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In this paper we study several dynamical processes involving black holes in four and higher
dimensions. First, using perturbative techniques, we compute the massive scalar radiation emitted
by a particle radially infalling into a Schwarzchild black hole. We show that the late-time waveform
of massive scalar perturbations is dominated by a universal oscillatory decaying tail, which appears
due to curvature effects. In the second part, we study the phenomenon of superradiance in higher
dimensions and conjecture that the maximum energy extracted from a rotating black hole can
be understood in terms of the ergoregion proper volume. We then study some consequences of
superradiance in the dynamics of moons orbiting around higher-dimensional rotating black holes.
In four-dimensional spacetime, moons around black holes generate low-amplitude tides, and the
energy extracted from the hole’s rotation is always smaller than the gravitational radiation lost
to infinity. We show that in dimensions larger than five the energy extracted from the black hole
through superradiance is larger than the energy carried out to infinity. Our results lend strong
support to the conjecture that tidal acceleration is the rule, rather than the exception, in higher
dimensions. Superradiance dominates the energy budget and moons “outspiral”; for some particular
orbital frequency, the energy extracted at the horizon equals the energy emitted to infinity and
“floating orbits” generically occur. We give an interpretation of this phenomenon in terms of tidal
acceleration due to energy dissipation across the horizon.
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I. INTRODUCTION

Black holes are the simplest macroscopic objects in
the Universe. They are easily understood using only the
concept of space and time given by General Relativity.
Nowadays, it is universally recognized that black holes
are not only of academic interest, but they are also of
central importance in astrophysical processes and funda-
mental physics [1, 2].

Recently, the discovery of the gauge/gravity duality
has given a whole new interest to the study of general
spacetimes, and more particularly of black hole space-
times. The most widely studied gauge/gravity duality
is the AdS/CFT correspondence, which maps the dy-
namics of non-Abelian conformal field theories (CFTs)
in D-dimensional spacetimes onto semiclassical gravity
in asymptotically Anti-de Sitter (AdS) spacetimes, i.e. ,
spacetimes with a negative cosmological constant, in
D+ 1 dimensions [3, 4]. This duality could provide tools
to understand the behavior of strongly coupled systems,
impossible to describe using perturbative methods, in
terms of AdS black holes that interact semiclassically
with fields.

In addition to the AdS/CFT duality, in the last
decades, there has been a growing interest in physi-
cal phenomena in higher dimensional spacetimes, mainly
motivated by higher dimensional solutions which natu-
rally arise in the context of string theories and super-
gravities. In some scenarios, the extra dimensions arise
naturally as an attempt to solve the hierarchy problem.
In some extra-dimensional models, if the extra dimen-
sions are highly warped and correspond to a very large

volume, the Planck scale can be as low as MdP l ∼ O(1)
TeV, eliminating the large difference between this scale
and the electroweak scale. These are the so-called TeV-
gravity scenarios [5–9]. At the Planck scale, in some con-
ditions, gravity can become highly non-linear, and black
hole formation is expected [10, 11]. The formation of
these higher-dimensional black holes would carry a clear
signature through the decay by Hawking radiation, emis-
sion of gravitational waves, and in some theories, other
types of radiation, such as scalar radiation, which could
be detected at the LHC.

Purely analytical computations are normally only pos-
sible at a linear level and, in most cases, it is impos-
sible to obtain a full analytical solution. In fact, solv-
ing the Einstein’s equations exactly, i.e. , with no ap-
proximations, is a formidable task which requires super-
computers and sophisticated numerical methods. Com-
plementary to these, semianalytical methods are instru-
mental for a better understanding of dynamical processes
in General Relativity and sometimes for interpreting the
results of the simulations. On the other hand, even us-
ing a perturbative approach usually requires numerical
solutions. The development of these complementary ap-
proaches cannot be done independently. This is the main
motivation of this work, to study and understand pro-
cesses that could be seen in future numerical simulations
and could also be of great importance, both in the as-
trophysical context and in more theoretical applications,
like the gauge/gravity duality and TeV-gravity scenarios.

This work is organized as follows. In section II we
compute the fundamental equations of scalar radiation
in terms of black hole perturbations sourced by a test-
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particle in geodesic motion around a spinning black hole.
We derive the Teukolsky equations and solve the wave
equation using the Green’s functions approach. In sec-
tion III we specialize the problem to the case of a par-
ticle falling radially into a Schwarzschild black hole. We
compute the massive scalar radiation waveforms emited
by the particle and the correspondent energy spectra.
In section IV we study the superradiant scattering of a
massless scalar field with a singly spinning black hole in
D = 4 + n dimensions. In section V we compute the
energy fluxes in terms of black hole perturbation the-
ory sourced by a test-particle in circular orbit around a
spinning black hole, both analytically and numerically.
We conclude in section VI. Throughout the paper we use
G = c = ~ = 1 units.

II. SCALAR PERTURBATIONS OF SINGLY
SPINNING MYERS–PERRY BLACK HOLES

The way a black hole reacts to external perturbations
provides us with a deep understanding of the space-time
around it. Here we will be interested, more particularly,
in scalar perturbations of singly-spinning Myers–Perry
black holes due to the presence of a test particle coupled
to the scalar field. The results here derived will serve as
a framework for the subsequent sections.

A. The background metric

In four dimensions, there is only one possible angu-
lar momentum parameter for an axisymmetric spacetime,
and rotating black hole solutions are uniquely described
by the Kerr family. In higher dimensions there are several
choices of rotation axis, which correspond to a multitude
of angular momentum parameters [12]. Here we shall fo-
cus on the simplest case, where there is only a single axis
of rotation. In the following we shall adopt the notation
used in Refs. [13–15], to which we refer for details.

The metric of a (4+n)-dimensional Kerr–Myers–Perry
black hole with only one nonzero angular momentum pa-
rameter is given in Boyer–Lindquist coordinates by [12]

ds2 = −∆− a2 sin2 ϑ

Σ
dt2 − 2a(r2 + a2 −∆) sin2 ϑ

Σ
dtdφ

+
(r2 + a2)2 −∆a2 sin2 ϑ

Σ
sin2 ϑdφ2 +

Σ

∆
dr2

+ Σdϑ2 + r2 cos2 ϑdΩ2
n , (1)

where

Σ = r2 + a2 cos2 ϑ , ∆ = r2 + a2 − 2Mr1−n , (2)

and dΩ2
n denotes the standard line element of the unit

n-sphere.
The event horizon is located at r = rH , defined as

the largest real root of ∆. In four dimensions, an event

horizon exists only for a ≤ M . In five dimensions, an
event horizon exists only for a ≤

√
2M , and the black

hole area shrinks to zero in the extremal limit a→
√

2M .
On the other hand, when D > 5, there is no upper bound
on the black hole spin and a horizon exists for any a.

B. The wave equation

We consider a small object in a geodesical curve around
a spinning black hole and a scalar field of mass ms = µ~
coupled to matter (from now on we set ~ = 1. In these
units µ has the dimensions of 1/length). At first order
in perturbation theory, the scalar field equation in the
background (1) reads

�ϕ− µ2ϕ ≡ 1√
−g

∂

∂xµ

(√
−ggµν ∂

∂xν
ϕ

)
− µ2ϕ = αT ,

(3)
where α is some coupling constant. For simplicity we
focus on source terms of the form

T = −
∫

dτ√
−g

qpδ
(4+n)(x−X(τ)) , (4)

which corresponds to the trace of the stress-energy tensor
of a point particle with scalar charge qp.

Because of the coupling to matter, the object emits
scalar radiation, which is governed by Eq. (3). To sepa-
rate Eq. (3), we consider the ansatz

ϕ(t, r, ϑ, φ) =
∑
l,m,j

∫
dωeimφ−iωtR(r)Slmj(ϑ)Yj , (5)

where Yj are hyperspherical harmonics [14, 16] on the
n-sphere with eigenvalues given by −j(j + n − 1) and
j being a non-negative integer. The radial and angular
equations read

r−n
d

dr

(
rn∆

dR

dr

)
+

{[
ω(r2 + a2)−ma

]2
∆

−j(j + n− 1)a2

r2
− λ
}
R = Tlmj , (6)

and

1

sinϑ cosn ϑ

d

dϑ

(
sinϑ cosn ϑ

dSlmj
dϑ

)
+
[
ω2a2 cos2 ϑ

− m2

sin2 ϑ
− j(j + n− 1)

cos2 ϑ
+Almj

]
Slmj = 0 , (7)

where λ = Almj−2mωa+ω2a2, Almj are the eigenvalues
of the angular equation, and we have defined

αΣT =
∑
l,m,j

∫
dωeimφ−iωtTlmjSlmj(ϑ)Yj . (8)

Defining a new radial function Xlmj(r)

Xlmj = rn/2(r2 + a2)1/2R , (9)
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we get the nonhomogeneous equation for the scalar field[
d2

dr2
∗

+ V

]
Xlmj(r

∗) =
∆

(r2 + a2)3/2
rn/2Tlmj , (10)

where dr/dr∗ = ∆/(r2 + a2) defines the standard tor-
toise coordinates and the effective potential V is the one
derived in Ref. [17].

In the low-frequency limit the angular Eq. (7) can be
solved exactly. For the massless case µ = 0 and at first
order in aω, the eigenvalues can be computed analyti-
cally [16]

Akjm = (2k+j+|m|)(2k+j+|m|+n+1)+O(aω) . (11)

By setting 2k = l− (j + |m|), the eigenvalues above take
the form Aljm = l(l + n + 1) and l is such that l ≥
(j + |m|), which generalizes the four-dimensional case.
An important difference from the four-dimensional case
is that regularity of the angular eigenfunctions requires k
to be a non-negative integer; i.e. for given j and m only
specific values of l are admissible. In fact, it is convenient
to label the eigenfunctions and the eigenvalues with the
“quantum numbers” (k, j,m) rather than with (l, j,m)
as in the four-dimensional case.

The (non-normalized) zeroth-order eigenfunctions are
given in terms of hypergeometric functions [14, 16]

Skjm ∝ sin(ϑ)|m|xjF
[
−k, k+j+|m|+n+ 1

2
, j+

n+ 1

2
;x2
]
,

(12)
where x = cos(ϑ). We adopt the following normalization
condition: ∫ π/2

0

dϑ sinϑ cosn ϑSkjmS
∗
kjm = 1 , (13)

where the integration domain has been chosen in order
to have a nonvanishing measure also in the case of odd
dimensions. Note that this normalization differs from
that adopted in Ref. [16].

C. Green function approach

To solve the wave equation, let us choose two indepen-
dent solutions XrH

kjm and X∞kjm of the homogeneous equa-
tion, which satisfy the following boundary conditions:{

X∞kjm ∼ eik∞r∗ ,
XrH
kjm ∼ Aoute

ik∞r∗ +Aine
−ik∞r∗ ,

r →∞ (14)

{
X∞kjm ∼ Boute

ikHr∗ +Bine
−ikHr∗ ,

XrH
kjm ∼ e−ikHr∗ ,

r → rH .

(15)

Here kH = ω − mΩH , k∞ =
√
ω2 − µ2, and ΩH ≡

− limr→rH gtφ/gφφ = a/(r2
H + a2) is the angular ve-

locity at the horizon of locally nonrotating observers.

The Wronskian of the two linearly independent solutions
reads

W = XrH
kjm

dX∞kjm
dr∗

−X∞kjm
dXrH

kjm

dr∗
= 2ik∞Ain , (16)

and it is constant by virtue of the field equations.
Imposing the usual boundary conditions, i.e. , only in-

going waves at the horizon and outgoing waves at infinity,
Eq. (10) can be solved in terms of the Green function [18]

Xkjm(r∗) =
X∞kjm
W

∫ r∗

−∞
Tkjm(r′)

∆r′n/2

(r′2 + a2)3/2
XrH
kjmdr

′
∗

+
XrH
kjm

W

∫ ∞
r∗

Tkjm(r′)
∆r′n/2

(r′2 + a2)3/2
X∞kjmdr

′
∗ . (17)

III. SCALAR RADIATION FROM AN INFALL
OF A PARTICLE INTO A SCHWARZSCHILD

BLACK HOLE

Let us specialize the results derived in the last sec-
tion to the case of a particle radially infalling into a
Schwarzschild black hole coupled to a massive scalar field.

A. Basic Fomalism

We consider a test particle with scalar charge qp and
gravitational mass mp, and a massive scalar field coupled
to matter, falling into a Schwarzschild black hole along a
radial timelike geodesic.

Using the framework introduced in section II we arrive
at a wavefunction for the scalar field whose evolution is
given by the wave equation[

d2

dr2
∗

+ (ω2 − V (r))

]
X̃(ω, r) = f(r)S , (18)

where the potential V is given by,

V = f(r)

(
µ2 +

l(l + 1)

r2
+

2M

r3

)
. (19)

Note that this equation corresponds to the wave equa-
tion (10), setting a = 0, n = 0 and redefining the source
term in a way that it coincides with the literature [19].
The source term S depends uniquely on the stress-energy
tensor and on the geodesic the particle follows. For mas-
sive particles, the radial timelike geodesics can be written
as,

dT

dr
= − E

f(r)
√
E2 − 1 + 2M/r

,
dT

dτ
= − E

f(r)
, (20)

where E is a conserved energy parameter. If we con-
sider a particle with velocity v∞ at infinity, then, E =

1
(1−v2∞)1/2

≡ γ.
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For a massive point particle the source S is given by,

S = − qp√
2πr

Y ∗lm(0, 0)eiωT (r)(
dr

dτ
)−1 . (21)

Here, Ylm(θ, φ) are the spherical harmonics and the par-

ticle velocity is given by dr
dτ = −

√
E2 − 1 + 2M/r.

The energy spectra is given by

dE

dω
= ω

√
ω2 − µ2|X̃(ω, r)|2 , (22)

and to reconstruct the wavefunction as a function of the
time t we use the inverse Fourier transform

X(t, r) =
1√
2π

∫ +∞

−∞
e−iωtX̃(ω, r)dω . (23)

To find X̃(ω, r) we use the Green’s function technique
described in chapter II. Using Eq. (17) we get, at infinity,

X̃(ω, r →∞) =
ei
√
ω2−µ2 r∗

W

∫ ∞
rH

XrH S dr . (24)

B. Numerical Results

The energy spectra for the massive scalar field (µM =
0.05) is shown in Fig. 1. The field mass acts as lower
cutoff since no energy can be radiated for frequencies be-
low the field mass. We can also see that the quasinormal
frequency of the black hole acts as a upper cutoff.

The waveforms for a scalar field of mass µM = 0.05
at a fixed radius r∗ = 10M , are given in Fig. 2. For
the quadrupolar mode l = 2, at late times, the signal
is clearly dominated by the quasinormal ringing with
frequency ω ∼ 0.48/M . However in the lowest radiat-
able modes, l = 0 and l = 1, the quasinormal ringing
does not seem to appear even at intermediate late times.
Instead the signal is dominated by a tail of the form
X ∼ t−5/6 sin(µt), independent of the angular number
l. This is shown in Fig. 3 where we can see that this
tail fits very well the numerical curve at late times. The
contribution from the l dependent tail already present in
the Minkowsky spacetime [20, 21] X ∼ t−(l+3/2) sin(µt) is
also shown, and it is clear that at intermediate late-times
this contribution is not negligible.

It is important to point that the curvature dependent
tail X ∼ t−5/6 sin(µt) is quite universal not only be-
cause it does not depend on l, but also because it ap-
pears also in Kerr black holes [22], and for other massive
fields (Dirac [22, 23] and Proca [24]). It is thus expected
that this behavior is universal for massive fields and does
not depend on the details of the black hole horizon ge-
ometry [24]. Therefore, the signal emitted by the lowest
multipoles of the massive scalar radiation does not give
us much information about the black hole parameters,
but can give us information about the field mass. This
behavior was also found for other values of the mass µ,
thus confirming our results.

IV. SUPERRADIANCE IN 4 + n DIMENSIONS

Consider a Kerr black hole whose angular velocity of
the horizon is ΩH . A wave with frequency ω < mΩH
scattering off the black hole (where m is the azimuthal
quantum number) is amplified, and it extracts rotational
energy from the black hole. This phenomenon is known
for many years under the name of superradiance [25–
28]. We will see in the next section that superradi-
ance is responsible for strong tidal effects around higher-
dimensional rotating black holes. Therefore, in the con-
text of this work, studying the phenomenon of superra-
diance in higher-dimensional rotating black holes is an
interesting topic. In this section we shall use the frame-
work introduced in section II to compute the energy am-
plification of a massless scalar field scattering off a singly
spinning Myers–Perry black hole due to superradiance.

A. Numerical Results

In Fig. 4 we show the maximum amplification as a
function of the spin parameter in different dimensions.
To evaluate Amax for a given a, we varied the frequency
in order to find a maximum for the amplification, and
then repeated this for each value of a. The higher the di-
mension, the less the wave is amplified. In D = 4 (upper-
left panel), the amplification increases with the rotation
of the black hole and approaches the maximum value,
Amax ∼ 0.366%, at a = 0.99M . In D = 5 (upper-right
panel)the amplification doesn’t always grow as it would
be naively expected. In fact, it grows until a ∼ 1.2M1/2,
and then decreases until the extremal limit a = (2M)1/2.
This behavior is also seen in higher dimensions. In D = 6
and D = 7 (lower panels), where there is no upper bound
on the black hole spin, the amplification factor doesn’t
increase without limit as we go to large spins. Instead,
for large spins the superradiant amplification decreases
and eventually becomes negligible.

The behavior of the maximum amplification factor
with the black hole spin, can be partially understood
computing the proper volume of the ergoregion as a func-
tion of the black hole spin. The proper volume can be
computed using [29],

V =4π

∫ 2π

0

dθn

∫ π

0

n−1∏
i=1

dθi

∫ π/2

0

dϑ

∫ rf

ri

dr

√√√√grrgϑϑgφφ

n∏
i=1

gθiθi , (25)

In Fig. 5 we show the proper volume of the ergoregion
as a function of the spin parameter in different dimen-
sions. In D = 4 (upper-left panel) the proper volume
grows monotonically with a/M , diverging for a = M . On
the other hand, in higher dimensions, the proper volume
increases with the black hole spin, for small spins, but
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FIG. 1. Energy spectra of the massive scalar field of mass µM = 0.05 for the three lowest multipoles, for a massive particle
falling from infinity into a Schwarzschild black hole with E = 1.5. The vertical lines correspond to the real part of the
fundamental quasinormal mode for l = 0, l = 1 and l = 2 given respectively by, MωR = 0.11, MωR = 0.29, and MωR = 0.48.
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FIG. 2. Waveforms of the massive scalar radiation of mass µM = 0.05 for the three lowest multipoles at r∗ = 10M , for a
massive particle falling from infinity into a Schwarzschild black hole with E = 1.5. Here, the wavefunction X is measured in
units of qp.

eventually reaches a maximum value and then decreases
monotonically with a/M1/(1+n).

Comparing Fig. 4 and Fig. 5, it is evident that there ex-
ist a correlation between the proper volume of the ergore-
gion and the superradiant amplification. This explains
why the maximum amplification factor does not grow
without limit as we increase the spin. At high spins the
ergoregion proper volume goes to zero, constraining the
energy extracted from the black hole. In fact, energy ex-
traction from the black hole via superradiance is related
to the existence of an ergoregion. Inside the ergoregion

negative energy states are possible. If one scatter a wave
off the black hole, the wave can excite negative energy
modes which will fall into the black hole and extract en-
ergy from it. If the proper volume of the ergoregion goes
to zero, then the wave will spend less time inside the er-
goregion, extracting less energy from the black hole and
consequently, the maximum amplification factor will also
asymptotically vanish.

An evident functional correlation between the maxi-
mum amplification and the ergoregion proper volume is
difficult to find, and as we can see comparing Fig. 4 and
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FIG. 3. Late-time tails of the massive scalar radiation (µM = 0.05) for the two lowest multipoles. The blue line corresponds

to the theoretical contribution of the Minkowsky tail X ∼ t−(l+3/2) sin(µt), the purple line is the contribution of the curvature

tail X ∼ t−5/6 sin(µt) and the red line is the sum of the two tails.
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FIG. 4. Maximum amplification factor Amax as a function of the spin parameter a for the l = m = 1, j = 0 mode. Top: when
D=4 (left), the maximum amplification grows with the spin parameter and approaches Amax ∼ 0.366% at a = 0.99M . When

D=5 (right) the maximum amplification grows with the spin parameter until a ∼ 1.2M1/2 and then decreases monotonically.

Bottom: in D = 6 (left), and D = 7 (right) the maximum amplification factor increases monotonically until a ∼ 1.4M1/(n+1)

and then decreases for large spins.

Fig. 5, the maximum peak of the amplification factor and
of the proper volume does not occur at the same value
of the spin a. However, it is interesting to note that, for
a > 1.5M1/(1+n), Amax grows linearly with the ergore-
gion proper volume. Fitting the data to

Amax = a1 + b1V , (26)

we find, for D = 6,

a1 = 0.000500012 , b1 = 0.000345673 , (27)

and, for D = 7,

a1 = −0.000074633 , b1 = 0.000034944 . (28)

We checked this linear relation between the maximum
amplification and the ergoregion proper for large spins
up to D = 9, which led us to say that it should be valid
for any dimension.
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FIG. 5. Proper volume of the ergoregion as a function of the spin parameter a/M1/(1+n).

V. TIDES FOR CHARGED INTERACTIONS IN
4 + n DIMENSIONS

It was recently argued via a tidal analysis framework
that higher-dimensional black holes in general relativity
should be prone to strong tidal effects [28]. One of the
consequences of those studies was that orbiting bodies
around higher-dimensional rotating black holes always
spiral outward, if the tidal acceleration (or, equivalently,
the superradiance) condition is met. In this section, we
use a fully relativistic analysis, albeit in the test-particle
limit, to prove this behavior.

A. Tidal acceleration: Analytical solution at low
frequencies

Here we solve the wave equation, Eq. (10), analytically
in the low-frequency regime (see e.g. [30–34]), obtaining
a formula for the scalar flux which will be compared with
the results obtained by a direct numerical integration of
the wave equation.

1. Setup

We will restrict to equatorial circular orbits (ϑ̇ = 0,
ϑ = π/2), which is an unrealistic approximation in higher
dimensions: generic circular orbits are unstable, with an
instability time scale of order of the orbital period [35].
Nevertheless, our purpose here is to show that tidal ef-
fects can dominate, and it is not clear what the overall

combined effect of tidal acceleration and circular geodesic
motion instability is.

The source term Tkmj is given, in this case, by

Tkmj =− qpα

U trn
S∗kmj(π/2)Y ∗j (π/2, π/2, . . .)

× δ(r − r0)δ(mΩp − ω) , (29)

We note that at ϑ = π/2 only higher dimensional
spheroidal harmonics with j = 0 are nonvanishing. This
can be seen from Eq. (12). Thus, in order to calculate the
fluxes on circular orbits, one only needs to consider terms
with j = 0. In this case, the hyperspherical harmonics
Y0 are constant.

Using the Green’s function approach we can derive for-
mulae for the energy fluxes at infinity and at the horizon.

The scalar energy flux at the horizon and at infinity
are defined are given by [17]

ĖH,∞ =
∑
kjm

mΩpkH,∞|ZrH ,∞kjm |
2 , (30)

where

ZrH ,∞kjm = −α
X∞,rHkjm (r0)

WU t
S∗kjm(π/2)Y ∗j (π/2, π/2, . . .)√

r2
0 + a2r

n/2
0

qp ,

(31)
which has been derived using Eq. (17) and Eq. (29). The
equation above shows that, if the superradiant condition
kH < 0 (ω < mΩH) is met, the energy flux at the horizon

can be negative; ĖH < 0, i.e. energy can be extracted
from a spinning black hole [27, 36]. In four dimensions,

|ĖH | � Ė∞ and the superradiant extraction is generi-
cally negligible. As we show below, in higher dimensions
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the opposite is true, |ĖH | � Ė∞ and superradiance dom-
inates over gravitational-wave emission.

2. Solution XrH
kjm

Let us first focus on the solution XrH
kjm, which is regular

at the horizon. The derivation of the solution can be seen
in [17], here we will only outline the principal results.

We first make the following change of variable:

h =
∆

r2 + a2
⇒ dh

dr
= (1− h)r

A(r)

r2 + a2
, (32)

where A(r) = (n + 1) + (n − 1)a2/r2. Then, near the
horizon r ∼ rH , the radial Eq. (6) can be written as

h(1− h)
d2R

dh2
+ (1−D∗h)

dR

dh
+[

P 2

A(rH)2h(1− h)
− Λ

r2
HA(rH)2(1− h)

]
R = 0 , (33)

where

P = ω(rH + a2/rH)−ma/rH , (34)

Λ = [l(l + n+ 1) + j(j + n− 1)a2/r2
H ](r2

H + a2) , (35)

D∗ = 1− 4a2r2
H

[(n+ 1)r2
H + (n− 1)a2]

2 . (36)

The solution of Eq. (33) in the low-frequency regime, for
small values of a/rH , and in the region where 1− h� 1
and r � rH , can be shown to be given by

R ∼
XrH
kjm

r1+n/2

∼ rl

(2M)
2l+n+1
2(n+1) r

1
2

H

Γ[1 + 2α]Γ[2−D∗ − 2β]

Γ[2−D∗ + α− β]Γ[1 + α− β]
. (37)

It is useful to rewrite the radial Eq. (10) in terms of the
dimensionless variable z = ωr. At large distances and in
the low-frequency limit Eq. (10) reads[

d2

dz2
+ 1− J(J + 1)

z2

]
Xkjm(z) = 0 . (38)

where we used the fact that at large distances the eigen-
values take the form Aljm = l(l + n + 1), and de-
fined the non-negative quantum number J(J + 1) =
l(l + n + 1) + n

2 (1 + n
2 ). The solution of this equation

can be shown to have the asymptotic expansion

XrH
kjm(z � 1) ∼ BzJ+1

2J+1/2Γ[J + 3/2]

[
1 +O(z2)

]
. (39)

Matching (39) to (37) we get

B =
2J+1/2Γ[J + 3/2]Γ[1 + 2α]Γ[2−D∗ − 2β]

Γ[2−D∗ + α− β]Γ[1 + α− β]
×

(2M)1/(2n+2)

ε(J+1)/(n+1)r
1/2
H

[1 +O(ε)] . (40)

The parameter Ain can be extracted from the behavior of
the solution of the equation (38) near z =∞. Therefore,
it is given by

Ain =
2JΓ[J + 3/2]Γ[1 + 2α]Γ[2−D∗ − 2β]√

πΓ[2−D∗ + α− β]Γ[1 + α− β]
×(

i

ε1/(n+1)

)J+1
(2M)1/(2n+2)

r
1/2
H

[1 +O(ε)] . (41)

With all of this at hand, we can now compute the flux
at infinity in the low-frequency regime. From Eqs. (30)
and (31) we get

Ė∞ = m2Ω2
p

∣∣Z∞kjm∣∣2 =

= m2+2l+n

[
αqp
√
π

2l+n/2+1Γ[l + n/2 + 3/2]

]2

×

[(n+ 1)M ]
l+n/2+1 |Skjm(π/2)|2|Yj(π/2, π/2, . . .)|2

× r−
2l(n+1)+(n+2)(n+3)

2
0 . (42)

where we used the fact that for small frequencies (large
distances) r2 + a2 ∼ r2, U t ∼ 1, and ω = mΩp ∼
m
√

(n+ 1)Mr
−(3+n)/2
0 .

3. Solution X∞kjm

The solution X∞kjm, which satisfies outgoing-wave
boundary conditions at infinity is quite simple to derive,
since for this case the boundary condition is imposed at
infinity and we do not need to require regularity at the
horizon. The method is analogous to that already de-
scribed above and can be seen in Ref. [17]. In the low-
frequency limit, X∞kjm is given at leading order and near
z = 0 by

X∞kjm(z � 1) ∼ iJ 2J√
π

Γ[J + 1/2]z−J . (43)

We can now compute the flux across the horizon. Using
Eqs. (30) and (31) we get

ĖH = mΩpkH

∣∣∣ZrHkjm∣∣∣2 =

= mkH(α qp)
2Γ2

1

(
n+ 1

2

)1/2

rH(2M)
2l+3n

2
+ 3

2
n+1 ×

|Skjm(π/2)|2|Yj(π/2, π/2, . . .)|2 × r
− 4l+5n+7

2
0 , (44)

where Γ1 = Γ[l+n/2+1/2]Γ[2−D∗+α−β]Γ[1+α−β]
2Γ[l+n/2+3/2]Γ[1+2α]Γ[2−D∗−2β] .

4. Ratio of the fluxes

We can now obtain an expression for the ratio of the
fluxes on the horizon and at infinity for general l, m, and
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n, as a function of the orbital velocity in 4+n dimensions
defined by

v = [M(n+ 1)]
1

n+3 Ω
n+1
n+3
p . (45)

Using the expressions for ĖH and Ė∞ calculated above
we find

ĖH
˙E∞

=
kHrH

[
2l+n/2+1Γ[l + n/2 + 3/2]

]2
πm2l+n+1

Γ2
1 ×(

2

n+ 1

) 1+2l+n
1+n

× v−
(n−1)(n+1+2l)

n+1 . (46)

For sufficiently small orbital frequencies, such that the
superradiance condition is met, and the flux at the hori-
zon is negative, we then find that the ratio between the
fluxes grows in magnitude with r0 and the particle is
tidally accelerated outward.

Note that these results were derived under the assump-
tion of slow rotation, a � rH . This approximation is
particularly severe in the near-extremal, five-dimensional
case, where rH → 0. Nevertheless, as we discuss in the
next section, our method captures the correct scaling of
the energy fluxes for any spin, and it even gives overall
coefficients that are in very good agreement with the nu-
merical ones in the slowly rotating case. This is shown
in Fig. 6, where we compare the analytical results of this
section with the numerical fluxes computed in the next
section.

0.001 0.01 0.1
v

10
-10

10
-5

10
0

10
5

10
10

10
15

|ρ
|

D=4
D=5
D=6
D=7
D=8

a=0.2 M
1/(1+n)

FIG. 6. Comparison between the flux ratio ρ = ĖTot
H /ĖTot

∞
(in absolute value) calculated analytically and numerically,
as a function of the particle velocity v for n = 0, 1, 2, 3, 4
(D = 4, 5, 6, 7, 8) and a = 0.2M1/(1+n). The straight curves
correspond to the analytical formula with l = 1, and the
dots are the numerical results discussed in section V B. In
the slowly rotating regime, numerical results are in very good
agreement with the analytical formula.

B. Numerical Results

The Green function approach described above can
be implemented numerically using standard methods

Ref. [18, 37, 38]. For given values of r0, a, and n, we
can compute the fluxes by truncating the sum in Eq. (30)
to some kmax, mmax, and jmax. As discussed before, for
circular orbits only j = 0 terms give a nonvanishing con-
tribution.

In Fig. 7 we compare the flux ratio ρ = ĖTot
H /ĖTot

∞ as

a function of the orbital velocity v for a = 0.99M1/(1+n)

in various dimensions. The plots confirm our analytical
expectations that the behavior for n > 1 (D > 5) is
qualitatively different: the energy flux across the horizon
is larger (in modulus) than the flux at infinity. This
figure is analogous to Fig. 6 but for a = 0.99M1/(1+n),
i.e. a regime that is not well described by the analytical
formula (46). For D = 4, we find the usual behavior; i.e.
the flux at the horizon is usually negligible with respect
to that at infinity, and the ratio decreases rapidly at large
distance. The case D = 5 marks a transition, because ρ
is constant at large distance. This is better shown in the
left panel of Fig. 8. On the other hand, for any D > 5
the flux across the horizon generically dominates over the
flux at infinity.

0.001 0.01 0.1
v

10
-8
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10
4

10
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12

|ρ
|

D=4
D=5
D=6
D=7
D=8

a=0.99 M
1/(1+n)

FIG. 7. The flux ratio ρ = ĖTot
H /ĖTot

∞ (in absolute value) as
a function of the particle velocity v defined in Eq. (45) for

n = 0, 1, 2, 3, 4 (D = 4, 5, 6, 7, 8) and a = 0.99M1/(1+n).

In Fig. 8 we show the flux ratio ρ for some selected
value of the spin parameter a in five dimensions (left
panel) and in six dimensions (right panel). When D = 5,
the ratio is constant in the small v region, and it ap-
proaches unity in the extremal limit, a →

√
2M . As

shown in the right panel of Fig. 8, when D = 6 there ex-
ist some orbital velocity for which −ρ = 1, corresponding
to a total vanishing flux, ĖH + Ė∞ = 0. These orbital
frequencies correspond to “floating” orbits [27, 37]. Al-
though in the right panel of Fig. 8 this is shown only
for a/M1/3 = 0.1, 0.2, 0.3, we expect this to be a generic
feature also for larger values of the spin. The poor con-
vergence properties of the series (30) prevent us from
extending the curves to larger values of v, where floating
orbits for a > 0.3M1/3 are expected to occur. At smaller
velocity, the energy flux contribution dominates, and the
motion of the test particle is generically dominated by
tidal acceleration. Similar results can be obtained for
any D ≥ 6.
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1/(1+n)
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1/(1+n)

D=5

0.1 0.15 0.2 0.25 0.3 0.35 0.4
v
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1/(1+n)
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FIG. 8. The ratio ρ = ĖTot
H /ĖTot

∞ as a function of the orbital velocity defined in Eq. (45) for several values of a. Left panel:

when D = 5, the ratio is constant in the small v region, and it approaches unity in the extremal limit, a→
√

2M . Right panel:
when D = 6, the flux at the horizon can exceed the flux at infinity. For each curve, the intersection with the horizontal line
corresponds to a floating orbit, −ρ = 1. Note that, at large orbital velocity, the superradiant condition is not met and ĖH > 0.

VI. CONCLUSIONS

Through the use of black hole perturbation theory, we
computed the massive scalar radiation emitted by a test-
particle falling radially into a Schwarzschild black hole.
The energy spectra suffers a cutoff at the massive scalar
field fundamental quasinormal frequency, thus showing
the relevance of the quasinormal modes of a black hole.
At late times, the lowest multipoles of the massive radi-
ation were shown to be dominated by an oscillatory tail,
which decays slower than any power law.

In the second part of this work, we computed the am-
plification of massless scalar waves scattering off a singly
spinning Myers–Perry black hole due to superradiance.
In dimensions greater than five, where there is no up-
per limit on the black hole spin, the amplification factor
does not increase without limit when we increase the spin
parameter. It was then conjectured that this behavior is
due to the asymptotic behaviour of the ergoregion proper
volume which, as for the amplification factor, goes to zero
for very large spins.

Finally, we concluded with the main result of this pa-
per, by computing the rate at which the energy is ex-
tracted from a singly spinning, higher-dimensional black
hole when a massless scalar field is coupled to a test par-
ticle in circular orbit. We showed that, for dimensions
greater than five and small orbital velocities, the energy
flux radiated to infinity becomes negligible compared to
the energy extracted from the black hole via superradi-
ance. Although we considered scalar-wave emission, we
expect our results to be generic in higher dimensions.
In particular, superradiance should be a dominant effect
also for gravitational radiation. At leading order, the
ratio |ĖH |/Ė∞ for gravitational radiation should scale

with the velocity as described by Eq. (46). The domi-
nant quadrupole term (l = 2) reads [28]

|ĖH |
Ė∞

∼ v−
(n−1)(n+5)

n+1 .

By comparing the formula above to Eq. (46) with l = 1,
we note that dipolar effects are dominant over their
quadrupolar counterpart. Nevertheless, even in the
purely gravitational case, tidal acceleration and floating
orbits around spinning black holes are generic and dis-
tinctive effects of higher dimensions.

In principle, gravitational waveforms would carry a
clear signature of floating orbits [37, 38]. Does float-
ing or these strong tidal effects have any significance in
higher-dimensional black hole physics? We should start
by stressing that circular geodesics in higher dimensions
are unstable, on a time scale comparable to the one dis-
cussed here [35]; however, our analysis suggests that,
while more pronounced for circular orbits, tidal acceler-
ation is generic and in no way dependent on the stability
of the orbit under consideration. We are thus led to con-
jecture that tidal effects are crucial to determine binary
evolution in higher dimensions. It is possible that tidal
effects already play a role in the numerical simulations
of the kind recently reported in Refs. [9, 39, 40], but fur-
ther study is necessary. One of the consequences of our
results for those types of simulations is, for instance, that
in higher-dimensional black hole collisions the amount of
gravitational radiation accretion might play an important
role. It would certainly be an interesting topic for further
study to understand tidal effects for generic orbits, and
to include finite-size effects in the calculations.
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