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Abstract

Motivated by the fast growing field of spintronics, we have studied the dynamics of magnetic

moments. The Landau-Lifshitz (LL), Landau-Lifshitz-Gilbert (LLG) and Landau-Lifshitz-Bloch (LLB)

equations are presented in a phenomenological semi-classical context. The Landau-Lifshitz-Gilbert-

Brown (LLGB) equation describing the dynamics of a single domain particle when thermal fluctuations

are not negligible is discussed. Spin-transfer phenomena in magnetic multilayers is studied and we

review Slonczewski’s five layer model. The techniques for quantum open systems far from equilibrium

are discussed. The Keldysh formalism allows us to recover the Landau-Lifshitz-Gilbert-Brown equation

for the spin and, for the average over fluctuations, the Landau-Lifshitz-Bloch equation. This is done

under a microscopic model which linearly couples the spin to a bosonic bath. A microscopic model

accounting for the interaction of a spin, modelling 3d electrons, interacting with 4s conduction electrons,

through a s-d interaction, and phonons, is developed. Finally, numerical methods to solve for spin

dynamics are briefly discussed.
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Introduction

The GMR effect, discovered by Grünberg and

Fert in 1988 (Nobel Prize of 2007), motivated sci-

entific research of magnetization dynamics at the

scale of nanometers and led to the birth of a new

field of research called spintronics. While conven-

tional electronics study the dynamics of electric

charge transfer, spintronics studies the dynamics
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of charge transfer associated with spin phenomena,

namely spin polarized currents. Spintronic devices

have nanometer scale sizes, operate in high fre-

quencies (of the order of the GHz) and have a wide

range of applications which go from the creation of

small dimension (smaller than the 1µm) microwave

frequency generators powered and tuned by con-

stant applied currents to the improvement of mag-

netic storage devices.

To successfully design this devices one needs

to develop the theoretical comprehension of mag-

netization dynamics at the appropriate scales. In

this thesis, we have studied the classical micro-

scopic theories of magnetization in which we have

discussed the Landau-Lifshitz [1], Landau-Lifshitz-

Gilbert [2] and Landau-Lifshitz-Bloch [3] equa-

tions. Later we have studied the Landau-Lifshitz-

Gilbert-Brown equation [4] describing the dynam-

ics of a single domain particle, when thermal fluc-

tuations can not be negligible, and derived the as-

sociated Fokker-Planck equation. The theory of

spin-transfer phenomena was discussed and Slon-

czewski’s [5] five layer model was reviewed. Sub-

sequently, we have discussed the techniques to

study open quantum systems far from equilibrium.

Namely, the Keldysh [6] and Linbdlad [7] for-

malisms were discussed. Within the Keldysh for-

malism, we have studied Rebei and Parker’s mi-

croscopic model [8] consisting of a spin linearly

coupled to a bosonic bath and were able to re-

cover the Landau-Lifshitz-Gilbert-Brown and the

Landau-Lifshitz-Bloch equations in the limit of

high temperatures and small fluctuations. Inspired

by Rebei, Hitchon and Parker’s model of [9], we de-

veloped a microscopic model which couples a con-

tinuously defined spin modelling 3d electrons cou-

pled to conduction 4s electrons and phonons. We

present the results obtained for this model which

are yet in an early stage of development. Finally,

we discuss, briefly, the delicate problem of numer-

ical implementation of spin dynamics.

1 Classical Microscopic Theory

of Magnetization Dynamics

and corresponding Dynamical

Equations

In the theory of micromagnetics, a theory which

is in between classical and quantum mechanics, a

ferromagnetic body is described by a magnetiza-

tion vector, in the continuum approximation, the

properties of which are derived from a free energy

functional according to the thermodynamical prin-

ciples. The dynamics of the magnetization can

then be described by the Landau-Lifshitz equation

with a phenomenological damping term [1]

∂M

∂t
= −γM×Heff −

λ

MS
M× (M×Heff) , (1)

or, which has been shown to be more physical [10],

by the Landau-Lifshitz-Gilbert [2] equation

∂M

∂t
= −γM×Heff +

α

MS
M× ∂M

∂t
, (2)

with

Heff(x) ≡ − 1

µ0

δF

δM(x)
, (3)
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where F is the free energy functional which can

have various terms like the one associated with

crystalline anisotropy, exchange, an external or in-

ternal magnetic field, etc. The later equation can

be transformed into the form of the first, with ad-

equate coefficients,

γ → γ

1 + α2
, λ→ γα

1 + α2
. (4)

Both equations conserve the norm of the magneti-

zation vector.

The Landau-Lifshitz-Bloch equation [3] is a

phenomenological equation that accounts for mag-

netization relaxation phenomena. More specifi-

cally, it accounts for longitudinal and transverse

relaxation and, also, a saturation value in equilib-

rium. It is usually written as

dm

dt
= m× (He3)−

−
(
m3 −meq

T1

)
e3 −

m1

T2
e1 −

m2

T2
e2,

(5)

where we have used a system of units where gµB =

~ = 1. This later equation has been shown to give

a realistic behaviour of magnetization at elevated

temperatures [11].

2 LLG Equation with an ad-

ditional stochastic term:

Landau-Lifshitz-Gilbert-Brown

Equation

In 1963, Brown [4] accounted for temperature

in the description of a single magnetic particle by

introducing a phenomenological stochastic term in

the Landau-Lifshitz-Gilbert equation,

dM

dt
= γ0M×

[
− ∂V
∂M

− ηdM
dt

+ h(t)

]
, (6)

where V is the free energy of the magnetic particle

per unit volume and h(t) is a Gaussian Markovian

process satisfying

〈hα(t)〉 = 0, 〈hα(t)hβ(t+ τ)〉 = µδαβδ(τ). (7)

Consistency with statistical mechanics requires µ

to satisfy

µ =
2ηkBT

v
, (8)

where v is the volume of the magnetic parti-

cle. This result is indeed a manifestation of the

fluctuation-dissipation theorem which relates dis-

sipation to correlation spectra. The noise in the

Landau-Lifshitz-Gilbert-Brown equation is not ad-

ditive as in the Langevin equation of the Brownian

motion theory, but multiplicative. This compli-

cates the derivation of the Fokker-Planck equation

and implies a choice of stochastic interpretation. In

his paper, Brown implicitly chose the Stratovich in-

terpretation, since the associated results are those

of formally assuming zero correlation time of the

noise. The Fokker-Planck equation is a continuity

equation for the probability density function and

it is found by using the Kramers-Moyal expansion.

In spherical coordinates, it reads

∂W

∂t
=

1

sin θ

∂

∂θ
{sin θ[(h′∂V

∂θ
− g′ 1

sin θ

∂V

∂ϕ
)W+

+ k′
∂W

∂θ
]}+

1

sin θ

∂

∂ϕ
[(g′

∂V

∂θ
+

+ h′
1

sin θ

∂V

∂ϕ
)W + k′

1

sin θ

∂W

∂ϕ
],

(9)
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with

h′ =
η

(1/γ0)2 + (ηMS)2 ,

g′ =
1/γ0

MS

[
(1/γ0)2 + (ηMS)2

] . (10)

The Fokker-Planck equation of eq. (9) is satisfied

by the canonical distribution in the case of equi-

librium. Although the divergence of the current is

zero in that situation, the current is not zero and

there is, in fact, a current which yields a steady pre-

cession in such case. In the case of axial symmetry,

the Fokker-Planck equation becomes greatly sim-

plified since the solutions are linear combinations

of Légendre polynomials. This can be used as a

starting point for a perturbation theory in which

β(Vmax − Vmin) is small.

3 Spin-momentum transfer in

magnetic layers

In 1996, Slonczewski [5] predicted that, in mag-

netic multilayers with the CPP geometry (current

flowing perpendicular to the layers), the spin po-

larized nature of the current generates spin trans-

fer between magnetic sublayers. This is described,

in the equation of motion of the magnetization,

derived under Slonczewski’s five layer model (two

ferromagnetic layers alternating with three param-

agnetic spacers), by a spin transfer torque. Two

new phenomena were predicted by Slonczewski by

adding to the Landau-Lifshitz-Gilbert equation a

spin transfer torque term,

dS

dt
=

S

S
× (γHuc · Sc− α

dS

dt
+

+ e−1Ieg
Sfixed

Sfixed
× S

S
),

(11)

here Huc · Sc is the effective field associated with

the crystalline anisotropy and c is the fixed easy

axis, Sfixed describes the magnetization of a fixed

layer and

g =

[
−4 + (1 + P )3

(
3 +

Sfixed · S
SfixedS

)
/4P 3/2

]−1

,

(12)

in which P is the polarizing factor. This new

phenomena, which follow from the analysis of the

above equation for different signs of Hu, were the

steady precession driven by a constant current and

the magnetization switching driven by a pulsed

current.

4 Quantum open systems far

from equilibrium

To treat systems far from equilibrium one can

not use the standard tools of zero temperature

many body theory nor the tools from equilibrium

field theory. The so-called Keldysh formalism [6]

is based on a closed time path evolution of an ini-

tial density matrix and provides the necessary tools

to study non-equilibrium phenomena. When one

uses a path integral representation it essentially

yields twice the degrees of freedom, one for each

time branch, of the theory. In the Keldysh repre-

sentation, the two time branch fields are replaced

by their sum and difference. Using the stationary
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phase approximation, which is basically to consider

the minimization of the phase of the path integral,

one obtains two equations of motion. The inter-

esting feature of these equations is that one of the

fields is naturally interpreted as the classical field

and the other as associated to quantum fluctuation

and dissipation phenomena.

To study open quantum systems, one gener-

ally considers a physical space which is composed

by a system of interest and a bath/reservoir. The

bath is usually assumed to relax much faster than

the system. The coherent state path integral rep-

resentation of the reduced density matrix of the

system is a closed time path integral and gives the

usual terms associated with the action of the sys-

tem and an extra functional, the Feynman-Vernon

functional [12], which results from the interaction

of the system with the bath. The study of static

quantities in thermodynamic equilibrium requires

additional considerations as discussed in the liter-

ature (see, for instance, [13]).

An equivalent approach is to use the Lindblad

equation [7] describing the evolution of the system

density matrix, which can be derived from the as-

sumption of complete positivity of the quantum

operations and the Markovian approximation,

dρ̂S
dt

= −i[Ĥ, ρ̂S ]+

+
∑
α

(
L̂αρSL̂

†
α −

1

2

{
L̂†αL̂α, ρ̂S

})
,

(13)

where
{
L̂α

}
are the so-called Lindblad operators.

For the case of a spin 1
2 , we have used this later for-

malism to derive the Landau-Lifshitz-Bloch equa-

tion for the average of the spin. The requirement

of complete positivity of the associated quantum

operation has been shown to imply constraints in

the relaxation times [14],

2T1 ≥ T2 > 0. (14)

The fact that the quantum operations have to be

completely positive is indeed an important result

in modern quantum theory.

5 Generalized Landau-Lifshitz-

Gilbert-Brown Equation: Mi-

croscopic Quantum models

To obtain generalized LLGB equations in a

semi-classical approximation of the spin coherent

state [15, 16, 17] path integral representation of

the spin density matrix one works with the Keldysh

representation of the fields, in which,

S =
1

2
(S1 + S2)

D = S1 − S2.

(15)

The vector S is associated with the classical spin

vector and the vector D is associated with quan-

tum/thermal fluctuations and dissipation. The

equations of motion for these fields are then found

to be

Ḋ(t) = S(t)× δI

δS(t)
+ D(t)× δI

δD(t)
,

Ṡ(t) = S(t)× δI

δD(t)
+

1

4
D(t)× δI

δS(t)
,

(16)

where I is the effective action (without the SU(2)

Berry phase term).
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It has been shown recently [8] that a linear cou-

pling interaction of a spin with a bosonic bath

Ĥi =
∑
a

(
VaŜ+âa + V ∗a â

†
aŜ−

)
, (17)

allows for the existence of white noise in the equa-

tion of motion which, under the following condition

regarding the density of states of the bath, λ(ω),

πλ(ω)|V (ω)|2

ω
= α, (18)

takes, in the limit of large temperatures, the

form of the Landau-Lifshitz-Gilbert-Brown equa-

tion (where α is the Gilbert constant). To under-

stand this model we had to study the Feynman-

Vernon functional theory and in particular the

models in which the coupling of the system to the

bath is linear [18, 19]. Also, it has been shown [20]

that if the spin vector satisfies a Landau-Lifshitz

equation supplemented with white noise, then the

magnetic moment as the average over the fluc-

tuations of the spin satisfies, in the limit of low

temperatures, a Landau-Lifshitz equation and, in

the limit of high temperatures, a Landau-Lifshitz

Bloch equation. The collection of these results al-

lows one to arrive at the result that the interaction

with phonons (or other bosonic bath satisfying the

above condition) permits the recovery of a Landau-

Lifshitz-Bloch equation for the magnetic moment

which gives a good description at high tempera-

ture. All of these results were obtained under the

Stratonovich interpretation where the Barrow in-

tegration formula is preserved. The Itô interpreta-

tion of the stochastic LL and LLG equations leads

to a different Fokker-Planck equation and one must

take additional care regarding the rules of integra-

tion.

Inspired by Rebei, Hitchon and Parker’s work

of [9], we developed a microscopic model coupling

spins to electrons and phonons. The system can

be viewed as a set of spins in a lattice, each spin

written using a general spin-j representation of the

SU(2) group, which models 4d-type electrons in a

magnetic medium. We consider the reservoir to

include conduction electrons and phonons which

arise from lattice oscillations. The interaction part

includes a s-d interaction of the conduction elec-

trons with the spin,

Ĥsd = −λ
∑

ŝ(−k) · Ŝ(k), (19)

where we have defined the compound spin opera-

tor ŝ(k) =
∑

k′ ĉ†(k′ − k)(σ/2)ĉ(k′); and a spin-

phonon interaction,

Ĥspin-phonon =
∑

Va(k)Ŝ+(−k)âa(k) + H.c..

(20)

In the above definitions, the summations are taken

over the momenta; the phonon polarizations “a”,

for the case of the spin-phonon interaction; and,

for the case of the s-d interaction, also for the

spin indexes (which are implicit in matrix nota-

tion). Using the results for the Feynman-Vernon

functional in the case of linear coupling to the

bath [18, 19], we have obtained an effective action

for the path integral representation of the spin

density matrix. Because the s-d interaction is bi-

linear in the electron fields we decoupled it using a
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Hubbard-Stratonovich transformation. The result-

ing path integral was just a functional determinant

which could not be determined exactly and so we

did an expansion to the second order in the matrix

elements which depended on the small parameter

λ. The derivation of the equations of motion was

also done and we’ve recovered Brown’s equation

within the limit of high temperatures and a simi-

lar condition to that of eq. (18) for the density of

states of the phonons. The results are still in an

early stage of development.

6 Applications: On the com-

putational implementation of

magnetization dynamics

Numerical implementation of micromagnetics

implies spatial discretization in which the volume

of the magnetic body is divided into a set of tri-

angular prisms according to specific tesselation al-

gorithms. The amount of calculations needed de-

pends on the discretization method. When one

takes into account long range interactions like

dipole-dipole interactions a convolution of the mag-

netization vector with itself has to be done. This

process is time consuming. In the case of uniform

meshes the problem is simplified by recurring to

fast Fourier transform methods.

In the macrospin approximation, which is valid,

for instance, in the case of magnetic multilayers,

the magnetization is considered to be uniform and

the problem of studying the dynamics is simpli-

fied. One then uses the Landau-Lifshitz or the

Landau-Lifshitz-Gilbert equation, eventually com-

plemented with a Slonczewski torque, when we are

not near the transition temperatures. If we are

at higher temperatures, where fluctuations in the

magnitude of the magnetization are important, a

more realistic description is given by the Landau-

Lifshitz-Bloch equation [11].

If we consider the magnetic moment to satisfy a

Landau-Lifshitz-Gilbert or a Landau-Lifshitz equa-

tion then it lives in a sphere S2. Simple numerical

methods, like the Euler method, do not preserve

the norm of the vector and one often renormal-

izes the vector from time to time under the nu-

merical scheme. This is often criticized because

it changes the time evolution of the system in a

non linear way. It is known that first order meth-

ods fail to describe the dynamics of magnetization

(see, for instance, the discussion in [21]). A spher-

ical representation seems more suitable, but the

calculation of trigonometric functions, at each time

step, is time consuming. The stereographical pro-

jection representation has the right dimensionality

but, when studying magnetization switching phe-

nomena, one easily encounters numerical overflows

meaning that one has to change to the opposite

pole representation to avoid this to happen. An-

other possible representation that has been studied

recently [22], is the so-called Frenet-Serret repre-

sentation. This representation in spite of requiring

the knowledge of higher order derivatives and con-
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sequently being more demanding computationally-

wise, it provides two new scalars which describe

the orbits of the LLG equation.

The mid-point rule

xn+1 = xn + hf(tn +
h

2
, xn +

h

2
f(tn, xn)), (21)

and the Heun method,

xn+1 =

= xn +
h

2
[f(tn, xn) + f(tn + h, xn + hf(tn, xn))] ,

(22)

offer a better approach. D’Aquino, in his Ph. D.

thesis [23], shows that the mid-point rule numeri-

cal method preserves the norm of the magnetiza-

tion, it is unconditionally stable; in the case of zero

damping it preserves the free energy of the system;

it preserves, unconditionally, the Lyapunov struc-

ture of the LLG dynamics (the free energy is always

decreasing independently of the time step) and it

preserves the Hamiltonian structure to the cubic

order in the integration step.

When one considers the stochastic Landau-

Lifshitz-Gilbert equation one naturally encounters

multiplicative noise and a choice of stochastic in-

terpretation is required. Mathematicians usually

use the Itô interpretation. One of the disadvan-

tages of this interpretation is that one has to learn

new rules of calculus. The Stratonovich interpre-

tation is used by physicists because the results fit

with those of the formal limit of zero correlation

time for the noise. For the particular problem of

spins, it has been shown that the Fokker-Planck

equation derived using the Itô calculus does not

assume that a general form of the Boltzmann dis-

tribution satisfies such an equation in the equilib-

rium situation [24]. Because of this, we pursuit a

method that converges to the Stratonovich solu-

tion. There are several methods which converge

to the Stratonovich solution. The specific form of

these methods is given in [21] (chapter 6).

Conclusion

In this thesis we have seen the fundamental the-

oretical aspects of the dynamics of magnetic mo-

ments. The LL, LLG, LLB and the LLGB equa-

tions were presented in a phenomenological way

following the classical treatment. After having in-

troduced the appropriate formalism from the the-

ory of open quantum systems far from equilibrium,

we were able to show that they can be derived in

a semi-classical approximation of a theory which

accounts for the interaction of the magnetic mo-

ments with an environment. The only thing that

had some arbitrariness was the choice for the den-

sity of states of the associated bosonic bath. From

this results we see the full potential of using the

Keldysh formalism to derive semi-classical equa-

tions of motion for spin systems. The Lindblad for-

malism and, in particular, the requirement of com-

plete positivity of the maps defining quantum op-

erations, imply physical constraints which may be

verified experimentally. The two approaches com-

plement each other. When considering the cou-

pling of spins to electrons, the problem is far more

8



complicated than the ordinary linear coupling to a

bosonic bath because it is bilinear in the electron

fields. Once we have made a Hubbard-Stratonovich

transformation we were able to do the decoupling

of the electrons but then we have needed to do an

expansion of a determinant and considered only

the first two terms. The equations of motion in

momentum space, within a semi-classical approx-

imation, were then obtained by taking functional

derivatives of the resulting effective action.

It has been recently proved [25] that Slon-

czewski’s torque can be derived from the Keldysh

formalism with a Hamiltonian modelling a mag-

netic tunnelling junction with two itinerant ferro-

magnets, one representing a pinned layer and the

other a free layer, the spin associated with the free

layer is represented by Holstein-Primakoff opera-

tors. This also shows that spin-transfer phenom-

ena can be described within this formalism.

In studying spins we were presented with mul-

tiplicative noise which, in fact, turns them more

complex in the stochastic sense than the usual

Brownian particles. Spins are, even without con-

sidering the stochastic problem, actually, much

more complicated than bosons and fermions be-

cause their canonical commutation relations are

not c-numbers but, again, spins, leading, in par-

ticular, to the need to consider generalizations of

Wick’s theorem [26]. This makes the computation

of correlation functions for spins much more com-

plicated. Also, just by looking at the theory of

coherent-states for bosons or fermions and the the-

ory of coherent-states for spins one sees that the

degree of complexity increases a lot. In fact, the

classical phase space for a single bosonic degree of

freedom is R2 and for a spin is S2. While R2 is

a flat space, the sphere has curvature and, thus, it

has a non trivial structure. This is why the equa-

tions of motion for spins are more complicated.

Motivated by the current challenges imposed by

the need of storing information in magnetic media

at higher speed rates and by the limitations asso-

ciated with the generation of magnetic field pulses

by current we wish to find new ways of control-

ling and manipulating magnetization. Ultrashort

laser pulses offer the possibility of working at time

scales where it might be possible to have magne-

tization switching phenomena at speed rates never

seen before [27]. This is why in the future we are

planning to study a simple model in which the spins

are coupled to electrons and phonons as the bath

in the formalism which we have presented. To

study the fast dynamics, which are of major im-

portance to us by the reasons we have just stated,

we wish to consider a non-equilibrium distribution

for the electrons and phonons. In particular, we

would choose a non-equilibrium distribution asso-

ciated with a phonon laser. The derived equations

of motion would then be solved numerically and

closer contact with recent experiments could be

done. We pursuit conditions where one can in-

duce magnetization-switching effects. In parallel,

we wish to work with the discrete representation

of the path integral. Possibly it may allow us to
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derive symplectic numerical methods which would

help to solve the derived equations of motion in a

more computationally efficient way.
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