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Abstract

We start by studying the algorithmic complexity of numbers and of strings (the

size of the smallest description of the object in question). We prove that there is a

correspondence between these two complexities and go on to study algorithmic prefix

complexity (a restriction of plain algorithmic complexity). We also define and study

a form of logical proof complexity based on the minimum number of lines necessary

to demonstrate a formula. Here, we adapt some known results and present some new

ones. We then use the similarities between these four types of complexity to define a

new structure: the Kolmogorov generic basis. We verify that instances of it coincide

with the complexities previously mentioned. Finally, we present some new results,

namely that there are classes of Kolmogorov generic bases that induce: incomputable

functions (some of which can be approximated by a computable function), computable

functions and unbounded functions.

1 Kolmogorov Based Complexities

1.1 Kolmogorov Complexity Based on Partial Recursive Functions

This first presentation of Kolmogorov Complexity is based on Li-Vitányi’s book [1], where

the proofs of the results in this subsection can be found.

Let Σ = {0, 1} be the alphabet we will be using throughout. As such, when we refer to a

string we will mean an element of Σ∗. We shall use the symbol ε to denote the empty string.

We will also need to consider a one-to-one map between the natural numbers and strings

in which we associate each string with its index in the length-increasing lexicographic

ordering: (ε, 0), (0, 1), (1, 2), (00, 3), (01, 4), (10, 5), (11, 6), ....

Moreover, we define l(x) as the function that returns the length (number of bits) of x,

if it is a string, or the length of the string corresponding to x, if it is a natural number.

Also, let [·, ·] be such that [x, y] = 1l(x)0x y, if x and y are strings, or [x, y] = 1l(x)0x� y�,

where x� and y� are the strings corresponding to x and y , if they are natural numbers.

1



Definition 1.1. Let x ∈ N, S ⊂ N finite and φ be a partial recursive function. Define

CF
φ (x|S) = min{l(p) : φ([S, p]) = x, p ∈ N} and CF

φ (x|S) = ∞ if there is no such p. ∇

Since there is an additively optimal universal partial recursive function, we can define

Kolmogorov complexity specifically for this class of description methods.

Definition 1.2. Consider an x ∈ N and S ⊂ N finite. Fix an additively optimal universal

partial recursive function φ0 and define the conditional Kolmogorov complexity based on

partial recursive functions CF (·|·) as CF (x|S) = CF
φ0
(x|S). The unconditional version

CF (·) is defined by CF (x) = CF (x|{}) for all x . ∇

In computer science terms, we would say that p is a program and φ0 a computer, so

CF (x) is the minimal length of a program for φ0 to compute x without additional input.

Theorem 1.3. There exist constants c1 and c2 such that for all x ∈ N and S ⊂ N,
CF (x) ≤ l(x) + c1 and CF (x|S) ≤ CF (x) + c2. ♦

1.2 Kolmogorov Complexity Based on Turing Machines

The second presentation of Kolmogorov complexity is based on [8]. Here, instead of using

natural numbers or partial recursive functions, strings and Turing machines are used.

Definition 1.4. Let x ∈ Σ∗, S ⊂ Σ∗ finite and T be a universal Turing machine. Define

CM
T (x|S) = min{l(p) : T ([S, p]) = x, p ∈ Σ∗} and CM

T (x|S) = ∞ if there is no such p. ∇

We can prove that there is an additively optimal universal Turing machine, allowing

us to give the definition below.

Definition 1.5. Consider an x ∈ Σ∗ and S ⊂ Σ∗ finite. Fix an additively optimal

universal Turing machine T0 and define the conditional Kolmogorov complexity based on

Turing machines CM (·|·) as CM (x|S) = CM
T0
(x|S). The unconditional version CM (·) is

defined by CM (x) = CM (x|{}) for all x . ∇

Essentially, CM (x) gives the size of the smallest string p which when inputted into

Turing machine T0, outputs x.

It is easy to prove that the two presentations of Kolmogorov complexity we have looked

at are equivalent, in the sense that for any Turing machine T , x ∈ Σ∗ and S ⊂ Σ∗ finite,

there is a partial recursive function φ such that CM
T (x|S) = CF

φ (x
�|S�), for some x� and

S�. We just need to keep in mind that there is a unique correspondence between partial

recursive functions and Turing machines and between natural numbers and strings.

As such, we will be able to prove any statement regarding the Kolmogorov complexity

based on partial recursive functions for the one based on Turing machines and vice-versa.

2



1.3 Prefix Kolmogorov Complexity

In this subsection, we will present a different kind of Kolmogorov complexity, also in [13].

Definition 1.6. Let x ∈ N, S ⊂ N finite and ϕ be a partial recursive prefix function.

Define Kϕ(x|S) = min{l(p) : ϕ([S, p]) = x, p ∈ N} and Kϕ(x|S) = ∞ if there is no such

p. ∇

Since there exists an additively optimal universal partial recursive prefix function, we

are able to define prefix complexity.

Definition 1.7. Consider an x ∈ N and S ⊂ N finite. Fix an additively optimal uni-

versal partial recursive prefix function ϕ0 and define the conditional prefix complexity

K(·|·) as K(x|S) = Kϕ0(x|S). The unconditional version K(·) is defined by K(x) =

K(x|{}) for all x . ∇

The statement shown below is a corollary of propositions proven in [13].

Proposition 1.8. There exist constants c1 and c2 such that for all x ∈ N and S ⊂ N,
K(x) ≤ l(x) + 2log2(l(x)) + c1 and K(x|S) ≤ K(x) + 2log2(K(x)) + c2. ♦

1.4 Kolmogorov Proof Complexity

This subsection is based on the definitions and results of [1, 3, 6].

Consider the set of formulas over a set of propositional variables Ξ, denoted by L.

Denote by L+ the set of all finite sequences over L, except for the empty sequence. Fur-

thermore, consider two distinct ξ1, ξ2 ∈ Ξ. Define �·, ·� : L∗ × L+ → L+ such that

�ψ1...ψm,φ1...φn� = ξm1 ξ2 ψ1...ψm φ1...φn. Also, define | · | : L+ → N as the length of the

sequence in question, i.e., the number of formulas it has.

Definition 1.9. Consider a deductive system D. The propositional proof system for L in-

duced by D is a function ∆D : L+ → L that expects an input of the form �ψ1...ψm,φ1...φn�,
where ψ1...ψm ∈ L∗and φ1...φn ∈ L+, and returns φn if (φ1, ...,φn) is a derivation sequence

for φn in D with hypothesis in {ψ1, ...,ψm}. Otherwise, ∆D is undefined. ∇

Notation 1.10. Let ϕ ∈ L, Γ ⊆ L, d be a derivation and ∆D the propositional proof system

induced by a deductive system D. We write Γ �d
∆D

ϕ if there exists an Γ� ⊆ Γ finite such

that ∆D(�Γ�, d�) = ϕ. We also write Γ �∆D ϕ if there is a d ∈ L+ such that Γ �d
∆D

ϕ.

Definition 1.11. Let ϕ ∈ L, S ⊆ L and F be a Frege system. Define CLF (ϕ|S) =

min{|d| : S �d
∆F

ϕ, d ∈ L+} and CLF (ϕ|S) = ∞ if there is no such d. ∇

Since the size of the smallest proof for a formula only varies with the Frege system in

question by a polynomial amount, we are able to define proof complexity as below.
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Definition 1.12. Consider an ϕ ∈ L and S ⊆ L. Fix a Frege system F0 and define

the conditional Kolmogorov proof complexity CL(·|·) as CL(ϕ|S) = CLF0(ϕ|S). The

unconditional version CL(·) is defined as CL(ϕ) = CL(ϕ|{}) for all formulas ϕ. ∇

As such, CL(ϕ|S) is the size of the smallest derivation for ϕ in a Frege system F0,

using the elements of S as hypotheses. From now on, we will write � instead of �∆F0
.

Proposition 1.13. Let ψ be a formula in L and Γ a set of formulas in L. Then, CL(ψ|Γ) ≤
CL(ψ). ♦

Proof. Any derivation for a formula given no hypotheses is also a derivation for the same

formula given any set of hypotheses. As such, if d is a derivation sequence such that

CL(ψ) = |d| with �d ψ, then d also witnesses Γ � ψ and |d| ≥ CL(ψ|Γ).

For any derivation d , define ρ(d) as the number of distinct subformulas in d . We can

prove that the number of subformulas in the smallest proof for a formula only varies with

the Frege system used by a polynomial amount, allowing us to give the definition below.

Definition 1.14. Let F0 be the Frege system used for CL. For any formula ϕ in L, define

τ(ϕ) = min{ρ(d) :�d ϕ} and τ(ϕ) = ∞ if there is no such d. ∇

Proposition 1.15. For every formula ϕ in L, CL(ϕ) ≤ τ(ϕ). ♦

Proof. For any derivation d� such that �d� ϕ, note that there is at least one new subformula

for each line. As such, ρ(d�) ≥ |d�|. Let d be a derivation sequence such that |d| = CL(ϕ)

and �d ϕ. It follows from this that |d| ≤ ρ(d�). Hence, |d| is smaller or equal to the number

of subformulas in any derivation that witnesses � ϕ, which means |d| = CL(ϕ) ≤ τ(ϕ).

2 Kolmogorov Generic Bases

2.1 Definition and Examples

In this subsection, we introduce the concept of Kolmogorov Generic Basis, a structure

designed to embody all four types of complexity found in the previous section but that is

not limited to these.

Definition 2.1. A Kolmogorov generic basis is a tuple (A,D,M,F, v) such that:

• A and D are two non-empty recursively enumerable sets1;

• M : D → N is a computable function2;

1A is the set of objects we want to describe and D is the set of objects we use to describe the elements
of A.

2M is the function of D we want to minimize.
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• F is a non-empty subset of the functions from D to A that can be simulated by

deterministic Turing machines3;

• v : A× 2A × F ×D → {0, 1} is a function4.

This tuple induces another function g : A × 2A × F → N ∪ {∞} such that g(a, S, f) =

min{M(d) : d ∈ D, v(a, S, f, d) = 1}, also written as gf (a|S). If no such d exists, then we

define gf (a|S) as ∞. Also, we will abbreviate gf (a|{}) as gf (a).
A Kolmogorov generic basis must also have the following properties:

1. The particular specification method f used only affects the value of gf (a|S) by

additive and multiplicative constants, allowing us to fix one and define g(·|·) = gf (·|·).

2. g(·) has an h(·), function of its input, as an upper bound;

3. g(·|·) has the unconditional version as an upper bound.

We call g(·|·) the conditional Kolmogorov generic function for basis (A,D,M,F, v) and

g(·) the unconditional version. ∇

Looking at this definition, we can see that a Kolmogorov generic function g returns

the smallest possible value for an element of D over M satisfying verification function v.

This is how CF , CM , K and CL work.

Example 2.2. To get the Kolmogorov complexity based on partial recursive functions,

we have to consider A = D = N, F as the set of all partial recursive functions from over N,

M(d) = l(d) and v(a, S, f, d) =






1, S is finite and f([S, d]) = a

1, S is infinite and f([S�, d]) = a for some finite S� ⊂ S

0, otherwise

.

Properties 1 to 3 of a Kolmogorov generic basis are ensured by the fact that there exists

an additively optimal universal partial recursive function and by Theorem 1.3.

We then get that gf (a|S) =





CF
f (a|S), S is finite

min{CF
f (a|S�) : S� ⊂ S is finite}, S is infinite

.

Example 2.3. To arrive at the Kolmogorov complexity based on Turing machines, we

have to consider A = D = {0, 1}∗, F as the set of deterministic Turing Machines, M(d) =

l(d) and v(a, S, f, d) =






1, S is finite and f([S, d]) = a

1, S is infinite and f([S�, d]) = a for some finite S� ⊂ S

0, otherwise

. The

3F is the set of description methods we use to interpret each element of D and arrive at an element of
A.

4v is the function that tells us whether the element of D in question effectively describes the inputted
element of A.
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properties of a Kolmogorov generic basis are ensured the fact that there exists an additively

optimal universal partial recursive function and by Theorem 1.3 since CF and CM are

equivalent, in the sense we explained in Subsection 1.2.

As such, gf (a|S) =





CM
f (a|S), S is finite

min{CM
f (a|S�) : S� ⊂ S is finite}, S is infinite

.

Example 2.4. To get the prefix Kolmogorov complexity we have to consider A = D = N,
F as the set of all partial recursive prefix functions from N to N, M(d) = l(d) and

v(a, S, f, d) =






1, S is finite and f([S, d]) = a

1, S is infinite and f([S�, d]) = a for some finite S� ⊂ S

0, otherwise

. Properties 1 to

3 of a Kolmogorov generic basis are ensured the fact that there exists an additively optimal

universal partial recursive prefix function and by Proposition 1.8.

Then, gf (a|S) =





Kf (a|S), S is finite

min{Kf (a|S�) : S� ⊂ S is finite}, S is infinite
.

Example 2.5. To arrive at the Kolmogorov proof complexity, we use A as the set of formu-

las over a set of propositional variables Ξ, D = A+, F as the set of all propositional proof

systems induced for A by Frege systems, M(d) = |d| and v(a, S, f, d) =





1, S �d

f a

0, otherwise
.

The properties of a Kolmogorov generic basis are ensured by the fact that the size of the

smallest proof for the same formula only varies with the Frege system in question by a

polynomial amount and by Propositions 1.13 and 1.15.

Using the basis above, we get that gf (a|S) = CLf (a|S).

2.2 Results

Having defined this new structure, we now work on proving some results for it.

For any recursively enumerable set S, let iS : S → N be the function such that iS(s) is

the index of s in a fixed enumeration of S. As such, i−1
S (n) returns the nth element of the

enumeration.

Define C1 as the class of Kolmogorov generic bases such that, for any enumeration of

A, there exist constants k1 and k2 such that, for any a ∈ A, g(a) ≤ k1CF (iA(a)) + k2.

Theorem 2.6. For any basis in C1, the induced unconditional Kolmogorov generic func-

tion g is not computable. ♦

Proof. For each basis in C1, suppose there exists a partial recursive function φ defined on an

infinite set of points that coincides with the induced g ◦ i−1
A over the whole of its domain of
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definition, for some enumeration of A. Consider an infinite recursive subset of its domain of

definition B ⊆ N and the function ψ : N → B such that ψ(m) = min{n ∈ B : g(i−1
A (n)) ≥

m}. This function is partial recursive since g◦i−1
A coincides with φ in B . By the definition of

ψ, g(i−1
A (ψ(m))) ≥ m. Since ψ is a partial recursive function, we can apply the invariance

theorem for CF and get that CF (ψ(m)) ≤ CF
ψ (ψ(m)) + c ≤ l(m) + c� = log(m) + c��, for

some constants c, c�, c��. As such, we get that there exist constants c1 and c2 such that for

all m ∈ N, m ≤ c1log(m)+ c2, which is false from some m onward. Hence, our assumption

was incorrect and g is not computable.

It is obvious that the Kolmogorov generic basis that induces CF is in C1 and it can also

be shown that the bases for CM and K are in this class as well. However, bases inducing

Kolmogorov proof complexity may not to be a part of this class since we cannot specify a

relation between CL and CF .

Define C2 as the class of Kolmogorov generic bases such that: for all f ∈ F , f is defined

for all inputs; for all a ∈ A, f ∈ F and d ∈ D, v(a, {}, f, d) = 1 if and only if f(d) = a; for

all i ∈ N, the set {d ∈ D : M(d) = i} is finite.

Theorem 2.7. A Kolmogorov generic function induced by a basis in C2 is computable. ♦

Proof. Since D is recursively enumerable and, for all i ∈ N, the set {d ∈ D : M(d) =

i} is finite, we can define an enumeration of D such that its elements are organized in

ascending order ofM(d). Let iD be given by one such enumeration. Note that gf (i
−1
A (n)) =

min{M(d) : v(i−1
A (n), {}, f, d) = 1} = min{M(d) : f(d) = i−1

A (n)} and since any f in F is

defined for all inputs, we can just test whether for a given n and d f(d) = i−1
A (n) and always

have an answer. Furthermore, since the elements of F are either partial recursive functions

or deterministic Turing machines, each can be uniquely linked to a Turing machine. As

such, each f in F is associated to the index in an enumeration of all Turing machines of

the one it is linked to. Denote this index by iF (f).

Now, consider a Turing machine that receives the strings corresponding to an n ∈ N
and iF (f) for an f ∈ F and follows the algorithm below in order to return gf (i

−1
A (n)).

Set j = 0, r = 0;

While (r == 0) do {If {the Turing machine associated with f outputs i−1
A (n) on

input i−1
D (j)} then {set r = 1}; otherwise {set j = j + 1}};

Return M(i−1
D (j)).

As such, the induced gf ◦ i−1
A is computable.

Class C2 doesn’t have any of the examples we studied: for CF , CM and K the first

condition doesn’t hold and for CL the second and third conditions don’t hold. However,

inside C2 there is a simple Kolmogorov generic basis described below.
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Example 2.8. Consider the basis (A,D,M,F, v) where A = D = N, F = {f(x) = x},

M(d) = d and v(a, S, f, d) =





1, d = a

0, otherwise
. Under these conditions, gf (a|S) = min{d :

d ∈ N, d = a} = a, which obviously verifies all three properties of a Kolmogorov generic

basis and is in C2. We call the Kolmogorov generic function induced by this basis g∗ .

We now consider the class C3 of Kolmogorov generic bases such that for all i ∈ N, the
set {d ∈ D : M(d) = i} is finite. Obviously, C2 ⊂ C3.

Theorem 2.9. For any basis in C3, define m : N → N such that m(x) = min{g(i−1
A (y)) :

y ≥ x} for some enumeration of A. The function m is unbounded. ♦

Proof. For each i there is a least an xi such that for all x > xi, g(i
−1
A (x)) ≥ i. Clearly,

for all i we have xi+1 ≥ xi. Consider an xi < x ≤ xi+1. Then, g(i−1
A (x)) = i and

m(x) = min{g(i−1
A (y)) : y ≥ x} = g(i−1

A (x)) = i so m is unbounded.

As a corollary of this result, we now know that for C3 the induced Kolmogorov generic

functions are unbounded. Within this class, we have the bases for CF , CM and K but

not for CL. However, a modified version of it can be found in C3.
Consider a Kolmogorov generic basis for CL, but with the difference that the number

of propositional variables is finite and there is a maximum number of connectives and

propositional variables for each formula. Then there would be a finite number of derivation

sequences for each length and this basis would be in C3. For purposes of Figure 1, we shall
call the induced Kolmogorov generic function CL∗. Furthermore, since C2 is a subset of

C3, g∗ belongs to C3 as well.

Define C4 as the class of Kolmogorov generic bases (A,D,M,F, v) in C3 such that the

function h from property 2 of Definition 2.1 is total recursive and for all a ∈ A, f ∈ F and

d ∈ D, v(a, {}, f, d) = 1 if and only if f(d) = a.

Theorem 2.10. For any Kolmogorov generic basis in C4, there is a total recursive function

φ(t, a), monotonic and decreasing in t, such that limt→∞φ(t, a) = g(a). ♦

Proof. Consider a Kolmogorov generic basis in C4. Since for any f in F, its behaviour

can be simulated by a deterministic Turing machine, consider one such f and the machine

that simulates it, M. Also, the induced unconditional Kolmogorov function will be gf (a) =

min{M(d) : d ∈ D, v(a, {}, f, d) = 1} = min{M(d) : d ∈ D, f(d) = a}, since v is such

that v(a, {}, f, d) = 1 if and only if f(d) = a.

As such, we can construct φ on input t and a such that we run machine M for t steps

on each element of {d ∈ D : M(d) ≤ h(a)} and if for any such input d the computation

halts with output a, then define the value of φ(t, a) as the smallest value of M(d) for those

d ’s. Otherwise, define it as equal to h(a).
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�1
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CF

CM

K

CL�

g�

Figure 1: Some Kolmogorov generic bases notable classes: C1 has non computable func-
tions, C2 has computable functions, C3 has unbounded functions and C4 has functions that
can be approximated by a computable function.

It is easy to observe that φ(t, a) is recursive, total, and monotonically decreasing

with t. Looking at limt→∞φ(t, a), the limit exists, since for each a there exists a t such

that M halts with output a after computing t steps starting with input d and satisfying

M(d) = gf (a).

Inside this new class, we have the basis from Example 2.8. However, none of the other

instances of Kolmogorov generic bases we looked at are in C4.
Figure 1 summarizes the results we presented in this subsection and shows how these

classes are related with each other. When looking at the figure, one should keep in mind

that, for brevity’s sake, we did not write the bases we have talked about but the induced

functions.
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