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Extended abstract

In this work we study C∗-algebras associated with shift spaces. We first focus on Cuntz-Krieger algebras,

introduced in [7] as a generalization of Cuntz algebras (see [6]) and prove its uniqueness in relation to

the generators. After that we generalize the notions introduced in the study of Cuntz-Krieger algebras to

C∗-algebras associated with shift spaces. We finish this work with the study of C∗-algebras Oβ associated

with β-shifts, linking the classification of these C∗-algebras generated from sofic β-shifts with the maximal

sequence of the shift.

Introduction

In the first chapter we introduce general definitions and properties fundamental for the constructions studied

in the following chapters. In particular we introduce the notions of partial isometry and C∗-algebra, crucial

for the construction of Cuntz-Krieger algebras.

Definition 0.1. A C∗-algebra is a Banach ∗-algebra A such that ‖a∗a‖ = ‖a‖2 for all a in A.

Definition 0.2. Let X be an Hilbert space and S ∈ B(X). S is a partial isometry if ‖Sx‖ = ‖x‖ for

x ∈ (kerS)⊥.

We also introduce some notions of symbolic dynamics. The definitions of full shift, shift of finite type

and sofic shift will be important to study C∗-algebras associated with general shifts.

Definition 0.3. The full Σ-shift is the collection of all infinite sequences of symbols from an alphabet Σ and

will be denoted by ΣN = {(xi)i∈N : xi ∈ Σ for all i ∈ N}.

Definition 0.4. Let F be the collection of forbidden words over Σ. For any F define XF as the subset of

sequences in ΣN which do not contain any block in F . A shift space is a subset X of a full-shift ΣN such that

X = XF for some collection F of forbidden words over Σ.
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Definition 0.5. A shift of finite type is a shift space that can be described by a finite set of forbidden words,

i.e., a shift space X having the form XF for some finite set F of words.

Definition 0.6. A subset X of a full shift is a sofic shift if X = XG for some labeled graph G.

Cuntz-Krieger Algebras

In this chapter we study the construction of C∗-algebras from partial isometries and a matrix A satisfying a

certain condition (I), following [7] and [1]. We also study the uniqueness theorem, i.e., all C∗-algebras that

are generated by non zero partial isometries satisfying the relations A for a certain matrix A are canonically

isomorphic.

Construction of the Cuntz-Krieger algebra OA

To construct a Cuntz-Krieger algebra it is first necessary to choose a matrix A = (A(i, j))A(i,j)∈Σ, with all

rows and columns non zero and where Σ is a finite alphabet. For simplicity we will assume Σ = {0, 1}. The

Cuntz-Krieger algebra, denoted by OA, is generated by partial isometries Si 6= 0 with i ∈ Σ, that act on a

Hilbert space satisfying :

(A)
∑
j∈Σ Pj = 1 Qi =

∑
j∈ΣA(i, j)Pj where Pi = SiS

∗
i , Qi = S∗i Si with i, j ∈ Σ.

Uniqueness of OA

We then prove the uniqueness of OA under a certain condition (I) that will be introduced. However, we

should first introduce some algebraic structures that will be required for the proof. The following two sections

will be used to introduce and detail these important structures.

The C∗-algebras Fk and FA

In this section we introduce the C∗-algebras Fk and FA. The AF -algebra FA will have an important role in

the proof of the uniqueness of OA.

Definition 0.7. For a fixed k, we denote by Fk the C∗-algebra generated by all elements of the form SµPiS
∗
ν ,

with µ, ν ∈MA, i ∈ Σ and |µ| = |ν| = k.

Here Sµ = Si1 . . . Sik for a certain multiindice µ = (i1, . . . , ik) with ij ∈ Σ andMA denotes the set of all

multiindices µ with entries in Σ such that Sµ 6= 0 and |µ| <∞.

Definition 0.8. We denote by FA the closure ∪∞k=0Fk.
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The map φA and the C∗-algebra DA

We now introduce the map φA : OA → OA that will give rise to the definition of the abelian C∗-algebra DA.

Definition 0.9. Consider φA : OA → OA such that φA(X) =
∑
i∈Σ SiXS

∗
i . The k-fold composition φkA is

given by φkA(X) =
∑
|µ|=k SµXS

∗
µ and we define φ0

A(X) = X.

Definition 0.10. We denote by DA the C∗-algebra generated by elements of the form φkA(Pµ) for µ ∈ MA

and k ≥ 0.

The isomorphism between DA and C(XA)

Let us now introduce the set XA and conclude the existence of an isomorphism ω : DA → C(XA) between

DA and the algebra C(XA) of all continuous complex-valued functions in XA.

Definition 0.11. Let XA = {(xk)k∈N ∈ ΣN|A(xk, xk+1) = 1}.

Definition 0.12. C(XA) is the algebra of all continuous complex-valued functions in XA.

Definition 0.13. We denote by σA the one sided subshift defined on XA → XA by (σAx)k = xk+1 for x ∈ XA

and k ∈ N. We denote by σjA the composition of σA with itself j times. Let σ−jA = {y ∈ XA : σjA(y) = x}.

Proposition 0.14. There is an isometric isomorphism ω : DA → C(XA) such that ω(Pi) = χi and

ωφAω
−1(H) = σ∗A(H) for all H ∈ C(XA) and i ∈ Σ.

Proof. See [26].

The uniqueness of OA

We are now in conditions of proving the uniquess of OA under the following condition (I):

(I) For each i ∈ Σ there is a non trivial µ ∈MA : µ1 = i and µ|µ| ∈ Σ0.

The following proposition is a key step in the proof of the uniquess theorem (0.16).

Proposition 0.15. Let A satisfy (I). Then for all k ∈ N there exists a projection Q ∈ DA such that QPi 6= 0

and that φrA(Q)Sµφ
r
A = 0, for all i ∈ Σ and µ ∈MA such that 1 ≤ |µ| ≤ k and for all r ≥ 0.

Proof. See [26].

Theorem 0.16. Assume that A satisfies (I) and that Si, Ŝi, with i ∈ Σ, are two families of non-zero partial

isometries satisfying the Cuntz-Krieger conditions (A). Then the map Si 7→ Ŝi extends to an isomorphism

from the C∗-algebra A generated by Si onto the C∗-algebra Â generated by Ŝi.

Proof. See [26].
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The C∗-algebra OΛ

In this chapter we generalize the Cuntz-Krieger algebras. Following the work of Matsumoto in [20] and

Carlsen in [3] (see also [24], [4] and [5]) we will introduce the C∗-algebras OΛ associated to general shift

spaces (Λ, σ).

Construction of OΛ

Let us consider a finite alphabet Σ = {1, . . . , n} and the infinite product space ΣN = Π∞i=1Σi where Σi = Σ,

endowed with the product topology. Consider also a subshift (Λ, σ) where the shift σ on ΣN is given by

(σ(x))i = xi+1, with i ∈ N, and Λ is a closed subset of ΣN invariant in relation to the shift. Define, for

k ∈ N:

Λk = {µ |µ is a word with length k occurring in some x ∈ Λ},

Λl = ∪lk=0Λk,

Λ∗ = ∪∞k=0Λk.

Consider the n-dimensional Hilbert space Cn with an orthonormal basis {e0, . . . , en−1} . Define:

F 0
Λ = CΩ (Ω: vacuum vector),

F kΛ = the Hilbert space spanned by the vectors eµ = eµ1 ⊗ . . .⊗ eµk where µ = (µ1, . . . , µk) ∈ Λk,

FΛ = ⊕∞k=0F
k
Λ (Hilbert space direct sum).

Denote by Tν the creation operator on FΛ of eν , ν ∈ Λ∗ : ν 6= ∅, defined by

TνΩ = eν and Tνeµ =

 eν ⊗ eµ if νµ ∈ Λ∗,

0 else
(1)

which is a partial isometry.

Definition 0.17. Let TΛ be the C∗-algebra on FΛ generated by the operators Tµ, with µ ∈ Λ∗, and K(FΛ)

the C∗-algebra of all compact operators on FΛ. The C∗-algebra OΛ associated with the subshift (Λ, σ) is

defined as the quotient C∗-algebra TΛ/K(FΛ).

Notation 0.18. The image of the operators Ti, Tµ, with i ∈ Σ and µ ∈ Λ∗ by the quotient map π : TΛ →

TΛ/K(FΛ) is denoted by Si, Sµ.

Definition 0.19. Let AΛ be the C∗-subalgebra of OΛ generated by elements Aµ = S∗µSµ, µ ∈ Λ∗.

Universality of OΛ

In this section we are going to prove the universality for the C∗-algebra OΛ.
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Let us considerO[n], the universal C∗-algebra generated by n partial isometries {t1, . . . , tn} with relations:

n∑
i=1

tit
∗
i = 1 and t∗µtµtνt

∗
ν = tνt

∗
νt
∗
µtµ µ, ν ∈ Σ∗ (2)

where Σ∗ is the set of all words in ΣN and tµ = tµ1
. . . tµk with µ = (µ1, . . . , µk) ∈ Σ∗.

Definition 0.20. The C∗-subalgebra of O[n] generated by bµ = t∗µtµ, with µ ∈ Σ∗, is denoted by B[n].

From the constructions of B[n] and AΛ and from the universality of O[n], we conclude that there exists

a surjective ∗-homomorphism πΛ from B[n] to AΛ. Let IΛ be the ideal of O[n] generated by kerπΛ. We can

now consider the C∗-algebra O[AΛ]:

Definition 0.21. For a subshift (Λ, σ), the universal C∗-algebra O[AΛ] associated with the commutative

C∗-algebra AΛ is defined as the quotient C∗-algebra O[n]/IΛ, where the quotient image of each generator ti,

with i ∈ Σ, will also be denoted by ti in O[AΛ].

and prove that OΛ
∼= O[AΛ].

Theorem 0.22. O[AΛ] is isomorphic to OΛ through the map ΦΛ : ti → Si.

Proof. See [26].

Hence we can conclude the following universality theorem.

Theorem 0.23 (Universality). Let A be a unital C∗-algebra. Suppose that there is a unital *-homomorphism

π from AΛ to A and also n partial isometries s1, . . . , sn ∈ A satisfying the following relations:

•
∑n
j=1 sjs

∗
j = 1 s∗µsµsν = sνs

∗
µνsµν µ, ν ∈ Λ∗,

• s∗µsµ = π(S∗µSµ), µ ∈ Λ∗,

where sµ = sµ1 . . . sµk , µ = (µ1, . . . , µk) ∈ Λ∗ then there exists an unital ∗-homomorphism π̃ from OΛ to A

such that π̃(Si) = si, i = 1, 2, . . . , n and its restriction to AΛ coincides with π.

Uniqueness of OΛ

Since in theorem 0.23 it is not guaranteed that the extension of the given ∗-homomorphism π from AΛ to

A is injective, in this section we will study a condition of OΛ that guaranties the existence of an injective

extension π̃. This condition corresponds to the condition (I) for the Cuntz-Krieger algebras, described in

the previous chapter.

Let us consider the following definitions:

5



Definition 0.24. Let DΛ be the C∗-subalgebra of OΛ generated by Pµ, with µ ∈ Λ∗.

Definition 0.25 (φΛ). Let φΛ be a unital endomorphism on DΛ defined by:

φΛ(X) =

n∑
j=1

SjXS
∗
j , X ∈ DΛ. (3)

Now, inspired by the proof of the uniquess theorem for OA, we are in conditions of proving the following

theorem.

Theorem 0.26 (Injective universality). Assume that the C∗-algebra OΛ satisfies the condition (IΛ):

(IΛ): For any l, k ∈ N with l ≥ k, there exists a projection qlk ∈ DΛ such that:

(i) qlka 6= 0 for any nonzero a ∈ Al.

(ii) qlkφ
m
Λ (qlk) = 0, 1 ≤ m ≤ k.

Let A be a unital C∗-algebra. Suppose that there is a unital *-homomorphism π from AΛ to A and also n

partial isometries s1, . . . , sn ∈ A satisfying the following relations:

•
∑n
j=1 sjs

∗
j = 1,

• s∗µsµsν = sνs
∗
µνsµν µ, ν ∈ Λ∗,

• s∗µsµ = π(S∗µSµ), µ ∈ Λ∗,

where sµ = sµ1 . . . sµk , µ = (µ1, . . . , µk) ∈ Λ∗ then there exists an injective unital ∗-homomorphism π̃ from

OΛ to A such that π̃(Si) = si, i = 1, 2, . . . , n and its restriction to AΛ coincides with π.

Proof. See [26].

So we can then conclude the following proposition.

Proposition 0.27. Let (Λ1, σ) and (Λ2, σ) be subshifts such that both the associated C∗-algebras OΛ1
and

OΛ2
satisfy the condition (IΛ). If the associated one-side subshifts (XΛ1

, σ) and (XΛ2
, σ) are topologically

conjugate, then there exists an isomorphism from OΛ1 onto OΛ2 .

The C∗-algebra Oβ

In this chapter we focus on a particular case of the C∗-algebras introduced in the previous chapter. We are

going to study the C∗-algebras Oβ generated from β-shifts (see [14]), where the β-shifts are shifts that arise

from the β-expansions of real numbers (see [21], [13] and [22]). We will also study the classification of the

particular case of C∗-algebras generated from sofic β-shifts.
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Construction of Oβ

In order to introduce the C∗-algebra Oβ we should first introduce the notions of β-expansions and β-shifts.

β-expansions were introduced by A. Rényi in [23] and are a generalization of expansions of real numbers

in an integer basis. β-expansions allow us to calculate the expansion of a real number in any real basis β.

To construct the β-expansion of a real number we should first fix an arbitrary real number β > 1 and

consider the following function fβ that given a number x ∈ [0, 1] it returns the non integer part of βx.

fβ : [0, 1]→ [0, 1[ (4)

x 7→ βx− bβxc (5)

We should also consider an alphabet with n different symbols denoted by Σ = {0, 1, . . . , n− 1}, where it was

defined n− 1 = bβc.

Definition 0.28. The β-expansion of x in [0,1] is a sequence {di(x, β)}i∈N of integers of Σ given by

di(x, β) = bβf i−1
β (x)c, i ∈ N.1

From the the sequence di(x) we can recover the number x through the formula:

x =

∞∑
i=1

di(x)

βi
. (6)

The concept of β-expansions of real numbers links naturally number theory and symbolic dynamics

through the correspondence of β-expansions with β-subshifts through the coefficients of the β-expansions.

Let us endow the infinite product ΣN with the product topology and the lexicographic order. Denote by

σ the shift on ΣN defined by σ(xi) = (xi+1), with i ∈ N and consider the maximal word:

ζβ = sup
x∈[0,1[

(di(x))i ∈ ΣN. (7)

We define the σ-invariant compact subset Λβ of ΣN by Λβ = {ω ∈ ΣN |σi(ω) ≤ ζβ , i ∈ N0}. Consider also

for k ∈ N,

Λkβ = {µ |µ is a word with length k occurring in some x ∈ Λβ},

Λ∗β = ∪∞k=0Λkβ , with Λ0
β = ∅, which denotes the set of the admissible words.

Definition 0.29. The subshift (Λβ , σ) is called β-shift.

To construct Oβ from the β-shift we proceed in a similar way to what was described in the previous

chapter.

1Since β is fixed, di(x, β) will be denoted by di(x).
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Consider the n-dimensional Hilbert space Cn with an orthonormal basis {e0, . . . , en−1} and define:

F 0
β = CΩ (Ω: vacuum vector),

F kβ = the Hilbert space spanned by the vectors eµ = eµ1
⊗ . . .⊗ eµk , where µ = (µ1, . . . , µk) ∈ Λkβ ,

Fβ = ⊕∞k=0F
k
β .

Denote by Tν , with ν ∈ Λ∗β the creation operator of eν on Fβ defined by:

TνΩ = eµ and Tνeµ =

 eν ⊗ eν if νµ ∈ Λ∗β ,

0 otherwise,
(8)

which is a partial isometry.

Definition 0.30. The C∗-algebra Oβ associated with the β-shift (Λβ , σ) is defined as the quotient C∗-algebra

Tβ/K(Fβ) where Tβ is the C∗-algebra on Fβ generated by the elements Tµ, with µ ∈ Λ∗β, and K(Fβ) the algebra

of all compact operators on Fβ.

General properties of Oβ

We will now describe some properties of the C∗-algebra Oβ and associate them with properties of the β-shift.

We denote by Si, Sµ, with i ∈ Σ and µ ∈ Λ∗β , the quotient images of the operators Ti and Tµ respectively.

Oβ is a C∗-algebra generated by n − 1 isometries S0, . . . , Sn−2 and one partial isometry Sn−1 that satisfy

the relation
∑n−1
i=0 SiS

∗
i = 1. The maximal word of the shift is ζβ = supx∈[0,1[(di(x))i∈Σ and belongs to Λβ .

We write it as ζβ = (ξ1, ξ2, . . . ) so that the equality 1 =
∑∞
n=1

ξn
βn holds.

The following results have an important role in the classification of β-shifts introduced in the following

section.

Corollary 0.31. Let ζβ = (ξ1, ξ2, . . . ) be the maximum element in Λβ and aµ = SµS
∗
µ, then:

S∗j aξ1...ξnSj =


0 if j > ξn+1,

aξ1...ξn+1 if j = ξn+1,

1 if j < ξn+1.

(9)

Proof. See [26].

Theorem 0.32. Consider the β-shift (Λβ , σ), then:

1. (Λβ , σ) is a full shift if and only if aξ1 = 1.

2. (Λβ , σ) is a subshift of finite type if and only if aξ1...ξk = 1 for some k ≥ 1.

3. (Λβ , σ) is a sofic shift if and only if aξ1...ξl = aξ1...ξm for some l 6= m.

Proof. See [26].
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Classification of C∗-algebras Oβ arising from sofic shifts

We focus on the classification of Oβ when (Λβ , σ) is a sofic shift since in this case the shift operator can

be represented by a finite dimension square matrix and we start by proving that the following diagram is

commutative:

K0(Akβ )
λ∗−−−−→ K0(Akβ )yΦ

yΦ

Z⊕ βZ . . .⊕ βkβZ τ−−−−→ Z⊕ βZ . . .⊕ βkβZ
(10)

where λ∗ is the homomorphism between K0(Akβ ) induced from λkβ : Akβ → Akβ+1(= Akβ ) and τ is defined

by:

τ(m0,m1, . . . ,mkβ−1, 0) = (0,m0,m1, . . . ,mkβ−1), with mi ∈ Z (11)

and τ(0, . . . , 0, 1) = (ηkβ+1, ηkβ , . . . , η2, η1). (12)

Let us define the (kβ + 1)× (kβ + 1) matrix Lβ which represents the homomorphism τ . Lβ acts on the

left side of the transpose of (m0,m1, . . . ,mkβ ). Note that in the case of a shift of finite type the operator

Lβ is represented by:

Lβ =


ξkβ+1 + 1

1 ξkβ
. . .

...

1 ξ1

 (13)

We then conclude the following theorem.

Theorem 0.33. Let (Oβ , σ) be a shift of finite type with maximal word ζβ = ξ1 . . . ξkβ+1 + 1 . We have then

that:

K0(Oβ) ∼= Zkβ+1/(Id− Lβ)Zkβ+1 ∼= Z/(ξ1 + ξ2 + . . .+ ξkβ+1)Z (14)

Proof. See [26]

Example: β-shifts of finite type

In this section we consider an example of β-shift of finite type and note that it can also be seen as a

shift obtained from a linear transformation modulo 1 in the interval [0, 1] with one discontinuity point:

fβ(x) := βx (mod 1)

Analysing the dynamics of the point 1 = z1 under fβ we consider the matrix Θβ , that completely describes
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the dynamics associated to the transformation fβ through the maximal word. Θβ can also be seen as the

admissible words in the construction of the maximal word:

Θβ :



1 = arrllrl ar arr arrl arrll arrllr

1 1 1 0 0 0 0

ar 1 0 1 0 0 0

arr 0 0 0 1 0 0

arrl 0 0 0 0 1 0

arrll 1 0 0 0 0 1

arrllr 1 0 0 0 0 0


. (15)

We notice that the matrix Θβ can be related with the matrix Lβ introduced in [14], through a permutation

matrix P = [Pi,j ] defined as:

Pi,j =

 1 if i+ j ∼= 1 mod (lengthΘβ),

0 otherwise,
(16)

satisfying the relation PΘβP = Lβ .
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