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Resumo 

 

Este documento apresenta os resultados numéricos e experimentais dos estudos realizados 

numa estrutura multicamada, composta de aço e aglomerado de cortiça. A camada de aço encontra-se 

nas extremidades e a de cortiça é a camada intermédia. Estes testes também foram levados a cabo 

numa estrutura combinada onde o provete multicamada se encontra acoplado a uma mola helicoidal. A 

análise de elementos finitos foi feita considerando amortecimento histerético. Tanto o setup 

experimental como o setup de construção dos provetes são descritos. Para os provetes testados são 

apresentados resultados, em termos de curvas de Funções de Resposta em Frequência (FRF) e de 

transmissibilidades. A comparação de resultados numéricos e experimentais mostra a capacidade dos 

modelos de elementos finitos em prever tanto a transmissibilidade de deslocamentos como de força 

observada em ensaios experimentais com este tipo de dispositivos, multicamada assim como estrutura 

combinada. 
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Abstract 

This document presents the numerical and experimental tests conducted in a multilayer 

structure, composed of steel layers and a cork composition layer, in the extremities and in the 

intermediate layer, respectively. These tests were also undertaken in combined structures where the 

multilayer specimen is attached to a helical spring. The finite element analysis was conducted assuming 

hysteretic damping. The experimental setup is described as well as the construction setup of the 

specimens. For the tested specimens the results are presented, in terms of Frequency Response 

Function (FRF) curves and of transmissibilities. Comparisons between numerical and experimental 

results show the ability of the use of finite elements models to predict both displacement and force 

transmissibilities (displacement and force) observed in experimental tests with these multilayer devices, 

multilayer as well as combined structure.  
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Chapter One 

1 Introduction 

 
In the field of equipment supports under vibrations, systems with springs and resilient elements 

allow to minimize the problems of transmission of such vibrations to structures where they are 

attached. Such systems add improvements to vibration and noise attenuation, working as elastic shear 

systems between the equipments and their respective fixation structures. 

Recent developments in the Phononics area [1], associated to the elastic propagation in 

repetitive (or periodic) media have motivated the development of elastic shear systems inspired in 

periodic systems (see, e.g. Jensen [2] and Policarpo [3] [4]). Similar devices are already in industrial 

applications; see for example CDM-ISO-MACHINE-FIX resilient fixation for machines [5]. However, the 

development reasons may be diverse. In fact, this kind of devices allows a design way for the localization 

of frequency band attenuation in an interest frequency region (provided that it is not too low). 

The problem under study in this dissertation is the characterization of the dynamic response in 

terms of force and displacement transmissibility in this type of devices, which is not documented in the 

research bibliography. To validate the characterization a comparison between Finite Element numerical 

results and experimental results has been pursued. 

  The multilayer device under study shows an attractive solution to attenuate the propagation 

of unwanted vibrations in continuous solids. The main reason is its mechanical properties in conjunction 

with its low weight and low cost. Besides, it is an ecological material. The use of cork and cork 

composition materials seems to be an effective, reliable and ecological solution to attenuate the 

vibration phenomenon.  

In this study, analytical and numerical models of these multilayered structures are studied and 

then validated by experimental tests. 

This study is intended to contribute to a better understanding of the transmissibility of 

vibrations of this kind of multilayered structures between a supporting structure and its foundation.  For 

this, a multilayer structure composed of alternate layers of two different materials, cork agglomerates 

and steel, was used. To achieve this goal two different devices were built. In the first place a 

multilayered structure with different materials in their layers. In the second place, the same multilayer 

structure was used, with a spring attached to one of its extremities.  

One possibility to attenuate vibrations is the use of passive, semi-active or active components. 

In general, the passive solution is the cheapest option, the simplest design and the easiest to be 

manufactured, when compared to hybrid or active attenuators [6]. Besides, the passive solution using 

viscoelastic damping materials is simpler to implement and more cost-effective than semi-active and 

active techniques [7]. Another possible solution is with a spring, which is also passive, presenting some 

degree of vibration attenuation. The difference between the active and passive attenuator is the fact 

that the passive attenuator does not need current or control device like the active one. The active one is 

more flexible to adjust to the frequency range of interest than the passive one due to the control of 

active mass. In general, depending on the application and operating environment, the main advantage 

of the passive actuator is that it is easier to implement because it does not have sensors, actuators or 

CPU to control the active masses. One of the limitations is that it presents problems in low frequencies 

mainly due the weight and bulk dimensions, inherent characteristics of the attenuator. 
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Companies such as CDM [5], presents interesting solutions to attenuate unwanted vibrations. 

They use resilient materials such as cork–rubber, high resilience natural rubber, polyurethane foam, 

recycled rubber and cork, among other materials. There are wide ranges of application, from exterior to 

interior solutions, transport, building and industry. There are two major solutions presented by this 

company. One of the solutions is a finite number of springs disposed in parallel. This solution has 

vibration isolation capabilities. Another solution consists of a multilayer device. They do not use cork 

composition as resilient material. The technological solution must by capable of attenuating vibrations 

in a specific range of interest.  

There are many applications for attenuators. The purpose of these solutions is to prevent the 

transmission of vibrations between two components, for example an operator and a tool/equipment or 

a base/foundation and a structure.  There are some examples of tools/equipment that one can find with 

the capability of attenuating vibrations, like: sport equipments, rackets, baseball bats, hockey stick head 

helmets, shoes, tennis, sound proving shoe soles, automobiles, trucks, all terrain vehicles, airplanes, 

motorcycle helmets, baseball helmets, knee pads or even music studios. 

 

Figure 1.1 – Applications of attenuation technology: knee, glove and helmet [8]; bat and hammer [9]. 

The goal of this type of solutions it is provide an improved vibration isolator for reducing the 

mechanical vibration level transmitted to the user in order to overcome the features and shortcomings 

of the available mountings for vibrating handheld devices and tools. One of the problems facing the user 

of vibrating equipment is the exposure to high mechanical vibration levels. One of the problems of 

vibration is their interaction with human beings. Long term exposure produces symptoms of vascular, 

nervous system and bone/muscle deterioration; it is of general interest that these people have extra 

protection with respect to vibration phenomena.   

In what follows, some inventions related to the vibrations attenuation solution are presented. 

The patent PT 103969 [10] for which the author of this thesis is one of the inventors, present a 

periodic structure capable of attenuating axial vibration. It is a passive device made of two or more finite 

periodic layers of materials with alternate layers with distinct elastic propagation. The disposition of the 

layer is such that it maximizes the attenuation of axial vibration in a specific frequency band gap, or 

around a particular frequency. The layers are unified with an adhesive layer, or another permanent 

method. The working principle is not based on damping but on the mechanism of interference of wave 

propagation. This is made through a selective choice of materials, in particular distinct elastic properties, 

mainly the longitudinal elasticity and mass density. The exterior load is axial, and allows for three load 

types, traction, compression and combined load (compression/traction). The applications of this 

invention are for vibration isolation, sound absorption capabilities and anti-seismic protection of 

machines, mechanical components, structures and buildings. 
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In US patent 1032454 [11], it is possible to see a device that improves the action of the springs 

supporting the body, by preventing excessive vibration. This device possesses a resilient rubber, which is 

firmly secured, preferably by a vulcanized one at each end to metallic plates. The rubber member 

contains a longitudinal disposed opening which is surrounded by a helical spring disposed around the 

opening embedded in the body of the rubber. The cylindrical spring combined with a rubber member 

possesses a certain amount of resiliency and has a valuable damping effect on the action of the spring. 

This device may act both in tension and compression. It should be noticed that the patent is dated from 

1912. When this invention was registered there was, neither today’s knowledge nor the necessary tools, 

such as electronic equipment, to measure, quantify or even predict correctly the attenuation region. 

  

 

Figure 1.2 – Attenuator device dated from 1912 [11]. 

In patent 5118086 [12] a compression spring is obtained by the construction of an elastomeric 

body with a progressively increasing cross-section from one end to the other, provided with 

longitudinally spaced-apart reinforcements, see figure 1.3. This device utilizes the properties of 

elastomeric materials in the design of shock absorption and vibrations in general. This device can be also 

made of natural rubber elastomers or modern synthetic elastomeric materials. It is also possible the use 

of metal with other elastomeric materials and other spring devices, such as the so-called composite 

springs. This device can combine low spring rates with low or high damping to attenuate vibration. This 

device is to be used under axial compression, besides being dependent on the loading conditions. These 

inventions stand on polymeric materials. The inherent deflection of polymeric materials when subjected 

to compression force means that is under the presence of a spring, in fact in the same way there is an 

intrinsic spring, see figure 1.3 a). It should be remembered that the stiffness in a material can be 

obtained by a plot between the force versus the deflection. Another invention [13] presents an 

intermediate material with undulated shape, see figure 1.3 b), which add some spring characteristics 

induced by ratio of force to deflection or displacement of the material.  

 

              a)                                                         b) 

Figure 1.3 – Examples of vibration attenuators: a) spring [12]; and b) multilayer device with a layer of 

undulated shape [13]. 
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The US patent 6723401 B1 [13] consists of a laminated article for damped mechanical 

vibrations, see figure 1.3 b). It includes a neoprene layer, a foamed polyurethane middle layer, and a 

nonfoamed polyurethane layer. The layers are disposed in an overlaying relation. The article may 

include first, second, and third layers. The first layer may include a polymer capable of damping (at least 

a portion), such as neoprene. The second layer may include a viscoelastic polymer capable of damping 

such as foamed polyurethane. A third layer may include a second viscoelastic polymer capable of 

damping such as non-foamed polyurethane.  

These patents show the increasing interest in vibration isolation. In fact, all these patents are 

vibration isolation technological solutions involving different knowhow in different periods in time. 

In any solution the resonance region should be avoided and any passage across that frequency 

should be a quick one. If one cannot avoid resonance by design, for example controlling the stiffness 

and/or mass characteristics, or by isolating the system from the excitation in some way, then the 

remaining option is to add some type of damping [14]. From a passive attenuator point of view this may 

be achievable by using resilient materials such as rubber, cork-rubber, cork or cork composition 

materials.  

Rubber possesses low modulus of elasticity of around 0.8 MPa (for steel it is 2.1e5 MPa) and 

cork has a modulus of elasticity of 3 MPa (steel 2.1e5 MPa). These two are 1e5 as soft as steel, rubber is 

used in shear whereas cork is used in compression [15]. Depending on natural frequency of the spring-

dashpot system, one uses a pneumatic isolator (1 3Hz)∼ , steel springs (1.5 8Hz)∼  and elastomers 

isolators (5 35Hz)∼ . The use of cork agglomerates, polymers, natural or synthetic rubber, in 

combination with other materials, such as steel (for instance), it is a possibility to build a vibration 

attenuator device.  

Due to the presence of cork, rubber or cork composition the attenuator performance might be 

affected by temperature and humidity, but this is out of the scope of this study. 

Resonance control means to change the frequency or natural frequencies of a vibrating system 

by stopping the coincidence with the exciting frequency. Vibrations isolation is a usual technique, 

through the choice of an elastic support between the machine and the base or foundation. The other 

technique is to use damping. In this case, the solution consists of the addition of layers with resilient 

materials with the goal of dissipating energy by heat. 

The solution presented in this document is capable of axial vibrations attenuation. It is a passive 

device made of steel and uses cork composition as resilient material. However, it presents some 

limitations at lower frequencies, mainly due to weight and bulk limitations. The most important aspect 

of the selection of materials is the contrast between the elastic properties of each material involved. 

The disposition and physical dimensions of each layer requires a priori the knowledge of the working 

zone in order to effectively attenuate the vibrations phenomenon. Knowing the working zone and with a 

criterious selection of the materials, it is possible to maximize the attenuation region where the axial 

vibration has more influence in a specific frequency range, or around the frequency of interest. The 

layers are joined with thin adhesive layers. The working principle is not based on damping but in the 

mechanism of interference of wave propagation. The response to harmonic solicitation is periodic. Thus, 

the resonance frequencies are presented periodically and are infinite in a continuous media. With the 

multilayer device a bigger region between each resonance will occur due to the presence of the resilient 

materials. With the combination of the spring with the multilayer structure it is expected that the 

frequency region of attenuation increases, as well as a lower region where it is possible to start the 

attenuation region.   
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The purpose of this work is the prediction by finite elements of the transmissibility response of 

these devices (multilayered and combined solution) and its experimental validation. 

For that goal a computational model was developed by finite elements and analyzed with the 

usual modal and harmonic (steady-state) analysis. Post-processing the steady state results allowed to 

obtain the transmissibility responses. Then were manufactured specimens and tested in laboratory with 

an adequate setup. Experimental responses allow to conclude that the numerical method is able to 

accurately predict the transmissibility response.  

To conclude this introductory chapter, the following layout of the thesis is presented:   

This thesis is composed by six chapters. The first chapter is an introductory chapter. The second 

chapter presents the analytical models for the vibrations problem in particular the transmissibility 

problem, and the theory of the beam element used (Bernoulli-Euler beam theory). An elastic 

characterization of the solid body, types of analysis and concepts, properties and characteristics as well 

as the helical spring theory are also presented in this chapter. 

In the third chapter, the basic steps used in the finite element method are presented as well as 

the methodology used. Here it is possible to find a brief description of the numerical methods involved 

in this thesis to solve the problem described in the chapter two.  

In the fourth chapter, the experimental models are presented, in particular the ones required in 

terms of transmissibility analysis and the compression ones. In this chapter a description of the 

experimental setup carried out, as well as the constructive aspects of the specimens and the 

experimental procedure adopted.  

In the fifth chapter the results obtained are presented and discussed. It starts with the 

presentation of the results for the compression test of the helical spring. The three FEM models named 

the Mass-Spring model, the bar and beam models, both for multilayer and multilayer attached to the 

spring are presented. Experimental results are also presented and discussed. 

In the sixth and final chapter, entitled “Conclusions”, the main conclusions obtained throughout 

this thesis are referred and some suggestions for future work are also presented.   
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Chapter Two 

2 Analytical models 

In this chapter, the main concepts involved are introduced, such as the theoretical 

fundamentals upon which this work is based. Firstly, the concept of transmissibility in terms of force and 

displacement, velocity and acceleration.  

2.1 Theory of linear elasticity for solids  

The theory of linear elasticity for solids is regulated by Hooke’s law. Together with the stress 

analysis it is possible to predict the mechanical behaviour of solid materials. In fact, after applying loads, 

the elastic solids will change shape or deform, and these deformations can be quantified knowing a 

priori the displacements of the material solid. As expected, the strain components are related to the 

displacement field, which concerns to linear elasticity. These kinetic relations are developed under the 

conditions of small deformation theory [16]. 

For an isotropic body and Cartesian coordinates, the displacement of a solid body is

u ( , , )u v w= .  

According to the small deformation theory, the normal sand shear strains are given here in 

index notation 

 ( ), ,

1
u u .

2ij i j j ie = +  (2.1) 

where “,” means derivative, using tensorial notation. 

Thus, there are three normal and three shearing strain components. These six independent 

components, resulting from equation (2.1), describe completely the behaviour of the material, and are 

strain displacement relations. In this case, the comma stands for differentiation of the second index 

term. 

 When a solid and elastic body is subjected to applied external loadings, internal forces are 

induced inside the body. Based on continuum mechanics, these internal forces are distributed 

continuously along the solid.  

When the body is in equilibrium, the stress field in a continuous elastic solid satisfy the 

equations of dynamic equilibrium.  

The following figure regards a body in equilibrium with volume V and surface S in a closed sub-

domain. The surface forces T applied on the boundary surface B and body forces F are as shown in 

figure 2.1.  
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Figure 2.1 - Body and surface forces acting in equilibrium body [17]. 

For static equilibrium, conservation of linear momentum means that the acting forces are 

balanced so the resultant force is null. For dynamic equilibrium this can be expressed as 

 , ,ji j i iF Xσ ρ+ = ɺɺ  (2.2) 

where, σ is the stress, F i is the force, ρ is the mass density and ɺɺiX  is the acceleration in direction i . 

The elastic stress fields satisfy the dynamic equilibrium in order to be balanced. 

Materials can be characterized by their physical properties. The relations that characterize the 

physical properties of materials are called constitutive equations. The mechanical behaviour of solids is 

expressed by constitutive stress-strain relations. These relations express the stress as a function of the 

strain, strain rate, strain history, temperature and material properties, when the dependence is 

relevant. When the constitutive stress-strain law is linear it means that the behaviour of the solid 

material is linear elastic under small deformations.  

For each material the initial linear response ends in a point referred to as the proportional limit. 

In fact, this point is the yield point, defining the limit of Hooke’s law.  The linear constitutive model can 

be expressed by 

 σ ε= ,
ij ij

E  (2.3) 

where, E  is the slope of the stress-strain curve, also known as elastic modulus, modulus of elasticity or 

Young’s modulus, it is the Hooke’s law. 

When the material is homogeneous, the elastic behaviour does not vary spatially, thus the 

elastic modulus is constant. The property of isotropy indicates material symmetries, which means that 

the macroscopic elastic properties are the same in all directions. For an isotropic elastic behaviour the 

elasticity tensor is the same in all directions of the coordinate system.  

2.2 Elastodynamic response of bar  

For an elastic bar of length L  with uniform cross section A , the axial forces acting on the cross 

section of a small element of the bar of length ∂x  are given by +P dP  with 

 σ ∂= =
∂

,

u
P A EA

x
 (2.4) 

where, σ is the axial stress, E is Young’s modulus, u is the axial displacement, and ∂ ∂/u x  is the axial 

strain. The external force per unit length is denoted by ( , )f x t and the resulting force acting on the bar 

element in the x direction is 

 + − + = +( ) .P dP P fdx dP fdx  (2.5) 
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Applying Newton’s second law of motion ( =F ma ), where F
 
is the resulting force, m

 
the 

mass of the bar and a  the acceleration, leads to 

 ρ ∂ = +
∂

2

2
.

u
Adx dP fdx

t
 (2.6) 

Using the relation = ∂ ∂( / )dP P x dx  and equation (2.5), the equation of motion for the forced 

longitudinal vibration can be expressed as 

 ρ∂ ∂− = −
∂ ∂

2 2

2 2
( , ),

u u
EA A f x t

x t
 (2.7) 

where, E  is the modulus of elasticity, A  is the cross sectional area, ρ  is the mass density, u( , )x t is 

the displacement at the longitudinal coordinate x  and at time t  and f  is the applied force.  

In order to solve this differential equation, it is only necessary to know the appropriate 

boundary conditions of the bar. 

2.2.1 Bar natural frequencies 

In free vibration, the dynamic equilibrium leads to the wave equation, given by 

 
2 2

2 2 2

u(x,t) 1 u(x,t)
0,

x tc

∂ ∂− =
∂ ∂

 (2.8) 

where, the longitudinal wave velocity is c and is given by
2
c E ρ= . 

  

               The solution is given by 

 1 2 3 4

x x
u(x,t)=U(x)T(t) (B cos( )+B sin( ))( cos( t) sin( t)).B B

c c

ω ω ω ω≡ +  (2.9) 

To determine the longitudinal (axial) natural frequencies for a homogeneous bar it is necessary 

to apply the boundary conditions of the bar. The natural frequencies ω of a homogenous bar under free-

free boundary conditions is the following 

   

 
πω

ρ
= ,

n

n E

L
 where  1, 2,3,...n = ∞  (2.10) 

where, E is the modulus of elasticity, ρ  
is the mass density, L

 
is the length of the bar and n  is an 

integer number.  

Vibrations can be analyzed in the time domain or in the frequency domain. Free and natural 

vibrations occur in systems because of the presence of two forms of stored energy. When the stored 

energy is repeatedly interchanged between these two forms, the resulting time response of the system 

is oscillatory. An oscillatory excitation (forced function) is able to make a dynamic system respond with 

an oscillatory motion (at the same frequency as the forced excitation). Such motions are forced 

responses rather than natural or free responses. An analytical model of a mechanical system can be 

expressed as a set of equations. These can be developed by the Newtonian approach, where Newton’s 

second law is explicitly applied to each inertia element, or by the Lagrangian or the Hamiltonian 

approaches that are based on the concepts of energy (kinetic and potential energies). 
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Modal Analysis encompasses three distinct identification methods, which are  

Time Domain,       

Modal analysis identification methods Frequency Domain,

Tuned Sinusoidal.  







 

Each one of these approaches can then be divided in direct and indirect methods. The direct 

methods are based upon the spatial description of the structure while the indirect method is based on 

the modal model.  

Time domain and frequency domain methods can be divided into direct (or modal) and indirect 

methods. By “indirect” one means that the identification of the FRFs is based on the modal model, i.e., 

on the modal parameters (natural frequencies, damping ratios, modal constants and their respective 

phases); while “direct” means that the identification is directly based on the spatial model, i.e., on the 

general matrix equation of the dynamic equilibrium, the primitive equation from which all the methods 

are derived. 

In fact, a time signal can be transformed into its frequency spectrum through the Fourier 

transform. Hence, a time domain representation and analysis has an equivalent frequency domain 

representation, at least for linear dynamic systems. For this reason, and also because of the periodic 

nature of typical vibration signals, frequency response analysis is the main subject of mechanical 

vibrations [18]. Frequency domain analysis is useful in a wide range of applications. The analytical 

convenience of frequency domain methods results in the fact that as differential equations in time 

domain become algebraic equations in the frequency domain, it turns out to be possible to interpret the 

results without having to transform them back to the time domain through inverse Fourier 

transformation. In the context of this thesis, the frequency domain representation is particularly 

important as one will use the frequency transfer functions for extracting the necessary modal 

parameters. The conducted tests in this study are only analysed in the frequency domain. 

 

2.3 Material characterization for viscoelastic materials 

Damping in general is defined as any means of dissipating energy, some fraction of each 

increment of energy which is otherwise added to the system at resonance, by the exciting forces, during 

each cycle of response [14]. 

There are two types of damping in a attenuator. They are the viscoelastic damping and 

hysteretic damping. The hysteretic damping is used on steel material and viscoelastic damping is used  

on cork composition material. 

 

For a linear viscoelastic material, the stress-strain relationship is given by a linear differential 

equation with respect to time, having constant coefficients. The expression that describes the 

viscoelastic model is the following 

 
εσ ε= + *
.

d
E E

dt
 (2.11) 

This model is known as the Kelvin-Voigt model. In the previous equation, E  is the Young’s 

Modulus and 
*

E  is a viscoelastic parameter that is assumed to be time independent. The elastic term 

εE  does not contribute to damping, and, mathematically speaking, its cyclic integral vanishes, as noted 

before.  
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Cork is a viscoelastic material with damping and energy absorption properties that make it one 

of the most useful vibrational isolators and shock absorbers [19]. Cork exhibits clear viscoelastic 

features, being consistent with its structure [20]. Cork has a high damping capacity and a high coefficient 

of friction. Cork exhibits damping behaviour that depends strongly upon temperature and frequency. 

However, it is linear with respect to vibration amplitude, at least within certain limits. 

 

All materials present elastic behaviour before getting into the plastic domain. This elastic 

behaviour is described by Hooke´s law, introduced before at subsection 2.1. However, some materials 

such as cork and cork agglomerates present viscoelastic properties. For these materials, it is necessary to 

introduce a linear viscoelastic model in Hooke´s law, using for that the complex modulus E
*, 

also known 

as the complex modulus of elasticity or just the dynamic modulus or the dynamic Young´s modulus. 

The complex modulus may be written as 

 = +* ' ''
,E E iE  (2.12) 

or 

 
σ φ
ε

=* 0

0

exp( ),E i  (2.13) 

where, t is the time and Ø is the phase lag in time between stress and strain. Besides, exp is the Euler 

number and i  is the imaginary unit = −2
( 1)i  it relates σ0 and ε0, stress and strain, with

σ σ ω=
0

(t) exp( t)
ap

i
 
and ε ε ω φ= −

0
(t) exp( t )

ap
i , respectively; and the ωap is the applied frequency. 

Using Euler’s identity, one can rearrange the expression of the complex modulus to obtain 

 
σ φ
ε

=' 0

0

cos( )E  and 
σ φ
ε

='' 0

0

sin( ),E  (2.14) 

where, 'E  and ''E represents a measure of the solid to store and dissipate energy. They are the storage 

and loss modulus, respectively. 

The loss factor is defined as 

 η φ= =
''

'
tan( ) ,

E

E
 (2.15) 

and can be used as a measure of the damping effect in the viscoelastic solid. 

The complex modulus 
*

E can be written in a different manner, as follows 

 η= +*
(1 ).E E i  (2.16) 

However, there is a particular case, when in static solicitation (frequency is null), the complex 

modulus 
*

E is equal to the static Young’s Modulus E , e.g., the loss factor η and the loss modulus ''E  

are null. In the case where Ø=0 the complex modulus is equal to the Young’s Modulus, respecting 

Hooke’s law.  
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2.3.1 Vibration attenuation 

 Vibration and noise problems can sometimes be reduced by the process of isolation. This 

means that the structure or machine should be separated from the vibration source through a flexible 

element. Thus, the vibrations generated by operation of the machine are transmitted to the support 

structure to a far lesser degree and vibrations of the supports are transmitted to the machine, also to a 

lesser degree [14].   

The level of isolation is defined as −1 Tr , where Tr means transmissibility. A requirement for 

vibration isolation is β > 2 . Where β  stands for forcing frequency ratio
ω
ωn

.  It is under this 

condition that the transmissibility is minor then the one, i.e., the beginning of an isolated region in the 

frequency range. Thus, the best conditions of isolation happen whenξ = 0 . Where ξ  stands for viscous 

damping factor. However this is not feasible in practice. Another requirement for vibration isolation is 

low damping [18]. Usually, metal springs have very low damping (typically ξ is less than 0.01). On the 

other hand, higher damping is needed to reduce the resonance vibrations that will be encountered 

during start up and shutdown conditions when the excitation frequency will vary and pass through the 

resonances. In addition, vibration energy has to be effectively dissipated, even under steady operating 

conditions [18]. 

Vibration transmissibility and isolation are indeed interrelated. In fact there is a theoretical and 

practical relation between the two. In [21], Harichet et al. define vibration isolation as the attenuation of 

the response of the system after its corner frequency, cutting-off all the disturbances and allowing all 

the signals below it to pass faithfully. The simple idea behind this solution is to separate the structure 

from the foundation through a component, spring plus multilayer material, in order to attenuate 

vibrations. The limitation of vibratory energy transmission form a machine to its foundation and vice 

versa may be described by the proper use of a flexural suspension [22]. This happens when springs are 

used.  

One possibility to attenuate vibration is to use a multilayer material, with a resilient material in 

their intermediate layer, which is the purpose of this study. Passive damping using viscoelastic materials 

[23] is simpler to implement and more cost effective than semi-active and active techniques [24]. The 

most generic solution combines the increase of free travel of the vibration isolator (as permitted by 

design) and the choice of the loss factor of the multilayer material with respect to the transmissibility 

ratio at the operational frequency. This is accomplished by the addition of a suspension, including spring 

and damper elements. The limitation of conventional vibration isolators arises from the conflictive 

demand on damping. To achieve good resonance attenuation, high damping is required whilst good 

high-frequency attenuation needs the damping of the conventional vibration isolator as low as possible. 

Therefore, with conventional vibration isolation, good resonance attenuation can only be achieved with 

the sacrifice of high-frequency attenuation or vice versa [25]. 

2.4  Transmissibilities 

The concept of transmissibility may be found in any vibration textbook manuals [26] or [13]. In 

[27], Tustin et al., define transmissibility as: “A non-dimensional ratio of response motion/input motion: 

two displacements, two velocities or two accelerations”. In [21],  Licker et al., proposes another 

approach: “A measure of the ability of a system either to amplify or to suppress an input vibration, equal 

to the ratio of the response amplitude of the system in steady state force vibration to the excitation 

amplitude; the ratio may be in force, displacement, velocity or acceleration”. The transmissibility, 

defined as a transformation matrix between two sets of displacements, was first presented in 1998 [28], 

[29] and [30]. Such generalization was possible due to the introduction of a matrix relating input to 
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output responses of the system, defined and named as the transmissibility matrix. This matrix is 

calculated from the frequency response functions (FRFs) on the system, or from the Fourier Spectra’s 

responses [31] and [32]. The transmissibility for a single-degree-of-freedom (SDOF) system is the 

relationship between the output and the input displacements. It should be remembered that there is an 

implicit knowledge that there is only one force and that its location is also known. For multi-degree-of-

freedom (MDOF) systems, there are multiple possibilities for the number and location of applied forces 

and/or moments.  

The transmissibility can also relate the loads applied to the structure, Finput, to the reacting 

Foutput, where the displacement is zero [33]. For a SDOF, the solution can be found in any textbook, 

where the transmissibility is defined as the ratio between the transmitted load (the ground reaction) 

and the applied load [33].  

It is possible to obtain a transmissibility response from the FRF responses. These can be 

obtained from experimental testing, as well as from analytical or numerical modelling [28]. A 

transmissibility matrix between two sets of response functions of a structure is built either: (i) from the 

mobility matrices of the structure, or (ii) from test-measured responses only. In a typical case, the 

known (or measured) responses constitute one of the sets, while the other set will include the 

responses at any other co-ordinates.  

2.4.1 Force transmissibility 

For a SDOF, the force transmissibility is the ratio between a force acting on a structure and the 

force measured in another point of the same structure. As a direct consequence of the superposition 

and reciprocity principles, velocity and force transmissibility are shown to be equal when force and 

velocities act in the same direction on a linear, time invariant SDOF system [34]. 

A SDOF is shown in figure 2.2, where m, C and K are the mass; a) linear viscous damping or b) 

hysteretic damping and linear stiffness parameters, respectively. The inputs associated to the weight 

and the displacement responses are denoted by x and y. 

 

a)                                                                         b) 

Figure 2.2 - Illustration of a simple vibratory system with: a) Viscous damping; or b) Hysteretic Damping. 

In order to measure the force transmissibility between each extremity, it is necessary to apply a 

force to the structure and read in another point of the structure. However, it can be in the point where 

this structure is supported. In the case of free-free conditions, it is necessary to have a mass which will 

react, making it possible to measure the force transmissibility. 

The force transmissibility can be expressed as a relation of output-input forces. The force is also 

complex. 

 = ,

E

S

F
Tr

F
 (2.17) 
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where, 
E
F  is a complex harmonic force applied at E, and 

S
F is a complex harmonic force applied at S. 

The transmissibility can be expressed as a function of β  and η . This relation, for hysteretic 

damping is as follows 

 
η

β η
 +=  − + 

1/2
2

2 2 2

1
.

(1 )
Tr  (2.18) 

At high frequencies ( β ≫
2

1 ) 

 
η
β

+=
2 1/2

2

(1 )
.Tr  (2.19) 

Here an example of transmissibility for the discrete model is presented using hysteretic 

damping, according with equation (2.18). 

 

Figure 2.3 - Transmissibility calculated for the discrete model 

There are two forms for measuring the effectiveness of a vibrating isolator: one is by the 

bandwidth of the isolated region, which is the frequency region where the transmitted force becomes 

smaller than the excitation force. This happens when <| | 1Tr . The other one is the peak-transmissibility, 

which is the maximum amplitude of the transmitted force for a given amplitude of the input force [35]. 

For a linear system the peak-transmissibility is 

 
ξ

≈
max( )

1
| | ,

2
linear

Tr  (2.20) 

where, ξ  is the damping ratio, and is expressed as follows 
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 ξ = ,
2

C

km
 (2.21) 

where, C it is the damping coefficient. 

As expected, the transmissibility of a linear system reaches its peak value when ξ =1/2 40 dB 

at β =1  [35]. Increasing damping on the isolator, or decreasing the system fundamental resonance 

frequency, e.g., by increasing the isolator length and hence reducing its stiffness, are effective ways of 

attenuating the internal resonance peaks [24]. 

The force transmitted to the foundation is through the spring of stiffness K  and viscous 

damping coefficientC . The transmitted force can be defined by the following equation 

 = + ɺ,
Tr
F Kx Cx  (2.22) 

It is possible to observe from the graph of the transmissibility that the transmitted force is 

smaller than the applied force when the excitation frequency ω is bigger than 2.ωn . The 

transmissibility is 

 = ,

Tr

Ap

F
Tr

F
 (2.23) 

where, the 
Tr
F  and Ap

F  are the amplitudes of the transmitted force and the amplitude of the excited or 

applied force, respectively. The transmissibility for viscous damping, Tr , can be defined as follows, 

using non dimensional parameters 

 
βξ

β βξ
+=

− +

2

2 2 2

1 (2 )
.

(1 ) (2 )
Tr  (2.24) 

2.4.2 Displacement, velocity and acceleration transmissibility 

Other concepts of transmissibility are the displacement, velocity and acceleration 

transmissibility. In these concepts, the base motion, velocity and acceleration are transmitted to the 

mass of the SDOF linear system from figure 2.1. The external force is set to zero, and the base is 

assumed to undergo simple harmonic motion. The displacement transmissibility is identical as the force 

transmissibility. 

For motion transmissibility, the efficient isolation is given by the ratio between the amplitude of 

the mass of the system movement and the foundation (or base) amplitude movement. 

Velocity and acceleration transmissibility are equivalent to force transmissibility and it is 

possible to obtain the velocity and acceleration transmissibility with 

 
ω ω ω ω ω
ω ω ω ω ω

   = = =   
   

2

( ) ( ) . ( ) .
.

( ) ( ) . ( ) .

X X i X i
Tr

Y Y i Y i
 (2.25) 

Thus, it is equivalent, but only in steady-state, to take the transmissibility between any two 

displacements, velocity and acceleration, because in each case the transmissibility is the ratio of like 

terms of consistent units, or is a dimensionless quantity as a function of frequency. This is equivalent to 

the magnitude and phase of the transmissibility functions for various response variables. In fact, it is an 

important characteristic, as in most experimental cases, the acceleration, and not the displacement nor 

the velocity, is the easiest to be measured. 
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2.5 On an undamped multilayer block model  

The physical material system, the multilayer structure, is a continuous system and has an 

infinite number of DOF. Every real structure can be represented by a spatial model. Each spatial model 

tries to be the most faithful as possible for each physical model. In this case the physical model, the 

three layers device, was represented by the spatial model Mass – Spring – Mass. In this model, each 

layer is represented by a mass dot with different meanings. The lamped mass represents the steel layer, 

meaning that this element possesses only mass. On the other side, cork composition layer is 

represented by a spring with a axial stiffness given by EA/L. It is possible to do an analogy between the 

continuous system and the discrete system. This analogy is done through the model Mass – Spring – 

Mass, as figure 2.4 shows 

       

Figure 2.4 - Illustration of the Mass-Spring-Mass model. a) Physical model b) Structural Model. 

The discrete model has been deduced assuming that each layer of material is a concentrated 

element and stands on the Lagrange equations. The input, output and displacement transmissibility 

equations are 

 

2
1

2 2 2

2
2 2 2

2
2

1

( )
;

( )

;
( )

.
( )Displacement

X k m

F k m k

X k

F k m k

X k
Tr

X k m

ω
ω

ω

ω

−=
− −

=
− −

= =
−

 (2.26) 

One shall deduce the expressions of the sensitivity study on chapter five. After these expressions 

being calculated by a MATLAB® code, another code has been built to plot the curves. Both codes are 

presented in appendix of the current document. 

The expressions for the sensitivity curves without considering damping
 
are 

 

2 2
1

2 2 2 2 2 2 2

2
2

2 2 2 2 2 2 2

2

2 2

( / ) 2 ( ) 1
;

( ( ) ) ( )

( / ) 1 2
;

( ) ( ( ) )

.
( )

Displacement

X F m k m

k k k m k k m

X F mk

k k k m k k m

Tr k

k k m

ω ω
ω ω

ω
ω ω

ω
ω

∂ −= −
∂ − − − −

∂ = −
∂ − − − −

∂
=

∂ −

 (2.27) 
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The input, output and transmissibility expressions considering the damping are  

 

1
2 2 2

2
2 2 2

2
2 2

1

1 1
;

2 2(2 2 )

1 1
;

2 2(2 2 )

( )
.

( )Displacement

X

F m k ki m

X

F m k ki m

X k i
Tr

X k ki m i

ω η ω

ω η ω
η

η ω

= − +
+ −

= +
+ −

−= = −
− −

  (2.28) 

 

The expressions for sensitivity curves considering the damping are 

 

1
2 2

2
2 2

2

2 2

( / ) (1 )
;

( (2 2 ))

( / ) (1 )
;

( (2 2 ))

( )
.

( )
Displacement

d X F i

dk m k i

d X F i

dk m k i

dTr im i

dK K ki m

η
ω η

η
ω η

ω η
η ω

+= −
− +
+=

− +
−=

+ −

 (2.29) 

 

The expressions for sensitivity curves with respect to variable η are 

 

1
2

2
2

2

2 2

( / )
;

(2 2 )

( / )
;

(2 2 )

.
( )

η η ω

η η ω
ω

η η ω

=
+ −

=
+ −

=
+ −

Displacement

d X F ki

d k ki m

d X F ki

d k ki m

dTr im k

d k ki m

 (2.30) 

2.6 On spring vibration 

Helical springs have the ability to work in compression as well as in traction, under certain limits. 

In this work, only a helical spring was used. This spring has a cylindrical constant cross-section wire and 

is used mainly in compression. 

When a force is applied to the spring, its displacement is related to the applied force through a 

constant. That constant is the elastic spring constant, or spring stiffness. This can be written in the 

following way  

 = − ∆ ,F K x  (2.31) 

where, F is the resulting force, e.g., the magnitude and direction of the restoring force the spring exerts; 

K  is the spring constant or force constant of the spring; ∆x  is the difference between the displacement 

position and the equilibrium position. The negative resulting force means that the spring is under 

compression. The spring rate, the constant of proportionality or spring stiffness can be sought as 

 .

F
K

x
=

∆
 (2.32) 
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However the spring stiffness, according to [36], can also be defined as   

 =
4

3

d G
,

(8D N)
K  (2.33) 

where d is the diameter of the wire, the D is the diameter of the spring, the N is the number of active 

springs and G the shear modulus. The K  is the constant of proportionality between load and 

deformation is referred to as spring constant.  

When the spring is loaded, the curvature of the wire increases the stress on the inside but 

decreases slightly on the outside of the spring. The curvature stress is primarily important in fatigue 

because the loads are lower and there is no opportunity for localized yielding. The governing equation 

for the translational vibrating of a spring is the wave equation which is 

 
∂ ∂=
∂ ∂

2 2

2 2 2

u m u
,

x tKL
 (2.34) 

where, m  is the spring mass, K the spring rate, L
 
the length of the spring, x

 
the coordinate along 

length of spring and u  the motion of any particle at distance x . The solution of equation (2.34) is 

harmonic and depends on the given physical properties as well as the end conditions of the spring. The 

harmonic, natural, frequencies for a spring placed between two flat and parallel plates, in radians per 

second, are 

   and  n=1,2,...,
k

n
m

ω π= ∞  (2.35) 

where, the fundamental frequency is found for n=1, the second harmonic for n=2, and so on. The 

fundamental frequency in Hertz is 

 
1

.
2π

= k
f

m
 (2.36) 

The mass of the active part of the helical spring is given by 

 
2 22 d DNd

m AL ( DN ) .
4 4

a
a

π ρπρ π ρ= = =  (2.37) 

 where, ρ is the mass density. 
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 Chapter Three 

3 Numerical methods 

 
This chapter presents a brief introduction to the mathematical and numerical concepts used in 

this thesis. 

The Finite Element Method (FEM) is sometimes referred to as the Finite Element Analysis 

(FEA)[37]. These numerical solutions are approximate solutions of integral and partial differential 

equations (PDE). These equations are numerically integrated using interpolation and integration 

techniques as the ones described in the current chapter.  

In order to solve these equations for the Cauchy problem (elastodynamics), the FEM leads to a 

discrete system where the mass, stiffness and damping are represented by a matrix system that 

represent the continuous system. A continuum medium is divided into a number of relative small 

regions called finite elements that are connected at selected nodes. The kinetic or potential energy of 

the entire continuum is expressed by a linear combination of trial functions, which are typically 

polynomials. This leads to the assembled mass matrix and the assembled stiffness matrix, sometimes to 

the assembled damping matrix and finally to the finite element equations of the problem. 

The response of simple structures may be obtained by solving directly the differential equations 

of motion together with the appropriate boundary conditions. Solutions, very few, are known as Lamé 

problems. In many practical situations, either the geometrical or material properties will vary, or it may 

happen that the shape of the boundary cannot be described in terms of known functions because they 

do not adjust well to the differential equations that support the problem. In these situations, it is 

impossible to obtain analytical solutions for the equations of motion that satisfy the boundary 

conditions. This difficulty is overcome by seeking approximate solutions. There are some available 

techniques in order to determine approximate solutions, FEM being one of them.  

3.1 The finite element method 

Application of the FEM to a continuous system requires that the system is divided into a finite 

number of discrete elements. Interpolations for the dependent variables are assumed across each 

element, and are chosen for assuring appropriate interelement continuity. The interpolating functions 

are developed in terms of the unknown values of the dependent variables at discrete points, called 

nodes. The nodes for one-dimensional system are located at the element boundaries. A variational 

principle is applied in order to derive equations, which solution leads to approximations of the 

dependent variables at the nodes. The defined interpolations are used for providing approximations of 

the dependent variables across the system. 

The structure is discretized into a finite number of elements (usually, with triangular or 

rectangular shapes), called finite elements, and connected at their nodes and along inter element 

boundaries. Unknown functions (deflections, slopes, internal forces, and moments) are assigned in the 

form of undetermined parameters at those nodes. The equilibrium and compatibility conditions must be 

satisfied at each node along the boundaries between finite elements. To determine the above-

mentioned unknown functions at nodal points, a variational principle is applied. As a result, a system of 

algebraic equations is obtained.  

Adjacent elements are contiguous without overlapping, and there are no gaps between them. 

The shapes of the elements are intentionally made as simple as possible, such as 1D (one dimension) 

domain lines, as 2D domains areas or as 3D dimension domain volumes. 



 

   

19 

 

 

 

 

Figure 3.1 – Illustration of Finite Elements substruture (nodes and mesh) [17]. 

The mesh generation is the process of portioning a domain into a mesh of elements. This is 

actually automated by a computer program called preprocessor. For each element, the governing 

equations, usually in differential or variational (integral) form, are transformed into algebraic equations, 

called element equations, which are an approximation of the governing equations.  

At this point, the governing equations have been transformed into algebraic ones. The system 

equations can now be solved on a computer using conventional numerical analysis techniques. These 

techniques are implemented in the computer software with specific algorithms that take full advantage 

of particular characteristics in how FE system equations are formed. The final operation, called 

postprocessing, displays the solution of the system equations.  

The steps involved in the finite element analysis of a problem are the following ones [38]  

1. Discretization of the given domain into a collection of preselected FEs (for each problem). 

a) Construct the finite element mesh of preselected elements 

b) Number of nodes and the elements 

c) Generate the geometric properties needed for the problem, e.g., coordinates and 

cross-sectional areas. 

2. Derivation of the element equations for all typical elements in the mesh (for each type of 

problems). 

a) Construct the variational formulation of the given differential equation over the typical 

element. 

b) Assume that a typical dependent variable u is of the form 

 ψ
=

=∑
1

;

n

i i

i

u u  (3.1) 

and substitute it into Step 2a to obtain element equations in the form 

 { } { }ω ω      − − =      
2

;
e e e e e

K M j C u F  (3.2) 

c) Select, if already available in the literature, or derive element interpolation functions 

ψ
i
and compute the element matrices. 

3. Assembly of element equations to obtain the system of equations of the whole problem. 

a) Identify the interelement continuity conditions among the primary variables 

(relationship between the local degrees of freedom and the global degrees of freedom 

– connectivity of elements) by relating element nodes to global nodes. 

b) Identify the “equilibrium” conditions among the secondary variables (relationship 

between the local source of force components and the globally specified source 

components). 

c) Assemble element equations using Steps 3a and 3b. 

4. Imposition of the boundary conditions of the problem. 

a) Identify the specified global primary degrees of freedom. 
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b) Identify the specified global secondary degrees of freedom (if not already done in Step 

3b). 

5. Solution of the assembled equations which depend on the kind of analysis. 

6. Postprocessing of the results. 

a) Compute the gradient of the solution or other desired quantities from the primary 

degrees of freedom computed in Step 5. 

b) Represent the results in tabular and/or graphical form. 

 

3.2 Numerical integration 

 
The elements used in this numerical study are: 2 node isoparametric bar - link1 and  2 node 

isoparametric 3D Bernoulli-Euler beam - beam4. The element Link1 and Beam4 were previously 

integrated analytically.  

3.3 Numerical interpolation 

3.3.1 Lagrange interpolation 

The mathematical formulation which is behind the denominated Link1 element is the Lagrange 

Interpolation. Given some date discrete, points it is possible using a Lagrange interpolation cross a 

continuous linear combination of polynomials in the numerator and denominator. So it is possible to 

reach a unique solution for those points. Each Lagrange polynomial exists and is unique. This can be 

sought as 

 
0 1

( )
( ) . ( ) ,

( )

NN
k

k k k
k K j k

K j

x x
p x y L x y

x x= =
≠

−= =
−∑ ∏  (3.3) 

where, L ( )
k
x  are the so called Lagrange polynomials and y are given coordinates of the polynomial. 

Each variable x corresponds to the needs of the subdomain of the structure, so interpolating these 

nodes is possible describe the whole continuum of the domain through the Lagrange Interpolation.  

It is important to say that the functions deduced by Lagrange polynomials only force continuity 

among the elements of field variables [39].  

3.3.2 Hermite interpolation 

The polynomial approximation that supports the Beam4 element is the Hermite Interpolation. 

Given a function f which is differentiable at discrete points, the Hermite Interpolating polynomial is the 

one that interpolates f and its derivatives.  

One of the advantages of Hermite interpolation is the fact that they force the continuity of field 

variable and its derivatives. The Hermite polynomials are dependent on the maximum degree of the 

derivative for which continuity exists [39].  

 

3.4 Finite element for bar and beam  

The mathematical back ground for bar and beam is presented here for the elements used. In 

order to see the shape functions of these elements see chapter 12.1 and 12.2 of ANSYS® documentation 

[40], for the elements designated by link1 and beam4, respectively.  
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3.4.1 The unidimensional bar element  

The bar element of length L has two degrees of freedom represented by 
1
u , the displacement 

of the left end of the element, and 
2
u , the displacement of the right end of the element. Let us define 

the local coordinateξ , ξ≤ ≤0 L , along the axis of element [41].  

 
Figure 3.2 - Illustration of bar element 

The linear displacement function for the element is 

 
ξξ = − +

2 1 1
( , ) ( ) .u t u u u

L
 (3.4) 

The kinetic energy T  of the element, assuming uniform properties, is 

 ( ) ξ ρρ ξ ρ ξ∂   = = − + = + +   ∂   
∫ ∫ ɺ ɺ ɺ ɺ ɺ ɺ ɺ

2 2

2 2

2 1 1 1 1 2 2
0 0

1 1 1
( ),

2 2 2 3

L Lu AL
T A d A u u u d u u u u

t L
 (3.5) 

This equation can be written in the quadratic form, which is the following 

 [ ]ρ    
= =    

   

ɺ
ɺ ɺ ɺ ɺ

ɺ

1

1 2

2

2 11 1
,

1 22 2 6

T
uAL

T u mu u u
u

 (3.6) 

The mass matrix can be achieved through numerical integration, which is the following 

 [ ] [ ]
0

,
L TeM A N N dxρ  =  ∫  (3.7) 

where, the [ ]N is the mode shape. Thus, the element mass matrix is 

 
ρ  

  =   
 

2 1
.

1 26

e
AL

M  (3.8) 

The potential energy of the element, assuming uniform properties, is [41] 

 ξ ξ
ξ ξ ξ

 ∂ ∂ ∂= = ∂ ∂ ∂ 
∫ ∫

2

0 0

1 1
,

2 2

L Lu u u
V EA d EA d  (3.9) 

The potential energy can be written in the quadratic form 

 [ ] −   
=    −   

1

1 2

2

1 11
.

1 12

uEA
V u u

uL
 (3.10) 

The stiffness matrix can be achieved through numerical integration, which is the following 

 [ ] [ ]  =  ∫
L

0

EA N' N' dx,
Te

K  (3.11) 

where, the [ ]N is the mode shape. From which the element stiffness matrix is  

 
− 

  =    − 

1 1
.

1 1

e
EA

K
L

 (3.12) 
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3.4.2 The unidimensional beam element 

The potential energy for a beam is a scalar that involves the second spatial derivative of the 

element. The beam element must have four DOF represented by the displacements and slopes at the 

ends of the element. Let w1 represent the transverse displacement of the left end of the element, w2 the 

slope at the left end of the element, w3 the transverse displacement of the right end of the element, and 

w4 the slope at the right end of the element [41].  

 
Figure 3.3 - Illustration of beam element 

If ξ  is the local coordinate over the beam element 0 Lξ≤ ≤ , the finite element 

approximation for the displacement across the beam element must satisfy 

 =
1

u(0,t) w  , 
ξ

=
2

dy
(0,t)

d
w  , =

3
u(L,t) w ,

ξ
=

4

du
(L,t) .

d
w  (3.13) 

The deflection of a beam element without transverse loading across its span, but with 

prescribed displacements and slopes at its ends, is 

 ξ ξ ξ ξ= + + +3 2

1 2 3 4
u( ) ,C C C C  (3.14) 

where, the constants C1,C2,C3 and C4 are the following 

 ξ

 = + − +

 = − − + −= 


=

 =

∑

1 1 2 3 43

4

2 1 2 3 42

i

i=1

2

3

4 1

1
C (2 Lw 2 Lw )

L

1
C ( 3 2Lw 3 Lw )

N ( ) L

C
L

C

i

w w

w w

w

w

w

, (3.15)   

replacing the last four constants, and rearranging, leads to 

               
ξ ξ ξ ξ ξ ξ ξ ξ ξξ = − + + − + + − + − +

2 3 2 3 2 3 2 3

1 2 3 42 3 2 3 2 3 2 3
u( ,t) (1 3 2 ) ( 2 ) (3 2 ) ( ) .

L L L L L L L L L
w w w w  (3.16) 

The kinetic energy of the beam element is 

 ρ ξ∂ =  ∂ 
∫

2

0

1
T ,

2

L u
A d

t
 (3.17) 

the use of equation (3.16) in equation (3.17) the elementar mass matrix can be achieved through 

numerical integration 

 ρ ξ∂ 
  =    ∂ 

∫
2

0

1
M ,

2

L
e u

A d
t

 (3.18) 

where, the [ ]N is the mode shape matrix; the element (local) mass matrix for a uniform beam element 

is then given by 
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ρ

− 
 −   =   −
 − − − 

2 2

2 2

156 22L 54 13L

22L 4L 13L 3LI
M .

54 13L 156 22L420

13L 3L 22L 4L

e
A

 (3.19) 

The potential energy of the beam element is 

 ξ
ξ

 ∂=  ∂ 
∫

2
2

2
0

1
EI .

2

L u
V d  (3.20) 

Use equation (3.16) in equation (3.20) leads to the quadratic form of potential energy 

 [ ]= 1
K .

2

T
V w w  (3.21) 

The stiffness matrix can be achieved through integration, which is the following 

 [ ] [ ]  =  ∫0
1

K EI N'' N'' ,
2

L Te
dx  (3.22) 

where, the [ ]N is the mode shape, the element (local) stiffness matrix for a uniform beam element is 

given by 

 

− 
 −   =   − − −
 − 

2 2

3

2 2

12 6L 12 6L

6L 4L 6L 2LEI
K ,

12 6L 12 6LL

6L 2L 6L 4L

e  (3.23) 

where, I is the second moment of area of the beam. 

 

3.5 Modelling of damping in ANSYS® 

The damping matrix [D] in ANSYS® was used in the harmonic analysis and as the following 

general form 

 [ ] [ ] [ ] [ ] [ ]ζα β β β
=

  = + + + + +   ∑ ∑
N N

K

j 1 K=1

D M K K K D D ,
mat elem

j j c
 (3.24) 

where α is a constant mass matrix multiplier, the β is a constant stiffness matrix multiplier, the β j is a 

constant stiffness matrix multiplier of material dependent damping, the βc  is a variable stiffness matrix 

multiplier, the Dζ   is a frequency dependent damping matrix and [ ]DK  is a element damping 

matrix. 

From this damping matrix the term that concerns viscoelastic damping is the [ ]
c
Kβ . Thus, the 

damping matrix can be seen in a simplified form [42], which is 

 [ ] [ ]β=D K ,
c

 (3.25) 

where, [ ]K  is the stiffness matrix of the element and cβ is a variable stiffness matrix multiplier. This can 

be expressed as  

 ( ).cβ η ω=  (3.26) 
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The damping is performed via a hysteretic damping command. In ANSYS code is executed using 

the DMPRAT command. From the computational point of view the difference between both is the fact 

that the hysteretic is a constant damping ratio and the viscoelastic one varies with frequency has can be 

seen in equation (3.26).  

3.6 Generalization of 1D beam to 3D beam 

The spring element concerning the FE model as it is presented in chapter five, section 5.1 of the 

current report, has been built using a finite number of 1D beam elements into 3D beam by applying the 

following mathematical equations 

 

θ
θ

θ

=
 =
 =

x r.cos

r.sin

z b.

y  (3.27) 

where x, y and z are the Cartesian coordinates of the helix, r is the radius ( > 0r ), θ  is the angle of 

revolution ( θ π≤ ≤0 2 ) and b ( ≠ 0b ) is the helical pitch.  

This 3D beam, helical spring element, can be defined by a finite number of points of continuous 

material around the z-axis and are united by a finite number of 1D beam elements.  The result is a spiral 

with constant distance r from the z-axis and with a constant angle of revolution. An example of this 3D 

beam element is presented in figure 3.4  

 

Figure 3.4 - Helical spring build using MATLAB® 

The element used to model the helical spring was the designated beam4 element. This element 

stands on the Bernoulli-Euler beam theory, see appendix B. The helical spring is modelled using many 

small 1D straight beam elements. In figure 3.5 the beam element DOFs are presented 

 

Figure 3.5 - Degrees of freedom in the beam element 

Next, the elementar stiffness   K
e

, mass   M
e

 matrixes and force { }F
e

vector of an element 

with length L are presented [40]. 
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 (3.28) 

where, A is the cross sectional area, E  is the longitudinal modulus of elasticity, L is the element length, 

G
 
is the shear modulus, J is the Saint-Venant’s torsional constant and  

 
θ
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2
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,
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y

 (3.29) 

where, 
i
I  is the 2

nd
 moment of area in the i  direction, A

S

i
 is the shear area normal to direction = A/F

S

i
i  

and F
S

i
 is the shear coefficient. The elementar mass matrix may be given by 

 

1

3

0 .
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  =   
 
 
 
 
 
 
 
  

 (3.30) 

where, A is the cross sectional area, ρ is the mass density, L is the element length, G  is the shear 

modulus, J
x

 is the Saint-Venant’s torsional constant and   
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 (3.31) 

In the above expressions, θi has been previously defined in equation (3.29) and ri is the radius 

of gyration. Finally, the elementar force vector is represented by 
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 (3.32)  

where, 
i
I  is the 2

nd
 moment of area in the i direction, A�

� is the shear area normal to direction i=A/F�
�  

and F�
� is the shear coefficient. 

3.7 Some solvers for the FE problem 

3.7.1  Static analysis 

The static analysis was used to determine the static application of a constant force on the 

spring element of the combined structure.  

The linear static analysis reduces the problem to a linear system of equations  

 [ ]{ } { }=U F ,K  (3.33) 

where, [ ]K  is the stiffness matrix, the vector { }U
 
denotes the displacement and { }F

 
denotes the force 

vector applied to the material system. There are many methods to solve this, usually relying on the 

Choleski method. Alternatively a Preconditioned Conjugate Gradient (PCG) solver may be used in the 

static analysis.  

3.7.2 Modal analysis 

The modal analysis produce the natural frequencies and mode shapes of the system in free 

vibration, i.e., without external forces applied. There are a finite number of configurations that are 

naturally preferred by the system as they required minimum energy. Each of these configurations will 

have associated frequencies to the motion. These motions are termed modal motions [42]. 

In the modal analysis, the model involves the inertia, stiffness and sometimes damping effects. 

The modal analysis consists of calculating the natural vibration mode shapes and the frequencies of the 

system.  

In order to calculate the natural frequencies of the system without damping, it is necessary to 

solve the following equation 

 [ ] [ ]( ){ }ω φ− =2
0.K M  (3.34) 

This is the homogeneous system of equations, with the non-zero solution when 

 [ ] [ ]( )ω− =2
det 0.K M  (3.35) 

This leads to an equation known as the characteristic equation of the system. 

 

 There are several numerical methods to solve it. The Arnoldi’s method is an orthogonal 

projection method for general non Hermitian matrices [43]. The goal of this procedure is to reduce 

dense matrices. This strategy leads to an efficient technique for approximating eigenvalues of large 

sparse matrices. 
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The symmetric Lanczos algorithm can be viewed as a simplification of the Arnoldi’s method for 

the particular case when the matrix is symmetric [43]. In fact, there is a strong relationship between the 

Lanczos algorithm, and the orthogonal polynomials [43]. The Lanczos method is an iterative technique 

to find eigenvalues and eigenvector of a sparse matrix. The characteristic is based on the fact that it 

transforms the original matrix into a tridiagonal matrix. This new matrix is real and symmetric. However 

some of the eigenvalues of this new matrix may not be a reasonable approximation of the original 

matrix. Therefore, The Lanczos algorithm is not very stable. The main problem is the fact that it loses 

orthogonality. In practical situations, the number of steps involved (m), required to obtain good 

approximations may be too large. A large m has not only storage problem but also implies a 

computational cost that grows in every step [44].  

3.7.3 Steady-state analysis 

Considering a simulation for the steady state case, it can be summarized in an FE problem 

without damping to the following system of equations for each frequency. 

 [ ] [ ]( ){ } { }ωω− =2
,

ap
ap

K M U F  (3.36) 

where, ω
ap

 and ωapF  are the applied frequency and force at frequency ω
ap

, respectively. 

The steady-state response analysis involves computing the steady state response of a structure 

to harmonic loads, pressure loads and harmonic ground motion. The harmonic loads may be defined in 

terms of different amplitude and phase spectra.  

In general, the load vector may be represented in the following form 

 [ ]ω ω ψ ω= +( ) ( )sin ( ) ,
i i i
p t p t  (3.37) 

where, ( )ip t is a component of the forcing function, having a magnitude ( )ip Ω , ( )iΨ Ω is the phase 

shift and Ω  is the forced frequency. Substituting the last equation in the equation (3.37), we obtain 

 [ ]{ } [ ] [ ] { } ω ω ψ ω+ + = = +ɺɺ ( ) ( ) ( ).sin[ ( )],
i i

M u i D K u p t p t  (3.38) 

This analysis is computationally demanding and is the result of a forced vibration applied to the 

system. The external forced vibration results of a dynamic force or displacements applied to the 

material system and can be classified as: periodic harmonic; periodic non-harmonic or non-periodic; 

with short or long duration or random in nature. The dynamic response of a system under a forced 

vibration is called harmonic response and the equation of harmonic motion is presented next 

 { } ω α= +
0
exp( ),U U i t  (3.39) 

where, ω  is the natural frequency and 0U  the amplitude, α is the phase angle of the harmonic 

motion, t  is the time variable, exp(x)
 
is the exponential function, α is the phase angle and i  is the 

imaginary unit 
2( 1)i = − . 

The harmonic excitation can be expressed in the complex form as follows 

 { } { } ω β= +
0

( ) exp( ),F t F t  (3.40) 

where, { }0F is the amplitude force, ω  is the excitation frequency and β  is the phase angle of the 

harmonic excitation, t is the time variable, exp(x) is the exponential function and i  is the imaginary unit 

2( 1)i = − . 

When the excitation frequency is equal to the natural frequency, the response will tend to 

infinity without damping, causing the failure of the system. In this study, the damping effect is taken 

into account and the response will not tend to infinity.   
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Chapter Four 

4 Experimental methods and adopted methodology 

In this chapter the methodology used for the experimental tests is presented; these have been 

conducted in the Vibration Laboratory of the Instituto Superior Técnico (IST), Technical University of 

Lisbon (UTL). Before starting the experimental tests, it was always performed a hardware and software 

calibrations. The methodology that was adopted during the experimental tests is also presented. 

4.1 Experimental quasi-static compression test 

To determine the elastic constant K of the spring a compression test was conducted, according 

to the following procedure that follows. During these tests, springs were subjected to an axial 

compression force, assumed uniformly distributed at the extremities. To ensure that the load was 

uniformly distributed over the spring, two dishes were applied on both spring extremities, as figure 4.1 

b) shows. The spring uses a guide support in PVC (in white at the extremities). The load was applied 

during seven steps. In each step the data was measured and registered. This test was conducted in a 

servo-hydraulic device (Instron model 8874), with a limit capability of 25 KN. 

  

 

Figure 4.1– Illustration of a compression test: a) Instrom compression machine; b) Spring between 

dishes. 

4.2 Three layer specimens construction 

Each of these specimens is composed of one type of steel and one type of cork composition. In 

this study different types of cork composition in different specimens were used. A three layers specimen 

is presented in figure 4.2. The selected adhesive was an antivibration one, Araldite®. 
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Figure 4.2 - Illustration of a three layer specimen. 

The construction of the specimens comprised the following steps:  

1
st 

Step: Measurement of the dimensions and respective weights of each layer and cut of the 

material layers, steel and cork composition; 

2
nd

 Step: The steel layers were polished in order to eliminate the rugosity with origin in the 

cutting process; 

3
rd

 Step: Removal of oil and grease from the layers extremities. For this step it is necessary a 

degreasing solvent. For these purpose was used acetone. To accomplish this, two tanks are necessary. 

One to wash, the other one to rinse; 

4
th

 Step: The adhesive is a commercial one (Araldite®) with two different epoxy adhesive 

components. The preparation of the adhesive consists of mixing the two components in equal parts until 

a homogeneous mixture is obtained. This adhesive has a cure time of approximately five minutes; 

5
th 

Step: In order to minimize a possible misalignment, an L shaped beam was used to correctly 

align the layers; 

6
th

 Step: Firstly, steel with cork composition was bonded together and wait the cure time. After 

this one, the other layer of steel was bonded in the other extremity. The total cure time was 

approximately 10 minutes. Figure 4.2 shows the final multilayer structure aspect.  

4.3 Experimental setup 

Two accelerometers were attached to each lateral extremity of the force transducer specimen as 

indicated in figure 4.3. The shaker was attached to the cross section of the specimen. The shaker gives 

the input signal (excitation). The signal crosses the specimen and is read by the accelerometer which is 

placed at the opposite extremity of the specimen. This is all true for the displacement transmissibility. 

To do the force transmissibility it is necessary to add a mass behind the accelerometer in order to have a 

reaction and so to be possible to measure a force.  

The experimental assembly consisted of a shaker on the ground, with a force transducer 

attached to the shaker. After this, an accelerometer was placed side by side to the force transducer to 

have an input signal. The specimen, a multilayer structure, was placed above the force transducer and 

the accelerometer. A second accelerometer and force transducer were used. These were placed above 

the specimen, in order to have an output signal.  

This work consists of studying the force and displacement transmissibility. The force 

transducers measured the input and output signals for the force transmissibility. On the other hand, to 

have the input of the displacement transmissibility, accelerometers have been used. Both signal 

generated by the force transducers and accelerometers were sent to the data acquisition through cables 

and amplified in this one and sent to the Pulse system to be treated and registered in a PC file.  
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When the spring was attached to the specimen, a mass was placed on the top of the spring. A 

second set of force transducer and accelerometer was placed above the spring in order to read this 

output signal.  

 

                 Figure 4.3 - Illustration of the Experimental Assembly of models used. 

The major effort of the modal analysis involves matching or curve fitting the experimental and 

numerical curves and thereby finding the appropriate modal parameters. The method uses the fact that 

close to the natural frequency, the mobility can often be approximated as a single DOF system plus a 

constant offset term (which approximately accounts for the other modes). The analysis process is always 

the same, finding by curve-fitting a set of modal properties that best matches the response 

characteristics of the tested structure. 

The curve fitting analysis is done between the finite element curve and the experimental data. 

The task consists of finding the coefficients used in the FEM for the FRF that is available with the 

measured data. The advantage is the fact that the coefficients thus determined are directly related to 

the modal properties of the system. This phase is referred to as “modal analysis” or “experimental 

modal analysis” because of the relation between the experimental study and the theoretical one [45]. 

The modal analysis leads to the derivation of the modal properties of the system and to a root finding or 

eigensolution exercise. This is done in frequency domain, i.e., on the frequency response functions 

themselves. 

The process of validation of the model under study consists of a direct comparison between FE 

predictions for the dynamic behaviour of a structure and those observed in practice. The goal of this 

validation consists of a comparison of specific dynamic properties measured and predicted and quantify 

and extend the differences or similarities between the two sets of data. If the comparison does not 

match it is necessary to make adjustments or modifications in order to bring them closer to reality. It is 
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considered that the reality is the one that has been measured experimentally. When results match it is 

considered that the predicted model has been validated. 

4.4 Experimental setup for the measurement of displacement and force transmissibilities 

The setup used in displacement experimental tests is constituted by a data acquisition unit 

(Brüel & Kjaer 3560 D), a computer, an impact hammer (Brüel & Kjaer 8202), an accelerometer (Brüel 

&Kjaer 4508-B), a force transducer (PCB 208C01) and a specimen (multilayer structure).  

In the computer a analysis software is installed (Brüel & Kjaer software PULSE® Labshop version 

6.1.65). The specimen was suspended by two nylon strings from a fixed support. When the impact 

hammer touches the specimen, in one extremity of the specimen, the force transducer measures the 

input signal. The wave resulted from this impact is measured at the other extremity by an 

accelerometer. The accelerometer measures the longitudinal acceleration (output signal) that crosses 

the specimen. This signal is transmitted to the data acquisition unit by cables. The results are analysed 

by software that is installed in the computers as mentioned previously.  

 

Figure 4.4 - Basic layout of the experimental displacement setup. 

The setup used in forces experimental tests is constituted by a data acquisition unit (Brüel & 

Kjaer 3560 D), a computer, an impact hammer (Brüel & Kjaer 8202), an accelerometer (Brüel &Kjaer 

4508-B), a force transducer (PCB 208C01), a shaker (Model Bruel & Kjaer 4808) and a specimen 

(multilayer structure). The analysis software is the same mentioned previously. The specimen is 

attached to the shaker with two force transducer at each extremity of the specimen.  

When the shaker starts to vibrate each accelerometer and force transducer measures the input 

and output signal resulted from the shaker vibration. These signals are sent to the computer to be 

analysed by the data acquisition unit. The wave is measured at each extremity of the specimen by an 

accelerometer. The accelerometer measures the longitudinal acceleration (output signal) that crosses 

the specimen.  

The transmission of the signal is the same and has been described previously.  
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Figure 4.5 - Basic layout of experimental forces setup. 

 

4.5 Experimental procedure 

The analysis software used was a Brüel & Kjaer software PULSE® Labshop version 6.1.65. The 

interface of the software is illustrated in figure 4.4 to 4.8. 

 

Figure 4.4 - Analysis software interface (Brüel & Kjaer software PULSE® Labshop version 6.1.65). 
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In order to conduct the experimental tests was necessary to assembly the required equipment. 

First was put the shaker on the ground and connect the cable in accordance with the experimental 

layout, see figure 4.5. This consisted in attach the multilayer structure as well as the combined device 

rigidly to the shaker and positioning the force transducer and accelerometers as shown in figure 4.3.  

After the equipment have been turned on was necessary to introduce the parameters in the 

PULSE® Labshop software in order to conduct the experimental tests. Firstly, appears the graphic 

interface of the PULSE® software, see figure 4.4. The Function Organizer shows the measurements that 

are possible to do in that instant, in this case FRF curves in time domain. It is the software that through a 

Fourier Transform shows in frequency domain. In the measurement organizer it is possible to see the 

equipment that have been selected in the software, namely shaker, force transducers and 

accelerometers. In the Configuration Organizer are shown the connections to the data acquisition unit. 

Firstly, is necessary to introduce the parameters of the force transducer namely the type of 

window selected and the sensitivity has figure 4.5 shows. 

 

Figure 4.5 - Force Transducer window of Brüel & Kjaer software PULSE® Labshop version 6.1.65. 

The window selected was the Hanning window and the accelerometer with the appropriate 

sensitivity, see figure 4.5. 
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Figure 4.6 - Accelerometer window on Brüel & Kjaer software PULSE® Labshop version 6.1.65. 

For the accelerometers were introduced the required parameters. It is possible to see them in 

figure 4.6. 

 

Figure 4.7 - Generator window on Brüel & Kjaer software PULSE® Labshop version 6.1.65. 

For the generator, in this case the shaker was selected a random type, the frequency range in 

this case 1600Hz, the signal value and the sensitivity of the generator, as is showed in figure 4.7. 

In the FFT Analyzer was introduced the frequency range 1600Hz, the number of lines necessary, 

in this case 3200, i.e, the double of the frequency range. It was also introduced the number of averages 

and the mode, 1000 averages and linear mode, as is shown in figure 4.8. The importance of the averages 

consists in reduce noise and to increase the statistical reliability, that is why several records have been 

made.  
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Figure 4.8 - Windows from Pulse software analyzer - FFT Analyser, Signal Group 1. 

The first parameter used in this study was the frequency range of interest. After the frequency 

range is set, the resolution selected in the software (the number of lines) was the double of the 

frequency range. In order to reduce noise and to increase the statistical reliability, several records have 

been recorded.  

Based on the FRF curves, the coherence is always equal to the unit, exception made when it is 

close to the resonance, and it was possible to verify that it was effectively close to the unit in the 

majority of the situations. 

4.6 Methodology adopted 

The methodology adopted respects the tests carried out on the specimen and combined 

structure. Firstly, experimental tests were carried out on the spring, then on the multilayer and finally 

on the combined structure. 

4.6.1 Experimental methodology 

As explained in chapter two, the transmissibility in terms of force or displacement, is a non 

dimensional ratio between an output and an input. Now one shall present the way how this ratio was 

experimentally measured , which is based on the receptance curves. 

The displacement transmissibility is 
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The force transmissibility is 
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Chapter Five 

5 Results and discussion  

In this chapter the results and respective discussion are presented. As mentioned in chapter 

one, the objective of this thesis is to validate experimentally a numerical prediction of the force and 

displacement transmissibility for the multilayer devices, in a specific range of frequency.  

The order used to present the results is to consider firstly the spring, then the model mass-

spring-mass, then the multilayer device and finally the combined structure.  

The finite element method, described in chapter three, was used to obtain the numerical FRF 

curves and to predict the natural frequencies and mode shapes of the system. The experimental modal 

analysis is used to extract the modal parameters. Based on the eigenfrequencies, the finite element 

model is adjusted to provide a more accurate model. The plots are based on the fact that the material 

parameters of the numerical curves are selected to match the experimental curves. This is done because 

there is no previous knowledge of the dynamic modulus of the materials.  

5.1 Helical spring 

To determine the elastic constant of the spring, a close plain end spring, a compression test was 

conducted for a spring with the specifications shown at table 5.1 . The experimental procedure adopted 

during the compression test is described in chapter four, section 4.1. The result of the experimental test 

of the spring is presented in table 5.1.  

Table 5.1 - Spring parameters and compression test output data. 

Parameters Spring  |F| [N]  [m]δ  

Modulus of Elasticity [N/m
2
] 205e9  0.0 0.0 

Density [kg/m
3
] 7640  2.8 0.00092 

Poisson’s Coefficient 0.28  6.2 0.00192 

Length [m] 0.022  9.6 0.00292 

Mean Diameter [m] 0.0143  13.3 0.00392 

Wire Diameter [m] 0.0015  16.9 0.00492 

Helix Angle [º] 6.75  20.6 0.00592 

Spring Elastic Constant [N/m] 3521.2  24.0 0.00642 

 

The output data from the compression test are the force and δ given in table 5.1 for a set of 

points. The δ denotes the difference between the unloaded position and the loaded position, i.e., the 

displacement.   
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The tendency line presented in figure 5.1 was obtained through a linear regression, where the 

slope presented above the graph is the spring elastic constant and the R
2 

is the correlation coefficient.  

 

Figure 5.1 - Result of the compression test. 

So, the value of the spring elastic constant is 3521 N/m with a correlation coefficient close to 

the unity. 

Now, the result of the dynamic test on the same spring is presented, as described in chapter 

four, section 4.1. 

 

Figure 5.2 – Illustration of the tested spring.  

The spring presented in figure 5.2 was modeled using ANSYS® enviroment and the element 

used was the designated beam4 (described in section 3.7). The parameters that define the FE mesh of 

the spring are (4N+1) keypoints, (4N) lines connecting the keypoints with a mesh defined by 5 divisions 

per line and 25 finite elements per division.  
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 Next, the experimental and adjusted FEM results from the spring are presented. In appendix C 

is also presented a parametric study which concerns the influence of the different parameters on the 

behaviour of the spring. The mesh used has been described earlier and the boundary conditions used 

were Free-Free. The experimental work consisted in put the spring clamped to a fixed support and 

excite the spring, with the shaker, in the opposite extremity. The result is presented next 

 

Figure 5.3 - Spring results (steady-state analysis). 

 

From the figure 5.3 it is possible conclude that the FEM model gives a reasonable approximation 

of the first natural frequency of the spring. In this case, it was necessary adjust in the numerical model 

the diameter of the spring’s wire to 2.18mm and the diameter of the spring to 13.37mm in order to 

match the numerical curve with the experimental one. This adjustment was forced as the extremities of 

the spring were not modelled with variable pitch. A perturbation in the response after 700Hz is due to 

torsional or bending mode shapes. 

5.2 Three layer support  

Here it will be presented the discrete model explained in chapter two, subsection 2.10. 

 

Figure 5.4 – Illustration of the three layer device. 
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5.2.1 Spring-mass model 

A study was conducted, on the behaviour of the transmissibility, input and output curves. The 

objective of this study is to underline the influence of the parameter. In reality, steel and cork 

composition material, both have stiffness and mass. In this study, the steel is only represented by its 

mass and the cork composition is only represented by its axial stiffness (K=EA/L).  

 

The codes that generated the graphs are presented in appendix D. They were done using 

MATLAB® environment. The input data for this study is presented in table 5.2. In this particular case, this 

sensitivity study was done for the NL20 specimen, which as an input data of 0.145 and 18MPa, for the 

damping factor and E, respectively, as can be seen in table 5.2. The method consisted in drawing the 

curves using the discrete model. The code lines stand for any case but these curves are for the NL20 

data. The discrete model is presented in section 2.5 of the current document.   

 

Figure 5.5 - FRF curves for mass-spring-mass model, without considering the damping effect. 
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Figure 5.6 - Sensitivity curves for mass-spring-mass model, without considering damping. 

The variable K represents the cork element and stands for EA/L. The main variables of the input 

and output curves are the parameters of the problem which are the mass, stiffness and damping of the 

system. In this section attention will only be drawn to the stiffness that simulates the cork element. As 

can be seen in figure 5.6, the input and output sensibilities are the same. This is due the fact that the 

wave propagation is independent of the direction of this one.  

The methodology adopted was the same as in the previous case. Here the result of the 

sensitivity study for the variable K that stands EA/L is presented 

 

Figure 5.7 – Transmissibility and FRF curves for mass-spring-mass model, considering damping. 
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Figure 5.8 - Sensitivity curve with respect to k: upper curve for displacement transmissibility and lower 

curve for displacement amplitude. 

This study was also conducted to understand the effect of the variable η . The variable η  

stands for hysteretic damping.  

Here are present the graph regarding the sensitivity study for the variable η . The equations 

that support these curves are in section 2.5.  

 

Figure 5.9 - Sensitivity curve with respect to η : upper curve for displacement  transmissibility and lower 

curve for displacement amplitude. 
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The input and output sensitivity plots, as is showed, are less significant than the transmissibility 

ones. As can be seen in figures 5.8 and 5.9, the input and output sensibilities are the same, considering 

damping effect and with respect to variable η . This is due the fact that the wave propagation is 

independent of the direction of this one.  

5.3  Cork composition material 

Three different types of cork composition have been used in the specimen (figure 5.4). Next 

figure 5.10 present pictures of each type of cork composition used. 

   

                    a) VC6400                                          b) VC1001                                      c)   NL20               

Figure 5.10 – Photograph of the several types of cork composition used. 

It is possible to see that there are significant differences in grain size as well as presence of 

rubber in VC6400 and VC1001 specimen. The necessary input data is in table 5.2 while detailed technical 

specifications may be found in the respective data sheet (see [47] [48] [49]). 

5.4 FEM model  

The numerical and the experimental procedures adopted to obtain the results of this section 

are explained in chapter three and four, respectively. First of all, the characteristics of each material is 

introduced, namely its properties. Several specimens were tested with different types of cork 

composition. According with the description of the multilayer device, exposed in chapter one, this 

multilayer structure presents two different types of materials, steel and cork composition.  

The properties of steel are a Young Modulus of 205 GPa and a density of 7640 kg/m
3
.  In table 

5.2 are the properties of cork composition used during experimental tests. 

Table 5.2 - Cork composition properties used. 

Properties VC6400 VC1001 NL20 

Damping Factor 0.17 0.2 0.145 

Storage Modulus [MPa] 49 1.8 18 

Density [kg/m3] 893 516 210 
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The following table shows the set of parameters of the specimens: 

Table 5.3 - Specimen physical properties. 

 VC6400 VC1001 NL20 

Cork Composition [mm] 12.8 10.1 20.0 

Steel [mm] 20.5 20.5 20.5 

Each specimen tested has a cross section of 20.2x20.2 [mm
2
]. 

5.4.1 Link model and beam model 

The problem to solve here consists in determining the transmissibilities in a certain frequency 

range. The selected one was from 0 until 1600Hz. For this a steady-state analysis was conducted as it is 

described in chapter three, section 3.6.3 of the current report. After this the transmissibility curve was 

plotted, which is the ratio between the output over the input. The elements used were the designated 

link1 and beam4 elements, that support the bar theory and Bernoulli-Euler beam theory, respectively. 

The Bernoulli-Euler beam theory is explained in detail in the appendix B. The main difference between 

these two elements is the fact that link1 is used only for axial data and the beam4 element besides the 

same characteristics of link1, includes transversal displacement and rotations due to bending. The link1 

element only requests the cross section and the length of each material, see table 5.3. To build the 

mesh a convergence study was taken into account, see appendix A. For the mesh one has chosen 16 

divisions per length of material. The boundary conditions adopted for both elements are the same; they 

are clamped-free boundary conditions.  

The parameters introduced in the FE code for both theories, bar and beam, are presented in 

table 5.2. The FE adopted for the multilayer device was the link1 element. For the link1 element the 

input data was only the cross section, the length of each material, respective mesh and the parameters 

of each material which are in table 5.2. The geometrical parameters of the specimen are presented in 

table 5.3. This specimen is characterized by constant cross section, 0.0202x0.0202m
2
. The steel layer has 

the same cross section as the cork composition. For the beam4 element the differences from the link1 

element are the second moment of area along xx and yy coordinates as well as the torsional constant of 

the section. In order to validate the numerical results a comparison between numerical and 

experimental tests was carried out. The procedure adopted during the experimental tests is described in 

chapter four, section 4.4. The methodology adopted consisted in compare the numerical with the 

experimental data. In order to match the results it was necessary to curve fit the obtained results. This 

was done by visual inspection.   

The results of both elements are similar. The main difference is the computational cost. In fact, 

the beam4 element takes more time than the link1 element. The main reason is the fact that it has more 

DOF per node than the link1 element. This difference is more significant during the harmonic analysis.  
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Figure 5.11 – Photograph of the three layer specimen. 

The FE adopted for the multilayer device was the link1 element. The results for each specimen 

are presented next. 

5.4.1.1 VC6400 specimen results 

Here one presents the prediction of transmissibilities, in terms of force and displacement, for 

the specimen known as VC6400 specimen. The goal is to show that the FEM models are reliable and 

predict with good accuracy the behaviour of the multilayer structure and validate the FEM models.  

The selected frequency range, the mesh, the methodology, input data, boundary conditions, 

and experimental setup used during tests carried on for specimen VC6400 are described in section 5.4.1 

of the current document. 

 

Figure 5.12 - Displacement graphics for specimen VC6400. 
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Analyzing figure 5.12 it is possible to see that the value for which the transmissibility starts to 

attenuate is after 400Hz. It is important to mention that the input anti-resonance peak occurs at the 

same frequency as the transmissibility one. Another important aspect is the fact that the frequency for 

which the transmissibility achieves its peak is approximately the same as the output one. The reason 

why the input and output cross each other at the same frequency than the transmissibility cross the 

unity is because at that frequency the input and output are the same. It is also possible to see that after 

750Hz approximately there is a discrepancy between the transmissibility curves. The same happens for 

the output curves. This is due the fact that the experimental curve catches a flexural and/or torsional 

mode shape during reading.  

The same happens for the output curve; the difference is that it occurs after 1250Hz. The slight 

difference for the input and output curves in relation to the transmissibility one are explained by the 

sensitivity curves, see figure 5.8 and 5.9. 

 This is explained by the sensitivity curve which was presented in figure 5.8. The transmissibility 

curve is always more sensitive for the stiffness and hysteretic damping parameter, so the curve fitting 

were adjusted for the transmissibility curve.   

Analysing figure 5.13 it is possible to conclude that there is an attenuation region after the 

958Hz. Another important aspect is the fact that the transmissibility peak matches the input peak. It is 

also possible to see that, for the transmissibility curve only close to the peak the experimental and 

numerical curves match.  

 

Figure 5.13 - Force graphics for specimen VC6400. 
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5.4.1.2  VC1001 specimen results 

Here are presented the prediction of transmissibilities, in terms of force and displacement, for 

the specimen known as VC1001 specimen. The goal is to show that the FEM models are reliable and 

predict correctly the behaviour of the multilayer structure.  

The frequency range selected, the methodology, input data, boundary conditions, and 

experimental setup used during tests carried on for specimen VC1001 are described in section 5.4.1 of 

the current document. 

 

Figure 5.14 - Displacement graphics for specimen VC1001. 
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Figure 5.15 - Force Graphics for specimen VC1001. 

Analyzing figure 5.15 it is possible to see that in general the transmissibility as well as the 

output and input curves match.  

5.4.1.3 NL20 specimen results 

Here is presented the prevision of transmissibilities, force and displacement, for the specimen 

known as NL20 specimen. The goal is to show that the FEM models are reliable and predict correctly the 

behaviour of the multilayer structure and validate the FEM models.  

The frequency range selected, the mesh, the methodology, input data, boundary conditions, 

and experimental setup used during tests carry on for specimen NL20 are described in section 5.4.1 of 

the current document. 
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Figure 5.16 - Displacement graphics for specimen NL20.  
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In general, both force as displacement transmissibilities have accordance among numerical and 

experimental data. The discrepancy in the input curve for the case of displacement transmissibility after 

the 500Hz is due the presence of flexural and/or torsional mode shapes. The same happens for the 

output curve after 900Hz. The difference around the 100Hz for the displacement transmissibility is also 

due to flexural and/or torsion mode shapes. 

 

Figure 5.17 - Force graphics for specimen NL20. 

5.5 Device combining a three layer with one spring 

The following figure shows the same multilayer device of the previous subsection connected to 

a spring described in subsection 5.1.  

                                

Figure 5.18 – Illustration of the three layer device attached to a spring. 
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Here the objective is again to validate the FE prediction of transmissibility of displacement with 

experimental results. The data of the models is the same which is described in subsections 5.1 and 5.4.2, 

for spring and multilayer device respectively. Which concerns to FE codes, for the multilayer device was 

used the link1 element and for the spring the beam4 element. The methodology applied for the 

prevision is the same as well as for the experimental test, see 5.4.2 and 4.4, respectively. Which 

concerns to the FE mesh it is the same as the spring and multilayer structure. This is presented in sub-

sections 5.1 and 5.4.1., for spring and multilayer structure, respectively. The only difference is that it 

was necessary to adjust the wire diameter of the spring to 2.5mm in order to match the experimental 

curves with the numerical ones. In this sub-chapter will be only present transmissibility of displacement 

results. The experimental tests were conducted under Free-Free boundary conditions. The criterion 

adopted to present the results is the same as the multilayer ones, which is start with the devices which 

cork composition presents the highest density mass 

5.5.1 Combined device with VC6400 cork composition 

Here the transmissibility of displacement prediction is presented for the combined device 

which has the VC6400 cork composition. The boundary conditions and mesh adopted for this device are 

explained in the sub-section 5.5 of the current report.  

 

Figure 5.19 - Transmissibility of Displacement for combined device with VC6400 cork composition. 

The discussion of this graph it is in the end of the sub-section 5.5.3. 
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5.5.2 Combined device with VC1001 cork composition 

Here the transmissibility of displacement prediction is presented for the combined device 

which has the VC1001 cork composition. The boundary conditions and mesh are the same as the 

combined device with VC6400 cork composition. 

 

Figure 5.20 - Transmissibility of Displacement for combined structure with VC1001 cork composition. 

The discussion of this graph it is in the end of the sub-section 5.5.3. 
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5.5.3 Combined device with NL20 cork composition 

Here the transmissibility of displacement prediction is presented for the combined device 

which has the NL20 cork composition. The boundary conditions and mesh are the same as the combined 

device with VC6400 and VC1001 cork composition. 

 

Figure 5.21 - Transmissibility of Displacement for combined device with NL20 cork composition. 

From the result presented, VC6400, VC1001 and NL20 specimens, it is possible to see that the 

level of accuracy is reasonable for the transmissibility of displacement, although the first frequency does 

not appear in the numerical curve. This result shows that the FE code predicts in a satisfactory way the 

behaviour of the structure which concerns to the transmissibility of displacement. 
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Chapter Six 

6 Conclusions 

A study concerning the prediction of displacement and force transmissibility for three layered 

support and the combination with a helical spring attached to one of the extremities is presented in this 

thesis. For this purpose, analytical, numerical and experimental tests were conducted to validate the 

models presented.  

For this work the effect of the temperature and humidity changes on experimental tests were 

not conducted, although they were measured and kept in reference values. It was decided not to 

conduct non-linear analysis because the linear analysis, done in this thesis, showed good results 

according to the experimental tests. 

The main conclusions are the following: The implemented methodology shown to be able of 

predicting the force and displacement transmissibility of these type of devices. The validation of finite 

element models was based on experimental tests. For the discrete model, it was observed that the 

sensitivity to parameter K and h is bigger for the transmissibility than for the FRF. Such results suggest 

one way to explore on how the adjustment of these parameters should be done. 

Future work that should be developed consists in test supports on real structures and study 

thermal, humidity and overload influences on the performance of these devices. 
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Appendix A – Convergence study 

It is important to known the minimum number of finite elements necessary to reproduce 

correctly to be able to validate the experimental results. In order to determine the necessary number of 

finite elements per wave length, λ, was conducted a convergence study. This study was conducted for 

steel layer and each cork composition layer. The properties of cork composition are expressed in table 

5.2, namely density and Young’s modulus. The wave length is the ratio between the longitudinal wave 

velocity, see equation (A.1), and ω the frequency which the study concerns. The wave length may be 

obtained from  

 

E

c ρλ
ω ω

= =  (A.1) 

where c is the longitudinal wave’s velocity, E is the modulus of elasticity, ρ is the mass density 

[kg/m
3
] and ω the frequency [rad/s].  

In order to conduct the convergence test was used equation (A.1). The results of the wave 

length are presented in Annex Table 1. It is a good practice to consider that the minimum number of 

finite elements per wave length, λ, should be at least six. The criterion used to present the results was 

start by the higher to the lower density. 

Annex Table 1 - Wave length of the materials under study 

Properties Steel VC6400 VC1001 NL20 

E [MPa] 207e3 49.0e6 1.8e6 18.0 

ρ [kg/m
3
] 7640 893 516 210 

c [m/s] 5205.21 234.24 59.06 292.77 

f [Hz] 1600 1600 1600 1600 

λ [m] 3.253 0.146 0.036 0.182 

 

 The convergence study was done only for the NL20 specimen. This study was conduted for 

several elements per wave length but the minimum sufficient number of elements per wave length 

necessary to predict with accuracy for link and beam is presented in the annex table 2. 

Annex Table 2 - Number of finite elements per wave length 

 Link1 Beam4 

FE per wave Length 16 16 
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Figure A - Results of the convergence study 

The Figure A shows the results of the convergence study. The black line represents the 

experimental results, and the dashed blue and red lines the beam and link elements, respectively. It is 

possible to see that the accuracy with the 16 finite elements per wave length is very good. Thus, the 16 

elements per wave length are enough to model the experimental results. 
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Appendix B – Bernoulli-Euler beam theory 

Here are presented the mathematical equations concerning the beam theory used. 

The assumptions of the Euler Bernoulli beam theory are the following: 

• Cross-sections which are plane and normal to the longitudinal axis remain plane and 

normal to it after deformation 

• Shear deformations are neglected 

• Beam deflections are small 

Here is presented some equations and relations that stand the Bernoulli-Euler beam theory  

o Kinematic equations: 

                                   = ( )
z

u w x is the vertical deflection of the neutral axis (B.1) 

                                   
ψ= − = −( )

z

dw
u z x z

dx
 (B.2) 

                                   ε ε ε ε ε ε∂= = − = = = = =
∂

2

2
  0

x

xx yy zz xy yz zx

u d w
z and

x dx
 (B.3) 

  ε σ σ σ σ∂= = − = = = =
∂

2

2
 min  0

x

xx yy zz xy yz

u d w
z assu g

x dx
 (B.4) 

                                   ε κ
ϕ

= − = −
x

z

z  (B.5) 

whereϕ is the arc radius of a circle of radius  

 κ = −
2

2

d w

dx
 (B.6) 

where κ is the curvature of the beam 

o Equilibrium equations: 

 = − = − '
dQ

q Q
dx

 (B.7) 

 = − + = − +'dM
m Q M Q

dx
 (B.8) 

where Q and M are the transverse force and the bending moment, respectively. 

o Constitutive equations and Material Laws 

 κ= = −
2

2

d w
M EI EI

dx
 (B.9) 

  where E and I , Young’s modulus and second moment of area, respectively. 
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From now on will be presented the relations between stress and strain of the Bernoulli-Euler beam 

o Stress-Strain relations 

 ε σ ν σ σ= − +1
[ ( )]

xx xx yy zz

E
 (B.10) 

where σ σ= =0
yy zz

 

 σ ε ∂= = −
∂

2

2xx xx

w
E Ez

x
 (B.11) 

and σ σ σ σ σ= = = = =0
yy zz xy yz zx

 

 σ ∂ ∂   = + = − =  ∂ ∂   
0

x z

xz

u u dw dw
G G

z x dx dx
 (B.12) 

 σ σ= − = = ⇒ = −∫ ∫
2 2

2

2 2xx xx

A A

d w d w Mz
M zdA E z dA EI

dx dx I
 (B.13) 

 σ = − ( ) ( )

( )
xz

V x Q z

It z
 (B.14) 

 

=  = ⇒ =
=


2 4

2 4

( )

( )

( )

z

z

dM
V x

d w d wdx
M EI EI q x

dV dx dx
q x

dx

 (B.15) 

where 
z

q is the applied force per unit length on the beam in z-direction. 

The Bernoulli-Euler beam theory is not the only beam theory. In fact exists another one such as 

the Timoshenko beam theory. The main difference is that fact that Timoshenko beam theory takes into 

account shear effects. The Bernoulli-Euler beam theory doesn’t.  

The relation between internal force and bending moment equilibrium relations are related with 

the local equilibrium equations as presented next 

 

σσ σ

σ σ σ

σσ σ

∂∂ ∂+ + =
∂ ∂ ∂

∂ ∂ ∂
+ + =

∂ ∂ ∂
∂∂ ∂+ + =

∂ ∂ ∂

0

0

0

xyxx xz

xy yy yz

yzxz zz

x y z

x y z

x y z

 (B.16) 

where x, y and z denotes the direction according with the cartesian coordinates. 
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Appendix C – Parametric study 

C.1 – Effect of number of active coils  

Results obtained from the analysis on how the parameters of the spring affect the natural 

frequencies. 

Annex Table 3 – Effect of Number of active coils 

ω  [Hz] 1 2 3 4 5 6 7 8 9 10 

n=4.0 28.2 31.63 667.5 708.8 1415.3 1431.2 1947.9 2049.9 2733.1 2782.0 

n=4.5 24.4 26.8 583.7 628.5 1193.7 1289.5 1741.0 1791.8 2468.8 2688.8 

n=5.0 21.4 23.1 526.6 562.1 1049.0 1081.3 160.4 1653.6 2264.9 2282.4 

n=5.5 18.9 20.2 470.2 513.1 905.3 972.6 1451.8 1495.9 2026.7 2191.7 

n=6.0 16.8 17.8 432.1 467.4 800.5 843.1 1358.6 1382.0 1862.2 1882.7 

n=6.5 15.1 15.9 392.3 433.6 703.9 761.6 1235.8 1281.8 1669.1 1794.8 

n=7.0 13.6 14.2 364.8 400.4 627.9 674.9 1170.2 1187.2 1535.4 1577.9 

n=7.5 12.4 12.9 335.4 375.6 559.9 613.8 1071.7 1118.6 1389.2 1492.7 

 

C.2 – Effect of wire diameter  

Results obtained from the analysis on how the parameters of the spring affect the natural frequencies. 

Annex Table 4 - Effect of wire diameter 

ω  [Hz] 1 2 3 4 5 6 7 8 9 10 

1.3mm 7.62 8.25 314.5 335.2 626.6 646.2 960.2 986.9 1353.9 1365.4 

1.5mm 10.14 10.99 362.8 386.8 722.7 745.3 1107.5 1138.6 1561.5 1574.5 

1.7mm 13.03 14.11 411.1 438.4 818.8 844.3 1254.5 1290.2 1768.8 1783.3 

1.9mm 16.27 17.62 459.2 489.9 914.8 943.1 1401.3 1441.7 1975.8 1991.6 

2.1mm 19.8 21.5 507.4 541.5 1010.7 1041.8 1547.8 1593.1 2182.4 2199.4 

2.18mm 21.4 23.17 526.6 562.1 1049.0 1081.3 1606.4 1653.6 2264.9 2282.4 

2.3mm 23.82 25.79 555.5 593.0 1106.4 1140.3 1694.1 1744.4 2388.6 2406.7 

2.5mm 28.13 30.45 603.5 644.6 1201.9 1238.6 1839.9 1895.6 2594.3 2613.4 
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C.3 – Effect of spring diameter  

Results obtained from the analysis on how the parameters of the spring affect the natural frequencies. 

Annex Table 5 - Effect of spring diameter 

ω  [Hz] 1 2 3 4 5 6 7 8 9 10 

11.0mm 29.9 32.3 820.8 877.5 1634.3 1684.3 2501.7 2579.8 3528.2 3552.8 

12.0mm 25.7 27.8 672.5 718.3 1339.2 1380.3 2050.4 2112.5 2891.4 2912.6 

13.0mm 22.4 24.3 561.0 598.8 1117.3 1151.6 1710.9 1761.6 2412.4 2430.8 

13.37mm 21.4 23.1 526.6 562.1 1049.0 1081.3 1606.4 1653.6 2264.9 2282.4 

14.0mm 19.8 21.4 475.0 506.9 946.2 975.4 1449.1 1491.3 2043.2 2059.2 

15.0mm 17.6 19.1 407.4 434.6 811.6 836.7 1243.1 1278.8 1752.6 1766.7 

16.0mm 15.8 17.1 353.3 376.7 703.8 725.5 1078.0 1108.6 1519.8 1532.2 

17.0mm 14.3 15.5 309.3 329.7 616.1 635.2 943.7 970.3 1330.5 1341.5 

 

C.4 – Effect of helix angle  

Results obtained from the analysis on how the parameters of the spring affect the natural frequencies. 

Annex Table 6 - Effect of helix angle 

ω  [Hz] 1 2 3 4 5 6 7 8 9 10 

5.25º 17.2 19.4 316.4 332.7 680.1 688.3 922.6 973.0 1348.1 1355.7 

5.75º 16.2 17.9 314.0 331.3 659.4 670.6 932.1 972.9 1352.3 1364.7 

6.25º 15.2 16.6 311.6 330.4 637.8 652.8 938.9 972.0 1343.4 1357.5 

6.75º 14.3 15.5 309.3 329.7 616.1 635.2 943.7 970.3 1330.5 1341.5 

7.25º 13.5 14.5 307.0 329.1 594.8 617.7 947.0 968.1 1315.2 1321.7 

7.75º 12.8 13.6 304.7 328.6 574.0 600.76 949.0 965.5 1298.4 1299.9 

8.25º 12.1 12.8 302.5 328.1 553.9 584.1 949.8 962.9 1276.8 1280.7 

8.75º 11.5 12.1 300.3 327.7 534.6 568.1 949.3 960.7 1252.9 1262.5 
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C.5 – Effect of diameter relation D/d  

Results obtained from the analysis on how the parameters of the spring affect the natural frequencies. 

Annex Table 7 - Effect of the diameter relation D/d 

ω  [Hz] 1 2 3 4 5 6 7 8 9 10 

D/d=4 32.5 35.2 1060.9 1135.2 2111.9 2176.3 3232.2 3336.5 4559.1 4589.1 

D/d=5 23.3 25.2 680.3 726.6 1354.8 1396.5 2074.6 2137.0 2925.5 2947.2 

D/d=5.44 21.04 23.1 526.6 562.14 1049.0 1081.3 1606.4 1653.6 2264.9 2282.4 

D/d=6 17.7 19.2 472.9 504.6 942.0 971.2 1442.9 1484.7 2034.5 2050.6 

D/d=7 14.0 15.2 347.7 370.7 692.7 714.1 1061.1 1091.1 1496.0 1508.3 

D/d=8 11.5 12.4 266.3 283.8 530.6 547.1 812.9 835.58 1146.0 1155.7 

D/d=9 9.6 10.4 210.5 224.3 419.4 432.4 642.5 660.3 905.8 913.6 

D/d=10 8.2 8.9 170.5 181.6 339.8 350.4 520.6 534.9 733.9 740.3 
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Appendix D – MATLAB® codes 

D.1 - Code for the sensibilities 

Here is presented the code which stands the calculus of the sensitivities involved in the study. 

The resulting expressions are described in chapter two, section 2.5 and are applied in the sensitivity 

study, which is in chapter five, subsection 5.2.1. 

clc  
clear all  
syms k w m eta  D 
  
%Choose Option: 
%1-No damping 
%2-With damping 
 
Option=2;  
  
if  Option==1  
     
Matriz = [k - w^2*m , -k ; ...  
           -k , k - w^2*m ];  
     
det = Matriz(1,1)*Matriz(2,2) - Matriz(2,1)*Matriz( 1,2);     
  

In this case the A1 stands for the input, A2 to the output and TR for the displacement 

transmissibility. This MATLAB® program calculates the derivatives of the data. The derivatives of the 

data are the dA1, dA2 and dTR, which are the derivatives of the input, output and displacement 

transmissibility, respectively. 

 
A1 = (k-w^2*m)/det;  
dA1 = diff(A1,k);  
  
A2 = -(k)/det;  
dA2 = diff(A2,k);  
  
TR = A2/A1  
dTR_k = diff(TR,k); 
 

The command pretty is a MATLAB® instruction that puts the derivatives calculus in a fraction 

expression 
  
fprintf( '\n________________________________________________ _______\n' )  
disp( 'A1 em formato "pretty"' )  
pretty(A1)  
  
fprintf( '\n________________________________________________ _______\n' )  
disp( 'A2 em formato "pretty"' )  
pretty(A2)  
  
fprintf( '\n________________________________________________ _______\n' )  
disp( 'Derivada de A1 em k, em formato "pretty"' )  
pretty(dA1)  
 

  
fprintf( '\n________________________________________________ _______\n' )  
disp( 'Derivada de A2 em k, em formato "pretty"' )  
pretty(dA2)  
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fprintf( '\n________________________________________________ _______\n' )  
disp( 'Derivada de dTR em k, em formato "pretty"' )  
pretty(dTR_k)  
  
elseif  Option==2  
  
Matriz=[ (k + i * eta) - w^2 * m , -(k + i * eta) ;  ...  
        -(k + i * eta) , (k + i * eta) - w^2 * m ];  
     
det = Matriz(1,1)*Matriz(2,2) - Matriz(2,1)*Matriz( 1,2);  
  
A1 = ((k+i*eta)-w^2*m)/det;  
dA1 = diff(A1,k);  
  
A2 = -(k+i*eta)/det;  
dA2 = diff(A2,k);  
  
TR = A2/A1  
dTR_k = diff(TR,k);  
  
A1 = ((k+i*eta)-w^2*m)/det;  
dA1_eta = diff(A1,eta);  
  
A2 = -(k+i*eta)/det;  
dA2_eta = diff(A2,eta);  
  
TR = A2/A1  
dTR_eta = diff(TR,eta);  
  
fprintf( '\n________________________________________________ \n' )  
disp( 'A1 em formato "pretty"' )  
pretty(A1)  
  
fprintf( '\n________________________________________________ \n' )  
disp( 'A2 em formato "pretty"' )  
pretty(A2)  
  
fprintf( '\n________________________________________________ \n' )  
disp( 'Derivada de A1 em k, em formato "pretty"' )  
pretty(dA1)  
  
fprintf( '\n________________________________________________ \n' )  
disp( 'Derivada de A2 em k, em formato "pretty"' )  
pretty(dA2)  
  
fprintf( '\n________________________________________________ \n' )  
disp( 'Derivada de dTR em k, em formato "pretty"' )  
pretty(dTR_k)  
  
fprintf( '\n________________________________________________ \n' )  
disp( 'Derivada de A1 em eta, em formato "pretty"' )  
pretty(dA1_eta)  
  
fprintf( '\n________________________________________________ \n' )  
disp( 'Derivada de A2 em eta, em formato "pretty"' )  
pretty(dA2_eta)  
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fprintf( '\n________________________________________________ \n' )  
disp( 'Derivada de TR em eta, em formato "pretty"' )  
pretty(dTR_eta)  
  
end  
 
D.2 – Transmissibility Graphs, discrete model – with damping 

clc  
clear all  
close all  
  

Here are introduce the modal parameters of the sensitivity study 

 
m=7640*.0202^2*0.02  %variable mass  
K=18.9e6*0.02        %variable K        
eta=0.145            %variable η  
  
% Calculo Auxiliar  
b=(K+eta*j)  
  

Cycle that stands for the input, output and displacement transmissibility in the frequency range 

that goes from 1 until 1600Hz 

 
for  i=1:1:1600  
    w=2*pi*i;  
     
    A1(i)=(b-w^2*m)/((b-w^2*m)^2-(-b)^2);  
    A2(i)=(-b)/((b-w^2*m)^2-(-b)^2);  
    TR(i)=(-b)/(b-w^2*m);  
    
end  
 

Plot of the input, output and displacement transmissibility 

  
% ===   Mostrar Graficos   ===  
figure  
semilogy(abs(TR(1,1:1600)), 'k' , 'LineWidth' ,2);  
hold on 
semilogy(abs(A1(1,1:1600)), 'b' , 'LineWidth' ,2);  
grid on 
ylabel( 'Receptance - Magnitude [log re. 1m/N]' , 'FontSize' ,12)  
xlabel( 'Frequency [Hz]' , 'FontSize' ,12)  
 

Cycle that stands for the derivatives of the input, output and displacement transmissibility in 

the frequency range that goes from 1 until 1600Hz 

 
for  i=1:1:1600  
    w=2*pi*i;  
     
    dA1(i)=(1/((-m*w^2+b)^2-(b)^2)+(2*m*w^2*(-m*w^2 )))/((-m*w^2+b)^2-
(b)^2)^2;  
    dA2(i)=(-1/((-m*w^2+b)^2-(b)^2)-(2*m*w^2*(b)))/ ((-m*w^2+b)^2-
(b)^2)^2;  
    dTR(i)=(b)/(-m*w^2+b)^2-1/(-m*w^2+b);  
  
end  
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Plot of the input, output and displacement transmissibility sensitivity for variable K 

 
% ===   Mostrar Graficos Sensibilidades  ===  
figure  
semilogy(abs(dTR(1,1:1600)), 'k' , 'LineWidth' ,2);  
title( 'Sensitivity Curves' , 'FontSize' ,12)  
hold on 
semilogy(abs(dA1(1,1:1600)), 'b' , 'LineWidth' ,2);  
xlabel( 'Frequency [Hz]' , 'FontSize' ,12)  
  
semilogy(abs(dA2(1,1:1600)), 'r' , 'LineWidth' ,2);  
hold off  
grid on 
legend( '\partialDisplacement 
Transmissibility/\partialK' , '\partialInput/\partialK' , '\partialOutput/
\partialK' )  
  

Cycle that stands for the derivatives of the input, output and displacement transmissibility in 

the frequency range that goes from 1 until 1600Hz, fort the variable η  

 
% ===   Mostrar Graficos Sensibilidades em eta ===  
  
for  i=1:1:1600  
    w=2*pi*i;  
     
    dDf1(i)= j/(((-m*w^2+b)^2-(b)^2)+(2*m*w^2*(-m*w ^2+b)*j))/((-
m*w^2+b)^2-(b)^2)^2;  
    dDf2(i)= -j/((-m*w^2+b)^2-(b)^2)-(2*m*w^2*(b)*j )/((-m*w^2+b)^2-
b^2)^2;  
    dTRDf(i)=(((b)*j)/(-m*w^2+b)^2-j/(-m*w^2+b));  
end  
  

Plot of the input, output and displacement transmissibility sensitivity for variable η  
 
figure  
semilogy(abs(dTRDf(1,1:1600)), 'k' , 'LineWidth' ,2);  
xlabel( 'Frequency [Hz]' , 'FontSize' ,12)  
hold on 
semilogy(abs(dDf2(1,1:1600)), 'b' , 'LineWidth' ,2);  
semilogy(abs(dDf1(1,1:1600)), 'r' , 'LineWidth' ,2);  
title( 'Sensitivity Curves' , 'FontSize' ,12)  
hold off  
grid on 
legend( '\partialDisplacement 
Transmissibility/\partial\eta' , '\partialInput/\partial\eta' , '\partialO
utput/\partial\eta' )  
 

D.3 – Transmissibility Graphs, discrete model – without damping 

clc  
clear all  
close all  
  

Parameters of the study 

 
m=7640*.0202^2*0.02   %Variable mass  
K=20e6*0.02           %Variable k 
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 Cycle that stands for the input, output and displacement transmissibility in the frequency 

range that goes from 1 until 1600Hz 

 
for  i=1:1:1600  
    ii=2*pi*i;  
     
    A1(i)=((K-ii^2*m))/((K-ii^2*m)^2-K^2);  
    A2(i)=K/((K-ii^2*m)^2-K^2);  
    TR(i)=K/(K-ii^2*m);  
end  
 

Plot of the Graphs for variable k 
 
figure  
semilogy(abs(TR(1,1:1600)), 'k' , 'LineWidth' ,2);  
xlabel( 'Frequency [Hz]' , 'FontSize' ,12)  
title( 'Transmissibility and Receptance Curves' , 'FontSize' ,12)  
hold on 
semilogy(abs(A1(1,1:1600)), 'b' , 'LineWidth' ,2);  
ylabel( 'Receptance - Magnitude [log re. 1m/N]' , 'FontSize' ,12)  
semilogy(abs(A2(1,1:1600)), 'r' , 'LineWidth' ,2);  
ylabel( 'Receptance - Magnitude [log re. 1m/N]' , 'FontSize' ,12)  
hold off  
grid on  
legend( 'Transmissibility' , 'Input' , 'Output' )  
  
% ================== Sensitivity Curves =========== =======  

Cycle that stands for the input, output and displacement transmissibility in the frequency range 

that goes from 1 until 1600Hz 

 
for  i=1:1:1600  
    ii=2*pi*i;  
  
    dTR(i)=(-ii^2*m)/(K-ii^2*m)^2;  
    dA1(i)=((-ii^4*m^2))/((K-ii^2*m)^2-K^2)^2;  
    dA2(i)=(-ii^2*m)/((K-ii^2*m)^2-K^2)^2;  
end  
 

Plot of the graphs for sensitivity curves     
 
figure  
semilogy(abs(dTR(1,1:1600)), 'k' , 'LineWidth' ,2);  
xlabel( 'Frequency [Hz]' , 'FontSize' ,12)  
title( 'Sensitivity Curves' , 'FontSize' ,12)  
hold on 
semilogy(abs(dA1(1,1:1600)), 'b' , 'LineWidth' ,2);  
semilogy(abs(dA2(1,1:1600)), 'r' , 'LineWidth' ,2);  
hold off  
grid on 
legend( '\partialDisplacement 
Transmissibility/\partialK' , '\partialInput/\partialK' , '\partialOutput/
\partialK' )  
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D.4 – 3D Sensitivity plots parameter k and η  

clc  
clear all  
close all  
  
meshcolor= 'scaled' ;  
 

Parameters of the 3D sensitivity plots  

  
kdiv=240;  
kdiv2=kdiv*2-1;  
etadiv=240;  
etadiv2=etadiv*2-1;  
  

Range of the study, that goes from 1 to 1600Hz 

 
freq_range=1:5:1600;  
freq_div=length(freq_range);  
  
AZ=86; %azimuth  
EL=34; %elevation  
AZ_TR=78; %azimuth  
EL_TR=14; %elevation  
  
Parameters of the 3D sensitivity study  

 
m=7640*.0202^2*0.02;  
k=[linspace(270000,18.5e6*0.02,kdiv) ...  
   linspace(18.5e6*0.02,470000,kdiv)];  
k=k([1:kdiv kdiv+2:end]);  
etafix=0.145;  
  
kfix=18.5e6*0.02;  
eta=[linspace(0.100,0.145,etadiv) ...  
     linspace(0.145,0.190,etadiv)];  
eta=eta([1:etadiv etadiv+2:end]);  
 
dA1 = zeros(freq_div,kdiv2);  
dA2 = zeros(freq_div,kdiv2);  
dTR = zeros(freq_div,kdiv2);  
  

Cycle that stands for the derivative of the input, output and displacement transmissibility in the 

frequency range that goes from 1 until 1600Hz 
 

 
for  t=1:freq_div  
    w=2*pi*freq_range(t);  
     
    dA1(t,:)= -(1 + etafix.*i)./(m.*w.^2 - k.*(2 + 2.*etafix.*i)).^2;  
    dA2(t,:)= -(1 + etafix.*i)./(m.*w.^2 - k.*(2 + 2.*etafix.*i)).^2;  
    dTR(t,:)= (i.*m.*w.^2.*(etafix - i))./(k + etaf ix.*k.*i - 
m.*w.^2).^2;  
end  
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Plot of the sensitivity curve for the parameter K 

 
figure  
mesh(k,freq_range,abs(dTR), 'CDataMapping' ,meshcolor);  
set(get(gcf, 'CurrentAxes' ), 'ZScale' , 'log' )  
view(gca,AZ_TR,EL_TR)  
hold on 
mesh(k,freq_range,abs(dA1), 'CDataMapping' ,meshcolor);  
mesh(k,freq_range,abs(dA2), 'CDataMapping' ,meshcolor);  
hold off  
AXval=axis(gca);  
AXval(5)=min(min(min(abs(dTR))),min(min(abs(dA2)))) ;  
AXval(6)=max(max(abs(dTR)));  
axis(gca,AXval);  
title([ '\partialDisplacement Transmissibility/\partialK'  13 10 
'\partialInput/\partialK, \partialOutput/\partialK' ])  
xlabel( 'K (N/m)' )  
ylabel( 'Frequency [Hz]' )  
zlabel( '' )  
  
% ===   Mostrar Graficos Sensibilidades em eta ===  
  
dDf1 = zeros(freq_div,etadiv2);  
dDf2 = zeros(freq_div,etadiv2);  
dTRDf = zeros(freq_div,etadiv2);  
 

Cycle that stands for the derivative of the input, output and displacement transmissibility in the 

frequency range that goes from 1 until 1600Hz 

  
for  t=1:freq_div  
    w=2*pi*freq_range(t);  
     
    dDf1(t,:)= -(kfix.*i)./(- m.*w.^2 + 2.*kfix + 2 .*eta.*kfix.*i).^2;  
    dDf2(t,:)= -(kfix.*i)./(- m.*w.^2 + 2.*kfix + 2 .*eta.*kfix.*i).^2;  
    dTRDf(t,:)= (i.*m.*w.^2.*kfix)./(kfix + eta.*kf ix.*i - 
m.*w.^2).^2;  
end  
  

Plot of the sensitivity curve for the parameter η  

 
figure  
mesh(eta,freq_range,abs(dTRDf), 'CDataMapping' ,meshcolor);  
set(get(gcf, 'CurrentAxes' ), 'ZScale' , 'log' )  
view(gca,AZ_TR,EL_TR)  
hold on 
mesh(eta,freq_range,abs(dDf1), 'CDataMapping' ,meshcolor);  
mesh(eta,freq_range,abs(dDf2), 'CDataMapping' ,meshcolor);  
hold off  
AXval=axis(gca);  
AXval(5)=min(min(min(abs(dTRDf))),min(min(abs(dDf2) )));  
AXval(6)=max(max(abs(dTRDf)));  
title([ '\partialDisplacement Transmissibility/\partial\eta '  13 10 
'\partialInput/\partial\eta, \partialOutput/\partia l\eta' ])  
xlabel( '\eta (N/m.s)' )  
ylabel( 'Frequency [Hz]' )  
zlabel( '' )  
 
 
 


