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Instituto Superior Técnico, Lisboa, Portugal

December 2012

Abstract

The contemporary theory and the numerical aspects of inverse problems for Partial Differential
Equations(PDE) cover many interesting problems. In this thesis we study the relatively unexplored
area of the inverse problems for front evolution problems.

If we have a front that evolves accordingly to some known physical rules, it can usually be modeled
as a Partial Differential Equation , for a function such that for a fixed time its zero level set represents
the front at that time. Our objective is to estimate the parameters that control the front evolution.

In this work we introduce two approaches, one based on minimizing the difference between the
observed output and the predicted output obtained using the estimated parameters and other based on
the Extended Kalman Filter (EKF). The first one, based on minimization, is theoretical more simple,
is very accurate but is efficient only for small dimensions of the parametric space, also, it inherits the
usual difficulties of using an optimization algorithm. The second, based on the EKF, can be very fast
even with very large number of parameters. However this approach has some disadvantages, as one
needs special tuning of parameters for every particular PDE.

In this work we provide solutions to the problem of estimating parameters from observation. This
should be useful in the wide range of problems where the dynamics model of the system is know, but
the parameters need to be estimated.
Keywords: Kalman, Estimation, Front, Propagation, Numerical

1. Introduction

This work presents and analyses methods to solve
inverse problems in front propagation. This con-
sist in compute or estimate evolution parameters of
some specific front. In our main approach we embed
the front as a level set of a function and the dynam-
ics are modeled by a PDE in space and time, this
is a common approach that appears in [7] and [9].
Essentially we are interested in methods that have
as input observations of the front in different times
and output an estimation of the front evolution pa-
rameters. Because we embed the front as the level
set of a function, we also consider a similar problem
that is to estimate the parameters, but from obser-
vations of that function instead of the front. This
is a useful problem alone, for example the when the
function represents temperatures, and want to es-
timate the parameters that define how the temper-
atures evolves. We will discuss later how to adapt
the solution for the case when the whole function is
known to the one when only the front is known.

Before we concentrate on our problem, in section
2, we introduce some theory of PDEs and the par-
ticular case of level set equations. We start with
the method of characteristics to find and study so-

lutions. Next we proceed with two notions of weak
solutions, integral and viscosity solutions. We end
the section with section 2.3 where we explain the ba-
sic tools to model front propagation problems using
PDEs.

In section 3 we start introducing the tools we use
to build the methods we propose. In section 3.1 we
describe what essentially is a minimum mean square
error estimator, we minimize the mean square error
at every point of a grid representing the domain
of the PDE. We also provide a way to calculate
the gradient of the cost function, this is nice thing
to have because for example gives necessary con-
ditions for the minimum since the gradient there
is zero, also that allows the use of gradient based
minimization algorithms. In section 3.2 we intro-
duce the Extended Kalman Filter (EKF) that is
the base for the method described in section 4.4.
In fact, there we use a particular case, the Kalman
Filter (KF) which solves the linear case. More in-
formation about the KF and the EKF can be found
at [5] and [3].

In section 4 we describe in detail the methods
we propose. Section 4.1 introduces the toolbox we
use to solve the PDEs. The rest of the section de-
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scribes the methods. We start with by the ones
that estimate the parameters from full information
of the solution and end with adaptations that use
only the boundary position as input.

2. Mathematical Background

In this section we present the mathematical back-
ground of partial differential equations that is
needed in order to study level set equations. We
discuss: the method of characteristics and a notion
of weak solutions, viscosity solutions. We end this
chapter with an introduction to level set equations.

2.1. First Order Equations: Method of characteris-
tics

Let Ω be an open subset of Rn such that ∂Ω is a
smooth manifold. Consider a first order PDE{

F (Du, u, x) = 0 in Ω,

u = g on Γ
(1)

where, Γ ⊂ ∂Ω, x ∈ Ω, F (p, z, x) : Rn×R×Rn → R
is smooth and u(x) : Ω→ R is the unknown.

The method of characteristics allows to solve (1)
by converting it into a system of Ordinary Differ-
ential Equations (ODEs). The idea is to calculate
u(x) by finding a curve, in Ω, that connects x to
some point x0 ∈ Γ along which we can compute u.

For that effect, suppose (1) admits a smooth so-
lution. Let x(·) be a curve described parametrically
by the function

x(s) = (x1(s), ..., xn(s)).

and define

z(s) := u(x(s)),

p(s) := Du(x(s)),

that is p(s) = (p1(s), ..., pn(s)), where

pi(s) = uxi(x(s)). (2)

We start by differentiating pi(s) and obtain

ṗi(s) =

n∑
j=1

uxixj
(x(s))ẋj(s). (3)

Next we differentiate the first eq. of (1) with
respect to xi which yields

n∑
j=1

∂F

∂pj
(Du, u, x)uxixj

+

∂F

∂z
(Du, u, x)uxi

+
∂F

∂xi
(Du, u, x) = 0,

and calculate it at x(s)

n∑
j=1

∂F

∂pj
(p(s), z(s),x(s))uxixj (x(s))

+
∂F

∂z
(p(s), z(s),x(s))pi(s)+

∂F

∂xi
(p(s), z(s),x(s)) = 0. (4)

Now we choose ẋj(s) so that it satisfies

ẋj(s) =
∂F

∂pj
(p(s), z(s),x(s)), (5)

then the first term of (4) is equal to ṗi(s). Hence

ṗi(s) = −∂F
∂z

(p(s), z(s),x(s))pi(s)

− ∂F

∂xi
(p(s), z(s),x(s)).

Finally, we differentiate z(s) to get

ż(s) =

n∑
j=1

uxj
(x(s))ẋj(s) =

n∑
j=1

pj(s)
∂F

∂pj
(p(s), z(s),x(s)) (6)

where the second identity holds by (2) and (5).
Then the equations (5), (6) and (3) for x(s), z(s)

and p(s), can be written in compact form as
ṗ(s) = −DxF (p(s), z(s),x(s))

−DzF (p(s), z(s),x(s))p(s)

ż(s) = DpF (p(s), z(s),x(s)) · p(s)

ẋ(s) = DpF (p(s), z(s),x(s)).

(7)

The functions p(·), z(·) and x(·) are called the char-
acteristics. We will call x(·) the projected char-
acteristic. Note that the projected characteris-
tics are the projections of the full characteristics
(p(·), z(·),x(·)) ∈ R2n+1 onto the space Ω ⊂ Rn.
We can compute u along the projected characteris-
tics because for a given s, u(x(s)) must be z(s).

2.2. Viscosity Solutions
In this section we will study viscosity solutions
which is a definition of weak solution which enjoys
good uniqueness properties.

We will study solutions for equations of the form

ut + F (x, u,Du,D2u) = 0 (8)

where F satisfies the following condition

F (x, r, p,X) ≤ F (x, s, p, Y )

when r ≤ s, X ≥ Y. (9)
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Definition 1. Let Q ∈ Rn. u is a viscosity solution
of (8) in Q×R+

0 with F satisfying (9) if u is contin-
uous and for every test function v and any (x0, t0) ∈
argmax(u− v) (resp. (x0, t0) ∈ argmin(u− v)), we
have

vt(x0, t0) + F (x0, u,Dv,D
2v) ≤ 0

or, resp.,

vt(x0, t0) + F (x0, u,Dv,D
2v) ≥ 0.

The next results show that the notion of viscos-
ity solution is consistent with the classical one, i.e.,
classical solutions are viscosity solutions and differ-
entiable viscosity solutions are classical solutions.

Proposition 1. Suppose Q is an open set. If u ∈
C2(Q) is a classical solution of (8) then it is also
a viscosity solution.

Theorem 1. Let u be a viscosity solution of
(8), and suppose u is differentiable at some point
(x0, t0) ∈ Rn × (0,∞). Then

ut(x0, t0) + F ((x0, t0), u(x0, t0),

Du(x0, t0), D2u(x0, t0)) = 0

A very important property of viscosity solutions
if (8) is its uniqueness, a proof of this can be found
at [2], see Corollary 8.1.

Example 2.1
Consider the equation:{

ut + |ux| = 0,

u(x, 0) = −|x|.
(10)

The function

u(x, t) = −|x| − t (11)

solves the equation in {(x, t) : x ∈ R\{0}, t ∈ R+
0 }.

2.3. Level Set Equations
For t ≥ 0 let ∂Ωt be the boundary of an open set
Ωt. Suppose that S is the outwards normal speed
of a point in the boundary, as illustrated in figure
1.

Assume for now that S ≥ 0 which means the front
grows outwards. Then one way to characterize the
position of this expanding front is to consider the
arrival time T (x) of the front as it crosses each point
x.

For the one dimension case

distance = speed× time,

S

inside

outside

Figure 1: Front evolving with outwards speed F

this leads to the following differential equation

1 = S
dT

dx
.

The n dimensional case is not much different, here
∇T is orthogonal to the level sets of T , and its
magnitude, as in the one dimensional case, inverse
to the speed. Hence

|∇T |S = 1, T = 0 on Γ, (12)

where Γ is the initial location of the interface.
For the general case where S does not have to

be always positive the crossing time T (x) is not a
single valued function. To solve this we use the
Level Set Method i.e. we embed the initial front as
the zero level set of a one dimension higher function
u0. We can then create a time-dependent initial
value problem for u such that at any time t the set
such that {x : u(x, t) = 0} is the front at time t.
To derive the equation for the motion of u, we first
require that for a particle on the front with path
x(t) to satisfy

u(x(t), t) = 0.

By the chain rule,

ut +∇u(x(t), t) · x′(t) = 0. (13)

x′(t) is the speed of the particle, hence x′(t) · ν,
where ν is the normal to the front pointing out-
wards, is S. Also since the front is a level set of u,
we know that ν = ∇u

|∇u| .

x′(t) · ν = S ⇔

x′(t) · ∇u
|∇u|

= S ⇔

x′(t) · ∇u = S|∇u| (14)

Putting (13) together with (14) we get

ut + S|∇u| = 0. (15)

If we consider the case that the normal speed
depends on Du and D2u and is determined by
S(p,X) : Rn × Rn×n → R, the equation can be
written in the following form:

ut + F (Du,D2u) = 0. (16)
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In this context we are going to study a special
property that some of this equations have. We say
an equation of the form (16) is geometric if it sat-
isfies

(G1) F (λp, λX) = λF (p, X)

for all p ∈ Rn\{0}, X ∈ Rn×n and λ ∈ R

and

(G2) F (p, X + σp⊗ p) = F (p, X)

for all p ∈ Rn\{0}, X ∈ Rn×n and σ ∈ R.

Proposition 2. Let θ(z) : R → R be non decreas-
ing. If F satisfies G1, G2 and u satisfies (16).
Then v = θ ◦ u also satisfies (16).

Proof. We have

vt + F (Dv,D2v)

= θ′(u)ut + F (θ′(u)Du,

θ′(u)D2u+ θ′′(u)Du⊗Du)

= θ′(u)ut + F (θ′(u)Du, θ′(u)D2u) by G2

= θ′(u)ut + θ′(u)F (Du, D2u) by G1

= θ′(u)(ut + F (Du, D2u))

= 0

3. Inverse Problems in Hamilton-Jacobi
Equations

This section addresses the inverse problem in
Hamilton-Jacobi equations. This problem consists
in, from a solution of a PDE and a parametric
family of PDEs, estimate the parameter that led
to that particular solution. Hamilton-Jacobi equa-
tions arise in many applications which involve inter-
face propagation (fire propagation, pollution, etc).
In these problems it is common to have unknown
parameters which need to be estimated.

In section 3.1 we introduce an approach that con-
sist in minimizing a cost function, which is the
L2 norm between the data and a solution to a
Hamilton-Jacobi equation. In this setting we also
deduce a way to calculate the gradient of this cost
function. The gradient is important because know-
ing it speeds the minimization and also it allows to
use the necessary condition for the minimum that
is, that at the minimum the gradient must be zero.
In section 3.2 we derive the EKF which will be used
to solve numerically the Inverse Problem online.

3.1. Cost Minimization
Consider the function N(x, t, z, p, q, θ) : X × R+

0 ×
R×Rn×Rn×n×Θ→ R, that defines the following
PDE: {

ut = N(x, t, u,Du,D2u, θ)

u(x, 0) = g(x),
(17)

where θ ∈ Θ is a fixed parameter, and u a func-
tion u(x, t) : X × R+

0 → R. We are going to work
with X = [0, 1]n and Θ ⊆ Rm. We also assume u
and N to be Zn-periodic, with f being Zn-periodic
meaning f(x+ k) = f(x)∀k ∈ Zn.

Assume that v(x, t) is a solution to PDE (17) for
θ equal to some unknown θ0. We would like to com-
pute θ0 from v. Our strategy will be to minimize
the following function:

I[θ] =

∫ T

0

∫
X

1

2
[u(x, t, θ)− v(x, t)]2 dx dt,

where [0, T ] is the time interval at which we know
v.

This function is non negative and I[θ] = 0 if
and only if u(x, t, θ) = v(x, t), almost everywhere.
Hence minimizing I is a natural way to compute θ0.

Since we want to minimize I, we start by com-
puting its gradient. Next we deduce expressions to
obtain the partial derivatives. In this section we as-
sume that all solutions to PDEs are smooth both in
time and space variables as well as in the parame-
ters. Of course this may not hold in many examples
but is convenient hypothesis as a starting point.

Proposition 3. Suppose X = [0, 1]n and assume
N is Zn-periodic and that u is a Zn-periodic so-
lution to (17). Let v(x, t) : X × R+

0 → R be an
arbitrary function. The partial derivative d

dθi I[θ]
is equal to ∫ T

0

∫
X

−ρ∂N
∂θi

dx dt,

where ρ is such that

ρt = (u− v)− ρ∂N
∂z

+

n∑
k=1

(
ρ
∂N

∂pk

)
xk

−

n∑
k=1

n∑
j=1

(
ρ
∂N

∂qkj

)
xkxj

ρ(x, T ) = 0.

(18)

Proof. We have

d

dθi
I[θ] =

d

dθi

∫ T

0

∫
X

1

2
[u(x, t, θ)− v(x, t)]2 dx dt

=
d

dθi

∫ T

0

∫
X

1

2
[u(x, t, θ)− v(x, t)]2

+ ρ(x, t)[ut(x, t, θ)

−N(x, t, u,Du,D2u, θ)] dx dt,
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where ρ is a suitable to be chosen later. Since u
satisfies PDE (17) we are adding zero for whatever
ρ we choose. To simplify the notation we will drop
the function’s arguments.

=
d

dθi

∫ T

0

∫
X

1

2
(u− v)2 + ρ(ut −N) dx dt

=

∫ T

0

∫
X

(u− v)
∂u

∂θi
+ ρ

[
∂ut
∂θi
− ∂N

∂θi
− ∂N

∂z

∂u

∂θi

−
n∑
k=1

∂N

∂pk

∂Dku

∂θi
−

n∑
k=1

n∑
j=1

∂N

∂qkj

∂D2
kju

∂θi

]
dx dt

=

∫ T

0

∫
X

(u− v)
∂u

∂θi
+ ρ

[(
∂u

∂θi

)
t

− ∂N

∂θi
−

∂N

∂z

∂u

∂θi
−

n∑
k=1

∂N

∂pk

(
∂u

∂θi

)
xk

−
n∑
k=1

n∑
j=1

∂N

∂qk,j

(
∂u

∂θi

)
xkxj

]
dx dt.

We assume now that ρ is Zn-periodic in X.
Now we integrate ρ

(
∂u
∂θi

)
t
, −ρ ∂N∂pk

(
∂u
∂θi

)
xk

and

−ρ ∂N
∂qkj

(
∂u
∂θi

)
xkxj

by parts. Since u(x, 0) does not

depend on θ, ∂u
∂θi is equal to zero at t = 0. So to

make
∫
X

[
ρ
(
∂u
∂θi

)]T
0
dx equal to zero, we can choose

ρ(x, T ) = 0. The remaining of the boundary terms
are zero due to the periodic conditions in X for u,
ρ and N . Hence

d

dθi
I[θ] =

∫ T

0

∫
X

[
(u− v)− ρt − ρ

∂N

∂z
+

n∑
k=1

(
ρ
∂N

∂pk

)
xk

−
n∑
k=1

n∑
j=1

(
ρ
∂N

∂qkj

)
xkxj

]

× ∂u

∂θi
− ρ∂N

∂θi
dx dt.

(19)
We now choose ρ such that

ρt = (u− v)− ρ∂N
∂z

+

n∑
k=1

(
ρ
∂N

∂pk

)
xk

−
n∑
k=1

n∑
j=1

(
ρ
∂N

∂qkj

)
xkxj

ρ(x, T ) = 0,

(20)

with periodic boundary conditions in X. The ad-
vantage of this choice is that all terms containing
∂u
∂θ in (19) vanish. This is important because ∂u

∂θ is
not straightforward to calculate.
Then

d

dθi
I[θ] =

∫ T

0

∫
X

−ρ∂N
∂θi

dx dt.

3.2. Kalman Filters

In this section we introduce the Kalman Filter (KF)
and the Extended Kalman Filter (EKF) which is
the non linear version of KF. We introduce these
filters because they will be used in section 4.4 to
derive a method that solves the Inverse problem
on-line.

3.3. Kalman Filter

Consider a Stochastic Process,
{X(0), X(1), ..., Y (0), Y (1), ...,W (0),W (1), ..., V (0),
V (1), ...} that satisfies the following dynamics{

X(k + 1) = AkX(k) +W (k)

Y (k) = CkX(k) + V (k),
(21)

where X(0),W (0),W (1), ..., V (0), V (1), ... are in-
dependent random variables normally distributed.
X(0) has mean x̄0 and covariances Σ0, W (k) and
V (k) have zero mean and covariance matrices ΣV (k)

and ΣW (k) respectively. We call X(k) the state at
time k, Y (k) the measurement of the state also at
time k, W (k) the process noise and V (k) measure-
ment noise. Ak and Ck are matrices.

The goal is to find an estimate of x(k) given some,
or all of the previous measurements. We will use
x̂(k|s) to denote an estimate of x(k) given the mea-
surements y(0), ..., y(s) until s. We convention that
x̂(k| − 1) is the estimation of x(x) given no mea-
surements.

We will start by calculating the distribution of
X(k|k) from the distributions of X(k|k − 1) and
Y (k). Assuming that X(k|k − 1) is normal with
mean x̂(k|k − 1) ≡ µk|k−1 and covariance matrix
Σk|k−1. To achieve this goal we will use the follow-
ing identities.

Theorem 2. Under the assumptions we made
about system (21) and if X(k|k − 1) is normal
with mean µk|k−1 and covariance matrix Σk|k−1,
then X(k|k) is also normal with mean µk|k−1 +
Lk(yk −Ckµk|k−1) and covariance matrix Σk|k−1−
LkCkΣk|k−1.

To build the filter we still need to calculate the
distribution of X(k + 1|k) from the distribution of
X(k|k), assuming that the distribution of X(k|k)
is normal with mean x̂(k|k) and covariance matrix
Σk|k.

Theorem 3. Under the assumptions we made
about system (21) and if X(k|k) is normal with
mean µk|k and covariance matrix Σk|k, then X(k+
1|k) is also normal with mean Akµ(k|k) and covari-
ance matrix AkΣk|kAk

T + ΣW (k).

The Kalman Filter is given by the following re-
currence formulas:

5



• Initialization:

x̂(0| − 1) = x̄0,Σ0|−1 = Σ0. (22)

• Measurement update:

Lk = Σk|k−1C
T(CΣk|k−1C

T + ΣV (k))
−1

x̂(k|k) = x̂(k|k − 1) + Lk(y(k)− Ckx̂(k|k − 1))

Σk|k = Σk|k−1 − LkCkΣk|k−1
(23)

• Time update:

x̂(k + 1|k) = Akx̂(k|k)

Σk+1|k = AkΣk|kA
T + ΣW (k)

(24)

3.4. Extended Kalman Filter
We are also interested in estimating the state of sys-
tems which are not linear. To do this, a commonly
adopted strategy is to use the Jacobian as a linear
approximation and use the Kalman filter formulas.
In this, case, the filter is called Extended Kalman
Filter (EKF).

Consider the system,{
X(k + 1) = fk(X(k),W (k))

Y (k) = hk(X(k), V (k)).
(25)

The EKF Algorithm is the following

• Initialization:

x̂(0| − 1) = x̄0,Σ0|−1 = Σ0. (26)

• Measurement update:

– linearize output function at x = x̂(k|k −
1):

C =
∂hk
∂x

(x̂(k|k − 1), 0)

V =
∂hk
∂v

(x̂(k|k − 1), 0)ΣV (k)

× ∂hk
∂v

(x̂(k|k − 1), 0)
T

(27)

– measurement update based on lineariza-
tion:

L = Σk|k−1C
T(CΣk|k−1C

T + V )−1

x̂(k|k) = x̂(k|k − 1)

+ L(y(k)− hk(x̂(k|k − 1)))

Σk|k = Σk|k−1 − LCΣk|k−1
(28)

• Time update:

– linearize output function at x = x̂(k|k):

A =
∂fk
∂x

(x̂(k|k), 0)

W =
∂fk
∂w

(x̂(k|k), 0)ΣW (k)
∂fk
∂w

(x̂(k|k), 0)
T

(29)

– time update based on linearization:

x̂(k + 1|k) = fk(x̂(k|k), 0)

Σk+1|k = AΣk|kA
T +W

(30)

3.5. Using The Kalman Filter to Solve Inverse
Problems

Now we are going explain how to use the EKF to
solve the inverse problem. To use the EKF on a
continuous system the common approach is to ap-
proximate that system by a discrete one. That is
what we are going to do.

To get the discrete approximation of the system
described by a PDE we can use the same tech-
niques used to numerically solve PDEs. This in-
volves defining a grid for the space Ω and approxi-
mate the derivatives by calculations based on neigh-
bour points, i.e.

{
ut = N(x, t, u,Du,D2u, θ)

u(x, 0) = g(x),

becomes
u′(xi, tk+1) = u′(xi, tk) + F (xi, tk, u

′(xk, tl),

u′(xl+1, tk), ..., u′(xl+m, tk), θ)

u′(xi, 0) = g(xi),

We set our observations to (xi, tk+1) =
u′(xi, tk+1). We use addictive white noise to model
the numerical errors that arise from the discretiza-
tion of the system. To model observation error we
also add white noise. Since we want to estimate θ
we will add it to the system. This gives the follow-
ing system:

u′(xi, tk+1) = u′(xi, tk) + F (xi, tk, u
′(xk, tl),

u′(xl+1, tk), ..., u′(xl+m, tk), θ) +W (i, k)

θ(tk+1) = θ(tk) +Wθ(k)

u′(xi, 0) = g(xi),

y(xi, k) = u′(xi, tk) + V (i, k)

To this system we will apply the EKF to estimate
θ.

An example is available at the beginning of sec-
tion 4.4.
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4. Implementation
In this chapter we describe in detail the methodolo-
gies we used to solve the Inverse Problems arising in
front propagation problems as described at the be-
gin of chapter 3. As discussed in the introduction,
recall that in the context of front propagation it is
common to not be able to observe the solution of the
PDE (u), only its zero level set is observed. Note
that the zero level set is the front ∂Ω . One way
to address this is to enforce u to be the signed dis-
tance to the front that is negative inside Ω and pos-
itive outside, this way it is possible to reconstruct
u from ∂Ω. Numerical methods to reconstruct u
are discussed in [7]. The general idea is to calculate
u on a grid by setting the distance to zero on the
points close to ∂Ω and, recursively, calculate the
distance to the neighbors of the ones that already
have a distance assigned (similar to the Dijkstra Al-
gorithm). That said, hereafter we assume that we
are on the case where we observe u to estimate the
evolution parameters. In section 4.1 we introduce
the matlab toolbox we used to numerically solve
the PDEs. Next, in sections 4.2 and 4.3 describe in
detail the implementations for direct optimization
and optimization using derivatives, methodologies
described in section 3.1. In section 4.4 we describe
a technique based on Kalman Filter that can esti-
mate the parameters of some equations in very fast
way. The last section we give an overview of what
can be done when we only ”see” the level set ∂Ω
and not the whole function.

4.1. Level Set Methods Toolbox
To solve numerically the PDEs we will use the tool-
box “A Toolbox of Level Set Methods” [6]. This
toolbox implements some of the numerical methods
described in [7] and computes the evolution of the
front1, by solving the level set PDE.

For example, for the equation

ut = −v(x) · ∇u,

in R2 with

v(x) = (sin(π ∗ x1), 0.2),

figure 2 shows the evolution of a front governed by
this equation.

For ease of visualization we are only using ex-
amples in R2, also for simplicity we always work
in domains that are rectangles. So the grid will
be defined by t0 usually zero, tf , nt, xmin, xmax,
nx, ymin, ymax and ny. We will also use some

abbreviations ht =
tf−t0
nt

, hx = xmax−xmax

nx
and

hy = ymax−ymax

ny
. Finally we will use u(tk, xi, yj)

to denote the approximation of the solution at time
t0 + k ht in (xmin + i hx, ymin + j hy).

1The set Ft = {u(x, t) = 0}
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Figure 2: Example of the evolution of a front.

This is a basic tool we will use to solve both the
direct and the inverse problem in the following sec-
tions.

This toolbox provides allows to calculate approx-
imated numeric solutions for a variety of time-
dependent Hamilton-Jacobi equations. It solves
equations of the form

ut = term1 + term2 + ...

where terms are in one of the following forms

term = v(x, t) · ∇u(x, t) (31)

= a(x, t)‖∇u(x, t)‖ (32)

= sign(u(x, 0))(‖∇u(xmt)‖ − 1) (33)

= H(x, t, u,∇u) (34)

= b(x, t)κ(x, t)‖∇u(x, t)‖ (35)

= trace[L(x, t)D2
xu(x, t)R(x, t)] (36)

= λ(x, t)u(x, t) (37)

= F (x, t, u). (38)

The simulation that gave origin to figure 2 was
made solving a term of the form (31).

4.2. Direct Optimization
The first approach we consider to solve the inverse
problem is to minimize the cost

I[θ] =

∫ T

0

∫
X

1

2
[u(x, t, θ)− v(x, t)]2 dx dt,

as described in section 3.1. Actually we are approx-
imating I

volume(X)×T but since we are just multiply-

ing by a constant it does not affect the minimum.

4.3. Computations Using Derivatives
In order to have derivatives of I we need to solve
(18). To do it using the Level Set Methods Toolbox
[6] we need to have initial conditions in t = 0 instead
of conditions to t = T .

Consider

ρ#(x, t) = ρ(x, T − t)⇔ ρ#(x, T − t) = ρ(x, t).

7



If we calculate a ρ# such that

ρ#t (x, t) = −[u− v](x, T − t)

+ ρ#(x, t)
∂N

∂z
(x, T − t)

−
n∑
k=1

(
ρ#(x, t)

∂N

∂pk
(x, T − t)

)
xk

+

n∑
k=1

n∑
j=1

(
ρ#(x, t)

∂N

∂qkj
(x, T − t)

)
xkxj

ρ#(x, 0) = 0
(39)

then ρ satisfies (18) as we prove next.
First we check that ρ satisfies the first equation

in (18)

ρt(x, t) = ρ#t (x, T − t) ∗ (−1)

= −[u− v](x, t) + ρ#(x, T − t)∂N
∂z

(x, t)

−
n∑
k=1

(
ρ#(x, T − t) ∂N

∂pk
(x, t)

)
xk

+

n∑
k=1

n∑
j=1

(
ρ#(x, T − t) ∂N

∂qkj
(x, t)

)
xkxj

= [u− v](x, t)− ρ(x, t)
∂N

∂z
(x, t)

+

n∑
k=1

(
ρ(x, t)

∂N

∂pk
(x, t)

)
xk

−
n∑
k=1

n∑
j=1

(
ρ(x, t)

∂N

∂qkj
(x, t)

)
xkxj

.

The second equation is straightforward, because

ρ#(x, 0) = 0⇒ ρ(x, T ) = 0

by the definition of ρ#.

Example 4.1

N = θ ux + uy


ρ#t (x, y, t) = −(u− v)(x, y, T − t)

− θρ#x (x, y, t)− ρ#y (x, y, t)

ρ#(x, y, 0) = 0

d

dθi
I[θ] = c

∫ T

0

∫
X

−ρ ux dx dt

To implement this we need to compute the space
derivatives of u from u. We will just the approxi-
mation

ux(tk, xi, yj) ≈ ∂̃xu(tk, xi, yj) =

u(tk, xi+1, yj)− u(tk, xi−1, yj)

2hx
(40)

or for y

uy(tk, xi, yj) ≈ ∂̃yu(tk, xi, yj) =

u(tk, xi, yj+1)− u(tk, xi, yj−1)

2hy
. (41)

At the boundary because we will use periodic con-
ditions we replace xi±1 by x((i±1) mod nx) and the
same for y, yj±1 by y((j±1) mod ny).

Again to, with the cost and its gradient, calculate
the minimum, we used the fminunc function from
matlab.

4.4. Filtering Methods

In this section we will focus on particular kind of
PDE although the methodology can be used on
other PDEs.

Consider the PDE

ut = f1 ux + f2 uy (42)

The evolution of the value of u over a time step
on a single point can be approximated by

u(tk+1, xi, yj) ≈
[
u(tk, xi, yj)+(

f1(xi, yj)
u(tk, xi+1, yj)− u(tk, xi−1, yj)

2hx
+

f2(xi, yj)
u(tk, xi, yj+1)− u(tk, xi, yj−1)

2hy

)
ht,

f1(xi, yj), f2(xi, yj)
]
.

Our idea is to use a Kalman filter for those ap-
proximated dynamics. We know a v that is a so-
lution of (42) and we want to estimate f . So for
a point (xi, yj) we make a Kalman Filter for the
system

z(k + 1) = z(k)+(
sx(k)

v(tk, xi+1, yj)− v(tk, xi−1, yj)

2hx

+ sy(k)
v(tk, xi, yj+1)− v(tk, xi, yj−1)

2hy

)
× ht + w1(k)

sx(k + 1) = sx(k) + w2(k)

sy(k + 1) = sy(k) + w3(k)

y(k) = z(k) + v(k).

Figures 3 and 4 show this scheme with the fol-
lowing field f :

f(x, y) = [16 y (x2 + y2), −4x (x2 + y2)].

Figure 3 shows the evolution with the original field
f and figure 4 with the estimated one.
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Figure 3: Evolution of the front with the original
parameter.
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Figure 4: Evolution of the front with the estimated
parameter. ht = 1

20 was used.

4.5. Boundary Only Filtering Methods

In this section we consider the case when only the
level set 0 of u is available. For simplicity we as-
sume the readings are given as a function u(x) that,
at every point, gives the euclidean distance to the
zero level set (from the a function u′ such that
u(x) = 0 <=> u′(x) = 0 the “A Toolbox of Level
Set Methods” [6] has a method to build u, see sec-
tion 2.2.1 of the manual: The Reinitialization Equa-
tion).

Our proposal is to to update sx and sy only for
the points such that v(tk, xi, yj) ≈ 0. Also at every
k we set z = v(tk, xi, yj), setting z this way im-
proves the filter when y(k) = z(k), i.e. we have no
error in measuring z and only want to estimate sx
and sy.

This methodology values only the points of v near
the boundary, this is important because otherwise,
since v is build based only on the boundary, infor-
mation of f far from the boundary could be de-
stroyed.

Figure 5 is the simulation with the true f and 6
is the result of our estimation.
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Figure 5: Simulation
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Figure 6: Filter Estimative

4.6. Boundary Only Optimization Methods
A simple strategy to solve the Boundary Only prob-
lem is to use a numeric approximation of the cost
in (43) which makes use of the Heaviside2 function,
where u is a solution with parameters θ and v rep-
resents a measurement of the boundary given as a
function that is negative inside the boundary and
positive outside.

I[θ] = k

∫ T

0

∫
X

Heaviside(−u(x, t, θ)×v(x, t)) dx dt

(43)
Depending on the minimization algorithm used,

the before mentioned method might fail. The prob-
lem is that, since the grid is discrete, this cost is
constant almost everywhere and change through
bumps. To address this problem we can use The
Reinitialization methods presented in [6], section
2.2.1 of the manual, this methods allow to transform
v and u into the signed distance to the boundaries
that each represent.
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