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Abstract

This study analyses the negative impact from pollution and its consequences regarding the choice of

a technology for production. At first, the optimal path of consumption is investigated, for a situation

where only one technology is available, polluting and clean. Afterwards the case where both technologies

co-exist is studied and the optimal transition from polluting to clean technology is studied. Applications

to AK production function are presented. It is concluded that, if the economy is in a low stage of

development, it is optimal to invest only in the most productive technology, even if it is polluting.

However at some point given the negative impacts of pollution it will be optimal to switch to the less

productive but clean technology. For this model the shape of the pollution to income relationship may

be identified with an Environmental Kuznets Curve.
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1 Introduction

A review of the literature regarding the Environ-

mental Kuznets Curve (EKC) hypothesis reveals

that the theoretical analysis can be divided into

two general approaches: abatement and technol-

ogy change. This division is based on the fact

that if an EKC is predicted by a theoretical model

it is due or to the amount of pollution abated or

to an alteration in the production technology, re-

garding its polluting effects. Specifically for dy-

namic models, where one is interested in study-

ing the optimal time-paths for consumption and

capital stocks, there are several ”abatement” mod-

els, e.g. [Selden and Song, 1994], [Kelly, 2003] and

[Dinda, 2005]. Whereas for technology change

there are fewer, e.g. [Smulders, 2011]. Even

though not directly linked with the study of

EKC, there are many dynamic models that look
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into the optimal shift between technologies, e.g.

[Cunha e Sá, 2007] and [Khan, Ravikumar, 2002].

Among these another division occurs, between

endogenous technological progress and technol-

ogy shift at a given instant. The mod-

els with endogenous technological progress, e.g.

[Cunha e Sá, 2010], normally turn-out to be fairly

complicated and hard to analyze. Unlike the ones

with a technology shift, that are much simpler

and straightforward. However, these ones tend to

use the very restrictive assumption that the cap-

ital stock is shiftable, i.e., that the investment is

reversible. This means that once the technology

innovation is available, and it is optimal to un-

dertake the change, the whole capital stock is im-

mediately turned into new capital stock. Even if

this is done with a certain adjustment cost, e.g.

[Cunha e Sá, 2007], it seems unrealistic.

We present a simple model with irreversible in-

vestment and a technological shift. There are two

available technologies, one polluting, more produc-

tive, the other clean, less productive. The economy

starts-off with no clean capital stock, and a small

stock of polluting capital. The production function

follows the AK model. At first, it is optimal to in-

vest only in the most productive, polluting, tech-

nology. But, at a certain point, the optimal path

leads to a switch in investment, towards clean capi-

tal. The polluting capital still exists and continues

to produce and to emit pollution. For different pa-

rameter values, it may be optimal to invest only in

clean capital, letting the other stock depreciate, or

to split the investment between the two. In either

case, the polluting capital stock no longer grows.

The article is organized as follows, section 2

presents the characteristics of the utility function

used throughout the work. Section 3 introduces

the base model for one stock of capital, that can

be either clean or polluting. The final model, for

two stocks of capital, is described in section 4. And

section 5 presents the particular case of an economy

that starts off with no clean capital stock, and a

small stock of polluting capital, for AK production

function. In section 6 the results of simulations

for two sets of parameters are presented. Finally

section 7 summarizes the main conclusions drawn.

2 Utility Function

The utility function U(C,P ) increases with con-

sumption (UC > 0) and decreases with pollution

(UP < 0).1 Also, it is concave in both inputs:

UCC < 0, UPP < 0. For consumption this indicates

that for higher levels of consumption, an increase

in its level will correspond to a smaller increase in

utility. Whereas for pollution it means that for low

levels of emissions, an increase in pollution corre-

sponds to small decrease in utility. Finally, the

utility function is separable: UPC = UCP = 0.

For applications of the theoretical mod-

els the following functional form was

1Subscripts indicate partial derivatives
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used[Kamogawa, Shirota, 2011]:

U(C,P ) =
(C)1−σ − 1

1− σ
− κP

φ

φ
(1)

Where σ > 0 and φ > 1 measure the willing-

ness to accept variations of the path of consump-

tion/pollution over time. For higher values of these

parameters, smoother pattens are preferred. Based

on typical values used on the literature[IST, 2011]

these parameters were fixed at σ = 1.4 and φ = 2.

Another parameter, κ > 0, is used as a weight-

ing factor, reflecting exogenously the importance

of pollution over consumption. It represents the

conversion of desutility from pollution into utility

from consumption, for the simulations that follow

it was assumed that κ = 1 which indicates that the

relative importance of each input to utility is mea-

sured solely through its intertemporal elasticities.

3 The Model for One Stock of

Capital

Consider a model with one stock of physical capital

Ki, that can be either clean (i = 1) or pollutant

(i = 2). Its initial value is known and production is

described by a generic function fi(Ki). The budget

constraint can be written:

Y = C + I (2)

where C is consumption, I is investment in the

stock of capital and Y := fi(Ki) is total produc-

tion.

Capital stock depreciates at a rate δ, and in-

creases according to the investment made, so the

state equation is:

K̇i = fi(Ki)− C − δKi (3)

Using consumption as control variable the dy-

namic optimization problem can be stated as fol-

lows:

max
C

W =

∫ +∞

0
U(C,P )e−ρtdt (4)

Subject to equation (3), to the initial condition:

Ki(0) = Ki,0 (5)

and to the transversality condition:

lim
t→+∞

[µi(t)e
−ρtKi(t)] = 0 (6)

where µi is the current value shadow price of cap-

ital.

The current value hamiltonian is:

Hc = U + µi(fi − C − δKi)

From Pontryagin’s Maximum Principle, the op-

timal trajectory of consumption, capital stock and

shadow prices must satisfy the condition for a max-

imum with respect to consumption (equation (7))

and the Euler equation (equation (8)):

Hc
C = 0 (7)

Hc
Ki = ρµi − µ̇i (8)
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3.1 Clean Technology

As a benchmark result, the first model considers

production with clean technology.

The first-order necessary condition for a max-

imum with respect to consumption and the Euler

equation, combined with the state equation, yield

a dynamical system that describes the optimal tra-

jectory:

K̇1 = f1(K1)− C − δK1 (9)

Ċ = − UC
UCC

(f ′1(K1)− δ − ρ) (10)

Equation (10) corresponds to the Ramsey rule:

f ′1(K1)− δ = ρ− C
[
UCC
UC

]
Ċ

C
(11)

stating that an optimizing agent chooses consump-

tion in a way so as to equate the net marginal pro-

ductivity, f ′1(K1)−δ, to the rate of time preference,

ρ, plus the rate of decrease of the marginal utility

of consumption, UC , due to growing consumption,

C. This means that, in the optimum, the represen-

tative agent is indifferent at the margin between

consuming and saving.

For AK production function f1 = A1K1 the dy-

namical system formed by equations (9) and (10)

corresponds to a balanced growth path, where cap-

ital stock and consumption grow exponentially at

the same rate A−δ−ρ
σ . The choice of a produc-

tion function with constant returns to scale allows

for unbounded growth even without technological

progress (A1 is constant), for clean technology.

The transversality condition (equation (6)) in-

dicates that initial consumption and capital stock

are related by:

C0 =

[
(A1 − δ)−

(A1 − δ − ρ)

σ

]
K1,0 (12)

The phase diagram, in figure 1, shows possible

trajectories and the optimal trajectory in a darker

color. The loci K̇ = 0 and Ċ = 0 divide the phase

space in two regions, and the arrows show the di-

rection of motion in each region.

Figure 1: Phase diagram of the model with one

stock of clean capital and AK production function

3.2 Polluting Technology

Considering the case where only polluting technol-

ogy is available, and pollution as a flow propor-

tional to production: P = γP f2.

The condition for a maximum is the same as

before, due to the existence of pollution the Euler

equation is different, yielding a different dynamical

system:
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K̇2 = f2(K2)− C − δK2 (13)

Ċ = − UC
UCC

(
(1 +

γPUP
UC

)f ′2(K2)− δ − ρ
)

(14)

Since utility decreases with pollution (UP < 0),

increases with consumption (UC > 0) and the term

that relates pollution with production is positive

(γP > 0), the negative impact of pollution in util-

ity will appear as a factor that diminishes the net

marginal productivity of capital. This term will

depend on the marginal contributions of pollution

and consumption to utility and represents the rel-

ative value of pollution. According to the prefer-

ences of the representative agent the optimal tra-

jectory of consumption and capital stock accumu-

lation will differ.

Equation (14) can be interpreted as a modified

Ramsey rule:

(1 +
γPUP
UC

)f ′2(K2)− δ = ρ− C
[
UCC
UC

]
Ċ

C
(15)

This equation indicates that, for the same pa-

rameters, due to pollution, the equilibrium for

which the agent is indifferent between consuming

and saving will shift. The difficulty in interpreting

this equation arises from the fact that the term

associated with the role of pollution depends si-

multaneously on the level of consumption (through

UC) and the level of pollution (through UP ), that

in turn depends on the production function.

Particularly for AK production function f2 =

A2K2 the dynamical system formed by equations

(13) and (14) is non-linear, only numerically solv-

able. The analysis of the phase diagram in figure 2

reveals that this system is saddle-path stable, with

an unstable manifold running from regions 2 and 4,

and a stable manifold running from regions 1 and

3. The transversality condition and the condition

that the capital stock must be continuous impose

that the optimal trajectory corresponds to the sta-

ble manifold that tends to a steady-sate given by:

K∗2 =

(
A2 − δ − ρ

κ(A2γP )φ(A2 − δ)σ

) 1
σ+φ−1

C∗ = (A2 − δ)

(
A2 − δ − ρ

κ(A2γP )φ(A2 − δ)σ

) 1
σ+φ−1

Figure 2: Phase diagram of the model with one

stock of polluting capital and AK production func-

tion

The steady-state is is the point for which the

optimal trade-off between consumption and pollu-

tion is achieved. At this point, in order to obtain

even a slight increase in consumption it is neces-

sary to increase the capital stock, which in turn

produces more pollution, resulting in lower overall

utility. If, on the other hand, one decided to di-

minish pollution, as a consequence consumption is

lower and utility is not maximized. It is important

to note that even though economic growth comes
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to a halt, pollution grows until a given level, where

it stabilizes, never decreasing.

4 The Model for Two Stocks of

Capital

To analyze the shift from polluting to clean tech-

nology it is necessary to consider a model with two

stocks of capital K1 and K2.

Like before, the initial values of each stock are

known and production is described by generic func-

tions f1(K1) and f2(K2). The budget constraint

can be written:

Y = C + I (16)

where C is consumption, I is total investment and

Y := f1(K1) + f2(K2) is total production. Invest-

ment in each technology is:

I1 = αI (17)

I2 = (1− α)I (18)

Physical capital depreciates at a rate δ, and in-

creases according to the investment made, so the

state equation for each stock is:

K̇1 = α(f1 + f2 − C)− δK1 (19)

K̇2 = (1− α)(f1 + f2 − C)− δK2 (20)

Using consumption and the fraction of invest-

ment applied to technology 1 (α ∈ [0, 1]) as control

variables the dynamic optimization problem can be

stated as follows:

max
C,α

W =

∫ +∞

0
U(C,P )e−ρtdt (21)

Subject to equations (19) and (20), to the initial

conditions:

K1(0) = K1,0 (22)

K2(0) = K2,0 (23)

and to the transversality conditions:

lim
t→+∞

[µ1(t)e
−ρtK1(t)] = 0 (24)

lim
t→+∞

[µ2(t)e
−ρtK2(t)] = 0 (25)

The current value hamiltonian is:

Hc = U + µ2(f1 + f2 − C)− µ1δK1 − µ2δK2

+ (µ1 − µ2)(f1 + f2 − C)α (26)

The condition for a maximum with respect to

consumption (equation (27)) and the Euler equa-

tions (equations (28) and (29)) are:

Hc
C = 0 (27)

Hc
K1

= ρµ1 − µ̇1 (28)

Hc
K2

= ρµ2 − µ̇2 (29)

The hamiltonian is linear in the control variable

α, and can be rewritten as:

Hc = Ψ + αΦ (30)

Where
Ψ = U + µ2(f1 + f2 − C)− µ1δ1K1 − µ2δ2K2

Φ = (µ1 − µ2)(f1 + f2 − C)

(31)
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Φ is called the switching function, and from the

Pontryagin maximum principle it follows that the

Hamiltonian will be maximized for the extreme val-

ues of the fraction of investment in technology 1,

according to the sign of the switching function:

α =


1 if Φ > 0

0 if Φ < 0

(32)

When the optimal control is piece-wise con-

stant, it is called a bang-bang control. In this con-

text it implies that the optimal solution is to invest

only in one technology at a time. The switch be-

tween the two possible values of α will be when the

switching function Φ is zero. If this function only

vanishes instantaneously, this moment is called the

switching time, and the fraction of investment is

only undefined for that instant.

If the switching function Φ vanishes over some

time interval, the maximum principle doesn’t spec-

ify the value of the optimal control α, so it is nec-

essary to use alternative methods. The condition

resulting from Φ = 0 is called singularity condition

and the optimal control problem is called a singular

control.

4.1 Bang-Bang Control

As described by condition (32), if the optimal con-

trol is bang-bang, one will invest only in the tech-

nology with higher shadow price.

From the budget constraint (16) it is known

that one unit of capital costs exactly one unit as

well (1 euro for 1 euro), so the shadow price rep-

resents the gain from investing that unit, weighted

by the constraints of the dynamics of that stock of

capital. In this sense, one would invest only in the

most valuable stock.

If the polluting capital is more valuable, α = 0,

the system is described by:

K̇1 = −δK1 (33)

K̇2 = f1 + f2 − C − δK2 (34)

Ċ = − UC
UCC

((1 +
γPUP
UC

)f ′2 − δ − ρ) (35)

If, on the other hand, clean capital is more valu-

able, α = 1, the dynamical system is:

K̇1 = f1 + f2 − C − δK1 (36)

K̇2 = −δK2 (37)

Ċ = − UC
UCC

(f ′1 − δ − ρ) (38)

The stock for which there’s no investment will

decrease exponentially over time with the depreci-

ation rate.

Note that the system formed by equations (34)

and (35) is formally identical to the one obtained

for one stock of polluting capital (equations (13)

and (14)). Whereas the system formed by equa-

tions (36) and (38) is formally identical to the one

obtained for one stock of clean capital (equations

(9) and (10)).

4.2 Singular Control

The singular control occurs if the singularity con-

dition remains true over time, this means that the

rates of change of the shadow prices must be equal
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(µ̇1 = µ̇2). So, using the Euler equations the sin-

gularity condition may be written as:

f ′1 − δ = (1 +
γPUP
UC

)f ′2 − δ (39)

This condition indicates that, for the singu-

lar control, investment is distributed between both

stocks in a way that the net marginal productivity

of the clean technology is equal to the net marginal

productivity of polluting capital, that is diminished

by the term corresponding to the negative effect of

pollution.

The singularity condition (39) will impose a re-

lation between the variables of the problem that

combined with the state equations (19) and (20)

and the maximum condition for consumption (27)

result in a dynamical system for the optimal tra-

jectory.

The optimal distribution of investment is given

by:

α =
K̇1 + δK1

f1 + f2 − C
(40)

5 Particular Solution

This section will analyze the previous model for

an economy with a starting point characterized by

a small amount of polluting capital and no clean

capital:

K1(0) = 0 (41)

K2(0) = K0 (42)

It can be shown that, without pollution, the

optimal investment path for an economy with two

different stocks of capital is to invest only in the

technology with higher net marginal productivity.

Initial conditions (41) and (42) correspond to a low

level of consumption, thus high marginal utility UC

and low polluting emissions thus UP less negative.

Therefore, it is a good approximation to state that,

initially, the choice between the two technologies

can be made disregarding pollution:

For K2 small:
γPUP
UC

' 0 (43)

For that reason, it is assumed that the optimal

path starts for α = 0, that is, with only investment

in the most productive, polluting, technology, gov-

erned by the dynamical system formed by:

K̇2 = (A2 − δ)K2 − C (44)

Ċ = − UC
UCC

((1 +
γPUP
UC

)A2 − δ − ρ) (45)

Assuming that both production functions are

AK, indicates that the net marginal productivity of

the clean technology is constant (A1−δ). However,

as the stock of polluting capital increases, the level

of consumption and emissions also rise indicating

that its net marginal productivity will be decreas-

ing, indicating that, at some switching point, the

singularity condition (46) will be fulfilled:

A1 − δ = (1 +
γPUP
UC

)A2 − δ (46)

After the switching point investment will be

also directed to clean technology, meaning that α is
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no longer zero. If condition (46) is met only for an

instant, then investment shifts completely to clean

capital (α = 1) and the optimal control after the

switch is bang-bang. If, on the other hand, it is

satisfied for a time interval investment is divided

between both stocks (0 < α < 1) and the optimal

control is singular.

To determine the conditions for each case it is

necessary to further analyze the singularity condi-

tion. Particularly for AK production function and

for the utility function described in section 2 it rep-

resents a relation between the stock of polluting

capital and consumption:

K2 =

{(
1

κγφPA
φ−1
2

)(
1− A1

A2

)
C−σ

} 1
φ−1

(47)

Given that consumption presents a positive

growth rate, expression (47) corresponds to a de-

creasing polluting capital stock decreasing expo-

nentially with rate (A1−ρ−δ)
φ−1 .

On the other hand, the bang-bang control also

corresponds to a polluting capital stock decreas-

ing exponentially, but with the depreciation rate

δ (equation (37)). From these observations it be-

comes clear that the optimal control is singular or

bang-bang depending on the parameter values:


If (A1−δ−ρ)

φ−1 < δ ⇒ Singular control

If (A1−δ−ρ)
φ−1 ≥ δ ⇒ Bang-bang control

After the switching instant the optimal trajec-

tory is described by the following dynamical sys-

tem:

K̇1 = (A1 − δ)K1 + (A2 − δ + ∆)K2 − C (48)

K̇2 = −∆K2 (49)

Ċ =
(A1 − δ − ρ)

σ
C (50)

The fraction of investment in clean technology

is given by:

α(t) =
A1K1 + (A2 − δ + ∆)K2 − C

A1K1 +A2K2 − C
(51)

where

∆ :=


(A1−δ−ρ)

φ−1 for singular control

δ for bang-bang control

At the switching instant (tT ), clean capital is

still zero, there’s a given amount of polluting cap-

ital KT and a certain level of consumption CT .

Equation (49) corresponds to a stock of pol-

luting capital decreasing exponentially in time,

from KT , and equation (50) corresponds to a level

of consumption growing exponentially from CT .

These two differential equations are straightfor-

ward to solve, using KT and CT as the integration

constants. Substituting these solutions into equa-

tion (48) allows for its analytical solution as well.

From the transversality condition for clean capital,

it is possible to obtain a relation between KT and

CT :

CT =
A2 − δ + ∆

A1
KT

(
A1 − δ −

A1 − δ − ρ
σ

)
(52)
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Given that the singularity condition imposes

that consumption is continuous it is possible to

state that the trajectory from the initial period

will lead to values of consumption and capital that

satisfy the previous relation. Also, from the singu-

larity condition, it is possible to determine another

condition for the switching point.

The combination of the previous conditions al-

lows for the determination of the values for con-

sumption and capital at the switching instant.

This point is used as the ”initial” value for the nu-

merical calculation of the policy function described

by the differential equation that results from the

division of equation (45) by (44). Once the policy

function is known, from the initial value of capi-

tal (K0) the initial value of consumption (C0) is

also determined, allowing for the numerical reso-

lution of equations (44) and (45), that yield the

time-paths of capital and consumption for the ini-

tial period.

The switching moment corresponds to the in-

tersecting of these time-paths with the transition

values of capital and consumption (KT and CT ).

(see figures 3 and 11)

The procedure is the same wether the control

is singular or bang-bang. Simulations for each case

are presented next.

6 Simulation

Finally, the model for two stocks of capital will

be applied for specific parameters reasonable for

a real economy. The depreciation rate will be

set at 5% per year, corresponding to a stock

of physical capital with a mean life-time of 20

years, and the rate of time of preference at

2% per year, typical values for macroeconomic

models[Barro, Sala-i-Martin, 2004]. The pollution

parameter γP represents the intensity of this econ-

omy, measuring how much pollution is emitted for

each unit of physical capital producing for a year.

The value of γP = 0.1kg/100e it’s in the order of

magnitude for flow pollutants2.

Parameter Bang-Bang Singular

A1 1.5 y−1 0.1 y−1

A2 2 y−1 0.3 y−1

r1 326 % 16 %

r2 603 % 28 %

δ 0.05 y−1

ρ 0.02 y−1

γP 0.1 kg/100e

κ 1 (100e/y)1−σ

(kg/y)φ

σ 1.4

φ 2

Table 1: Parameter Values Used for Simulations

Two cases were simulated, one corresponding

to the bang-bang control where the marginal pro-

ductivities of capital were fixed at A1 = 1.5 y−1,

2For Portugal, annual emissions of SO2 are in the order of 108kg, dividing this value by the GDP provides an order of

magnitude for the economy’s intensity.
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A2 = 2 y−1, the other to the singular control for

which A1 = 0.1 y−1, A2 = 0.3 y−1. The compu-

tation of the equivalent annual rates of return r

for each value reveals that the first set of parame-

ters is highly unrealistic for a real economy, hinting

that the singular solution is more plausible. Table

1 presents a summary of the parameters used for

both simulations.

From a qualitative perspective both cases are

very similar, the main difference lying in the fact

that for the singular control investment in pollut-

ing capital doesn’t drop to zero after the switching

point, as can be seen in figures 8 and 16.

For both cases, the clean capital will increase

exponentially without bound since there aren’t any

constraints to its growth, and so will consumption,

as shown in figures 4, 5 , 12 and13. And polluting

capital will tend exponentially to zero, at rate ∆,

and with it so will polluting emissions, as shown in

figures 7 and 15. However if that rate is too small,

it could take a long time to bring down pollution

to lower levels.

However, quantitatively the singular case

presents more satisfactory results. Comparing the

evolution of consumption over time, represented in

figures 4 and 12, reveals that for the singular case

the turning point occurs much later in time, after

about 25 years. This result is much more realistic

than the previous one that placed the shift after

just 1 year of economic development. The marginal

productivities considered initially (A1 = 1.5y−1,

A2 = 2y−1) were unreasonable, corresponding to

annual rates of return of 326% and 603%, respec-

tively. Whereas for the second case, these rates

are 16% and 28%, on the upper side but still at-

tainable. These observations are supported by the

analysis of the evolution of polluting capital during

the initial period. For the first case, represented in

figure 3, the studied economy growths with an av-

erage growth rate of 134%, which is, as expected,

implausible. On the other hand, for the second

case, represented in figure 11, the average growth

rate was estimated in 15%, a typical value for an

economy in an initial expansion state, e.g. China.

These results hint that the singular control is more

likely for real data, which is in agreement with the

economic intuition that it is not viable, from one

moment to the other, to switch all investment from

one technology to other.

Plotting pollution with respect to output gives

rise to a curve that rises sharply during the ini-

tial period and after achieving a maximum value

(for the bang-bang case Pmax = 0.48, for singu-

lar case Pmax = 1.45), decreases slowly through-

out time, this trend is shown in figures 10 and 18.

The shape of it could be interpreted as an Environ-

mental Kuznets Curve since first emissions increase

and after a turning point the tendency is reversed.

The interest of this observation lies in the simplic-

ity of the model that gives rise to the curve. It

is interesting to note that this curve is not smooth

nor symmetric, pollution attains its maximum very

rapidly and decreases with a much lower rate, and

instead of being an inverted-U, it is an inverted-V.
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Also, its decreasing side is convex, which is a di-

rect consequence of considering that the polluting

stock decays exponentially.

6.1 Bang-Bang Control

K0 = 1.000× 100e

C0 = 0.6151× 100e/y

KT = 3.9703× 100e

CT = 2.2687× 100e/y

tT = 1.028 y∣∣∣∣UPUC
∣∣∣∣ (tT ) = 2.63× 100e/kg (value of pollution)

Figure 3: Determination of transition time (tT )

Figure 4: Consumption over time

Figure 5: Clean capital over time

Figure 6: Investment in clean capital

Figure 7: Polluting capital over time
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Figure 8: Investment in polluting capital

Figure 9: Total investment

Figure 10: EKC

6.2 Singular Control

K0 = 1.0000× 100e

C0 = 0.0893× 100e/y

KT = 47.7296× 100e

CT = 3.0001× 100e/y

tT = 24.45 y∣∣∣∣UPUC
∣∣∣∣ (tT ) = 7.30× 100e/kg (value of pollution)

Figure 11: Determination of transition time (tT )

Figure 12: Consumption over time
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Figure 13: Clean capital over time

Figure 14: Investment in clean capital

Figure 15: Polluting capital over time

Figure 16: Investment in polluting capital

Figure 17: Total investment

Figure 18: EKC

7 Conclusions

This work analyses the negative impact from pol-

lution and its consequences regarding the choice of

a technology for production. The use of a polluting
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technology may allow for higher economic growth

but it will eventually lead to a halt due to increas-

ing emissions, and its associated disutility. On the

other hand, a clean technology allows unbounded

growth, for a production function with constant

returns to scale.

When both technologies are available, for an

economy in an early stage of development with a

small amount of polluting capital and no clean cap-

ital, initially, it is optimal to invest only in the most

productive polluting technology. But as one invests

in this stock, the value of pollution rises, decreas-

ing its net marginal productivity. At some point

the net marginal productivities of both stocks are

equal. There’s a singular condition that governs

the evolution of the capital stocks for which this

equality is fulfilled. Depending on the choice of

parameters, this condition is valid only for an in-

stant and investment is totally for clean technology

(bang-bang control) or it is fulfilled indefinitely and

investment is divided between the two technologies

(singular control). Both situations correspond to a

diminishing stock of polluting capital.

From this analysis can be concluded that pol-

lution will increase for the initial period, attaining

a maximum value for the switching instant, from

where it decreases, it is expected that the pollution

to income relation (PIR) resembles an EKC.

The strength of the approach used in this work

lies in the possibility of having a comprehensive

model that can be treated with simple calculations

and obtain useful and insightful results. However

there are some empirical aspects that should be in-

corporated in the model, so that its results can be

better interpreted and applied to real data, e.g.,

consider the natural resources used for production

and its scarcity or the investment costs associated

with a technology shift.
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