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In this thesis we are concerned with the theory of Viscosity Solutions,
Diffusion and Elliptic Operators and the Adjoint Method.

The aim of Chapter 1 is to provide a concise introduction to the theory
of viscosity solutions in the framework of “fully nonlinear second order de-
generate elliptic equations”. By this we mean partial differential equations
which can be written as

F (x, u(x), Du(x), D2u(x)) = 0, x ∈ Ω (1)

where F : Ω × R × Rn × S(n) 7→ R is a continuous function, with S(n)
being the space of n × n symmetric matrices, and Ω an open set in Rn. A
solution u is a scalar function and Du, D2u denote respectively its gradient
and Hessian matrix.

In the first section we review the classical method of characteristics, to
construct solutions for the first order P.D.E.

F (x, u(x), Du(x)) = 0, x ∈ Ω ⊆ Rn. (2)

and show that such equations do not generally permit smooth solutions, so
there is not much sense in considering classical solutions. In general, the
local smooth solutions obtained by this technique cannot be extended glob-
ally to the entire domain because when two or more characteristic curves
meet at a same point, a singularity occurs. On the other hand, it may well
have infinitely many piecewise smooth solutions, which satisfy the equation
at almost every point of the domain. We rather need to introduce a more
sophisticated notion of solution to single out a unique “good” solution rel-
evant for the applications we have in mind. One seeks a new concept of
solution for (2), having the following properties:

1 For every boundary data, a unique solution exists, depending contin-
uously on the boundary values and on the function F .
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2 This solution u coincides with the limit of vanishing viscosity ap-
proximations. Namely, u = limε→0+ u

ε, where the uε are solutions
of F (x, uε, Duε) = ε4uε.

This will be what we call a viscosity solution. This notion was introduced
by Crandall and Lions in 1983 for first order Hamilton-Jacobi equations and
later extended to second order PDEs. In Section 2 we introduce the defini-
tion of viscosity solution for “fully nonlinear second order degenerate elliptic
equations” and in later sections we see how it fulfils the above requirements.
In Section 3 we prove the consistency of the definition of viscosity solution
with that one of classical solution, discuss some definitions and properties
of second-order super- and sub-differentials, and illustrate new connections.
The stability of viscosity solutions with respect to local uniform convergence
is proved in Section 4. A basic comparison theorem, between super- and sub-
viscosity solutions, is proved in Section 5. In turn, this yields the uniqueness
of solutions in the viscosity sense presented in the end of the Chapter.

Chapter 2, “Diffusion and Elliptic Operators”, is concerned with the
interplay of probability theory and partial differential equations. The topics
covered are: stochastic differential equations and Harnack inequalities for
nondivergence form elliptic operators.

Section 1 is an introductory section. There, we introduce the concepts
necessary to study the subject of stochastic differential equations and also
we consider existence, uniqueness, and smoothness of solutions to such equa-
tions. In subsection 1, we start with definitions and examples. In subsection
2, we introduce the definition of pathwise solution and uniqueness for the
processes we will be concerned with and that are solutions to stochastic
differential equations (SDEs) such as

dXt = σ(Xt)dBt + b(Xt)dt, X0 = x. (3)

where Bt be a one-dimensional Brownian motion and σ (named diffusion
coefficient) and b (drift) are measurable real-valued functions, and (3) holds
for almost every ω. The definitions for the higher-dimensional analogues of
(3) are the same. In subsection 3, we show that if σ and b are Lipschitz and
bounded then there exists one and only one pathwise solution to the SDE
(3). We also consider the more general case when σ and b are Lipschitz,
but not necessarily bounded. We considered the case of R-valued processes
for simplicity, but with only trivial changes the proofs work when the state
space is Rd (and even in infinite dimensions if properly formulated). In
the above, we required σ and b to be functions of Xt only. Only cosmetic
changes are required if we allow σ and b to be functions of t and Xt and
consider

dXt = σ(t,Xt)dBt+ b(t,Xt)dt.
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In subsection 4, we start to explore some of the deep links between SDEs
and PDEs. We then look to other notions of existence and uniqueness useful
for the applications like weak and strong solutions. Later we introduce
the important notion of a Markov processes, which is a stochastic process
satisfying a certain property, called the Markov property. A Markov process
can be thought of as ”memoryless”. We finish this section, with an important
result that states a connection between stochastic differential equations and
partial differential equations (subsection 5).

Section 2 is concerned with operators in nondivergence form. After some
preliminaries (first part), the discussion turns to the Harnack inequality of
Krylov and Safonov (second part), the main result of chapter 2.

Chapter 3 is about the Adjoint Method. We begin by presenting the ad-
joint method, showing in what consists and how these ideas can be used to in-
vestigate the vanishing viscosity limit for Hamilton-Jacobi PDE with general
Hamiltonians and to obtain original estimates for the equation F (D2u) = 0.
This last part of the chapter is original.
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