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Abstract

We study an analogue model of gravity, referred to as acoustic black hole, which is based on the

propagation of sound waves in fluids. We discuss the formalism and the 2 + 1-dimensional analogue of

rotating black holes. We study geodesic motion in this background, which describes the propagation

of high-frequency sound waves in the fluid, and identify the absorption cross-section of the acoustic

event horizon in this regime. We show the existence of superradiance in these analogues, and compute

numerically the gain factors. Finally we investigate superradiance mechanisms that might lead to

instabilities in these systems.
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1 Introduction

Black holes are among the most fascinating objects

in general relativity, and have been at the center

stage of fundamental physics in the last decades.

Yet, due to extreme conditions at which these ob-

jects exist (the horizon is a one-way membrane,

curvature scalars are typically large, etc), it is very

hard to find observational and experimental evi-

dence of the phenomena related to these extreme

conditions. It has been shown in Refs. [1, 2] that

the propagation of sound waves in constrained flu-

ids is formally equivalent to the propagation of a

massless scalar field propagating in a lorentzian

manifold. We can then think of analogue black

holes, which can be built in a laboratory. Acoustic

black holes for instance, have (i) an horizon where

Hawking-particles are created and which classi-

cally acts also as a one-way membrane, (ii) ergo-

regions, points where negative-energy states exist

and which are responsible for superradiance phe-

nomena and (iii) Geodesic structure, for instance

sound wave propagation can be analyzed in terms
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of the spacetime’s geodesics.

Consider an isentropic, inviscid and locally irro-

tational fluid. Under such conditions, acoustic per-

turbations in this fluid can be completely described

as a minimally coupled massless scalar field prop-

agating in a Lorentzian manifold. In other words,

the wave equation for this perturbation is mathe-

matically equivalent to the Klein-Gordon equation

1√
−g

∂µ
(√
−ggµν∂νψ

)
= 0, (1)

for an effective space-time given by

gµν =
ρ

c


−(c2 − v2) :̇ −vj

............ . ..............

−vi :̇ δij

 . (2)

We now want to shape this effective space-time in

a way such that it will share key features with the

Kerr space-time. Let’s consider a (2+1) dimen-

sional draining bathtub fluid flow with a sink at

the origin. This geometry was first proposed in [2].

The background fluid velocity will be

~v =
Ar̂ +Bθ̂

r
, (3)

where A and B are arbitrary real constants. Ap-

plying the coordinate transformation

dt→ dt̃+
Ar

r2c2 −A2
dr, dθ → dθ̃+

BA

r (r2c2 −A2)
dr,

(4)

and considering that the system has constant den-

sity such that ρ = c, we can write down the line

element as

ds2 = −
(

1− A2 +B2

c2r2

)
c2dt̃2 +

(
1− A2

c2r2

)−1

dr2

−2Bdθ̃dt̃+ r2dθ̃2 . (5)

This geometry does have an (acustic) event horizon

and an ergoregion, respectively

rH =
|A|
c
, rergo =

√
A2 +B2

c
, (6)

being rergo the boundary of the ergoregion.

In this work, we will also consider a generaliza-

tion of this geometry to the case of non constant

density. If we maintain that ρ = c, for the varying

density case, the background fluid velocity shall be

written as

~v =
A′

c(r) r̂ +Bθ̂

r
, (7)

and applying the appropriate transformations, the

line element will becomes

ds2 = −

(
c(r)2f(r)−

(
B

r

)2
)
dt2 +

1
f(r)

dr2

−2Bdtdθ + r2dθ2 . (8)

with

f(r) = 1− A′2

c(r)4r2
. (9)

Through out this work, we will consider a density

profile such that the speed of sound is written as

c(r) = 2− 1
rn
, n ∈ N. (10)

2 Geodesics in rotating acoustic

black holes

The motion of sound in an acoustic space-time

obeys null-geodesics. Since the line element (5)

doesn’t depend explicitly on the variables t and θ,

we will have to conserved quantities, respectively,

the phonon’s energy

E =
(
c2 − A2 +B2

r2

)
ṫ+Bθ̇, (11)
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and the phonon’s angular momentum

L = r2θ̇ −Bṫ. (12)

Defining the impact parameter D as

D =
L

E
, (13)

the geodesic equations are written as

ṙ2 = L2A
2 +B2 −

(
2B
D + c2

)
r2 + r4

D2

c2r4
, (14)

θ̇ = L
c2 − A2+B2

r2
+ B

D

r2c2 −A2
, (15)

ṫ = L
r2

D −B
c2r2 −A2

. (16)

From equation (15), we notice that the phonon will

experience an effective angular momentum, which

is a frame-dragging effect, and its given by the

addition of the fluid’s angular momentum to the

phonon’s angular momentum

Ltotal = L+
EB

c2
. (17)

Imposing that ṙ = r̈ = 0, we find the radius of the

null orbits to be

rc =

√
2
(
A2 +B2 ∓B

√
A2 +B2

)
c

, (18)

where upper and lower signs refer to co- and

counter-rotating orbits, respectively. The critical

impact parameter, for which null orbits occur, is

Dc = −2
B ∓

√
A2 +B2

c2
, (19)

for co- and counter-rotating geodesics respectively.

In figure 1, we show plots for geodesics with several

co− and counter − rotating angular momentums.

Figure 1: Geodesics for co- and counter-rotating

waves with B = 3, (top and bottom panel, respec-

tively). Blue lines are absorbed phonons, green

lines are null orbits and red lines are scattered tra-

jectories

3 Superradiance and the acous-

tic black hole bomb

Superradiance is a phenomenon which consists in

the transfer of energy from a given system to a

wave scattering off this system [4]. This phe-

nomenon may take place in rotating black holes

for a co-rotating incident wave. We will now study

the analogue effect expected to take place in the

acoustic black holes, which we can refer to as su-

perresonance.

Let us consider a (massless) scalar field of the

form ψ (r, θ, t) =
√
rH(r)eı(mθ−ωt). Klein-Gordon
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equation becomes (in units such that A = c = 1)

∂2
r∗H +

{(
ω − Bm

r̂2

)2

− V

}
H = 0 , (20)

where

V ≡
(
r2 − 1
r2

)[
1
r2

(
m2 − 1

4

)
+

5
4r̂4

]
. (21)

Here, the tortoise coordinate r∗ has been defined

by
dr∗
dr

=
(

1− A2

c2r2

)−1

. (22)

Close to the horizon, we impose ingoing waves only,

therefore we have H ∼ Tωme−i(ω−Bm)r∗ , and at in-

finity we have both ingoing and outgoing waves,

H ∼ e−iωr∗ +Rωme
+iωr∗ , where Tωm and Rωm are

the transmission and reflection coefficients. Com-

puting the wronskian of these solutions, we find

the relation

|Rωm|2 = 1−
(

1− Bm

ω

)
|Tωm|2 . (23)

which shows that superresonance (|Rωm|2 > 1) will

occur whenever the condition ω < Bm is satisfied.

For the non constant density case, consid-

ering a scalar field of the form ψ(r, θ, t) =
1√
c(r)r

Ψ(r)ei(mθ−ωt), we have

d2

dr2∗
Ψ(r) +

((
ω −mB/r2

)2
c(r)2

− V

)
Ψ(r) = 0 (24)

where we define r∗ by dr∗/dr = 1/f(r), and V is

V =
f(r)

4r2c2(r)
(−r2f(r)(∂rc(r))2

+c2(r)(4m2 − f(r) + 2r∂rf(r))

+2rc(r)∂r(rf(r)∂rc(r))). (25)

Solving numerically both wave equations to find

the amplitude |Rωm|2, we find that, for both cases,

we have higher amplification as B increases and

smaller amplification as m increases, and as B in-

creases, the amplification for the non-constant den-

sity case becomes much larger than for the constant

density case.

It has been proposed that superradiance could

lead black holes to an instability, the so-called black

hole bomb [5, 6]. We now want to search for such in-

stabilities in acoustic geometries. We will compute

numerically the absorption cross-section, given by

σ =
∞∑

m=−∞

1
ω

(1− |R|2), (26)

and we will search for negative values of this cross-

section. For the constant density case, we seem to

never find negative results, but rather results which

quickly tend to a positive constant expected in the

high energy limit, which is the critical impact pa-

rameter computed in (19). Some results are shown

in table 1.

Table 1: Comparison of analytical and numerical

results for the absorption cross-section

B

0 1 2 3 4

analytical sum 4 5.656 8.944 12.650 16.492

numerical sum 4 5.69 9.07 12.33 16.41

For the non constant density case, if we restrict

our study to the co-rotating modes, we are able to

find negative values around the maximums of su-

perradiance of the mode m = 1.
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Figure 2: Absorption cross-section for B = 5.

4 Conclusion

The ”draining bathtub geometry” had already been

explored in the literature, where it was found that

superradiant mechanisms were not strong enough

to de-stabilize the system. Here, we generalized

this work in two directions: (i) by generalizing the

draining bathtub geometry allowing the density to

be non constant. (ii) we also considered many-

body instabilities, in particular fission-like instabil-

ities. We have found a position-dependent density

profile such that this instability occurs for certain

frequencies and waves co-rotating with the acous-

tic hole; this density profile also features a much

higher superradiance. We computed the geodesic

equations for this geometry; it could be an inter-

esting test to verify whether or not those equa-

tions represent accurately the motion of sound in

laboratory condition. We showed that the absorp-

tion cross-section computed analytically, coincide,

in the high frequency limit, with the numerical re-

sults obtained for the absorption cross-section. We

have found out that, in the acoustic space-time, a

particle experiences an effective angular momen-

tum, which is given by the particles angular mo-

mentum added by the fluids angular momentum.

This, of course, represents a limitation to the anal-

ogy, since it doesn’t happen in other black hole

solutions.
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