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Abstract

Long Range systems are systems which potential decays at large distances as V (r) ∼ 1/rα, with α ≤

d. The non-additivity of such systems give rise to ensemble inequivalence and strange thermodynamic

behaviours. The hamiltonian mean field model (HMF) represents a paradigmatic example of this class

of systems. In this study, a review over the basic tools used when studying the thermodynamics of long

range interactions. It will also be made a review of the thermodynamic properties of the HMF model

as well as a study of its phase transitions in both the canonical and microcanonical ensembles.

Since it is not possible to calculate the exact Lyapunov spectrum of the HMF, a new mean field

model will be introduced, so that the dynamics of this model can be thoroughly studied with a relation

to the Lyapunov spectrum calculated, and then compared with the dynamic behaviour of the HMF

model. The thermodynamic study of the new model will also be made with the purpose of looking for

similar phase transitions and thermodynamic behaviour as the ones found in the HMF.

Keywords: long range interaction, hamiltonian mean field, Lyapunov spectrum, ensemble in-

equivalence, phase transitions

1 Introduction

For systems with long-range interactions, the two-

body potential decays at large distance as V (r) ∼

1/rα, with α ≤ d where d is the dimension of

the space. Examples of this systems are gravi-

tational systems, two-dimensional elasticity, two-

dimensional hydrodynamic, charged and dipolar

systems. Although such systems can be made ex-

tensive by using a scale-factor, they are intrin-
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sically non additive. The sum of the energy of

macroscopy subsystems is not equal to the energy

of the system. The space accessible macroscopic

thermodynamic parameters might be non convex.

The violation of this properties is at the origin of

the ensemble inequivalence.

Long-Range Interactions concern a wide range

of interesting problems in physics. As a coun-

terpart, this systems are, to a large extent, only

poorly understood, with the main challenge being

the thermodynamic treatment of this systems and

understanding the differences and analogies be-

tween the various and numberous domains of this

application. New and promising results have been

obtained by combining known tools developed by

standard statistical mechanics and methods from

dynamical systems. The most exciting results are

obtained when studying phase transitions for long

range interaction systems (negative specific heat,

and temperature jumps).

2 Hamiltonian Mean Field

Mean Field systems are those in which α = 0 and

thus, the interaction does not depend on the dis-

tance. The potential of the model rises from the

first mode of the fourier expansion of the potential

of the one dimensional gravitational and charged

sheet models. In a simplier approach it represents

a system of particles all moving on a circle, all cou-

pled by a equal attractive or repulsive interaction.

The most common example is that of N parti-

cles moving on a circle coupled by a cosine. Such

hamiltonian is

H =
1

2

N∑
i=1

p2i +
J

2N

N∑
i,j=1

(1− cos (θi − θj)) (1)

Here the variables pi are the momenta conju-

gate to θi, which is the angle describing the state

of the ith particle.

One can introduce macroscopic variables to

help understand the physical meaning of the

model. Consider the variance of momentum, T (t),

and the modulus of the mean field, M (t), respec-

tively defined as,

T (t) =
1

N

N∑
j=1

pj (t)
2 M = M (t) eiϕ(t) =

1

N

N∑
j=1

eiθj(t)

(2)

In equilibrium those are nothing more that the

temperature and the magnetization of the system,

respectively. One can rewrite the Hamiltonian (1),

H =
1

2

N∑
i=1

p2i +
JN

2

(
1−M2

)
(3)

Let’s consider the ferromagnetic case, setting

J = 1 without loss of generality, and let’s make a

simple review over the canonical and microcanon-

ical thermodynamics of this system.

The canonical solution to this problem can be

easily derived. Start by calculating the partition

function. For this calculation we will use the hamil-

tonian obtained in (3). The integral over the mo-

menta is a straightforward gaussian integral,
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Z =

(
2π

β

)N/2 ∫ π

−π
dNθie

−βJN
2 (1−M2) (4)

Using the Hubbard-Stratonovich transforma-

tion one obtains

Z =

(
2π

β

)N/2

e
−βJN

2 L (5)

with

L =
1

Pi

∫ π

−π
dNθi

∫ +∞

−∞
dye−y2+

√
2µM·y (6)

and µ = βJN . We will now use the definition

of the magnetization in (2) and exchange the or-

der of the integrals, factorizing the integration over

the coordinates of the particles. Also rescaling the

variable y → y
√

N/2βJ , one gets the following

expression for the partition function,

Z =

(
2π

β

)N/2 N

2πβJ
e

−βJN
2∫ +∞

−∞

∫ +∞

−∞
e

y2

2βJ
−ln(2πI0(y)) (7)

The last integral can be evaluated by using the

saddle point method. This means that one gets

for the rescaled free energy in the thermodynamic

limit,

ϕ = βf = − lim
N→+∞

lnZ

N
= −1

2
ln

(
2π

β

)
+

Jβ

2

+max
y

(
y2

2βJ
− ln (2πI0 (y))

)
(8)

The maximum condition leads to the following

consistency equation,

y

βJ
=

I1 (y)

I0 (y)
(9)

This equation can be solved graphically, and

one sees that for J < 0 there is a unique solution

that is y = 0, which means that in the antifer-

romagnetic case there is no phase transition. On

the other side, in the ferromagnetic case, there are

two solutions. Those solutions are easily obtained

graphically because I1/I0 is positive for y > 0.

Thus one obtain that for β < 2 there is a unique

solution y = m∗ = 0 and for β > 2 the solution

increases with β, approaching m∗ = 1 for β → ∞.

One now calculates the energy per particle by

deriving the free energy with respect to β,

ϵ (β) =
1

2β
+

1

2
− 1

2
(m∗ (β))2 (10)

the lower bound to the energy is 0. At the critical

temperature the energy is ϵc = 3/4.

We will now calculate the entropy in the micro-

canonical ensemble. The simplicity of the hamil-

tonian makes it possible to obtain directly the

thermodynamic limit of the entropy per particle.

The method used here was “borrowed” from self-

graviting systems.

The number of microscopic configurations cor-

responding to the total energy E is given by,

Ω (E,N) =

∫ ∏
i

dpidθiδ (E −HN ) (11)

=

∫
dK

∫ ∏
i

dpiδ

(
K −

∑
i

p2i
2

)
︸ ︷︷ ︸

ΩKin(K)∫ ∏
i

dθiδ (E −K − U ({θi}))︸ ︷︷ ︸
Ωconf(E−K)

(12)
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Figure 1: Graphical Resolution for (9). For a) β = 4 > βc = 2 and the equilibrium solution is m∗ ̸= 0. In

b) β = 1.5, the unique solution is m∗ = 0.

The first integral gives,

ΩKin =
2πN/2RN−2

Γ (N/2)
(13)

and with a definition of configurational entropy per

particle,

sconf (ũ) =
lnΩconf (Nũ)

N
(14)

where ũ = U/N = (E −K) /N = ϵ − u/2, the

formula (12) can be rewritten as

Ω (Nϵ,N) ∼ N

2

∫
du exp

[
N

(
1

2
+

ln (2π)

2
+

+
1

2
lnu+ sconf (ũ)

)]
(15)

if N → ∞. Hence, solving the integral in the sad-

dle point approximation, one obtains the following

entropy

s (ϵ) = lim
N→∞

1

N
lnΩN (ϵN) (16)

=
1

2
+

1

2
ln (2π) + sup

u

[
1

2
lnu+ sconf (ũ)

]
(17)

One can use the fact that the potential energy

of the HMF model, as seen in (3), is a very simple

function of the magnetization. If we define,

Ωm (M) =

∫ ∏
i

dθiδ

(∑
i

cos θi −NM

)

δ

(∑
i

sin θi

)
(18)

we have that this function will be proportional to

Ωconf for ũ = U/N =
(
1/2−M2/2

)
. The above

integral can be computed using the Fourier repre-

sentation of the δ-function,

Ωm (M) =

(
1

2π

)2 ∫ ∞

−∞
dq1

∫ ∞

−∞
dq2

exp
[
N
(
−iq1M + ln J0

((
q21 + q22

)1/2))]
(19)

To solve the integral (19) using the saddle point

method, we have to consider q1 and q2 as complex

variables. The saddle point has to satisfy the fol-

lowing equations,
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−iM − J1
J0

((
q21 + q22

)1/2) q1

(q21+q22)
1/2 = 0 (20)

−J1
J0

((
q21 + q22

)1/2) q2

(q21+q22)
1/2 = 0 (21)

The solution to these equations is q2 = 0 and

q1 = iγ where γ is the solution to the already seen

in the canonical ensemble equation,

I1 (γ)

I0 (γ)
= M (22)

Also, if one uses the properties of the Bessel

functions J0 (iz) = I0 (z) and J1 (iz) = iI1 (z) and

denote by Binv the inverse function of I1/I0, one

gets for the entropy of the configurations the fol-

lowing expression,

sconf

(
1

2
− 1

2
M2

)
= lim

N→∞

1

N
lnΩm (M) =

−MBinv (M) + ln I0 (Binv (M)) (23)

Substituting (23) in (17), knowing that u =

2
(
ϵ− 1/2 +M2/2

)
, and performing equivalently a

maximization over M instead of u, one gets,

s (ϵ) =
1

2
+

1

2
ln (2π) +

1

2
ln 2 +

+ sup
M>M0

[
1

2
ln

(
ϵ− 1

2
+

1

2
M2

)
−MBinv (M)+

+ ln I0 (Binv (M))](24)

with M2
0 = sup[0, 1− 2ϵ]. The maximization prob-

lem can be solved graphically just by looking for

the solutions of the equation,

M

2ϵ− 1 +M2
−Binv (M) = 0 (25)

The graphical solution is shown in Fig. , and

it gives the following results. For 0 ≤ ϵ ≤ 3/4,

the magnetization M (ϵ) decreases monotonically

from 1 to 0, while for ϵ > 3/4 the solution is al-

ways M = 0. At ϵ = 3/4, there is a second order

phase transition, which is the first sign that the

two ensembles give equivalent predictions.

3 Simplified Hamiltonian Mean

Field

In the previous chapter we have made a thermody-

namical solution for a Mean-Field system. In this

section we will construct a simplified version of the

Hamiltonian Mean-Field. The motivation for this

comes when one tries to make a dynamical study

of the model. For a dynamical study to be accu-

rate one needs to be able to compute the Lyapunov

spectra of the system, in the HMF model it is not

possible to calculate the exact Lyapunov Spectra

due to the trigonometric function of the potential

energy. The idea is to make a plausible substitu-

tion of the trigonometric part of the potential, the

most common thought is to use a quadratic func-

tion,

H =
1

2

N∑
i=1

p2i −
J

2N

N∑
i,j=1

α (θi − θj)
2 (26)

where α > 0 is a constant that helps on the approx-

imation of the cosine, a simple value would be 1/π,

and pi is the momenta conjugate to θ ∈ ]−π, π[.

The objective is to make a dynamic and thermo-

dynamic study of this model and make a compar-

ison to those already observed and studied of (1)

starting by computing the Lyapunov Spectra.
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Figure 2: Graphical solution for (25). In a) ϵ = 0.47 < 3/4 there is a unique solution M¿0. In b) two

situations are presented, for ϵ = 0.6 there is one solution M ̸= 0, for ϵ = 0.9 the unique solution is M = 0.

In both cases the dotted line represents Binv (M)

Notice that this model is only a valid aproxima-

tion of the HMF model in the range θ ∈ [−π, π].

The qualitative difference between models is the

discontinuity on the derivative of the potential on

the boundaries −π and π.

So that one can compute the Lyapunov Spectra

will have to make the map of the model,

θ̇i = pi (27)

ṗi = −K

N

N∑
j=1

(θi − θj) (28)

where we introduce the constant K = Jα/N .

This way the equations of motion of the sys-

tem were obtained. Now a discrete version of the

map will be constructed, the momentum at a given

instant will be computed using the value of the

momentum and position in the previous instant.

For the computation of the position one shall use

the newly calculated momentum instead of the mo-

mentum in the previous instant much like the semi-

implicit Euler method for differential equations,

pi (t+ 1) = pi (t)−
K

N

N∑
j=1

(θi (t)− θj (t)) (29)

θi (t+ 1) = pi (t+ 1) + θi (t) =

θi (t) + pi (t)−
K

N

N∑
j=1

(θi (t)− θj (t)) (30)

Now one has to calculate the Jacobian matrix

and its eigenvalues, The Jacobian can be seen on

the top of this page. The eigenvectors of this ma-

trix are easy to obtain,

v1 =
[
1 1 . . . 1 0 0 . . . 0

]T
(31)

and the others eigenvectors are similar, where the

first entrance of the vector is always the same α,

but the other entrances differ between 0 and −α,

6



v2 =
[
α −α 0 . . . 0 −1 1 0 . . . 0

]T
(32)

One of the eigenvalues is 1 and the other eigen-

values will obbey the relation


λ = α−Kα−1

N

λ = Kα+1
1

(33)

solving the system one obtains,

λ± = K

(
1

K
− 1

2
± 1

2

√
1− 4

K

)
(34)

which means that the system has one eigenvalue

equal to 1, (N − 1) /2 with λ+, and (N − 1) /2

with λ−. One can see that in the interval K ∈ ]0, 4[

the value λ± is imaginary.

A simple study of these values brings some sim-

ple conclusions: the modulus of the eigenvalues ob-

tained here are eλl where λl are the Lyapunov ex-

ponents, there is always one exponent that’s equal

to 0 meaning that the system evolves in time never

converging to a single point and conserving the to-

tal momentum much like a flow; second, for K < 0

half of the caracteristic exponents obbey
∣∣eλl
∣∣ > 1,

and the other half
∣∣eλl
∣∣ < 1, making the system

chaotic and not stable; third, for K > 0 one has

to divide the system in two intervals, first when

K ∈ ]0, 4[, the real part of all the exponents obey∣∣Re eλl
∣∣ < 1 meaning that the system will show

some stability, in this interval the Lyapunov spec-

tra also has an imaginary part, also notice that

the norm of the eigenvalues of the jacobian in

this range is 1; in the interval [4,+∞[ the sys-

tem is again chaotic having half of the exponents∣∣eλl
∣∣ > 1, and the other half

∣∣eλl
∣∣ < 1.

The dynamic study in all the simulations has a

number of particles N = 10. First, one has shown

that only in the case where K > 0 one has an

interval where the real part of all the Lyapunov

exponents are < 0, more accuretly for K ∈ ]0, 4[.
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In this regime (K > 0) the N bodies are at-

tracting each other. The initial θi was obtained

randomly in the range [−π, π] and the initial mo-

menta is 0. The first remark is that this system

is extremly sensible to the initial conditions, if the

momentum is set to 0 in the initial moment t = 0,

then the system will mostly show a strange atrac-

tor. Although it does not converge, the particles

will gather around a fixed point and rotate around

it in the phase space, mostly at the same speed,

forming a cluster and following the behaviour of

that cluster.

On the other hand, if the initial momentum

is set randomly in the range ]−0.1, 0.1[, the system

starts to show a behaviour similar to the case where

p = 0 but as the time evolves the system enters in a

chaotic kinematics. Until t = 40 the system forms

a cluster, being periodic in the momentum, but

quickly evolving to a chaotic behaviour. This is

observed for K in the range ]0, 1[, the phase space

plot shows that in the initial moments the system

tends to form limit cycles but then adopt a chaotic

form.

For K = 1 and initial momentum 0 the system

evolves periodically around a point, both θ and the

momentum. If on the other hand the momentum

is chosen randomly between ]−0.1, 0.1[ the phase

space shows that the system follows lines where

the momentum is constant.

In the range [4,+∞[ the Lyapunov spectra be-

comes pure real, with half of the spectre obey-

ing Re λl < 0 and the other half approaching

∞. The behaviour shown by the system is a be-

haviour mostly chaotic, for both initial momentum

0 and ̸= 0. No clustering formation or periodic-

ity is found in this case and all the phase space is

available for (θi, pi).

Simple remarks can be made for the atractive

case, first, both the periodicity and cluster forma-

tion was observed in the interval where the real

part of all Lyapunov exponents is lesser than 0,

the system in this case shows some stability. Sec-

ond, although it was only observed in the range

K ∈ ]0, 1[ with initial momentum not equal to

0, the existence of a small interval of time where

the momentum is periodic and θ shows clustering

evolving to chaotic behaviour should be expected

in all the range K ∈ ]0, 4[, it might not have been

observed because the time necessary for the sys-

tem to evolve into a chaotic state is too small to

observe. Cases where the formation of clusters was

seen only for initial momentum equal to 0 has al-

ready been seen by T. Konishi and K. Kaneko [6].

Another interesting out-of-equilibrium starting

conditions is the so called ”bag of water”. All of

the particles are clustered with θ0 = 0 and the

momentum following a normal distribution around

the point p = 0 with a standard deviation of 0.5.

In the range K ∈ ]0, 4[, the results obtained

do not vary from the ones obtained in the pre-

vious case, the system presents clustering in the

begining and soon evolves to a chaotic behaviour.

The only difference is in the cases K = 1, K = 2

e K = 3 where one can see that the momentum

8



evolves between clusters oscillating around 0 and

around other values different to 0. In the position

this translates into a behaviour where one has clus-

tering evolving in t a chaotic behaviour and then

to clustering again. In this case the time for the

integration was t = 200. The phase space plots

also show that the particles tend to evolve around

a point while moving as a cluster. For the spe-

cific cases of K = 1, K = 2 and K = 3 the phase

space shows that particles tend to follow lines in

the phase space.

4 Conclusion

Reviewing the overall work done in this thesis one

can see that the study of long-range interactions

can be split in two: first the thermodynamic study

in both the canonical and microcanonical ensem-

ble; second, the dynamic study made by varying

different parameters.

The study over the Hamiltonian Mean Field

does not show ensemble inequivalence, but has

shown the existence of a second order phase transi-

tion between a synchronized state (where the mag-

netization is not null) and a state with no synchro-

nization.

A model has been constructed that could show

similar dynamic behaviour to the HMF and its

exact Lyapunov spectre has been computed. As

expected, a Lyapunov exponent with value 0 has

been found, since these models behave like a flow.

Also has been shown that when the real part of all

the spectre it’s lower than 0 dynamic stable states

are found, in this case the Jacobian has imaginary

eigenvalues, the modulus of the eigenvalues is 1 in

the interval which corresponds to an effective char-

acteristic exponent of 0. The existence of clustering

in the HMF might as well be related to the exis-

tence of imaginary eigenvalues of the jacobian just

like the simplified model studied here. This fact

cannot be proved by calculating the local Lyapunov

exponent numerically. It has also been showed that

different initial conditions have great influence on

the behaviour. With initial momentum equal to 0,

clustering has been found. With small momentum,

a clustering state with finite life-time is found.

For the “bag of water” intital conditions the

clustering on the range K ∈ ]0, 4[ was clearly seen

and for integer K a new behaviour was seen, the

clusters have a tendency to reappear even after the

system has entered a chaotic behaviour.

This shows that this apparently simple mod-

els show a great variety of behaviours. It is also

important to try to make a link between the ther-

modynamics and the dynamics of long range sys-

tems, since such investigations are important to

make us understand self gravitating systems and

plasmas. Also, the phase transitions and clustered

states have high importance in understanding the

atomic clusters and nuclei. The mean-field mod-

els can help us make that important bridge. It

is also important to learn more about the out-of-

equilibrium states as well as characterize them.
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