are
a popular type of parallel computing environments and are
target of great adoption in the parallel developers commu-
nity, since they allow the use of several remote resources,
connected through a network, and enable the execution of
distributed algorithms that can divide a problem for a con-
current resolution in such resources. Many popular SAT
solvers have been migrated to such environments, adopting
the well known Task Farm approach, which proved to be
a successful solution to partition SAT problem instances
for concurrent searches. However, unlike SAT solvers,

the migration of PBO solvers to distributed systems has
not been well explored yet. Taking such gap in consid-
eration, this work is intended to give one more step for
such migration by proposing the MPBO (Message Pass-
ing Pseudo-Boolean Optimization) solver, an efficient dis-
tributed PBO solver that obtains significantly reduced ex-
ecution times when solving hard problem instances. The
MPBO solver was implemented resorting to the industry’s
defacto MPI (Message Passing Interface) API to allow its
portability through the different distributed environments
and is based on the core of the well known MiniSat+ [3]
solver. The solver presented achieved speedup values of
500 in the time to solve hard PBO instances, when com-
pared to MiniSat+, and speedups of 6 when compared to
the parallel pwbo solver [4].

From the analysis of the objective function of a PBO
problem, it is possible to calculate an interval where all
solution candidates for the problem are included, known
as the optimization interval, and such interval represents
the optimization search space that must be explored. The
approach behind the MPBO solver engine is the partition
of the optimization search space by the available resources
in a distributed environment, to be explored concurrently.
Based on the well known Task Farm approach, the solver
is composed by two entities. The workers, which are re-
sponsible to computed the assigned tasks, and the mas-
ter which manages the workers through the computation
of the problem. The workers are composed by a mecha-
nism to communicate with the master, to receive tasks and
send the calculated results, and the modified core of the
MiniSat+ solver to compute the tasks received. The mas-
ter is responsible to assign the necessary tasks and contains
a mechanism to identify the tasks to compute to reach the
optimal solution for the problem. Each task corresponds
to a specific restriction to the objective function of the
problem that must be computed, representing a specific
value of the optimization interval, and each task results
in a sat or unsat response, according to the satisfiability
of the given restricted problem. Through the problem op-
timization search, the master manages the optimization
interval according to the results obtained by the computed
tasks and restricts such interval until only one value re-
mains, which is considered the optimal solution for the
problem. The MPBO solver features two task assignment
approaches: the simple approach, where the optimization
search space is divided in a binary search fashion, and the
optimized approach, where the optimization search space
is divided considering the objective function to minimize.
The optimized approach reduces significantly the number
of task assignments performed during the execution of the
solver and achieves an average speedup gain of almost 80%
than the simple assignment approach.
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This paper is organized as follows. Section 2 introduces
the SAT and PBO problems. Section 3 reviews the popular
SAT and PBO solvers. Section 4 details the MPBO solver.
Section 5 presents the results obtained in the MPBO solver
evaluation. Section 6 concludes this paper and Section 7
describes some future work for the MPBO solver.

II. Problem Definitions

A. Boolean Satisfiability Problem

The Boolean satisfiability problem (also known as SAT)
consists of determining if a Boolean formula contains at
least one variable assignment that evaluates such formula
to true, where it is considered satisfiable if such assignment
exists. If such variable assignment does not exists, the for-
mula is considered unsatisfiable. In SAT, such Boolean for-
mulas are typically expressed as a conjunction of clauses
(example in Figure 1), known as conjunctive normal form
(CNF), and for a formula be considered satisfiable in such
form, all clauses included in the conjunction must be sat-
isfiable. A clause is satisfiable if at least one of its literals
is true. A variable assignment that makes a formula sat-
isfiable is known as model.

E = (x1 ∨¬x2 ∨¬x3)∧ (x1 ∨x2 ∨x4)

Fig. 1. Boolean formula in CNF.

B. Pseudo-Boolean Problem

Due to the complexity of some application domains,
such as Digital Filters design [5], [6], there was the
need to go beyond purely Boolean representation con-
straints and use a more complex representation form
known as Pseudo-Boolean constraints (PB-constraints).
The Pseudo-Boolean (PB) problem, also known as 0-1
integer linear programming (0-1 ILP), consists of deter-
mining if a set of PB-constraints are satisfiable or not.
Like SAT, if there exists a model which evaluates all PB-
constraints to true, the set is considered satisfiable. A
PB-constraint is an inequality with typically five possible
relations (≤,<,=,>,≥), where on the left hand side (LHS)
of the relation contains the sum of weighted literals (liter-
als associated with integer coefficients) and on the right
hand side (RHS) contains an integer constant. The Fig-
ure 2 illustrates the PB-constraint structure, where xi is a
literal and Ci is an integer coefficient. A coefficient Ci is
activated, under a partial assignment, if its corresponding
literal xi is assigned to true. A PB-constraint is said to be
satisfied, under an assignment, if the sum of its activated
coefficients on the LHS does not violate the relation with
the RHS.

C. Pseudo-Boolean Optimization Problem

Since the objective of the PB problem is to verify the sat-
isfiability of PB-constraints, searching an arbitrary model

C0x0 +C1x1 + ...+Cnxn ≥ Cn+1

Fig. 2. Example of a PB-constraint.

for a given set of constraints is enough to prove its satisfia-
bility. For some domain fields, the resulting model for a PB
problem must satisfy some characteristics besides the sat-
isfiability of the problem and obtaining an arbitrary model
may not correspond to their needs. To address such de-
mand, many PB problems often include an objective func-
tion, which is intended to lead the search to obtain the
desired model for a PB problem. An objective function is
a linear term containing weighted literals, on the same form
as a LHS of a PB-constraint, and each model will define
a value of the objective function (the sum of the activated
literals).

The Pseudo-Boolean optimization problem (PBO) is an
extension of the PB problem and is the task of finding a
specific model that not only satisfies the problem but also
minimizes or maximizes a given objective function. The
model which results in the lowest value (minimization) or
the highest value (maximization) for the given objective
function of a set of PB-constraints is considered the optimal
solution.

minimize

N∑
i=1

Wi ·xi

subject to

N∑
i=1

Cij ·xi ≥ bj ,

where xi ∈ {0,1},
Wi,Cij , bj ∈ N

Fig. 3. Formula of a PBO problem.

III. Solvers Review

A. SAT Solvers

In early years, many effective algorithmic solutions
have been proposed for solving SAT instances. The
most popular type of complete and efficient solvers of to-
day are known as conflict-driven solvers. Conflict-driven
solvers are variations of the well known Davis-Putman
(DP) backtrack search algorithm [7] combined with effi-
cient improvement techniques, proposed in GRASP [1] and
Chaff [2] algorithms. Techniques such as clause learning,
non-chronological backtracking, “two-watched-literals” unit
propagation, adaptive branching and restarts are examples
of the success in the research on SAT and became a basis
on SAT solvers since then. Popular conflict-driven solvers
are Minisat [8], Sato [9], PicoSAT [10], Berkmin [11],
Glucose [12] and zChaff (implementation of Chaff algo-
rithm).

B. Pseudo-Boolean Optimization Solvers

The demand and research for efficient solvers for the
PBO problem are recent and falls into two categories of al-
gorithms [13]: Generic ILP solvers and specialized 0-1 ILP
solvers. Generic ILP solvers are used to solve linear pro-
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gramming problems, in general, and since PB-constraints
are a variant of linear programming problems, they were
traditionally handled by this kind of solvers. Although
generic ILP solvers fit naturally to PB problems, they tend
to ignore the Boolean nature of 0-1 variables. Some well
known ILP solvers are CPLEX [14] and SCIP [15].

Specialized 0-1 ILP solvers consist of an adaptation
of conflict-driven SAT solvers to handle PB-constraints.
There are two strategies to support PB-constraints: or the
SAT solver is modified to handle PB-constraints directly
(known as native support solvers) or each PB-constraint is
translated into a set of equivalent CNF clauses, in a pre-
processing step, to be processed by an unmodified SAT
solver. The translation strategy has the advantage of us-
ing efficient SAT solver procedures as a black box, but suf-
fers the possible exponential growth of CNF clauses, due
to the translation nature. Popular solvers with native sup-
port are PBS [16], bsolo [18], wbo [19] and Pueblo [17] (an
extension of Minisat to handle PB-constraints). A pop-
ular non-native support solver is the Minisat+ [3], which
uses MiniSat to handle the translated constraints.

As described earlier, each PBO problem has an objective
function associated and the purpose of the PBO solvers is
to find a variable assignment for the problem that not only
satisfies all problem constraints but also that obtains the
optimal solution for the objective function. One popular
approach to achieve such optimal solution is to perform a
linear search into the upper bound values of the problem
optimization search space. Taking advantage of an iter-
ative search procedure, it is possible to use the objective
function to create new problem constraints, to restrict the
sum of its literals, and perform successive searches to the
problem to achieve new upper bound values for the op-
timization search space, until it reaches an unsatisfiable
state, meaning that the optimal solution for the problem
was found.

Another popular approach to achieve the optimal solu-
tion for PBO problems is using unsatisability-based algo-
rithms [19] to search on the lower bound value of the prob-
lem optimization search space. Unsatisability-based algo-
rithms are used to solve Maximum Satisability problems,
also known as MaxSat, and it is possible to encoded PBO
problems into MaxSat problems. As a brief explanation,
such kind of algorithms takes advantage of an iterative
procedure to identify unsatisfiable formulas in the prob-
lem. In each step is identified a formula from the problem
that is responsible for its unsatisfiability and a relaxation of
such formula is performed (if possible) to avoid the conflict.
The procedure continues until the problem becomes satis-
fiable, meaning that the optimal solution for the problem
was found, or if an unsatisfiable formula identified during
the procedure cannot be relaxed, meaning that the initial
problem is unsatisfiable.

There are some solvers that combine the two approaches
above to achieve a better performance for their problem op-
timization process, which is the case of the wbo solver [19].
The wbo solver starts the optimization process using the
first approach, performing a linear search into the up-

Master

SlaveSlave Slave...

Fig. 4. Master/Slave topology.

per bound values of optimization search space, and if the
search reaches a time limit threshold without finding the
optimal solution for the problem, the search is aborted and
an unsatisability-based algorithm is used to perform a new
search in the lower bound value of the optimization search
space, until the optimal solution for the problem is found.

C. Distributed SAT Solvers

Due to the evolution and popularity of parallel and dis-
tributed computing systems, it became evident that the fu-
ture of the research in SAT solvers would fall into the world
of parallel computing, like many other domains did. Since
hard instances result in huge search spaces, having sev-
eral resources to share the effort of the search became a
desirable strategy.

A popular and very used approach adopted in many dis-
tributed SAT solvers is the Task Farm approach, that uses
the master/slave topology presented in the Figure 4. The
objective of such approach is to divide the SAT search
space among all slaves of the system, so that different par-
titions of the search space can be computed simultaneously.
A slave (also known as worker) consists in an independent
SAT solver that contains the entire initial description of the
problem to solve. The partition of the search space is man-
aged by the master and the assignment of such partitions
to the workers is performed by a process of task delivery. A
task consists of a set of initial assumptions (variable assign-
ments), which redirects a worker to a specific branch of the
search space. Each task contains a different set of assump-
tions, so that each worker computes a distinct area of the
search space. Workers are responsible for computing the
tasks received and to respond to the master the obtained
results (sat or unsat), according to the assumptions de-
fined. A sat response may also include the model found,
that satisfies the given problem, and an unsat response in-
cludes a set of conflicting assignments that originated the
unsat result. One popular technique adopted by several
parallel SAT solvers, to reduce the tasks computation, is
the ability of sharing conflict-induced clauses among work-
ers, where each worker attaches into its responses a small
set of conflict-induced clauses, produced during the tasks
computation, to be shared among the others. During a
search, if the master receives a sat response from a worker,
the problem being solved is considered satisfiable. If all
tasks assigned result in unsat responses, the problem is
considered unsatisfiable.

The approach explained above is the core of several dis-
tributed SAT solvers such as PSato (parallel version of
Sato) [20], GrADSAT (parallel version of zChaff) [21] and
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PMSat (parallel version of Minisat) [22].

D. Parallel Pseudo-Boolean Optimization Solvers

Although the PBO research lacks from popular solvers
to operate in distributed environments, the first parallel
versions of the PBO solvers, developed for shared-memory
environments, starts to appear. The pwbo solver [4], a
parallel version of the well known wbo solver [19], is one
good example of such migration and it contributes with
plenty of techniques to improve the efficiency of solvers
with such characteristics.

The strategy of the pwbo solver is to spawn two threads
to perform the two approaches of its optimization process
simultaneously and search the two boundaries of the prob-
lem optimization search space concurrently. One thread
runs a PB solver to perform a linear search to restrict the
upper bound value of the optimization search space and
another thread runs an unsatisability-based algorithm to
restrict the lower bound value of the search space. The
pwbo solver allows the spawning of more than 2 threads to
perform concurrent searches (up to 8 threads) and when
additional threads are spawned, the remaining threads per-
form linear searches on different values of the upper bound
area of the optimization search space.

The parallel search with these two orthogonal ap-
proaches results in a performance as good as the best
approach for each problem instance. Additionally, the
solver features a mechanism to share learnt clauses be-
tween threads to speedup the search on each thread during
the problem optimization process, by identifying the learnt
clauses that can be safely shared among the approaches.

IV. MPBO Solver

The MPBO solver was implemented using the Task Farm
approach adopted in many distributed SAT solvers. It is
composed by a master process and an arbitrary number
of worker processes. The workers consists of independent
Pseudo-Boolean solvers, based in the well known MiniSat+

solver, which compute the problem with the given tasks as-
signed. A task corresponds to a specific objective function
restriction constraint, that must be included into the prob-
lem to obtain a new sub-problem to be computed. Each
task computation is followed by a response with the ob-
tained result. The master is responsible to perform the
problem optimization, which manages the optimization
search space by assigning the necessary tasks to the work-
ers and restricting the search space according to the re-
sponses received, until it reaches the optimal solution for
the problems.

Another aspect in the solver’s implementation is the
use of MPI (Message Passing Interface), the industry’s
de-facto standard to implement distributed applications,
which features a high level of performance and portability
through different distributed environments. In the MPBO
solver, the interactions among the processes are performed
resorting to the delivery and reception of messages, pro-
vided by MPI functions, to allow the synchronization and
the transference of data among the processes.

Worker 1

Master

f(x) < 1

σ = [0,23]
f(x) < 6

f(x) < 12

f(x) < 18

f(x) < 1
f(x) < 1

f(x) < 21

f(x) < 23

Worker 2

Worker 3

Worker 4

Worker 5

Worker 6

Fig. 5. Example of possible initial task assignments when solving a
problem with an objective function f(x) = x1 + 2x2 + 20x3.

A. Problem Optimization Process

The linear search approach, used to find the optimal
solutions for the PBO problems, consists of an iterative
search where each iteration includes a different objective
function restriction to restrict the given problem. With the
new constraint, each iteration consists of a different sub-
problem to compute, differing in the value that restricts the
sum of the objective function literals. Since each iteration
can be computed independently, it is possible to perform
multiple searches to the optimization search space by as-
signing distinct areas of the search space to be computed
in parallel. Taking advantage of multiple PB solvers, it
is possible to redirect each solver to explore different ares
of the optimization search space by the assignment of the
corresponding objective function restriction.

Given an objective function f(x) with N variables, the
size of the optimization search space to be explored (in
the worst case) is 2N . The optimization search space can
be defined by an interval σ = [a, b], where initially b is
calculated using the following formula:

σ(b) =

n∑
i=1

Ci · pi, Ci ∈ N, pi =

{
0 Ci < 0

1 otherwise
(1)

which corresponds to the highest solution possible for the
objective function, and a is calculated with the given for-
mula:

σ(a) =

n∑
i=1

Ci · pi, Ci ∈ N, pi =

{
0 Ci > 0

1 otherwise
(2)

which corresponds to the lowest solution possible for the
objective function. However, not all values between a and
b correspond to valid variable assignments in the objective
function.

Considering the calculated interval σ, the master per-
forms a binary division into the values of the interval to
calculate the values that will be used to create the corre-
sponding tasks. So, to each worker is assigned a task using
a value k ∈ σ, which were identified during the interval
division, and such tasks are sent to be computed. Using
the binary division in σ, it is guaranteed that all workers
will compute sparse areas of the optimization interval. In
Figure 5 is presented an example of a possible assignment
through 6 workers, when solving a problem with a sim-
ple objective function f(x) = x1 + 2x2 + 20x3. The initial
interval calculated for the problem is σ = [0,23] but only
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f(x) < 13
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f(x) < 20

f(x) < 13

Fig. 6. Optimization process example for the scenario of Figure 5.

eight values in such interval correspond to valid solutions
of the objective function {0,1,2,3,20,21,22,23}. So, as-
signing arbitrary values of the interval may lead to redun-
dant computations by the workers. Although the 6 work-
ers are computing 6 different tasks, in the example above,
the workers 3, 4 and 5 are performing redundant com-
putations. Since there are no possible solutions between
the values 3 and 20 in the objective function, computing
tasks with restriction values {6,12,18} results in the same
subspace search (equivalent to f(x) < 20). Unfortunately,
identifying all possible solutions of the objective function
is impractical, due to its exponential growth complexity
(2N ), but to minimize such problem, the MPBO solver
features an optimized task assignment approach that per-
forms more accurate task to avoid the possible redundant
computation.

After the assignments, the master manages the interval
σ according to the responses received from the workers, to
identify the optimal solution for the problem. If a task,
associated with a k value, results in an unsat response,
this means that there is no possible variable assignment
that satisfies the given f(x) < k restriction. If f(x) < k
is unsatisfiable, ∀y ∈ σ,y < k | f(x) < y are also unsatisfi-
able. So upon such response, the master updates the lower
bound σ(a) with value k and aborts all workers comput-
ing restriction values lower than k. On the other hand,
tasks resulting in sat responses lead the master to update
the upper bound σ(b) with the solution value obtained and
consequently, aborting all workers computing restrictions
higher than such value. After the interval restriction, new
tasks from the new interval are calculated and assigned to
the worker that sent the response and the workers that
suffered the task abortion. This procedure continues un-
til only one value is covered by σ, which is considered the
optimal solution for the problem. A demonstration of the
optimization process, using the example of Figure 5, is pre-
sented in Figure 6.

B. Task Assignment Approaches

Since the master is responsible to manage the problem
optimization interval, it must assign tasks efficiently to
guarantee that each worker computation has the best im-
pact on the interval restriction. A faster interval restriction
results in a faster search to obtain the optimal solution for
a given problem. To identify the best tasks to assign, tak-
ing into account the optimization interval state, the master
contains a task assignment mechanism that identifies rele-

vant optimization interval values to assign to each individ-
ual worker. The mechanism performs successive divisions
of the optimization interval, in a binary division fashion, to
select values of the interval to create tasks for the workers.

When triggered, the mechanism starts by identifying the
number of workers that need a new task assignment and
performs successive divisions of the optimization interval
until all the necessary tasks are created and allocated to
the identified workers. The first task is created using the
upper bound value of the interval and the second task with
the lower bound value. If more tasks are needed, meaning
that there are more than three workers at idle state, the
mechanism divides the interval in two equal sub-intervals
and the value of the division, referenced as division value,
is used to create a new task. Such process is repeated using
the resulted sub-intervals until the number of tasks needed
for all necessary assignments are created. Division values
that were already used for a task assignment are bypassed.
If at a given point during the division process, the resulted
sub-intervals only cover one value, it means that all values
of the optimization interval were already used to create
tasks and consequently, no more task assignments can be
performed.

Since not all values of the interval correspond to valid
variable assignments in the objective function, using the
division values directly to create the tasks may lead to re-
dundant computations by the workers. Considering this
problem, the task assignment mechanism in the MPBO
solver features two approaches to select the values to cre-
ate the tasks, according to the division values calculated
during the division process: the simple approach, which
uses the division values directly to create the tasks, and
a new optimized approach, which identifies possible com-
putable objective function solutions, closer to the division
values calculated, to create the tasks. The optimized ap-
proach uses an heuristic that identifies, in a restricted set,
possible objective function solutions that better substitute
a given division value for a task creation. For such goal,
the approach identifies a small set of arrangements, using
the objective function coefficients smaller than the given
division value, to achieve valid objective function solutions
and compares such solutions with the given division value.
The solution that proves to be closer to the current divi-
sion value, among all the solutions identified, is selected to
substitute the division value when creating the task. How-
ever, it is possible that no solution can be deduced for the
current division value, due to the absence of smaller objec-
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Fig. 7. Example of the task assignments performed by the two approaches, using 5 workers and an objective function f(x) = 2x1 + 5x2 +
10x3 + 100x4.

tive function coefficients than the division value. In such
case, the actual division value is used to create the task.

To compare the behavior of the two task assignment ap-
proaches, Figure 7 presents the assignments performed by
the two approaches, to five workers, when solving a prob-
lem with an objective function f(x) = 2x1 + 5x2 + 10x3 +
100x4. The horizontal lines in the figure represent the ini-
tial scope of the problem optimization interval and in this
particular scenario, all possible objective function solutions
are locate near the boundaries of the interval, leaving a
huge gap in the middle of the interval without solutions.
As observed in the example, only one task assigned by the
simple approach corresponds to an objective function so-
lution and three of the tasks, besides to not correspond
to objective function solutions, represent the same task
computation. Since the simple approach uses the division
values directly to create the tasks, the division of the in-
terval leads the simple approach to assign three tasks to
explore the middle area of the interval. Such tasks re-
sult in redundant computations since there are no objec-
tive function solutions between the values 17 and 100 of
the optimization interval, where the tasks with values 30,
59 and 88 represent the same computation as a task with
value 100. So, with such assignments, three of the workers
are computing the same area of the optimization interval
and such situation results in a waste of resources. Re-
garding the optimized approach, it is observable that all
five tasks assigned correspond to objective function solu-
tions and they are evenly distributed among the optimiza-
tion interval, which results in a better management of the
workers computation for the problem optimization, when
compared to the assignments of the simple approach. How-
ever, such scenario is not always possible for all problem
instances since the optimized approach does not guarantee
the identification of a closer objective function solutions
for all interval division values and eventually the actual di-
vision values are used to create the tasks to assign. So, it
is possible that in some scenarios, the optimized approach
behaves exactly as the simple approach, performing task
assignments using the division values directly.

C. Worker Restore Mechanism

During the problem optimization search, each worker
will probably compute several values of optimization in-
terval and some changes to the solver state of a worker
may be required, between each task computation. The
computation of subsequent tasks with lower values does
not imply any changes to the solver state, since if a solu-
tion satisfies the new restriction, it mandatorily satisfies
the old objective function restriction. On the other hand,
in the computation of higher values than k, the old ob-
jective function restriction invalidates the new restriction
computation. To avoid such property, a removal of all
constraints, created due to the old objective function re-
striction, must be performed before adding and computing
the new objective function restriction.

To achieve such removal of constraints, the work con-
tains a restore mechanism to clean all objective function
clauses when a higher objective function restriction is as-
signed. Each clause contains a flag which determines if it
came from the initial problem (problem without restric-
tions) or from an objective function restriction. When the
worker detects a higher objective function restriction value
than the one that computed before, it removes all clauses
related to objective function restrictions, maintaining only
clauses related to the initial problem, so that the new re-
striction clauses can take place in the new search without
interference of others.

V. Evaluation

To prove the MPBO efficiency, the proposed solver was
compared against the MiniSat+ 1.0 [3] and pwbo 2.2 [4]
solvers, to have an idea of the reductions in the execution
times achieved. Since the PBO research lacks from popu-
lar distributed solvers, it was difficult to discover a solver
with the same characteristic of the MPBO solver to com-
pare with. However, since MPI allows the execution of
its applications in single machines, spawning all processes
through the local cores, it was possible to make a compar-
ison of executions between our solver and the pwbo solver,
which is a parallel solver developed for shared-memory en-
vironments.
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The evaluation performed focuses the solver scalabil-
ity, comparing its execution when using different numbers
of workers available, and the impact of the two task as-
signment approaches implemented, in the solver execution.
To accomplish the performance evaluation of the MPBO
solver and gather a reasonable range of results for a more
fine grained conclusion, it was used a benchmark suite con-
taining 47 PBO problem instances from the problem op-
timization category in the 2010 PB competition [23]. The
problem instances selected range, in difficulty, from easy
to hard instances, with execution times ranging from mil-
liseconds to hours, when using MiniSat+. Since the pwbo

solver does not handle high decimal numbers for the prob-
lem coefficients, the benchmark suite contains two groups
of instances. The first group is composed of 35 instances
from the BIGINT category and the second group by 12
instances from the SMALLINT category, which were used
exclusively for the evaluations performed with the pwbo

solver.
All benchmark executions were performed in the avail-

able grid at INESC-ID. The INESC-ID grid infrastructure
is composed of 13 Intel Q6600 (quad-core) machines at
2.4 GHz, with 8 GB RAM, running the OpenSuse 11.0
Linux with Kernel 2.6.25.16. All machines are connected
by a gigabit private subnet and feature a network file sys-
tem (OpenAFS 1.4.x). To compile and run MPI applica-
tions, the grid provides the OpenMPI 1.2.8 and Glibc 2.8
libraries.

A. Evaluation Methodology

Evaluating the performance of a distributed application
is a complex task and exploring characteristics such as
scalability and speedups is very important to demonstrate
and analyze the application efficiency over a distributed
environment. To achieve such type of evaluation in the
MPBO solver, it is indispensable to analyze the solver
execution under different number of resources, measuring
the execution times obtained and comparing the evolution
of speedups during the execution environment changes.
Therefore, four scenarios were selected to test the solver
scalability, using 4, 12, 24 and 48 workers. So, all instances
of the first group of the benchmark suite were executed us-
ing the four execution scenarios with the objective of tes-
tifying the solver scalability and check the scenario that
obtains the best performance.

To have a reference point when checking the solver effi-
ciency, the MPBO solver is compared to MiniSat+, which
can be considered a sequential version of the proposed
solver. The speedups obtained in each execution scenario
were calculated using the following formula:

Sp =
T1
Tp

(3)

where T1 is the execution time obtained using MiniSat+

and Tp is the execution time obtained in the execution sce-
nario using p processors (where p includes the master pro-
cess and all the available worker processes). In MiniSat+

solver, the measurements were performed in terms of cpu
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Fig. 8. Execution times obtained in the BIGINT instances, using
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Fig. 9. Speedups obtained by the MPBO solver, when solving the
BIGINT instances.

time, since such measurement is already implemented in
the solver, and in the MPBO solver were measured in terms
of wall time, resorting to the MPI function MPI_Wtime. To
achieve a reasonable execution time measurement in the
proposed solver, the wall time measured in each execution
is the wall time spent by the master process, from the be-
ginning of the execution until the discovery of the optimal
solution (or the proof that the problem is unsatisfiable).

Since the proposed solver features two approaches to as-
sign tasks to the workers, the other point of interest of the
evaluation is to analyze the difference in the solver perfor-
mance obtained when adopting each assignment approach,
to the same number of workers. For comparison, the two
approaches were used in each execution scenario to observe
the gain of performance of the optimized approach against
the simple approach.

Regarding the comparison between the MPBO and pwbo

solvers, all executions were performed in a single machine
from the grid, where all instances of the SMALLINT cat-
egory were executed with both solvers. To take advantage
of the 4 cores available, the pwbo solver was executed us-
ing 4 threads and the MPBO solver was executed using 3
workers, leaving one core dedicated for the master process.
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B. Execution Time Results

The execution times obtained in all BIGINT instances
by the MPBO and MiniSat+ solvers are presented in the
chart of Figure 8. The MPBO results presented in the
chart are related to executions using the optimized task
assignment approach since they obtained the best results
among all executions scenarios. It is observable that the
MPBO solver achieves better results while the difficulty of
the instances grows, which proves the MPBO solver effi-
ciency when solving hard problem instances of the PBO
problem. However, the chart does not provide a clear
comparison between the execution scenarios of the MPBO
solver but is observable that there is no best MPBO exe-
cution scenario to solve all problem instances. To enforce
the results of Figure 8, the average speedup obtained by
all execution scenarios when solving all BIGINT instances
is presented in Figure 9. From such Figure, it is observ-
able that all execution scenarios achieved better results
when compared to MiniSat+. However, the execution sce-
nario with 48 workers stood out better when solving all
instances, achieving an average speedup value of 500 when
compared to the MiniSat+ executions.

Considering the comparison between the MPBO and
pwbo solvers, the wall times obtained by the both solvers
in all SMALLINT problem instances are presented in the
chart of Figure 10, where it is also present the execution
times obtained by the MiniSat+ solver in such instances.
With such results, we can conclude that the MPBO solver
achieves better executions times than the pwbo, where it
reached an average speedup value of 6 compared to the
pwbo executions in such benchmark. However, it is also
observable that MiniSat+ achieved better results in the
first instances of the benchmark, beating the two parallel
solvers when solving the easiest instances.

C. Task Assignment Approaches

Note that each problem instance has a unique search
scenario and considering that the optimal solution can be
located at any position of the problem optimization inter-
val, dividing the interval by 4 workers may lead a worker
directly to the optimal solution, but dividing the same in-
terval by 12 workers may lead all workers away from the
optimal solution value, resulting in a more time consum-
ing search. So, the performance obtained in each instance
does not depend only on the number of resources used but
also on how the optimization interval is divided and where
the optimal solution is located in such interval, which is
observable by the results in the chart of Figure 8, where
there is no perfect scenario for all problem instances. How-
ever, using an efficient mechanism to assign tasks is one
key aspect to better restrict the optimization interval and
consequently improve the optimization search.

Comparing the two available approaches of the MPBO
solver in the chart of Figure 9, it is perfectly clear that
the optimized approach obtained the best results, indepen-
dently on the number of available workers used, achieving
an average of 80% more speedup when compared to the
simple approach. Since the optimized approach assigns
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Fig. 10. Execution times obtained in the SMALLINT instances,
with MiniSat+, pwbo and MPBO solvers.

more accurate tasks, regarding to the objective function,
it can obtain significant reductions in the number of as-
signments along the optimization of the problem, reducing
consequently the time and communication during the op-
timization search. Figure 11 presents the average number
of task assigned during all execution scenarios when solv-
ing all BIGINT instances and it is notorious the reduc-
tion of task assignments of the optimized approach when
compared to the simple approach, reducing up to 70% the
number of tasks assigned. In terms of overhead between
the two approaches, the optimized approach has a higher
overhead, since it performs linear searches over the objec-
tive function to identify the task to assignment. So, de-
pending on the number of variables in the objective func-
tion, the time spent in the assignment mechanism may not
be insignificant. However, during all executions was cal-
culated the time spent by the task assignment mechanism
and the optimized approach never exceeded 1% of the to-
tal time spent to compute the problem instances, which is
considered a negligible overhead for the great reduction of
task assignments.

D. Solver Scalability

To achieve a reasonable evaluation for the solver scala-
bility, it was used a broad number of workers to test our
MPBO solver. The maximum number of workers used was
48 since the grid of INESC-ID contains 13 machines, result-
ing in a total of 52 cores available. Whereas the proposed
solver adopts the popular Task Farm approach contain-
ing one master entity to manage all resources, such entity
can become the bottleneck for the solver efficiency and the
more workers available, the more time is needed to handle
and manage all the available workers, consequently extend-
ing the window of time to handle each individual worker.
Considering such, 48 workers is considered a large number
of resources for a single entity to manage.

It was already concluded that regardless the task as-
signment approach used, the execution scenarios using the
highest number of resources achieved the best results dur-
ing the solver evaluation. So, for the evaluation presented,
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Fig. 11. Average number of task assignments when solving the
BIGINT instances.

the growth of workers did not affect the solver performance,
rather the opposite, such growth increased the solver per-
formance when solving the benchmark suite. However, to
better conclude the master efficiency when managing all
available workers, the average idle time of the workers was
measured during each execution. Figure 12 compares the
average idle times obtained in the execution scenarios us-
ing 4 and 48 workers (using the optimized task assignment
approach). As it can be observed in the chart of Figure 12,
the idle time measurements obtained in hard problem in-
stances using 48 workers are not much higher than using
4 workers, where they never exceeded the 7 seconds of idle
time, which is a negligible time comparing to the whole ex-
ecution time to solve the problem instances. Such results
show that the master manages successfully the 48 work-
ers during the solver executions and since the idle times
observed are very low, it may be possible to use a higher
value of workers, in the execution of the solver, without a
drastic degradation in the solver efficiency.

VI. Conclusions

Considering that the adoption of distributed solutions
to solve the SAT problem was a success in the SAT re-
search, resulting in several efficient distributed solvers, the
aim of this work was to make a contribution for the PBO
research by proposing a distributed solution to efficiently
solve the PBO problem. Using the knowledge acquired
by SAT research in the parallel computing field, it was
possible to develop and implement a PBO solver based in
the approaches proposed by the popular distributed SAT
solvers available. The MPBO solver is the distributed solu-
tion proposed by our work to contribute for the research in
the PBO problem, when it comes to its migration into the
parallel computing world. The solver was implemented us-
ing the popular task farm approach, adopted in many dis-
tributed SAT solvers, and using the MPI API, the indus-
try de-facto standard for the implementation of distributed
applications.

The MPBO solver proved to be a very effective solution
to solve hard PBO problem instances, achieving speedup
values of 500 when compared to the efficient MiniSat+

solver and speedup values of 6 when compared to the pwbo

solver. The MPBO solver features two task assignment
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approaches: the simple approach, where the optimization
search space is divided in a binary search fashion, and the
optimized approach, where the optimization search space
is divided considering the objective function to minimize.
The optimized approach achieves a reduction of 70% in the
number of task assignments, during an execution, when
compared to the simple approach, which consequently, im-
proves the solver performance up to 80% when solving hard
problem instances. Although the master/slave topology
tends to degrade the performance of the distributed appli-
cations, due to the overhead imposed by the master process
when managing a large amount of resources, the proposed
solver accomplished significant results when facing execu-
tion environments using up to 48 workers. The reduced
average idle time spent by the workers, during the exe-
cutions, proves the effectiveness of the master process to
handle all workers in a feasible time window.

VII. Future Work

Although an efficient distributed PBO solver have been
developed, there are some aspects that should be consid-
ered to improve the solver efficiency and are referenced
here for possible future work. One aspect to consider is
the development of new approaches for the task assign-
ment mechanism. The MPBO solver implements a binary
division approach to divide the optimization interval to be
computed by the several resources and features an opti-
mized approach which proved to be efficient to reduce the
number of task assignments during the solver execution.
Such reduction is a result of the assignment of more promis-
ing tasks than a pure binary division approach. However,
as in SAT research, there are no perfect heuristics to bet-
ter partition the search space to be explored and the same
can be said to the optimization search space in the PBO
problems. Besides the binary division of the optimization
interval, it can be advantageous to explore new solutions to
divide the optimization interval. Another approach could
be to prioritize the upper boundary area of the interval to
be computed first or even a completely different method
to assign tasks resorting to assumptions for the objective
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function variables.

Another aspect that can be explored and implemented
is the learnt clause sharing technique, which is used in
several parallel SAT solvers. In the MPBO solver, each
task corresponds to a different objective function restric-
tion and consequently, a different sub-problem to compute.
Many of the learnt clauses created during each task com-
putation cannot be shared among the workers since they
are produced due to conflicts involving the objective func-
tion restriction imposed by the task assigned. However,
learnt clauses produced by conflicts encountered in the ini-
tial problem (without involving objective function restric-
tion clauses) can be shared among the workers since they
do not corrupt the computation of other tasks and in turn
can speedup their computation. Since all clauses in the
MPBO solver are marked as being from a objective func-
tion restriction or from the initial problem, it is easy to
identify if the produced learnt clauses are related to the
given objective function restriction or not. So, defining
a good heuristic to restrict the learnt clauses to share, it
is possible to implement an efficient approach to share the
“right” learnt clauses through the workers and speedup the
computation of each task. However, such mechanism must
be carefully designed to avoid excessive communications
among the processes.

Another aspect that can be considered for future worker,
to improve the solver’s performance, is the partition of the
SAT search space of each task to be computed in par-
allel by several resources, which can be useful to allow
other workers to help in a task computation of another.
In all MPBO solver executions, when the optimization in-
terval covers less values than the number of workers avail-
able, some workers become idle until the optimal solu-
tion for the problem is found. Such situation represents
a waste of resources and in the current implementation of
the solver, such situation is inevitable. Since the workers
of the MPBO solver are based on MiniSat+, they use an
independent SAT solver engine to compute their tasks. So,
another SAT solver can be used instead of the MiniSat en-
gine adopted. Such substitution could be performed using
any distributed SAT solver with the same characteristic
of the MPBO Solver (implemented with C++ and the MPI
API), to allow the partition of a given task computation to
all idle workers, when the scenario explained above is ver-
ified. One possible candidate for such substitute could be
the PMSat [22] solver, since it has the same characteristics
as the MPBO solver.
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