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Abstract

There is currently an increasing interest in the study of Human Immunodeficiency Virus 1 (HIV-1)

infection dynamics, with several mathematical models developed with this objective. In some of them, there

is the attempt of considering the action of antiretroviral drugs. However, in most cases, the concern is only

in the relation between drug effect and viral load. In addition, the drug effect is usually seen as a continuous

variable. In order to bring the analysis of HIV-1 dynamic models closer to the reality, this work deals with

drug doses instead of drug effects, which are administered to patients in the form of a series of discrete

events. These drug doses are then processed by a Pharmacokinetics (PK) and Pharmacodynamics (PD)

model, in order to compute drug effect from the doses administered to the patient. Moreover, an adherence

and virus resistance model is also included, so that their impact can be analyzed in simulations, since they

play an important role in real patients. After this analysis, a sensitivity and local identifiability analysis is

performed for the proposed model, and it is concluded that there are time periods, especially in early stages

of the infection, that are far more informative than others, which may help in the planning of measurements.

In addition, it is seen that the model is not identifiable, and a subset of unidentifiable parameters is obtained.

Different therapy combinations are used to test the developed model, and it shown that the outcome of a

regular therapy, but with patient adherence of 50%, is far better than that of a therapy with 100% patient

adherence, but with drug doses being administered with half the frequency. Finally, using a nonlinear control

approach, it is also demonstrated that it is possible to achieve an undetectable viral load with drug doses

far below those currently used in practice. However, the developed algorithm does not take into account

resistance development, which may lead the therapy predicted by the controller to eventually fail.
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cokinetics/Pharmacodynamics, Sensitivity and Identifiability Analysis, Nonlinear Control Theory
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1 Introduction

Acquired Immune Deficiency Syndrome (AIDS) is

a disease caused by HIV-1 that affects the human im-

mune system, reducing its effectiveness and leaving

it susceptible to other diseases. Statistics show that,

during 2009 only, about 2.6 million people were newly

infected with HIV-1, and that there were around 1.8

million HIV-1 related deaths. Nowadays, HIV-1 in-

fection is treated with Highly Active Antiretroviral

Therapy (HAART), and the improvement in the life

expectancy and quality of infected people is consider-

able [1]. However, there are some drawbacks in the

efficacy of HAART. Causes such as low availability of

antiretroviral drugs or appearance of side-effects can

lead to the interruption of the therapy, compromising

its success.

These problems associated with HAART, together

with the high costs involved in this kind of therapy,

have led the scientific community into the develop-

ment and analysis of mathematical models that can

mimic the HIV-1 infection. Some of these models also

incorporate a way of reproducing drug effects, and

their impact in the infection dynamic system. This

work has the objective of studying some of this meth-

ods, and incorporating into one of them the action of

Reverse Transcriptase Inhibitors (RTIs) and Protease

Inhibitors (PIs), making use of their pharmacokinetic

and pharmacodynamic properties, in order to allow

the simulation of discrete drug doses. Furthermore,

the patient adherence situation is also addressed, and

a resistance model is proposed and simulated.

Once the dynamic modeling is achieved, the next

natural step is to understand if it is possible to use

an automatic control on the models. This may prove

to be a powerful tool in therapy design, making it

possible to adapt the treatment to the patient.

This work starts with a description of the HIV-1

infection model in Section 2. In Section 3, a local sen-

sitivity and identifiability analysis is performed. After

that, the kinetic and dynamic models for two of the

most used antiretroviral drugs are further detailed in

Section 4. Finally, in Section 5, a control approach

is developed to face the challenge of building a per-

sonalized therapy that can adjust itself based on the

patient’s response to the treatment.

2 HIV-1 Infection Model

The HIV-1 infection model considered in this work

allows to describe the infection dynamics (CD4+ T

cell count and virus load), taking into account specific

initial conditions, as well as the drug doses that the

patient takes. The given model has four main blocks:

the adherence model, the PK model, the PD model,

and the virus dynamics. The model is summarized in

Figure 1.
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Figure 1: General HIV-1 infection model, including
PK+PD, adherence and resistance.

In Figure 1, D1 andD2 represent the RTIs and PIs

doses, respectively. These two inputs then go through

an Adherence Model, which transforms them accord-

ing to whether the patients follows the prescription or

not. The drug doses that are actually taken by the

patient are represented by DA
1 and DA

2 . After pre-

processing the drug inputs, it is necessary to convert

these doses into drug effect, which will range from 0

to 1. For this, a PK+PD model is considered. The

first converts the input into plasma concentration of

the drug over time (CP1 and CP2), while the second

will take this concentration and output the drug ef-
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fect (u1 and u2). It is also considered that drug re-

sistances may develop, which will result in lower drug

effects. These effects will serve as input for the HIV-1

dynamic model that allows the infection simulation.

The drug’s PK is modeled using a two compart-

ment system model for each drug [2], and its repre-

sentation is given by

ẋ(t) = Ax(t), x(0) = x0, t ≥ 0 (1)

where

A =

 −(a12 + a10) a21

a12 −(a21 + a20)

 , x =

 x1

x2


(2)

The constants aij in (2) are specific for each drug,

and are therefore said to be kinetic parameters of the

drug.

Drug PD is modeled using the Hill equation

E(CP ) = Emax
CP

CP + C50
(3)

where E represents the drug effect, Emax is the max-

imum drug effect, and C50 is the drug concentration

that corresponds to half the maximum drug effect [2].

This value is said to be a pharmacodynamic parame-

ter, and is specific for each drug.

Patient adherence is represented using a very sim-

ple model, that intends to assess whether the patient

follows his prescription or not. This model is given by

A =

 1, if all doses are administered

Rk, if 100Rk% doses are administered.
(4)

Drug resistance intends to simulate the possible

appearance of patient resistances to drug effects. In

this work, the resistance model is given by

C50(t) =
(

1 +KR

∫ t

0
max [0, LR − CP (τ)] dτ

)
C50base

(5)

Each time the drug concentration falls below LR

(a model parameter), C50 increases irreversibly. The

model also depends on another parameter, KR, that

defines the resistance development rate [3].

The dynamic model used in this work is fully de-

scribed in [4–7] and is given by


Ṫ = s− dT − (1− u1)βTν

Ṫ ∗ = (1− u1)βTν − µT ∗

ν̇ = (1− u2)kT ∗ − cν

(6)

The three populations considered in this model

are healthy CD4+ T cells (T ), infected CD4+ T cells

(T ∗), and free virus particles (ν). The drug action

influences the model via u1 and u2. For simplicity,

T , T ∗ and ν shall be represented by X1, X2 and X3,

respectively, and all the parameters needed will be

included in θ, so that one has:

X , (X1, X2, X3)′ (7)

θ , (s, d, β, µ, k, c, u1, u2)′ (8)

Ẋ = f (X,θ) (9)

The model steady states are obtained computing

f (X,θ) = 0, and are given by

X1 =
(
s
d , 0, 0

)
X2 =

(
µc
βk ,

s
µ −

dc
βk ,

sk
µc −

d
β

) (10)

3 Model Sensitivity and Local

Identifiability Analysis

3.1 Model Sensitivity Analysis

Sensitivity computation is a tool that may help

design clinical experiences, in order to achieve better

outcomes. Algebraic manipulation of (9) allows to

3



obtain the following differential equation [5]

Ṡ = ∂f
∂X

∣∣∣∣
θ=θ0

· S + ∂f
∂θ

∣∣∣∣
θ=θ0

(11)

where

S = ∂X
∂θ

∣∣∣∣
θ=θ0

(12)

The sensitivity simulations are performed using

the parameter set in [5] by solving (9) and (11) si-

multaneously. The results obtained for one of the pa-

rameters (β) is represented in Figure 2.
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Figure 2: Time evolution of the sensitivities for all three
states, for parameter β.

The results obtained allow to conclude that the

most informative time period is between the 50th

and 100th day, and that after 600 days measurements

carry little or no information about the parameters,

since the sensitivity values are practically 0.

3.2 Local Identifiability Analysis

After these sensitivity simulations, a local identi-

fiability analysis is performed. Two different meth-

ods are used: a classical method, the analysis of the

sensitivity correlation matrix [8, 9], and a proposed

method, the Singular Value Decomposition (SVD) of

the sensitivity matrix [10–12]. This analysis intends

to determine whether the model is identifiable or not,

and if possible, which parameters are identifiable or

not.

The computation of the sensitivity correlation ma-

trix from the simulation shown previously yields

Figure 3: Sensitivity Correlation Matrix

From these results, it becomes evident that the

model is not identifiable, since all non-diagonal val-

ues are very close to either 1 or -1. However, it is not

possible to distinguish the least identifiable parame-

ters with this method. For that, another method is

proposed, based on the decomposition of the sensitiv-

ity matrix S = UΣVT.

In Figure 4 are represented the sensitivity matrix

singular values, for the model presented in (9) and

(11). The cutoff used was 10−6.

Figure 4: Normalized Singular Values of the sensitiv-
ity matrix S, in a logarithmic scale. In red, the singular
values below the cutoff value.

As it is possible to see, there are unidentifiable pa-

rameters. To assess which are these parameters, it is

necessary to inspect the last columns of V.

Figure 5: Matrix V from the SVD of S.

Analyzing these results, it is possible to see that

4



the least unidentifiable parameter is the 5th, k, fol-

lowed be the 1st, s, and the last one, c. This happens

because the highest values in the last three columns

(that correspond to the three singular values below

the cutoff value considered) are for these three pa-

rameters.

4 Drug Kinetic and Dynamic

Models

For each of the drugs used, it is necessary to find

a PK and a PD model. Using experimental data, a

fitting for the model presented earlier is performed,

and the results obtained are represented in Figure 6.
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(a) Lamivudine (3TC)
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(b) Indinavir (IDV)

Figure 6: Pharmacokinetic data fit for both 3TC and
IDV.

For the pharmacodynamic model, only one param-

eter is needed: C50. In the case of 3TC, this value is

0.1674 mg/L [13]. For IDV, the value for C50 is 0.2639

mg/L [14].

After the estimation for the PK parameters, it is

possible to perform simulations using the complete

model described in Section 2. Four simulations were

computed, for four different experimental conditions.

Results are shown in Figure 7.
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(a) Normal therapy, 100% adherence
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(b) Reduce dosages, 100% adherence
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(c) Normal therapy, 50% adherence
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(d) Half dosage frequency, 100% adherence

Figure 7: Dynamic HIV-1 full model simulation, includ-
ing drug effect, for different experimental conditions.

From the results obtained, several conclusion can

be drawn. First of all, the prescribed therapy works if

patient adherence is high. However, for reduced drug

dosages, resistance eventually builds, and after about

5 years, the viral load rebounds, and the therapy fails.

Still, the most surprising conclusion is reached when

the other two simulations are compared. Even though

they are equivalent in terms of drug dosage adminis-

tered, the results when the pills are taken randomly

are far better than when they are taken with half

the frequency, but 100% adherence. This may be ex-

plained in a simple way: if the drugs are administered

randomly, there is a high probability that in the beg-

gining of the treatment, there are a few days where

adherence is very high. Therefore, the virus is cor-

rectly suppressed in this period, and is almost fully

cleared. At this point, the amount of drug necessary

to keep it that way is smaller, justifying the fact that

the random prescription works better.

5 Nonlinear Control of HIV-1

Infection Model

Control is a branch of engineering and mathe-

matics, and consists of a mathematical study of how

to manipulate the parameters affecting the behav-

ior of a system to produce the desired or optimal

outcome [15]. For the HIV-1 infection, the system

to be controlled is the infection dynamic model pre-

sented earlier. This control is performed by a doctor

(controller), that may adjust the treatment based on

the viral load (sensor), when measurements are per-

formed. This closed-loop mechanism is summarized

in Figure 8.

Figure 8: Closed-loop feedback of a dynamic system.

In this work, the main control objective is to main-

tain the viral load ν at a predefined value r. At every

iteration (with each iteration representing one day),

the purpose is to minimize the difference between the

viral load at the next iteration and r. Additionally,

another objective is set, which is to minimize the

amount of drug used in the attempt of fulfilling the

main objective.

Control is achieved by finding the inputs (D1(k)

and D2(k)) that best fit the objectives presented

above. However, at any iteration k, the viral load

at the next iteration (k + 1) is not know. Therefore,

it needs to be estimated as closely as possible. In this

work, a simple relation between ν(k + 1), ν(k), u1(k)

and u2(k) is used, given by

ν(k + 1) = aν(k) + b1u1(k) + b2u2(k) (13)

This expression assumes that viral load is mea-

sured everyday, and therefore the viral load in the

following day is defined as being proportional to the

viral load today, as well as to the drug effects. In

order to estimate a, b1 and b2, a Recursive Least

Squares (RLS) algorithm is used [16] alongside with

the control algorithm. However, the inputs that the
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system allows are D1(k) and D2(k), while (13) uses

the drug effects u1(k) and u2(k). Because the rela-

tionship between Di(k) and ui(k) (i = 1, 2) is not

simple, an approximation is used. Whenever it is nec-

essary to compute ui(k), the PK/PD model is simu-

lated for the drug doses Di(k), and the average drug

efficacy ui(k) is computed. Then, it is this value that

is used in (13), which results in the expression

ν(k + 1) = aν(k) + b1u1(k) + b2u2(k) (14)

Two control algorithms are implemented in this

work. First, a control algorithm using only drug effi-

cacies ui (bypassing drug doses Di) is shown. After

that, a more complete model using drug doses is de-

signed. The first one is simpler to control, and may

still provide with interesting results on the levels of

drug effect that are necessary to control the infection

successfully. However, it is the second model that al-

lows to control drug doses, making it very similar to

real cases.

5.1 Model Control using Drug Effica-

cies

The first algorithm has the objective of driving the

viral load to a predefined value, while minimizing the

amount of drug used. Since this algorithm uses drug

efficacies instead of drug doses, the cost function at

iteration k is given by

J(k) = 1
2

[
(ν(k + 1)− r)2 + ρ1u1(k)2 + ρ2u2(k)2

]
(15)

where ν(k + 1) is given by 13. The evolution of the

viral load for the simulation of this algorithm is rep-

resented in Figure 9.
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Figure 9: Viral load evolution with time, for the control
algorithm comprising drug efficacies.

It is possible to see in Figure 9 that the viral load

quickly drops to 50 copies/ml, and remains at that

level for the rest of the simulation. This means that

the main control objective is clearly achieved with this

algorithm. As to the second objective, the time evo-

lution of the drug efficacies is show in Figure 10.
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Figure 10: Drug efficacy evolution with time, for the
first control algorithm.

From this results, it can be seen that the drug ef-
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ficacies are, for the most of the simulation, in very

low values. Even though the efficacies are high in

the beginning (when the viral load is still high), they

quickly drop once the infection is controlled. This

shows that the amount of drugs (or at least their ef-

fect) does not need to remain high through the entire

treatment. Moreover, around day 800, there is a sud-

den increase in the RTI efficacy, while the PI efficacy

decreases. Since there is no visible change in the vi-

ral load, it can be said that the two types of drugs

are, at least to some extent, complementary and in-

terchangeable. The results obtained are satisfactory,

but it is still not known how much drug is needed to

maintain these efficacies, even at low levels. The next

algorithm allows to address this matter further.

5.2 Model Control using Drug Doses

This simulation intends to be an upgrade of the

one presented previously, because it uses drug doses

as inputs, rather than drug efficacies. This represents

an improvement since it is not possible for a doctor

to prescribe drug efficacy. The only available input

for the treatment of the HIV-1 infection are the drug

doses, and therefore it only makes sense to include

them in the control algorithm. Besides, when using

drug efficacies, it is not possible to include the PK/PD

model and the resistance development model in the

simulation.

For this algorithm, the cost function is given by

J(k) = 1
2

[
(ν(k + 1)− r)2 + ρ1u1(k)2 + ρ2u2(k)2

]
(16)

where ν(k + 1) is given by (14).

The viral load evolution with time for this algo-

rithm is represented in Figure 11.
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Figure 11: Viral load evolution with time, for the control
algorithm comprising drug doses.

It is possible to see in Figure 9 that, like in the pre-

vious simulation, the viral load is quickly controlled,

and remains at low levels for the entire simulation,

meaning that the main objective is achieved. For the

second control objective, it is now possible to assess

the amount of drug used in this treatment. These are

represented in Figure 12.
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Figure 12: Drug efficacy evolution with time, for the
second control algorithm.
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Analyzing the results in Figure 12, it is possible to

see that drug doses as high as 110 mg (for RTI) and

340 mg (for PI) are sufficient to keep the viral load un-

detectable for the entire simulation. This means that

drug doses lower than those currently prescribed still

maintain high success rates in the infection control.

However, one fact that this control algorithm does

not focus on is the drug plasma concentration not

falling below the resistance threshold. In fact, after

the simulation is concluded, the values for CRTI
50 and

CPI
50 are, respectively, 0.2128 mg/L and 0.7467 mg/L

(compared to the initial values of 0.1674 mg/L and

0.2639 mg/L). This means that resistance is slowly

developing due to the low drug doses, which will even-

tually result in treatment failure. In conclusion, the

algorithm shows great potential as a tool for lower-

ing drug dosage without compromising the treatment,

but it still needs to be tuned to take into account the

resistance model developed in this work, so that the

antiretroviral drugs work equally effectively through-

out the entire treatment.

6 Conclusions and Future Work

Throughout this dissertation, several conclusions

about HIV-1 dynamics can be drawn. From the sensi-

tivity analysis, it can be concluded that, for the stud-

ied model, the infection’s most informative time pe-

riod is between the 50th and the 100th day, and that

sensitivities quickly drop to negligible values. After

this analysis, a local identifiability study is performed,

and a traditional approach (correlation matrix) shows

that the proposed model is not identifiable. How-

ever, the proposed model for the identifiability anal-

ysis, based on SVD analysis, shows not only that the

model is not identifiable, but also that the parameters

which are not identifiable are k, s and c.

After the assembly of the full model, considering

not only the PK+PD model, but also the adherence

and resistance models, several simulations are per-

formed using a therapy composed of two antiretro-

viral drugs currently available on the market. An-

alyzing the results from these simulations, the first

conclusion that can be reached is that the currently

indicated posology is effective in leading the viral load

to undetectable values, and maintaining it that way, if

patient adherence is 100%. However, if lower dosages

are reduced, the therapy fails after approximately 5

years, due to drug resistance. Still, the most con-

clusive analysis performed was the one in which a

model considering 50% adherence was compared with

a model with 100% adherence but half the sampling

frequency of drug administration. From these simu-

lations, it is clear that the first therapy can maintain

the viral load undetectable far longer than the second

one.

The last part of this work consisted in the devel-

opment of control algorithms that can be applied to

HIV-1 dynamic models. Two algorithms are devel-

oped, one calculating the drug efficacies necessary to

control the infection, and another that computes the

drug doses with the same objective. The second algo-

rithm is not only more complex, but also more realis-

tic, since only drug doses can be controlled in real pa-

tients. Both algorithms succeed in maintaining the vi-

ral load at low levels, while minimizing the amount of

drug used. The second algorithm, that considers drug

doses, shows that it is possible to control the HIV-

1 infection longer that three years with 3TC doses

lower than 110mg, and IDV doses lower than 340mg.

When compared to the currently recommended posol-

ogy (300mg and 800mg, respectively), it is possible to

conclude that the therapies can be greatly optimized,

and drug doses reduced. However, there is one factor

that is not considered in these control simulations,

and that can influence the results greatly. This is the

resistance modeling, that is certain to appear eventu-

ally and that will lead to therapy failure.
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