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Abstract

We start by providing an overview of modal logic including the lan-
guage, Kripke semantics and axiomatization. General soundness, com-
pleteness and decidability results are provided. We concentrate our
attention on the modal logic CSL (Comparative Similarity Logic) ca-
pable of reasoning about comparative distances in distance spaces.
After introducing the language and the semantics, we prove its decid-
ability over a speci�c class of distance models. Finally, we produce a
graph-theoretic account of CSL having in mind the possibility of com-
bining such a logic with other logics either by �bring or by �spatial�
modalization.

Keywords: Modal logic, distance spaces, spatial logics, decidability,
graph-theoretical account of logics
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Resumo

Começamos por dar uma visão global da lógica modal incluindo a sua
linguagem, semântica de Kripke e axiomatização. São apresentados
resultados gerais de correcção, completude e decidibilidade. Depois,
concentramos a nossa atenção na lógica modal CSL (Comparative
Similarity Logic) capaz de raciocinar sobre distâncias comparativas em
espaços métricos. Depois de introduzirmos a linguagem e a semântica,
provamos que a lógica é decidível sobre uma classe especí�ca de espaços
métricos. Finalmente, apresentamos uma de�nição de CSL usando
a abordagem de multigrafos à de�nição de lógicas tendo em vista a
possibilidade de combinar esta lógica com outras, seja por �brilação
seja por modalização �espacial�.

Palavras-chave: Lógica modal, espaços de distância, lógicas espaciais,
decidibilidade, abordagem de multigrafos à de�nição de lógicas
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Chapter 1

Introduction

Modal logic is a kind of logic originally conceived as the logic of pos-
sibility and necessity. In fact, as early as Ancient Greece, Aristotle
started reasoning with notions of possibility and necessity.

Despite such an early interest in these notions, only recently, in
1918, modal logic as we know it was presented, by C.I. Lewis, where
he introduced notions of impossibility and strict implication [9].

Later, in 1932, in another breakthrough book, Lewis, along with
C.H. Langford [10], presented a more detailed exposition of Lewis'
ideas, where the possibility symbol, ♢, was introduced as primitive.
The �ve well known axiomatic systems S1-S5 were also de�ned.

Until the 1950's, most modal logic discussions were essentially syn-
tactic. Interpretation was made based on boolean algebras, where
modal connectors were seen as operators on them. Using this tech-
niques, the �rst results regarding spatial logics appeared. The most
interesting for this dissertation being the proof by Tarski and McKin-
sey [11] that S4 can be used for reasoning about topological spaces. In
fact, they showed that S4 is complete when interpreted topologically,
with ♢ being the topological closure of a set and � the interior.

Only in the late 1950's, an intuitive semantics for modal logics was
created. Through the notions of relational structures, frames and mod-
els, the 19-year old Saul Kripke revolutionized the way modal logics
were handled and utilised. By relating the syntactic approach of the

9



10 CHAPTER 1. INTRODUCTION

�rst half of the century with the new semantic approach, problems
such as distinguishing logics or proving that the set of valid formu-
las equals the set of generated formulas were suddenly reduced to a
straightforward semantic argument. For example, it was now clear
that S4 is complete in the set of all re�exive and transitive frames
[2, 1].

This relational semantics, often called Kripke semantics, gave birth
to a whole new set of possibilities. During the next few decades, modal
logics evolved like never before, into several new concepts unforeseen
until then. It became clear its many uses and importance in several
�elds of study.

Despite the many breakthroughs, one branch of modal logic that
didn't receive the same attention as, for example, temporal and normal
logics, was spatial modal logics, which garnered only some scattered
attention in the literature.

However, later in the century, more focus was given to spatial
logics. An important advance to this dissertation pertains to the in-
troduction done by van Benthem to comparative distances in modal
languages [18].

Since then, some attempts have been made at creating a cohesive
study of this discipline, the most noble attempt resulting in a rather
recent and detailed handbook [1].

For a more thorough historical perspective on modal logics and the
speci�c branch of spatial logics, the reader should consult [8, 2, 7, 12].

The structure of this dissertation is as follows. In Chapter 2, we
introduce modal logics, along with Kripke semantics and notions of
satis�ability, validity, soundness, completeness and decidability. The
discussion is particularized with help from the basic modal language.
Chapter 3 is dedicated to the introduction of distance spaces and a
spatial logic which reasons about comparative distances and topology.
A major decidability result is proved. At last, Chapter 4 de�nes the
spatial logic in graph-theoretical terms, as introduced in [13].



Chapter 2

An overview of modal logic

In our �rst chapter we present the main components behind modal
logics. As with any logic it consists on the language, semantics and
calculus. The modal language is an extension of a propositional lan-
guage. Satisfaction and validity are de�ned over Kripke structures.
The calculus is presented for normal modal logics. We proceed by
introducing soundness and completeness of the calculus and include,
in the end of the chapter, a discussion on the decidability of modal
logics.

2.1 Language

We will start this study of modal logic by, without further unneces-
sary explanation, presenting the syntax for the most general of modal
languages, the basic modal language, after which we will de�ne the
semantics of this logic via Kripke structures. The signature (or alpha-
bet) of the basic modal language is, as in the case of the propositional
logic, a set of propositional symbols. The formal grammar of the ba-
sic modal language has a new modality operator, not included in the
propositional case. This operator is in many cases, the necessity op-
erator �. Herein, we preferred to use the ♢ modality as primitive.

11



12 CHAPTER 2. AN OVERVIEW OF MODAL LOGIC

De�nition 1 (Basic modal language) The formulas of the basic

modal language are constructed using Φ according to the following
formation rules:

φ ::= p | ⊥ | ¬φ | ψ ∨ φ | ♢φ

where Φ is a set of proposition symbols and p ∈ Φ.

We say that Φ is the signature for the basic modal language. By
changing Φ we get a new modal language. As usual, we also use the
abbreviations for conjunction, implication, equivalence, constant truth
value (`top') and the converse of the ♢ symbol, the � symbol:

φ ∧ ψ := ¬(¬φ ∨ ¬ψ)

φ→ ψ := ¬φ ∨ ψ

φ↔ ψ := (φ→ ψ) ∧ (ψ → φ)

⊤ := ¬⊥

�φ := ¬♢¬φ

2.2 Semantics

In this section we present the semantic framework that allow us to
interpret modal formulas. In our case we adopted Kripke structures
and not modal algebras. By introducing di�erent Kripke structures,
we can de�ne, constructively, a local and a global interpretation of
modal formulas. The notion of semantic entailment between sets of
formulas and formulas is also de�ned.

2.2.1 Kripke structures

Now that we have de�ned the basic of modal languages, we are ready
to introduce Kripke semantics, by �rstly de�ning Kripke frames.
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De�nition 2 (Kripke frame) AKripke frame F (or simply a frame)
consists of a pair (W,R) where:

1. W is a non-empty set;

2. R : W ×W → {0, 1} is a binary relation on W .

The elements of W are called worlds, states or points, while the
binary relation R is usually called the accessibility relation.

The fact that the Kripke frame is a very basic structure that has
knowledge only about the logic's universe and doesn't take into ac-
count the signature of the language on which it is going to be used,
means that frames will only be used to reason globally. To provide
interpretation of the propositional symbols and the constructors we
need the notion of Kripke model.

De�nition 3 (Kripke model) AKripke model (simply called model
from now on) for the basic modal language is a pair M = (F , V ),
where F = (W,R) is a frame, and V : Φ→ ℘W is a map.

Such map V assigns to each p ∈ Φ the worlds in W where p is
perceived to be true.

We may also use the expression interpretation structure when re-
ferring to Kripke models.

So we can see that, contrary to a frame, a model provides us with a
bridge, through the valuation function V , between the modal language
on which it is based and the universe of the frame associated with the
model.

2.2.2 Interpretation

With the de�nitions of frames and models, we are now ready to se-
mantically interpret the basic modal language introduced, by de�ning
with precision various notions of formula evaluation, including satis-
faction (pertaining to models) and validity (pertaining to frames) in
modal logics.
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De�nition 4 (Satisfaction in a model) Given a modelM = (F , V ),
a world w ∈ W and a formula φ of the basic modal logic, we say that
the formula φ is true (or satis�ed) inM in the world w ifM, w  φ,
where the relation  is inductively de�ned as follows:

M, w  p i� w ∈ V (p), where p ∈ Φ
M, w  ⊥ never
M, w  ¬φ i� not M, w  φ
M, w  φ ∨ ψ i� M, w  φ orM, w  ψ
M, w  ♢φ i� M, v  φ for some v ∈ W with R(w, v)

If, on the other hand,M does not satisfy φ in world w, we write
M, w 1 φ.

By de�nition of implication, constant truth (⊤) and the box sym-
bol (�), we get:

M, w  φ ∧ ψ i� M, w  φ andM, w  ψ
M, w  φ→ ψ i� M, w 1 φ orM, w  ψ
M, w  φ↔ ψ i� M, w  φ→ ψ andM, w  ψ → φ
M, w  ⊤ always
M, w  �φ i� M, v  φ ∀v ∈ W with R(w, v)

This notion of satisfaction is a very internal and local one, hence
being usually called local satisfaction. Formula interpretation is done
inside the models, according to some speci�c current state w. More-
over, the interpretation of ♢ is also done according to local relations,
for only the states that are accessible from our current state (according
to the accessibility relation R) are going to be scanned for satisfaction.

We can extend this de�nition of satisfaction to sets of formulas.
We say that a model M satis�es the set of formulas Γ in the world
w ∈ W , written

M, w  Γ

i�M, w  γ for every γ ∈ Γ.
Other de�nitions of satisfaction will be used. For example, we say

that a formula φ is satis�able in a model M if there exists a world
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w ∈ W whereM, w  φ. IfM, w  φ happens for all worlds w ∈ W
then we say that the formula is globally true inM.

Now we will present another type of formula evaluation within
Kripke semantics, formula validity.

De�nition 5 (Validity in a frame) Given a frame F = (W,R), a
world w ∈ W and a formula φ, we say that the formula φ is valid in

the frame F in w, denoted by

F , w  φ,

ifM, w  φ for every modelM based on the frame F .

Also, the formula is valid in the frame F , denoted by

F  φ,

if the formula is valid in F for all worlds w ∈ W . The formula is
simply valid, denoted by

 φ

if it is valid for all possible frames.

As we can see, the de�nitions of satis�ability and validity, although
presented in a similar way, have a big di�erence in the way they work.
With satis�ability, we are interested in the valuations given by the
models, so satisfaction is a more local concept. Formulas are satis�ed
within a model depending on the di�erent valuations given to each
propositional symbol. On the other hand, validity, by being applied
to every model, discards the valuations of each, and is left only with
the frame de�ned, and so makes evaluations concerning our perceived
universe, not the di�erent truth-values included in the models.

In essence, while satis�ability gives us a local idea of our universe
by accepting speci�c truth-values assigned to the di�erent worlds, va-
lidity gives us a global idea of our universe, by taking into account
only the relations between each world, not their speci�c valuation.
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2.2.3 Entailment

Sometimes we may not be so interested in how each formulas relate
to our universe by means of frames and models, but more in the sense
of how formulas relate to each other. We may want to understand
some formulas as being a basic logical consequence to another set of
formulas in some local or global environment. For that purpose, two
notions of semantic entailment are introduced, a local de�nition and
a global one.

De�nition 6 (Local semantic entailment) Let Φ be a logical sig-
nature,M be a model, and Γ∪{φ} a set of formulas of some language
over Φ. We say that Γ locally entails φ inM (or φ is a local semantic
consequence of Γ inM), written

Γ �l
M φ

if for every point w ∈M, we haveM, w  φ wheneverM, w  Γ.

This de�nition of semantic entailment demands that if some set
of formulas Γ is true at some point in some model, then φ must also
be true at the exact same point in the same model. Hence, this is a
de�nition that treats semantic entailment point to point. Sometimes
we may be interested in a notion where instead of forcing the truthness
of a set of formulas to be preserved in each and every point, we want
to preserve the truthness in the model as a whole. That is the essence
of the global semantic entailment.

De�nition 7 (Global semantic entailment) As in the previous def-
inition, let Φ be a logical signature,M be a model, and Γ∪ {φ} a set
of formulas of some language over Φ. We say that Γ globally entails φ
inM (or φ is a global semantic consequence of Γ inM), written

Γ �g
M φ

if we haveM  φ wheneverM  Γ.
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We also use the de�nition of global semantic entailment over frames.
If F is a set of frames, then Γ �g

F φ if Γ �g
M φ for every model M

based on some frame F ∈ F .
As we can see, this de�nition makes the assumption that Γ is glob-

ally true in a model, and is based on the preservation of that global
truth. The di�erence between these notions can be seen through the
classic example of the formulas p and �p. If we take the local se-
mantic entailment de�nition, we can see that just because p is true in
some point w in some modelM, doesn't mean that p will also be true
at every point accessible from w. Hence, there are models such that
p 2l

M �p. But, if it is true in every point in some model, then it is also
true at every point accessible from some other point, and so, p �g

M �p.
And so clearly global entailment doesn't imply local entailment. But
we can easily show that local entailment implies global entailment.

Theorem 8 Let Φ, M, and Γ ∪ φ be de�ned as in De�nition 7.
Then, if Γ �l

M φ, it is also the case that Γ �g
M φ.

Proof: Suppose Γ �l
M φ. We want to show that Γ �g

M φ, which is the
same as saying that ifM  Γ thenM  φ. So suppose thatM  Γ.
Then:

M  Γ (global truth de�nition)

M, w  Γ for every point w ∈M (local entailment hypothesis)

M, w  φ for every point w ∈M (global truth de�nition)

M  φ (global entailment de�nition)

Γ �g
M φ

QED

2.3 Axiomatization

We have discussed Kripke structures that allow us to reason seman-
tically about modal logic. From now on we concentrate on normal
modal logics to provide calculi.
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2.3.1 Normal modal logics

We will start this introduction of normal modal logics by presenting it
and its various nuances, while leaving the speci�c usage of these modal
logics in soundness and completeness results to the next sections.

Before actually de�ning normal modal logics, we need the simple
de�nition of tautological formula.

De�nition 9 (Tautological formula) A tautological formula φ over
Φ is a modal formula such that there is a set Π of propositional sym-
bols, a propositional formula γ over Π and a map µ from Π to the
modal language over Φ such that

� µ̄(γ) = φ;

� γ is a propositional tautology;

where µ̄ is the obvious extension of µ to formulas over Π.

Simple and obvious examples of propositional tautologies include:
(�p)→ (�p) and (�p)→ (q → (�p)). The last tautological formula
comes from the �rst axiom of the usual Hilbert calculus for proposi-
tional logic.

To prove that the last formula is in fact a tautological formula, let
us take into account De�nition 9 and assume the following:

� Π = {p1, p2},

� γ = (p1→ (p2→ p1)),

� Φ = {p, q}

� µ a map from Π to the modal language over Φ such that:

� µ(p1) = �p,
� µ(p2) = q.
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Then, it is clear that µ̄(γ) = (�p) → (q → (�p)), and since γ is a
propositional tautology, then (�p) → (q → (�p)) is a tautological
formula over Φ.

Now comes the de�nition of normal modal logics.

De�nition 10 (Normal modal logics) A normal modal logics is a
set Λ of formulas that must contain (at least) all tautological formulas
and the following axioms:

(K axiom) �(p→ q)→ (�p→ �q)
(Dual axiom) ♢p ↔ ¬�¬p

Λ must also be closed under the following rules of inference:

� Modus ponens : given φ and φ→ ψ, prove ψ.

� Generalization: given φ, obtain �φ.

So a normal modal logic is simply a set of formulas that satisfy
some deduction rules. There is a connection, however, between the
formulas in a normal modal logic, and the valid formulas in some set
of frames.

We say that a rule of inference preserves a speci�c type of semantic
interpretation, for example, satisfaction, if it is true that the satisfac-
tion of the premises in some model and some point guarantees the
satisfaction of the conclusion in the same model and same point.

Given that de�nition, note that although Modus ponens preserves
every semantic interpretation, whether it being satis�ability, global
truth or validity, generalization, on the other hand, does not preserve
satis�ability. Just because a formula is true in some point in some
model, doesn't mean it is true in every accessible point in the same
model. Global truth and validity though, are preserved, for if it is
true in every point, then it is true also in every accessible point. This
statement will be proved carefully later. Because of this notion, we are
more interested in proving the connection in terms of frames, since we
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don't need to be careful using generalization around formulas seman-
tically and syntactically valid. All our completeness and soundness
results are to be expressed and exampli�ed recurring back to frames,
never models.

The smallest of normal modal logics is obtained by simply starting
with exactly the axioms proposed: a minimal set of tautologies, the K
axiom and the dual axiom, and using the previously stated deduction
rules. As we will see, it is a fact that the formulas that can be deduced
simply from this axioms and rules of proof are exactly the formulas
from the basic modal language that are valid in the set of all frames.
We refer to this modal logic simply by K, taking its name from the
axiom that it includes.

Other, more speci�c and more expressive normal modal logics can
be created by enriching them with some other axioms. These axioms
usually re�ect the type of frames that we want to connect with. For
example, if we add to the K logic the axiom that re�ects transitivity,
♢♢p → ♢p (this axiom is also referred to as the (4) axiom), we get
a normal modal logic, called the K4 system (since it includes the K
and 4 axiom), whose formulas are exactly the formulas valid on all
transitive frames.

There are two interesting remarks that can be made about normal
modal logics and lead to other ways of thinking about normal modal
logics.

Remark 11

� The set of every possible formula of the basic modal language is
a normal modal logic (called the inconsistent logic).

� If {Λi | i ∈ I} is a collection of normal modal logics, then
∩

i∈I Λi

is also a normal modal logic.

By the previous remark, we realize that, given a set of formulas
Γ, there is a minimal normal modal logic containing Γ. We call this
modal logic KΓ and say that KΓ is axiomatized by Γ. Note that that
implies that if Γ is the empty set, or the (4) axiom, then KΓ equals
K or K4, respectively.
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These normal modal logics also allow for a Hilbert-type deductive
system. We will present it for the K system.

De�nition 12 (K-proof) AK-proof is a �nite sequence of formulas,
where each formula is either an axiom or a formula that follows from
previous ones by a deduction rule. The axioms and rules of proof for
this formula deduction system is the same used to �rst de�ne normal
modal logics.

We say that a formula φ is K-provable if it appears in a K-proof.
If that is the case, then we write ⊢K φ. If the normal modal logics
system used in the proof (in this case the K system) is clear from the
context, we can simply write ⊢ φ.

As a �nal de�nition concerning K-proofs, we have the de�nition
of local syntactical consequence. Let Σ∪φ be a set of formulas and Λ
a normal modal logic. We say that φ is a local syntactic consequence
of Σ (or φ is deducible from Σ) in Λ written Σ ⊢Λ φ if there is a K-
proof of φ which may use Σ as hypothesis, but the generalization rule
is never used on formulas which originate from any of the hypothesis
σ ∈ Σ.

2.3.2 Soundness

We have now the right ingredients to start connecting our syntactic
and semantic analysis of modal logic. The simplest notion to prove is
the soundness of modal logics, which will ultimately lead to the more
speci�c proof that every formula in the K system, meaning every
formula that has a K-proof, is also valid on the class of all frames.

De�nition 13 (Soundness) Let F be a class of frames. A normal
modal logic Λ is sound with respect to F if for every φ ∈ Λ, and for
every frame F ∈ F , we have that ⊢Λ φ implies F  φ.

This is the same as saying that a normal modal logic is sound with
respect to a class of structures if every formula in that normal modal
logic is valid in every frame from the class.
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So this gives us one way of the bridge we want to create. From
a syntactically de�ned logic, we try to get the same logic de�ned se-
mantically, by de�ning the frames on which the logic is valid.

Since every normal modal logic is de�ned only by their axioms and
the rules of proof, to prove that a normal modal logic is sound with
respect to some set of frames, all we need to prove is that the axioms
are valid in that class and that the rules of proof preserve validity.
Proving that a rule of proof preserves validity is the same as proving
that if the assumptions Γ are valid in a class of frames then so is the
conclusion γ. That is, if F  Γ then F  γ.

As we said before, the formulas in K are exactly the same as the
modal formulas valid in the set of all frames. Let's now try to prove
one side of the equation. All we need to prove is that the 2 axioms
from K, the K axiom and the dual axiom, are valid in all frames, and
that modus ponens and generalization preserve validity. These proofs
are generally straight forward, so we'll just provide a proof for the K
axiom and the generalization.

Lemma 14 (K axiom is valid in every frame) The K axiom is
valid in every possible frame, that is,

 �(p→ q)→ (�p→ �q).

Proof: To prove that the K axiom is valid in every frame, we must
have, for every modelM and every point w,

M, w  �(p→ q)→ (�p→ �q).

So, suppose M, w  �(p → q). By our de�nition of satisfaction
we get:

M, w  �(p→ q) (�− satisfaction)

M, v  p→ q, for every v such that R(w, v) (→ −satisfaction)
M, v 1 p orM, v  q (�− satisfaction)

M, w 1 �p orM, w  �q (→ −satisfaction)
M, w  (�p→ �q)
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Which is exactly what we wanted to prove. So we see that the K
axiom is valid in all frames. QED

The generalization rule proof does not take as much work. Suppose
that p is valid in a frame, (  p ). Then it is satis�ed in every model
and every point. So if we take a simple model M and point w it is
also true that p is valid in every point accessible to w, and so �p is
also true at w. Because the choice of M and w was arbitrary, then
�p is true in every point and every model, and so it is valid in every
frame,  �p, as we wanted to prove.

The rest of the proofs for the K system and any other subsequent
system are usually as trivial as these, so we omit them. To end this
soundness section we simply state the primary theorem:

Theorem 15 (Soundness of the K system) TheK system is sound
with respect to the formulas valid in the class of all frames. That is:

⊢K φ implies  φ.

2.3.3 Canonical models and completeness

After proving that every formula deducible in the K system is also
valid in the set of all frames, we are going to present a proof for the
other side of the equation, that is, we are going to prove that every
formula valid in the set of all frames is deducible in theK system. The
proof technique we will present can be used for many other logics and
classes of frames, as will be announced in due time. After the proof,
we can �nally state that the set of formulas deducible in K and the
set of formulas valid in all frames coincide, they are the exact same
set.

The other implication side of soundness is called completeness, we
shall now de�ne it precisely.

De�nition 16 (Completeness) Let F be a class of frames. A nor-
mal modal logic Λ is strongly complete with respect to F if for every
set Γ ∪ φ of formulas, if Γ �g

F φ then Γ ⊢Λ φ.
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The logic Λ is weakly complete with respect to F if for every for-
mula φ, F  φ implies ⊢Λ φ.

In this section, strong completeness is the concept that will be the
main focus of our proofs, all results that will be proven will be about
strong completeness. Also note that if a logic is strongly complete
with respect to some class of frames, then it is weakly complete with
respect to the same class as well.

Here's a small de�nition that will be of use for the completeness
proof, later in this section.

De�nition 17 (Λ-consistency) Let Λ be a modal logic. A set of
formulas Γ is called Λ-consistent if Λ 0 ⊥, Λ-inconsistent otherwise.

It is also easy to check that Γ is Λ-inconsistent i� there exists a
formula φ such that Γ ⊢Λ φ ∧ ¬φ.

The basic idea behind the basic modal logic completeness proof
is beset on the following proposition regarding other ways of prov-
ing strong completeness. This proposition will be introduced without
proof.

Proposition 18 Λ is strongly complete with respect to some class of
frames F i� every Λ-consistent set of formulas is satis�able in some
model based on F ∈ F . Λ is weakly complete if the same happens
only for every Λ-consistent formula.

By this proposition we get that to prove that some logic Λ is
strongly complete with respect to some class of structures, it su�ces
to �nd a model where every Λ-consistent set is satis�able on.

So we are left with the task of �nding and proving that such a
model exists. This model will be based on the notion of maximal

Λ-consistent sets of formulas and the canonical models construction
derived from it.

De�nition 19 (Λ-MCS) A set Γ of formulas from the logic Λ is said
to be maximal Λ-consistent if Γ is a Λ-consistent set of formulas, and
every set Γ+ of formulas such that Γ ( Γ+ is Λ-inconsistent. We call
this Γ set a Λ-MCS.
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These so called Λ-MCS have some interesting properties, one of
which we will prove next and that will give some idea about the mech-
anism behind the completeness proof.

Proposition 20 Let Λ be a normal modal logic, M be a model for
Λ and w a point ofM. Then the set Γ = {φ | M, w  φ} is actually
a Λ-MCS.

Proof: By the de�nition of Λ-MCS, we need to prove that:

1. Γ is a Λ-consistent set.

2. Every Γ+ set of formulas such that Γ ( Γ+ is Λ-inconsistent.

Let us �rst start with the proof for the Λ-consistency.

1. We need to prove that Γ 0Λ ⊥, which is equal to proving that
there exists no φ such that Γ ⊢Λ φ ∧ ¬φ.

We will prove this by contradiction. Let us suppose that such
φ in fact exists. By the abbreviation of the implication symbol,
that is the same as saying that Γ ⊢Λ ¬(φ→ φ).

Firstly note that since Λ is a normal modal logic, and as we
know all axioms from Λ are valid and Modus Ponens preserves
satis�ability, then from the de�nition of Γ, we get that Γ ⊢Λ
¬(φ→ φ) i� ¬(φ→ φ) ∈ Γ.

So we can understand that Γ ⊢Λ ¬(φ → φ) i� M, w  ¬(φ →
φ). This becomes then a simple semantic interpretation:

M, w  ¬(φ→ φ) (By negation) i�

M, w 1 φ→ φ (By implication) i�

M, w  φ andM, w 1 φ

That is obviously a contradiction so no such φ exists and Γ is a
Λ-consistent set.
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2. Suppose Γ+ is a set of formulas such that Γ ( Γ+.

Let φ be a formula such that φ ∈ Γ+ but φ /∈ Γ which obviously
exists. Because φ /∈ Γ, thenM, w 1 φ and so ¬φ ∈ Γ.

The proof of the Λ-inconsistency can be made by �nding a for-
mula φ such that Γ+ ⊢Λ φ∧¬φ. We shall prove that the formula
φ de�ned above satis�es this condition.

Since φ ∈ Γ+ and ⊢Λ is closed under Modus Ponens, then if
we can prove that φ → (φ ∧ ¬φ) ∈ Γ+ we automatically get
Γ+ ⊢Λ φ ∧ ¬φ.
So the proof can be simpli�ed to proving that φ→ (φ∧¬φ) ∈ Γ.
By the de�nition of Γ, this proof turns into a yet again simple
semantic interpretation problem:

M, w  φ→ (φ ∧ ¬φ) i�

M, w 1 φ orM, w  (φ ∧ ¬φ) i�

M, w  ¬φ orM, w  (φ ∧ ¬φ).

We already know thatM, w  ¬φ, so we get Γ+ ⊢Λ φ∧¬φ and
by de�nition Γ+ is Λ-inconsistent as we wanted to prove.

QED

From this proposition, we see that every model and every point in
that model is directly and uniquely associated to a Λ-MCS. And since
points in one model are related, this Λ-MCSs are also expected to be
related, as we will see going forward.

The idea behind our proof then is, if we can construct a model
(the so called canonical model) where each point is in fact a Λ-MCS,
and so is related to one and only one point, we will be able to prove
that every Λ-consistent set is satis�able on such model, by providing a
Λ-MCS that extends this Λ-consistent set. That is, by providing one
"point" in the model where the Λ-consistent set is satis�ed.

We need to specify more precisely what we mean by a Λ-MCS that
extends some Λ-consistent set. That can be done by presenting the
Lindenbaum's Lemma.
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Lemma 21 (Lindenbaum's lemma) Let Γ be a Λ-consistent set of
formulas. Then there exists Γ+ such that and Γ ⊆ Γ+ and Γ+ is a
Λ-MCS.

Although we don't give an actual proof of Γ+ being a Λ-MCS, by
enumerating the formulas of our language by (φ0, φ1, φ2, . . .), we can
de�ne Γ+ as a union of countable sets:

Γ0 = Γ

Γn+1 =

{
Γn ∪ {φn}, if this set is Λ− consistent

Γn ∪ {¬φn}, otherwise

Γ+ =
∪
n≥0

Γn

We are now ready to present the very important de�nition of
canonical models that will ultimately lead to the desired complete-
ness proof.

De�nition 22 (Canonical model) Let Λ be a normal modal logic.
The canonical model for Λ isMΛ = (WΛ, RΛ, V Λ), where:

1. WΛ is the set of all Λ-MCSs.

2. RΛ is the binary relation on WΛ de�ned by RΛ(w, u) if for every
formula φ, if φ ∈ u then ♢φ ∈ w.

3. V Λ is the valuation on WΛ de�ned by

V Λ(p) = {w ∈ WΛ | p ∈ w}.

There are some comments that have to be made regarding this
de�nition.

Since WΛ is the set of all Λ-MCSs, by the Lindenbaum's lemma,
every Λ-consistent set is in fact a subset of a Λ-MCS and this will
be the exact point in the model where such Λ-consistent set will be
satis�ed.
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The valuation V Λ de�nition tells us that every propositional letter
will be true at some "point" (read Λ-MCS) if the same propositional
letter is a member of the Λ-MCS. This membership quality will later
be de�ned not only for propositional letters, but for every formula.

The binary relation announces that for every formula in an acces-
sible state, there must be information in the present state that such
accessibility exists. As will be announced next without proof, the
contrary is also true. If there is some information in the present state
that some formula is true in some other state, then that state must
exist, along with the desired accessibility relation. That is called the
existence lemma.

Lemma 23 (Existence lemma) If Λ is a normal modal logic and
w ∈ WΛ some state where ♢φ ∈ w, then there exists a state v such
that RΛ(w, v) and φ ∈ v.

This lemma's proof consists in �nding a Λ-consistent set v− that
contains φ and mantains a coherent basis of relations between its
formulas and the formulas of w. Then, through Lindenbaum's lemma,
�nd the Λ-MCS, denominated v, that extends it.

Now we need to address the extension of the valuation of propo-
sitional letters to formulas, so that we can assure that every formula
is satis�able at some point in the canonical model if and only if it is
included in that same point.

Lemma 24 (Truth lemma) If Λ is a normal modal logic and φ is
any formula, thenMΛ, w  φ i� φ ∈ w.

Proof: This lemma is not going to be presented with its full proof,
but the idea behind it being a simple induction on the degree of φ,
with the basis (proposition letters) being proved by the valuation of
the canonical models, and the induction step having to be proven for
the negation, implication and the modalities.

We shall prove the modality part, for the others are quite trivial.
Assume thatMΛ, w  ♢φ. Then:
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MΛ, w  ♢φ i� (♢ de�nition)

∃v(RΛ(w, v) andMΛ, v  φ) i� (Induction hypothesis)

∃v(RΛ(w, v) and φ ∈ v) i�

(
→: RΛ de�nition
←: By the existence lemma.

♢φ ∈ w.

QED

The �nal abstract theorem, before concluding the completeness
proof for the K-system states the following:

Theorem 25 (Canonical model theorem) Every normal modal logic
is strongly complete with respect to its canonical model.

Proof: Suppose Γ is a Λ-consistent set of formulas based on the nor-
mal modal logic Λ. Then, by the Lindenbaum's lemma, there exists
Γ+ extending Γ, where Γ+ is in fact and Λ-MCS, so it is a point of the
canonical modelMΛ. Finally, since Γ ∈ Γ+ and by the Truth lemma,
we get:

MΛ,Γ+  Γ

Which is the same as saying that the canonical model satis�es Γ
in the point (Λ-MCS) that extends Γ. QED

And now, instead of focusing on canonical models, we can extend
this result to classes of frames, and through that we can give the main
result for the K-system.

Theorem 26 (K-strong completeness) K is strongly complete with
respect to the class of all frames.

Proof: Let Γ be a K-consistent set of formulas. We need to �nd a
model based on a frame of that class (so any frame whatsoever) and
a state in the model where Γ is satis�ed. Well, if we take the model
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to be the canonical modelMK and Γ+ to be a K-MCS extending Γ,
then by the canonical model theorem, we have:

MK,Γ+  Γ

QED

To �nalize this chapter on modal logic, we can note that our proof
for the K-system was quite simple, for we didn't need to worry about
which frame the model had to be based on, so the canonical model
could be used without worries. If we wanted to show some other
interesting results about other logics, for example, that theK4-system
is strongly complete with regards to the class of transitive frames, then
we would have to �nd a model that is based on a transitive frame.
Here, though, comes into play the beauty of canonical models. In this
case, and many more, the canonical model of the K4-system is itself
a model based on a transitive frame, and so only by proving that fact,
the proof of strong completeness would be reduced to our proof for
the K-system.

In fact, many other normal modal logics have the property that
their canonical models are included in the class of frames with respect
to which we want to prove strong completeness. But these results lie
outside the scope of this these.

2.4 Decidability

In the last two sections, we introduced mechanisms to interpret formu-
las in a semantic environment and to generate sets of formulas (called
theories), from a speci�ed set of axioms and rules of proof. These two
mechanisms were then related, through soundness and completeness.

In this section, we introduce decidability of modal logics, mainly
through the problems of satis�ability and validity. These problems
are based in a much more computational environment then the en-
vironments of the last two sections. With decidability, we are more
interested in whether or not it can be computed if a speci�c formula
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is satis�able or valid in a class of models. For other discussion on this
topic consult [3, 2].

Before probing further, we shall start by precisely de�ning the
problems that we will tackle along this section.

De�nition 27 (Satis�ability and validity problems) LetM and
φ be a set of models and a formula over the same modal language.

The satis�ability problem corresponds to determining whether there
exists a model M ∈ M such that φ is satis�able in M (M, w  φ,
for some world w inM).

Conversely, the validity problem corresponds to determining whether
φ is valid in every modelM∈M (M  φ).

There are some remarks that have to be made regarding these
de�nitions.

Firstly, we can clearly see that the satis�ability and the validity
problems are duals of each other. Because a formula φ is satis�able
in a set of models i� ¬φ is not valid in those sets of models, and φ is
valid i� ¬φ is not satis�able in that same set of models, we can state
the following proposition:

Proposition 28 The satis�ability (or validity) problem for a formula
φ and a class of models M has a positive answer i� the validity (or
satis�ability) problem for ¬φ has a negative answer.

Given this proposition, we will from now on say that a modal
logic Λ is decidable for some class of models M if the Λ-satis�ability
problem is decidable for every formula based on the same language as
Λ and the class M .

Because of this duality, we are moving forward thinking mainly
about the satis�ability problem, that is, about trying to �nd a model
that satis�es some formula, or prove that such a model doesn't exist.

These problems obviously have a very important computational
aspect, for we are trying to create an e�cient procedure or algorithm
capable of determining whether φ is in fact satis�able. Despite the
importance of the computational side of the problem, we will treat
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it mostly theoretically, we are not interested in how such computa-
tion of models is performed. Despite not going into any detail, it is
worth to note that to create such procedures and algorithms, one usu-
ally resorts to Turing machines, mainly because of its simplicity and
expressiveness.

Given that we want to decide whether such problems can be com-
puted, it is also of great importance to give bounds on how much
resources (of time and space) are needed to answer the problem. But,
as is the case for the technical de�nition of computation, we are not
interested in this side of the decidability discussion, both these aspects
fall outside of the scope of this paper.

As a �nal remark, note that our discussion so far has been mainly
semantic, in terms of satis�ability and validity. But, going back to
the section on the axiomatization of modal logics, we can see that, for
example, for the most basic normal modal logic, K, its formulas corre-
spond to the set of valid formulas in the set of all frames (and so of all
models). It is clear then that φ, based on the basic modal language, is
valid in every frame i� K ⊢ φ, and the K-validity problem equals the
K-provability. Because of the duality between validity and satis�abil-
ity, and between provability and consistency, it should also be clear
that a formula φ is satis�able in some model i� it is K-consistent.

In fact, this proposition holds for all sets of formulas and classes
of frames such that those sets of formulas are sound and complete
with respect to the class of frames. Since all logic systems here intro-
duced are in fact sound and complete, then our decidability discussion
(through satis�ability), can easily be translated to a discussion about
consistency and provability.

Because every logic system has very speci�c properties, there isn't
one general method to prove whether such a logic system is decidable
or not with regard to a class of models. Here are some of the most
common techniques for proving decidability:

� Decidability Proof via the Finite Model Property

This is the proof method most commonly associated with logic
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decidability, and the main method presented in literature ([3,
17]).

In this proof method, we try to prove that some logic has a strong
variant of the �nite model property, which, grossly stated, says
that every theorem is satis�ed in a �nite model. Every logic
that has that strong variant of the �nite model property is in
fact decidable. With this method we are able to prove that logics
such as K, K4, T (K with re�exive axiom) are decidable. This
is the most common method, but there are some limitations, for
sometimes the strong �nite model property is di�cult to prove,
or is not even true.

� Decidability via Interpretations

This method is based on reducing the satis�ability problem of
some logic to another problem, which is known to be decid-
able. The problem to which we want to reduce has to be chosen
carefully, for it should share some properties and ideas with the
initial logic, to make the reduction as smooth as possible. For
modal logics, such a decidable problem is, for example, the SnS,
a set of theories on which we can easily interpret modal logics
(hence the name, interpretations), even if they don't have the
�nite model property. One example of a logic without the �-
nite model property that can be shown to be decidable using
interpretations is the logic KvB. A thorough de�nition of this
method, of the SnS theories or of the logicKvB are not included
in this book. For more information consult [2].

� Decidability via Quasi-models

When a logic doesn't have the �nite model property, we can still
construct some �nite structures that resemble actual models,
called quasi-models, through which we equal membership in a
quasi-model to satisfaction in a uniquely constructed model of
the logic.

This is the method we will use to prove that the logic CSL,
which will be introduced in the next chapter is decidable.
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The properties of the logic in�uence profoundly the properties of
our quasi-model, and so in�uence as well the path our decidabil-
ity proof takes. Because of that, we will next present a detailed
scheme of the decidability proof steps for this method, without
particularizing the proof for any speci�c logic.

� Decidability via mosaics

This method consists of a generalization of the quasi-model method,
where the mosaics, instead of being very similar to the model
like the quasi-model, are simply �nite structures that contain
the instructions needed to create the model that satis�es certain
formula. In fact, a mosaic can be seen as a �nite sequence of
domains of quasi-models, where in each step we get closer to the
model that we want to create. This method is used for proving,
for example, decidability for the KtN logic, the tense logic of
the naturals.[2]

As was stated before, we will concentrate our discussion in the
quasi-model method. Here is a general proof scheme for a decidability
proof using quasi-models.

The proof of decidability via the usage of quasi-models is a useful
method when the �nite model property is either untrue or di�cult to
prove.

The main points of each decidability proof via quasi-models are
very similar, with minor di�erences in the construction of the struc-
tures, which leads to some more complex di�erences in the develop-
ment of the actual decidability theorem.

For proving that some term φ is satis�able in some class of models,
we start by taking a �nite closure of the term φ and its subformulas.
Then, from that closure, we try to extract another set (an Hintikka

set) that satis�es some usual model-satisfaction-like properties, and
�nally construct a �nite model-like structure (the quasi-model), where
its points are basically the so-called Hintikka sets. This quasi-model
construction varies markedly accordingly to the logic being used. With
this construction we will be ready to prove that such a quasi-model
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exists for the term φ i� there exists a model in that class of models
that satis�es φ.

At last the decidability proof would be ready to be proved. Given
that our goal is to construct a real model that satis�es the formula the
quasi-model is based on, the diversity of quasi-model de�nitions create
di�erent arguments for the construction of such models. Examples for
possible proof techniques include:

� The creation of a homomorphism between the quasi-model and a
model of the logic, where the valuation function for the formula
would be carefully constructed.

� The creation of trees on which each node shall be related to an
Hintikka set, where the creation of edges between the di�erent
nodes would also have to be carefully planned.1

Once our model is created, by a simple induction argument on the
complexity of φ, we prove that, for every formula of the closed set,
satisfaction in that model equals membership in the quasi-model.

Now that we have given a rather informal approach to a decidabil-
ity proof via quasi-models, we shall de�ne precisely and formally the
full general argument of the proof. To give a more complete grasp on
the structures de�ned for the proof, we will present them, when par-
ticularization is necessary, for formulas in the basic modal language.
As was stated before, the notion of a closed set and the closure of a
set is where our proof starts taking shape.

De�nition 29 (Closed sets) Let Γ be a set of formulas in the basic
modal language. We say that Γ is closed if it is closed for subformulas,
single negation and disjunction. That is:

� If φ ∈ Γ and ψ is a subformula of φ, then ψ ∈ Γ.

1This technique will be used for proving decidability for the CSL logic, intro-

duced in the next chapter.
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� If φ ∈ Γ and φ is not of the form ¬ψ for some formula ψ, then
¬φ ∈ Γ.

� If φ, ψ ∈ Γ, then φ ∨ ψ ∈ Γ.

De�nition 30 (Closure of a set) Let Γ be a set of formulas. The
closure of the set Γ, Cl(Γ), is the smallest closed set of formulas con-
taining Γ. That is, Cl(Γ) is a closed set, Γ ⊆ Cl(Γ), and if Φ ⊇ Γ is
closed, then Cl(Γ) ⊆ Φ.

The closure of a set is in itself not a very interesting structure, since
for every formula it contains, there is another formula that denies its
statement. But from it we can construct some maximal subsets that
have some important properties. We call such subsets Hintikka sets.

De�nition 31 (Hintikka sets) Let Γ be a closed set of formulas in
the basic modal language and H a subset of Γ. H is said to be a
Hintikka set if H is maximal and the following conditions hold:

� ⊥ /∈ H.

� ¬φ ∈ H i� φ /∈ H.

� φ ∨ ψ ∈ H i� φ ∈ H or ψ ∈ H.

If a set H satis�es the 3 conditions above, we say that H is a
boolean closed set.

Suppose that H ⊂ Γ is a Hintikka set. Since H is a maximal
subset of Γ that satis�es the conditions given, then every set J such
that H ( J ⊆ Γ is not a Hintikka set.

Even more, given our de�nitions of ∧, →, ⊤, we also have, in H:

� ⊤ ∈ H.

� φ→ ψ ∈ H i� φ /∈ H or ψ ∈ H, for φ→ ψ ∈ Γ.

� φ ∧ ψ ∈ H i� φ ∈ H and ψ ∈ H, for φ ∧ ψ ∈ Γ.
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These Hintikka sets can be seen as the points of our quasi-model.
Because of its construction, we are preventing the set to have clear
contradictions when it comes to model satisfaction. In that sense, if
a formula belongs to the Hintikka set (or, in other words, is satis�ed
in some point of the quasi-model), then every boolean-related formula
will also be satis�ed or not accordingly.

Since modalities are used not to talk about a single point in a
model, but to relate various points in the model, they are not a part
of the creation of the Hintikka sets (for, again, they represent a single
point in our quasi-model). Our conditions on modalities will be made
in our next de�nition, that of the quasi-model. More precisely, these
conditions will be imposed on the accessibility relation of the quasi-
model.

De�nition 32 (Quasi-model) Let φ be some formula over a lan-
guage. A quasi-model for φ is a structure Q=(F , λ) where:

� F = (W,R) is a �nite frame.

� λ : W → ℘Cl({φ}), called a labeling, is a function mapping
states of F to subsets of Cl({φ}) that satis�es the following
conditions:

1. φ ∈ λ(w) for some w ∈ W ,

2. λ(w) is a Hintikka set, for each w ∈ W .

As was stated before, conditions for the preservation of the
modalities properties must also be imposed. As an example,
for the case of a set of formulas over the basic modal language,
we must also have:

3. ♢φ ∈ λ(w) i� φ ∈ λ(v) for some v with R(w, v), for all
♢φ ∈ Cl({φ}).

4. φ ∈ λ(v) for some v with R(w, v) but not R(v, w), for all
♢φ ∈ λ(w).
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These are all the logic structures needed for the �nal proof of de-
cidability. We are going to present the basic lemma that will lead us to
the decidability via quasi-models. Since the creation of the real model
varies signi�cantly from logic to logic and quasi-model to quasi-model,
we are not going to present any general proof of that argument, for
such does not exist.

Lemma 33 Let φ be a formula over a language. Then φ is satis�able
in a class of models over that language i� there is a quasi-model for
φ.

Proof sketch: The left to right direction is normally very simple, for
from satis�ability of φ it is usually easy to construct a quasi-model
for φ.

The right to left direction involves a higher degree of complexity.
The techniques for creating the model from the quasi-model, although
not very complicated, usually incorporate some steps that demonstrate
a smart, careful and interesting analysis on the properties of the class
of models and the logic associated with the formula.

Suppose that a model M = (WM, RM, VM) with the necessary
properties is created. The proof that, for all ψ ∈ Clφ, we have
M, wM  ψ i� ψ ∈ λ(w), where w and wM are somehow related
is made through induction on the complexity of ψ.

The induction basis is proved according to the construction and
properties of the valuation function VM, while the boolean operators
step is the same in every proof for it deals only with the de�nition of
Hintikka sets and the λ function conditions on boolean connectives.
In fact, here is the proof for the boolean connective ¬:

M, wM  ¬ψ (¬ satisfaction)

M, wM 1 ψ (Induction hypothesis)

ψ /∈ λ(w) (Because λ(w) is a Hintikka set)

¬ψ ∈ λ(w)

All other boolean connectives would have a trivially similar proof.
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On the other hand, the proof for the modalities step is always the
more complex one, for it involves every structure de�ned so far in the
decidability subsection, and so we can not generalize it for every proof.
The induction proof ends the proof of our lemma. �

Before stating and proving at last the decidability theorem, we
shall make a small remark. Since we are not interested in the com-
putational complexity associated with �nding such quasi-models and
models, we didn't mention that the quasi-model for φ has in fact some
size constraints. That fact will be a part of our �nal proof, the decid-
ability proof.

Suppose that L is a logic on which we proved the previous lemma,
for the class of models M .

Theorem 34 L is decidable on M .

Proof: Let φ be a formula based on the same language as L.
Then, by the previous lemma, φ is satis�able i� there exists a

quasi-model for φ, where the quasi-model has some size constraints.
Because the number of di�erent quasi-models is �nite, then the size
constraints can be de�ned a priori. We can, therefore, create every
possible quasi-model candidate up to that speci�ed size constraint,
and check, for each candidate, if it is a quasi-model for φ. In case
we �nd such a quasi-model, we terminate the program and claim that
φ is satis�able on M . If we never �nd such a quasi-model (which
would only take a �nite pre-determined amount of time and space to
compute), we claim that φ is not satis�able on M . QED

The computational techniques for encoding and computing quasi-
models, as was said before, fall outside of the scope of this book.

And so, without the assertion of the �nite model property, we
realize that there is still the possibility of creating �nite structures that
encode some properties of the model, through which we can construct
the necessary models that satisfy formulas in our logic of interest.
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Now that we have presented an as thorough as needed introduction
to modal logic, we will particularize every general discussion about
modal logics to a logic, called Comparative Similarity Logic (CSL),
that will be used for reasoning qualititatively about several types of
distance spaces.



Chapter 3

Spatial modal logic

The basic idea behind this chapter will be to introduce a logic which
can be used to reason about comparative distances using distance
spaces.[16, 15]

We start by introducing the notion of distance space, after which
the introduction of the logic will be made, syntactically and seman-
tically, with a �nal proof of decidability of the logic according to a
speci�c class of models.

3.1 Distances spaces

The logic we will introduce in this chapter is going to be based upon
the notion of distance spaces, so a small introduction to distance spaces
and their properties is needed.

De�nition 1 (Distance spaces) A distance space is a tuple (∆, d),
where ∆ is a non empty set, and d : ∆×∆→ R+

0 is a map such that:

� d(u, v) ≥ 0

� d(u, v) = 0 i� u = v.

The distance of a point to a set is de�ned as follows. Given a point
u ∈ ∆ and a set X ⊆ ∆, the distance d(u,X) from u to X is de�ned
by

41
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d(u,X) =

{
infv∈X d(u, v), if X ̸= ∅
∞, if X = ∅

As was said before, our discussion is going to be focused mainly
on qualitative terms. So, given that topology abstracts away from
the quantitative aspects of geometry, we shall introduce two topolog-
ical concepts that will service that exact purpose, the closer and the
realized operator.

The closer operator (⇔) is a binary operator, that given an ordered
pair of sets, returns the points in our space which are closer to the �rst
set, in relation to the second. So, given X,Y ⊆ ∆, we have

X ⇔ Y = {u ∈ ∆ | d(u,X) < d(u, Y )}.
The realized operator ( rO) is a unary operator, that given a set,

returns the points in our space where the distance between the set and
those points are realized. We say a distance from u to X is realized
if there is a point x ∈ X such that d(u,X) = d(u, x). The de�nition
comes now easily. Given a set X ⊂ ∆, we have

rOX = {u ∈ ∆ | ∃x ∈ X d(u,X) = d(u, x)}.

As was our goal, by introducing the closer and the realized oper-
ator, we are suddenly not interested in the numerical quanti�cation
of the distance between points and sets in our space, but rather in
which points of our space some sets are realized or closer to other sets,
disregarding the actual numerical distances. Hence, the discussion is
now qualitative instead of quantitative.

Now we proceed to the de�nition of the syntax and semantics of
the comparative similarity logic.

3.2 Comparative similarity logic - CSL
As was the case with the basic modal logic, to introduce the CSL we
will �rst present its syntax, followed by the semantics of the logic,
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using the previously de�ned Kripke semantics.
The signature of the CSL's language is a countably in�nite set

P = {p1, p2, . . .}, called atomic terms or spatial variables.
The formal grammar of the CSL's language has two added modal-

ities when compared to the grammar of the propositional logic, the
realized and the closer operator.

De�nition 2 (CSL formulas) The formulas of the CSL are con-
structed using the signature and modalities introduced above accord-
ing to the following formation rules:

τ ::= pi | ⊥ | ¬τ | τ1 ∧ τ2 | rOτ | τ1 ⇔ τ2

The usual abbreviations for ⊤,∨ and → are used. Note that in
this logic, there is no converse for the two modalities operators.

The semantic interpretation of the CSL is made with resort to
distance spaces. In fact, a frame F for the CSL is nothing more then
a distance space (∆, d). Let's �rst of all note that this frame is a little
more complex than the one used for the basic modal language. The
relation between the worlds in ∆ is now not simply binary, there is
an actual positive real number assigned to each relation, that as we
know, reveals the distance between each point.

A model for the CSL is simply the pairM = (F , V ), where F =
(∆, d) is a frame as de�ned in the last paragraph, and V : P → ℘∆ is
a map.

A model for the CSL is also called a distance model.
Let τ be a CSL formula. We de�ne τM to be the interpretation

of τ according to the modelM. Such de�nition is made according to
the following inductive process:

pMi = V (pi),

⊥M = ∅,
(¬τ)M = ∆ \ τM,

(τ1 ∧ τ2)M = τM1 ∩ τM2 ,
( rOτ)M = {u ∈ ∆ | ∃x ∈ τM d(u, τM) = d(u, x)},

(τ1 ⇔ τ2)
M = {u ∈ ∆ | d(u, τM1 ) < d(u, τM2 )}.
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Given this de�nition, the satisfaction in a distance model is easily
de�ned as well.

De�nition 3 (Satisfaction in a distance model) LetM be a dis-
tance model, u ∈ ∆ be a point and τ a CSL formula. The formula τ
is satis�ed in the distance modelM in the point u (designated as we
know byM, u  τ) if and only if u ∈ τM.

Obvious extensions of this de�nitions include: τ is called satis�able

if there is a distance modelM such that τM ̸= ∅. It is called satis�able

in a modelM if τM ̸= ∅. If τM = ∆, then τ is globally satis�ed. It is
called valid if, for every distance modelM, we have τM = ∆.

All others extensions that were presented in the last chapter, re-
lated with satisfaction, validity and semantic entailment are easily
translated to this logic.

Also, two formulas τ1 and τ2 are equivalent, written τ1 ≡ τ2 if
τM1 = τM2 for every distance modelM.

Now that the syntax and semantics of the CSL were presented, we
are going to illustrate the type of reasoning being made within this
logic with help from two examples.

The �rst being the illustration of the satis�ability of a CSL formula
and how models can be constructed to satisfy speci�c formulas.

Example 4 (Satis�ability of a CSL formula) Our goal in this ex-
ample is to prove the satis�ability of the following formula:

(¬(⊤⇔ p1)) ⇔ p1.

Proof: Intuitively, this formula represents the property of the closure
of a set being closer than the set itself.

With that in mind, before trying to construct the satisfying model,
we will �rst interpret the formula in a general model, speci�cally the
�rst part of the formula. LetM be any model and u a point in that
model. By the de�nition of CSL formula satisfaction,

(¬(⊤⇔ p1))
M = {u ∈ ∆ : d(u, pM1 ) ≤ d(u,∆)}.
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Since d(u,∆) = 0, (¬(⊤ ⇔ p1))
M returns the points that are

exactly at distance 0 from pM1 , that is, it returns the topological closure
of pM1 .

So our goal is to �nd a model such that the distance between one
speci�c point and the closure of a set is less than the distance between
that point and the actual set.

Commonly, models are created with resort to the real numbers and
an associated metric. So, let FR2 = (R2, de) be a frame, where de is
the usual euclidean metric, and let MR2 = (FR2 , V ) be any model
based on FR2 .

In this case, though, such a model will never satisfy the intended
formula, as we are going to show.

The �rst remark to be made is that the euclidean metric satis-
�es the triangle inequality, which states that ∀x, y, z ∈ R2, d(x, z) ≤
d(x, y) + d(y, z).

Now, consider points x ∈ R2 and y ∈ (¬(⊤⇔ p1))
MR2 . Using the

triangle inequality, and the fact that ∀u ∈ R2,

u ∈ (¬(⊤⇔ p1))
MR2 i� d(u, p

MR2
1 ) = 0,

we get

d(x, p
MR2
1 ) ≤ d(x, y) + d(y, p

MR2
1 ) = d(x, y).

Finally, since y is an arbitrary point of (¬(⊤⇔ p1))
MR2 , we have that

d(x, p
MR2
1 ) ≤ d(x, (¬(⊤ ⇔ p1))

MR2 ), and so, as we wanted to show,
for any point x ∈ R2,

MR2 , x 1 (¬(⊤⇔ p1)) ⇔ p1.

To �nalize our example, we are going to construct a model that
indeed satis�es the formula. The main point will be that this model
will not abide by the triangle inequality.

So, letM = (∆, d, V ) be a model with symmetry (∀x, y ∈ ∆, d(x, y) =
d(y, x)), with the following characteristics:

∆ = {u, v, xi|i ∈ N}, V (p1) = {xi|i ∈ N}
d(u, v) = 1, d(u, xi) = 2, ∀i ∈ N, d(v, xi) = 2−i, ∀i ∈ N
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Given this attributes, we clearly have v ∈ (¬(⊤ ⇔ p1))
M, and 1 =

d(u, v) < d(u, pM1 ) = 2, and so d(u, (¬(⊤⇔ p1))
M) < d(u, pM1 ) as we

wanted, which allow us to conclude

M, u  (¬(⊤⇔ p1)) ⇔ p1.

QED

In this next example we relate two CSL formulas by the notion of
entailment.

Example 5 (Entailment between CSL formulas) We are going
to prove the following proposition:

[(p1 ∨ p2) ⇔ p3] ∧ [¬(p2 ⇔ p3)] �l (p1 ⇔ p3).

Proof: According to the de�nition of local entailment (�l), such an
assertion is true i� for each model M = (∆, d, V ) and each point
u ∈ ∆, we have M, u  [(p1 ∨ p2) ⇔ p3] ∧ [¬(p2 ⇔ p3)] implies
M, u  (p1 ⇔ p3).

So we start by supposing that for some model and point as describe,
the �rst condition is true. Then,

M, u  [(p1 ∨ p2) ⇔ p3] ∧ [¬(p2 ⇔ p3)] i� (∧ − satisfaction){
M, u  [(p1 ∨ p2) ⇔ p3] i� (⇔ satisfaction)
M, u  [¬(p2 ⇔ p3)] i� (¬ satisfaction){
d(u, (p1 ∨ p2)M) < d(u, pM3 ) i� (τM de�nition)
notM, u  (p2 ⇔ p3) i� (⇔ satisfaction){
d(u, pM1 ∪ pM2 ) < d(u, pM3 )
d(u, pM2 ) ≥ d(u, pM3 ).

Now, from the de�nition of distance, we have that

infv∈pM1 ∪pM2 d(u, v) < d(u, pM3 ) and infv∈pM2 d(u, v) ≥ d(u, pM3 ).
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So, we can infer that the point belonging to pM1 ∪pM2 which minimizes
the distance between u and pM1 ∪ pM2 is in fact a part of pM1 . So,
d(u, pM1 ) = d(u, pM1 ∪ pM2 ) < d(u, pM3 ).

Hence, d(u, pM1 ) < d(u, pM3 ), and, from the de�nition of⇔-satisfaction,
we �nally get, as we wanted,

M, u  (p1 ⇔ p3).

QED

After the illustration of the possibilities of the CSL, we can start
to prove important results for this logic, more speci�cally, in the next
section we are going to present a proof of the decidability of the CSL.

After the illustration of the possibilities of the CSL, we can start to
prove important results for this logic. Despite lying outside the scope
of this thesis, it is noteworthy to state that CSL is in fact axiomati-
zable, sound and complete with respect to several classes of distance
models (including symmetric, symmetric with triangle inequality and
metric) as is proven in [15]. Continuing our study of the CSL, in the
next section we are going to present a proof of its decidability.

3.3 Decidability of CSL
Extending the concepts presented in the decidability section of the
last chapter, we are going to present a proof that the CSL is decidable
on the class of symmetric distance models.

Since this logic doesn't have the �nite model property, for clearly
distance spaces can not be resumed to a �nite space, this proof will
be made via quasi-models, by particularizing the steps introduced in
our decidability discussion to the CSL.

So our plan is, given a formula φ from the CSL, to de�ne the
structures necessary to prove if such a formula is satis�able in any
model on the class of symmetric distance models. Those structures
include Hintikka sets and quasi-models, as were discussed in the last
chapter. Afterwards, we will create the bridge between the existence
of quasi-models and the satisfaction in a CSL-model.
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Although it is not shown in this thesis, the decidability problem
for CSL on the class of symmetric distance models has been proven
to be ExpTime-complete

3.3.1 Quasi-model and substructures

The �rst structure to be introduced is, as was the case in Section 2.4
on page 30, the closure of an appropriate set, created from our formula
φ.

Before the de�nition of the closure of φ, we need some additional
notation. We denote by sub φ to be the set of subformulas of φ and
com φ to be the set of comparisons made in φ, that is

com φ = {ψ1, ψ2 | ψ1 ⇔ ψ2 ∈ subφ} ∪ {ψ | rOψ ∈ subφ} ∪ {⊥,⊤}.

De�nition 6 (Closure of φ) The closure of φ, denoted by cl φ, is
the closure of the set

sub φ ∪ {ψ1 ⇔ ψ2 | ψ1, ψ2 ∈ com φ} ∪ { rOψ | ψ ∈ com φ}.

The extraction of the Hintikka sets from the closure of the formula
φ is a somewhat more complicated process than the Hintikka sets
created for the basic modal logic. Before de�ning syntactically our
Hintikka sets, we are going to provide some semantic overview into
the reasons that lead to their way of construction.

Through this semantic overview, we are going to try to make clear
the type of syntactic constraints we will have to introduce to our syn-
tactic de�nition of Hintikka sets, in order to mirror some necessary se-
mantic properties, such as the transitivity of ⇔ or the non-realization
of ⊥.

We know, from De�nition 31 in Chapter 2, that the construc-
tion of an Hintikka set prevents the set to have clear contradictions
when it comes to model satisfaction. With that in mind, intuitively,
an Hintikka set for φ will be a subset of cl φ which is satis�able in
some points in the distance space. Each Hintikka set is then directly
connected with the distance space.
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So, considerM = (∆, d, V ) to be a distance model. An Hintikka
set for φ in the modelM is a set of formulas in cl φ that is satis�ed
in some subset of ∆. Because an Hintikka set will be uniquely de�ned
by the atoms, comparisons and realizations (and related negations) it
contains, since at φ and com φ are �nite, then the number of Hintikka
sets is also �nite. So, if the distance space is in�nite, there will have to
be at least one Hintikka set related to multiple, in�nite in fact, points.

So, given a point u ∈ ∆, the function

hM : ∆→ ℘cl φ

returns a semantic de�nition of what an Hintikka set is, where:

hM(u) = {ψ ∈ cl φ | u ∈ ψM}

This de�nition satis�es the conditions proposed in De�nition 31
for the basic modal language, for clearly

� ⊥ /∈ hM(u)

� ¬ψ ∈ hM(u) i� ψ /∈ hM(u), since ¬ψ ∈ cl φ

� ψ1 ∧ ψ2 ∈ hM(u) i� ψ1, ψ2 ∈ hM(u), since ψ1 ∧ ψ2 ∈ cl φ.

Another important remark concerning this de�nition is that, ac-
cording to the formulas present in the Hintikka set hM(u), we have
the information about which of the formulas in com φ are closer to
u in our interpretation and whether the distances between those sub-
formulas and u are realized.

This information will be given by our creation of the binary rela-
tions ≤hM(u) and <hM(u), and the subset ϱhM(u) of com φ, which will
be de�ned by,

ψ1 ≤hM(u) ψ2 i� d(u, ψM
1 ) ≤ d(u, ψM

2 ) i� ¬(ψ2 ⇔ ψ1) ∈ hM(u),

ψ1 <hM(u) ψ2 i� d(u, ψM
1 ) < d(u, ψM

2 ) i� (ψ1 ⇔ ψ2) ∈ hM(u),

ψ ∈ ϱhM(u) i� ∃v ∈ ψMd(u, v) = d(u, ψM) i� rOψ ∈ hM(u).
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We will also say that ψ ∈ com φ is a ≤hM(u)-minimal element (or
≤hM(u)-maximal element) if d(u, ψM) = 0 (or d(u, ψM) =∞).

One �nal semantic observation concerning this last de�nition needs
to be made, before pursuing a more syntactical approach.

Remark 7

� ψ is a ≤hM(u)-minimal element only if u is in the closure of the
set ψM. In that case, ψ ∈ ϱhM(u) i� u ∈ ψM i� ψ ∈ hM(u);

� ψ is a ≤hM(u)-maximal element only if ψM = ∅, and so ψ /∈
ϱhM(u).

So now that we understand the type of conclusions we can draw,
semantically, from a boolean closed set based on some distance model,
we can start our syntactical discussion.

Such discussion will obviously start with a boolean closed subset
h ⊂ cl φ. Given this subset, we are going to present the syntactic
analogue to the relations ≤hM(u), <hM(u), ϱhM(u). So, for all ψ1, ψ2 ∈
com φ, we de�ne the binary relations ≤h, <h and the subset ϱh as
follows:

ψ1 ≤h ψ2 i� ¬(ψ2 ⇔ ψ1) ∈ h, ψ1 <h ψ2 i� (ψ1 ⇔ ψ2) ∈ h.

ψ1 ∈ ϱh i� rOψ1 ∈ h.

The de�nition of ≤h-minimal element and ≤h-maximal element
must also be reintroduced, syntactically.

We say that ψ ∈ com φ is a≤h-minimal element i� ¬(⊤⇔ ψ) ∈ h.
Also, ψ is a ≤h-maximal element i� ¬(ψ ⇔ ⊥) ∈ h.

Note that these de�nitions, when applied to any distance model,
are exactly the same as the ones made for the semantic approach.

We also call min h and max h to the sets of ≤h-minimal and
≤h-maximal elements, respectively. Also ψ1 ≃h ψ2 if ψ1 ≤h ψ2 and
ψ2 ≤h ψ1.

Finally we have all the tools to present the de�nition of an Hintikka
set for φ.
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De�nition 8 (Hintikka set for CSL) Let φ be a CSL-formula. A
boolean closed subset h of cl φ is an Hintikka set if it is maximal and
the following conditions are satis�ed:

� ≤h is a total quasi-order (Re�exive, transitive and total binary
relation) on com φ,

� h∩ com φ is the set of the ≤h-minimal elements that belong to
ϱh,

� ⊥ is a ≤h-maximal element, and no ≤h-maximal element belongs
to ϱh.

Since an Hintikka set is by de�nition a boolean closed subset, then
no boolean contradictions may occur during the semantic interpreta-
tion.

The �rst condition for the Hintikka set guarantees that the relation
≤h satis�es the same constraints as its counterpart, ≤hM(u), again
preventing blatant contradictions.

The second and third conditions impose the correct behavior of
the formulas on both sides of the distance spectrum, as was noticed
in the Remark 7.

Now that the de�nition of Hintikka sets was made, we can start in-
vestigating the notion of the quasi-model. The quasi-model, according
to the de�nition already introduced in the last chapter, will resemble a
�nite model, where each point will be an Hintikka set, and the relation
between Hintikka sets will have to be carefully created.

As we de�ned above, the Hintikka sets are related to the points in
our distance space according to a one-to-many relationship. So each
point is related to only one Hintikka set.

Moreover, going back to a semantic discussion, letM be a distance
model. Given a point u ∈ ∆, and a satis�able formula ψ ∈ com φ, not
satis�ed in u, there is another point satisfying ψ, v ∈ ∆, that is closer
to u than any other such point. This is the basis of the quasi-model's
accessibility relation, two Hintikka sets will be related according to
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points they are related to and a formula in com φ satis�ed in one of
the points but not the other.

To make this clearer, we are going to introduce a semantic lemma,
without proof, that illustrates the idea of the relation between Hintikka
sets and the formulas in com φ.

First, a small de�nition. Let h be an Hintikka set. De�ne hM =
{u ∈ ∆ | hM(u) = h}. So, hM returns the points where the formulas
that are satis�ed in that point in the distance model are exactly the
formulas of the Hintikka set.

Lemma 9 Let M be a distance model, u, v ∈ ∆, ψ1, ψ2 ∈ com φ.
Then,

1. ψ1 <hM(u) ⊥ i� ψ1 <hM(v) ⊥ i� ψM
1 ̸= ∅.

2. Suppose that u /∈ ψM
1 but ψM

1 ̸= ∅. Then there is an Hintikka
set h such that ψ1 ∈ h, and d(u, ψM

1 ) = d(u, hM), with each
being realized or not simultaneously. We also have:

(a) If ψ2 ∈ h, then ψ2 ≤hM(u) ψ1.

(b) If ψ1 ≃hM(u) ψ2 and ψ2 ∈ h, then ψ1 ∈ ϱhM(u) i� ψ2 ∈
ϱhM(u).

Item 1. of the lemma is obvious, so we will focus our attention on
item 2.

Item 2.(a) stems from the fact that h was chosen to minimize the
distance between u and ψM

1 . That is, the point which minimizes such
distance is in hM. Since ψ2 ∈ h, then hM ⊂ ψM

2 , so the minimizing
point is also in ψM

2 and item 2.(a) of the lemma comes easily.
Item 2.(b) states that any other formula ψ2 ∈ h where h also

minimizes the distance between that formula and u is realized i� ψ1

is realized.
From this lemma we can declare that a bridge indeed exists be-

tween one point and its related Hintikka set (in this case, hM(u)),
and the point and Hintikka set where ψ1 is not only satis�ed, but also
closest to u.
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Finally, much the same way that we treated the de�nition of Hin-
tikka sets, we are going to present the relations between two Hintikka
sets in a syntactic way, but always taking into account the semantic
observations.

Then, let h1, h2 be Hintikka sets, ψ1 ∈ com φ and ψ1 /∈ h1. There
is a relation between h1 and h2 (we call such relation a ψ1-link) if, for
every ψ2 ∈ com φ, we have:

� ψ2 <h1 ⊥ i� ψ2 <h2 ⊥.

� If ψ2 ∈ h2, then ψ2 ≤h1 ψ1.

� If ψ1 ∈ ϱh1 , ψ1 ≃h1 ψ2, and ψ2 ∈ h2, then ψ2 ∈ ϱh1 .

Thus, a ψ1-link (h1,h2) simply provides h1 with the closest Hintikka
set containing ψ1, according to ≤h1 .

A quasi-model is no more then a set of Hintikka sets with ψ-links
for every satis�able formula ψ. A precise de�nition follows.

De�nition 10 (Quasi-model for CSL) A quasi-model for φ (which
can also be called a φ-diagram) is a frame Q = (D,R) where the fol-
lowing conditions are satis�ed:

� There exists h∗ ∈ D with φ ∈ h∗,

� ∀h1, h2 ∈ D and ψ ∈ com φ, we have ψ <h1 ⊥ i� ψ <h2 ⊥,

� for every h1 ∈ D and ψ /∈ h1 with ψ <h1 ⊥, there exists h2 ∈ D
such that (h1, h2) is a ψ-link. That is, we have R(h1, h2).

This de�nition in fact agrees with the one made in the last chapter,
with clear di�erences, created by the di�erent logics associated with
each.

Now that we have presented all the necessary structures for the
decidability proof, we are ready to state the theorem and provide the
details of its proof.
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3.4 Decidability proof

Theorem 11 (Decidability of CSL)
Let φ be a CSL formula. Then the following statements are equivalent:

1. φ is satis�ed in a symmetric distance model.

2. There exists a quasi-model for φ.

Proof:
(1. =⇒ 2.)

Let M = (∆, d, V ) be a distance model with φM ̸= ∅. Then,
D = {hM(u)|u ∈ ∆} is a quasi-model for φ.

The proof of this argument comes from the careful relation between
the syntactic de�nition of the quasi-model and the semantic observa-
tions for any distance model. We will not present the proof, for most
of it was already mentioned during the discussion of the last chapter.

(2. ⇐= 1.)
This proof is going to be made, as was said in Section 2.4, with

resort to a tree argument. The proof will be made in two di�erent
parts.

1. Construction of the model from the quasi-model structure.

2. Proof that the model constructed satis�es φ.

So, suppose that Q = (D,R) is a quasi-model for φ.

1. Let us start by de�ning the satis�able formulas in com φ. Let

{ψ0, . . . , ψk−1} = {ψ ∈ com φ | ψ <h ⊥,∀h ∈ D},

where ψi are all distinct.

Let T be a tree where λ is the root node, and for every node α,
the children of α will be called α + i, with i ∈ {0, . . . , k − 1}.
This will be the tree over which we will unfold the quasi-model.
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Our plan will be to construct the nodes of the tree inductively,
along with a labeling process (hs : ∆→ D), where each node will
be associated with a Hintikka set. Once the tree is constructed,
we will de�ne a distance function, d, that will assign the dis-
tances between nodes, taking the necessary steps to assure that
the relations between hintikka sets are respected. Finally, this
structure (T, d, hs) will be the model over which we will prove
that φ is satis�able.

We start the construction of our tree by labeling the root node
with the Hintikka set to which φ belongs to. So, hs(λ) = h∗.

Now, at every step, �nd some node α where hs(α) hasn't been
developed yet. Now, take the Hintikka set hs(α). By the def-
inition of the quasi-model Q, for every i < k with ψi /∈ hs(α),
there exists hi ∈ D such that (hs(α), hi) is a ψi-link. Given this
fact, the necessary information over the children of the node α
will be encoded in the following de�nition:

� if ψi ∈ hs(α), then α(i, j) /∈ T, ∀j ∈ N (for no link is needed
to materialize the distance, since ψi is already in hs(α)).

� if ψi ∈ ϱhs(α) \ hs(α), then α(i, 0) ∈ T , hs(α(i, 0)) = hi,
and α(i, j) /∈ T, ∀j > 0 (for a single link and ψi-witness, is
needed, since the distance from hs(α) to ψi is realized).

� if ψi /∈ ϱhs(α), then α(i, j) ∈ T, hs(α(i, j)) = hi, ∀j ∈ N
(because in�nite ψi-witnesses of the same type are needed,
for the distance from hs(α) to ψi is not realized).

�nally, for α ∈ T and i < k, we set the ith children of α as

α+ i =


{α} if ψi ∈ hs(α),
{α(i, 0)} if ψi ∈ ϱhs(α) \ hs(α),
{α(i, j)|j ∈ N} if ψi /∈ ϱhs(α).

Finally, α+ = ∪i<k(α+ i) consists of all of α's children.
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Until every Hintikka set hs(α) is developed, �nd a new α that
hasn't been yet and repeat the children process. Since the num-
ber of Hintikka sets is �nite, then the tree must also be �nite.

Now that the tree and the labeling process has been constructed,
all that is left is the distance function. In order to simplify the
notation, we write dα for d(α′, α), where α′ is the parent of α.
so for every node α ∈ T , the values dα are inductively de�ned
the following way.

Set dλ = 1. Suppose that the distance dα, is already de�ned. We
shall now de�ne the distances of its children. Since hs(α) is a
type, we can choose, for each i < k, any numbers dα+i ∈ [0, dα),
satisfying the following conditions, for l < k:

dα+i ≤ dα+l i� ψi ≤hs(α) ψl,

dα+i = 0 i� ψi ∈ min hs(α).

Note that these numbers can be completely random, since the
Comparative Similarity Logic deals only with comparative dis-
tances, the only important relation to maintain is the distance
order, the actual numbers have no meaning in the logic, since the
logic itself is not capable of understanding any distance number
other than 0.

So we set, for each children of α, the following distances:

dα(i,0) = dα+i, if ψi ∈ ϱhs(α) \ hs(α),
dα(i,j) = dα+i + (dα − dα+i)/(2 + j), if ψi /∈ ϱhs(α).

Note that the de�nition of dα(i,j) was simply created so that
the distance would be as close to dα+i as needed, the actual
expression is not important.

Since limj→∞ dα(i,j) = dα+i, we get, for every possibility, d(α, α+
i) = dα+i.
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Finally, let d : T → R+
0 be a function de�ned by, for any α, β ∈

T ,

d(α, β) =


0 if α = β
dα if α is a child of β,
dβ if β is a child of α,
1 otherwise.

So we see that d is a symmetric distance function on T .

Now take, for ψ ∈ cl φ, ψT = {α ∈ T | ψ ∈ hs(α)}. So ψT is
simply the nodes of the tree whose Hintikka sets include ψ.

At last, the structure M = (T, d, V ), where V (pi) = pTi , is
exactly the symmetric model where φ is going to be proved to
be satis�ed. Note that obviously pi ∈ cl φ.
Now that we have designed our model, we are able to prove the
last part of the theorem, that φ is satis�ed inM.

2. We know, from the construction of the quasi-model, that φ ∈
hs(λ). So, if we can prove that if for each formula ψ, we have
α ∈ ψM if α ∈ ψT , then we have that φ is satis�ed inM.

Before proving that result, though, we are in need of an auxiliary
result.

Lemma 12 Let α ∈ T and i < k. Then d(α, ψT
i ) = dα+i.

Proof: As we know d(α, α + i) = dα+i and α + i ⊆ ψT
i . So,

since by construction d(α, α(i, j1)) > d(α, α(i, j2)) when j1 < j2,
all we need to prove is that for each possibility of the children
nodes α+ i, we have:

∀β ∈ ψT
i ∃βi ∈ α+ i, d(α, βi) ≤ d(α, β).

Also, if β ∈ ψT
i \ α+, then we have d(α, β) = 1 or d(α, β) = dα.

In any case, d(α, βi) < d(α, β).
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So we only need to be concerned about the case β ∈ ψT
i ∩ α+.

Consider an arbitrary β ∈ ψT
i ∩ α+. We have 3 possibilities:

� ψi ∈ hs(α).
Then α+ i = {α}, βi = α and so d(α, βi) = 0 ≤ d(α, β).

� ψi ∈ ϱhs(α).
Then α+ i = {α(i, 0)}, βi = α(i, 0), α(i, 0) ∈ ψT

i .

On the other hand, we have ψi ∈ hs(β) and (hs(α), hs(β))
is a ψl− link, for some l<k. By the second property in the
de�nition of a link, because ψi ∈ hs(β), we have ψi ≤hs(α)

ψl. Finally, by the conditions the numbers dα+j satisfy, we
get d(α, βi) = dα(i,0) = dα+i ≤ dα+l ≤ dβ = d(α, β).

� ψi /∈ ϱhs(α).
Then α+ i = {α(i, j) | j ∈ N}, with α(i, j) ∈ ψT

i .

On the other hand, we have ψi ∈ hs(β) and (hs(α), hs(β))
is a ψl − link, for some l<k. Again, we have ψi ≤hs(α) ψl.

Now, by the last property in the de�nition of a link, since
we have ψi /∈ ϱhs(α) and ψi ∈ hs(β), we must have either
(a) ψl /∈ ϱhs(α).

In this case we get dα+i ≤ dα+l < dβ.

(b) ψl ∈ ϱhs(α) and ψi ̸=hs(α) ψl.
In this case we get ψi <hs(α) ψl and so dα+i < dα+l =
dβ.

In either case, we have dα+i < dβ, so it is possible to get
βi ∈ α such that d(α, βi) ≤ d(α, β).

QED

We are now ready to prove the �nal result, which allow us to
conclude that φ is satis�ed in our constructed distance model.

Lemma 13 For each ψ ∈ cl φ, α ∈ ψT i� α ∈ ψM.
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Proof: We are going to present the proof in full detail by in-
duction on the construction of ψ.

� Basis: (ψ is pi).

By the de�nition of the distance model, we have pTi = pMi .

� Step:

� (ψ is ¬φ0).
Suppose α ∈ (¬φ0)

T . Then:

¬φ0 ∈ hs(α) i� α is boolean closed
φ0 /∈ hs(α) i� Induction hypothesis
α /∈ φM

0 i� By ¬-satisfaction
α ∈ (¬φ0)

M.

� (ψ is φ1 ∩ φ2).
Suppose α ∈ (φ1 ∩ φ2)

T . Then:

φ1 ∩ φ2 ∈ hs(α) i� α is boolean closed
φ1 ∈ hs(α) and φ2 ∈ hs(α) i� Induction hypothesis
α ∈ φM

1 and α ∈ φM
2 i� By ∩-satisfaction

α ∈ (φ1 ∩ φ2)
M.

� (ψ is φ1 ⇔ φ2).

(=⇒)
Suppose α ∈ (φ1 ⇔ φ2)

T .
Then φ1 <hs(α) φ2. So φ1 /∈ max hs(α), and also φ1 =
ψi, for some i<k. By induction hypothesis, φT

1 = φM
1 ,

which is non empty because λ+ i ∈ ψT
i .

Now, if φ2 /∈ {ψ0, . . . , ψk−1}, then φ2 ∈ max hs(α)
and so φM

2 = φT
2 = ∅, so α ∈ (φ1 ⇔ φ2), because

d(α, φM
1 ) < d(α, φM

2 ) =∞.
Suppose now, on the other hand, that φ2 = ψl for some
l<k. Then dα+i < dα+l by de�nition of the distances
dj. So, using �rst the induction hypothesis and then
lemma 12, we get

d(α, φM
1 ) = d(α, φT

1 ) = dα+i < dα+l = d(α, φT
1 ) = d(α, φM

1 ).
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From that, α ∈ (φ1 ⇔ φ2)
M.

(⇐=)
Suppose α ∈ (φ1 ⇔ φ2)

M.
Then φM

1 ̸= ∅, so φ1 = ψi for some i < k. So, by
induction hypothesis, φT

1 = ψM
i .

Now, if φ2 /∈ {ψ0, . . . , ψk−1}, then φ2 ∈ max hs(α) and
so (φ1 ⇔ φ2) ∈ hs(α), or α ∈ (φ1 ⇔ φ2)

T .
If φ2 = ψl, for some l<k, then by the induction hypoth-
esis, we have φT

2 = ψM
l . Also, d(α, φT

1 ) < d(α, φT
2 ). By

lemma 12, we get dα+i < dα+l, and (φ1 ⇔ φ2) ∈ hs(α),
or α ∈ (φ1 ⇔ φ2)

T .

� (ψ is rOφ0).

(=⇒)
Suppose α ∈ ( rO)T . Then φ0 ∈ ϱhs(α) and by lemma 12,
d(α, φT

0 ) = dα+i, for some i<k where φ0 = ψi. By in-
duction hypothesis, d(α, φM

0 ) = dα+i and since d(α, ψi) =
dα+i, the distance is realized, so α ∈ ( rOφ0)

M.

(⇐=)
Suppose α ∈ ( rO)M, i.e., d(α, φM

0 ) is realized. By in-
duction hypothesis, φM

0 = φT
0 , so φ0 ∈ ϱhs(α) and by

lemma 12, d(α, φ0) = dα+i, where φ0 = ψi for some
i<k. Since d(α, ψi) = dα+i, d(α, φT

0 ) is realized, so
α ∈ ( rOφ0)

T .

QED

Conclusion of the proof of the Theorem.

Since φ ∈ hs(λ), we get φM = φT ̸= ∅. That is, φ is satis�ed in
a symmetric distance model.

QED



Chapter 4

A graph-theoretic semantics of

CSL

In this chapter, we de�ne the graph-theoretical approach to logics and
present the CSL in graph-theoretical terms. In the graph-theoretical
approach, we create a set of guidelines where each logic can be de�ned.
Using this approach, all logics will be based under the same foundation
and so the comparing, relating and �bring of logics become simpli�ed.
Instead of �bring logics that are presented in two very di�erent ways,
we may now unite logics that are de�ned in the same way, no matter
how di�erent their core may be.

Aside from the �bring itself, it is of great importance to under-
stand whether properties are retained under the �bring of logics. Some
properties have already been studied and proved to be retained, while
others have yet to be studied. For example, it is known that the �bring
of two complete logics may in fact be complete, depending on some
speci�c conditions of the logics (see [14]).

The graph-theoretical approach is based on the notion of the multi-
graph (or m-graph for short), a graph where each edge can have a �nite
number of sources but only one target.

Signatures, models and deductive systems are de�ned as m-graphs,
while concepts such as formulas, their satisfaction and deduction can
be seen as paths over those m-graphs. In this dissertation, we will
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simply introduce the notions of signature and interpretation. For more
information on the subject, consult [13].

An m-graph is then a tuple

G = (V,E, src, trg)

where V is a set of vertices, E is a set of m-edges and src : E → V +

and trg : E → V are maps that return the sources and target of an
edge, respectively. V + is a �nite collection of elements of V .

A signature will be an m-graph, one where V are the sorts, indi-
cating the kind of notions available in the signature, and E represent
the formation rules available in the construction of our language.

So, a signature is a tuple Σ = (G,♢, π), where G is an m-graph as
de�ned before, ♢ and π are sorts, representing the concrete sort (the
propositional symbols) and the propositions sort (the schema formu-
las), respectively. Others sorts may need to be included, but we will
refrain from using any example, for it is not needed in most of the log-
ics mentioned in this dissertation: the propositional logic, basic modal
logic and CSL.

Now we will de�ne precisely the graph-theoretic signature for the
CSL.

De�nition 1 (CSL's graph-theoretic signature) Let Φ be a set
of propositional symbols.

The signature for the CSL is a tuple ΣCSL = (G,♢, π), where
G = (V,E, src, trg) is an m-graph, and:

� V = {♢, π}, and

� E = {pi,¬,∧, rO,⇔} is such that:

� pi : ♢→ π, ∀p ∈ Φ,

� ¬ : π → π,

� ∧ : ππ → π,

� rO : π → π,
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� ⇔: ππ → π.

The graph-theoretical semantics of a logic also relies upon an m-
graph, called the operations graph. The operations graph has the
possible truth values as its nodes and the edges represent the e�ect of
the formation rules on the truth values.

In order to construct a model for a logic, we also need to know
how the operations m-graph and the signature m-graph are related.
We need to know which of the possible truth values can be assigned
to each sort, and which operations are related to each formation rules.
For that purpose we introduce the notion of an m-graph morphism.

De�nition 2 (M-graph morphism) Let G1 = (V1, E1, src1, trg1),
G2 = (V2, E2, src2, trg2) be two m-graphs. h : G1 → G2 is called an
m-graph morphism if h = (hv, he), and hv : V1 → V2, h

e : E1 → V2 are
two maps such that:

� src2 � he = hv � src1,

� trg2 � he = hv � trg1.

Also needed for the model is a setD called the distinguished values,
meant to represent the values where a schema formula would be true,
and a possible truth value, db, called the concrete value, which is
related to the concrete sort in the signature m-graph.

So, the model for the CSL can now be de�ned.

De�nition 3 (CSL's graph theoretic model) Let F = (∆, d) be
a distance frame and P = {p1, p2, ...} be a set of propositional symbols.

A modelM for the CSL over the frame F is a tuple (G
′
, α,D, db),

where G
′
= (V

′
, E

′
, src

′
, trg

′
) is an operations graph, α : G

′ → G is an
m-graph morphism, D ⊂ (αv)−1(π) is non-empty and db ∈ (αv)−1(π).

Moreover, we have

� G
′
is such that:

� V
′
= ℘∆ ∪ db;
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� E
′
= {p′

1, p
′
2, . . .} ∪ {¬A : A ∈ ℘∆} ∪ {∧AB : A,B ∈ ℘∆} ∪

{ rOA : A ∈ ℘∆} ∪ {⇔AB: A,B ∈ ℘∆};
� src

′
and trg

′
are such that:

* p
′
1 : db→ A1, A1 ∈ ℘∆;

* p
′
2 : db→ A2, A2 ∈ ℘∆;

* . . .

* ¬A : A→ ∆\A;
* ∧AB : A×B → A ∩B;
* rOA : A→ {b ∈ ∆ : ∃a ∈ A, d(b, A) = d(b, a)};
* ⇔AB: A×B → {c ∈ ∆ : d(c, A) < d(c, B).

� α : G
′ → G is such that:

� αv(A) = π, A ∈ ℘∆;

� αv(db) = ♢;
� αe(p

′
i) = pi, i ∈ N;

� αe(¬A) = ¬;
� αe(∧AB) = ∧;
� αe( rOA) = rO;

� αe(⇔AB) = ⇔.

� D = ∆.

The development of our graph-theoretical model is pretty straight-
forward, everything comes easily from our previous de�nitions of dis-
tance models and interpretation.

Given this representation of CSL, we could now �bre it with any
other graph-theoretically de�ned logic, using the framework present
in [14].

The properties of the resulting logic is a discussion that far out-
grows the intent of this dissertation. In fact, many problems regarding
�bring are still open, as is expressed in [14, 13, 4, 19].
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Conclusion

We introduced modal logics, starting with the de�nition of the basic

modal language. Semantics and axiomatization over that language
provided us with the necessary mechanisms to prove soundness and
completeness of the logic.

A more general discussion about decidability followed, where var-
ious methods of proving logic decidability were introduced.

We then presented a modal logic for reasoning about topological
notions and relative distances. The topological component of the logic
is accomplished by the introduction of two special operators: ⇔ and
rO. The operator ⇔ is capable of reasoning over relative closeness
while the operator rO is capable of determining realization of a dis-
tance. Our main result was proving decidability of the CSL over the
class of symmetric distance models.

The logic CSL was �rstly introduced as a sublanguage of a more
general language, QML (Qualitative Metric Logic) ([15, 16]). Re-
garding this logic, many interesting problems are still unresolved. For
information about the outlook of this branch of spatial logics consult
[15].

A diagrammatic representation of the spatial language was dis-
played. This way of representing logics, �rstly introduced in [13], adds
nothing to the notion and expressive power of the logic itself. That is,
despite a completely di�erent presentation of the logic, it still main-
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tains all its characteristics and fundamentals. The graph-theoretical
approach's main purpose is then, not on the representation of single
logics, but on the creation of a framework which facilitates the com-
bination of logics, whichever is their background. In fact, logics as
di�erent as modal logics and linear logics were combined in [4]. This
type of combination, known as �bring (�rstly introduced in [6]), has
already been studied in several articles, where problems such as the
preservation of soundness, completeness and the �nite model property
were studied ([14, 4]).

Given that the main result of this dissertation is the decidability of
the CSL, it is noteworthy to investigate in which conditions preserva-
tion of decidability through �bring is accomplished, and whether the
CSL satis�es such conditions. This problem is, however, still open,
along with many other problems, concerning, for example, preserva-
tion of cut elimination, quanti�er elimination and interpolation. More-
over, it is also interesting to investigate modalization, in the sense of
[5], via CSL.



Bibliography

[1] M. Aiello, I. Pratt-Hartmann, and J. van Benthem, editors. Hand-
book of Spatial Logics. Springer, 2007.

[2] P. Blackburn, M. de Rijke, and Y. Venema. Modal Logic. Cam-
bridge University Press, Cambridge, England, 2001.

[3] B. Chellas. Modal Logic: An Introduction. Cambridge University
Press, Cambridge, England, 1980.

[4] M. Coniglio, A. Sernadas, and C. Sernadas. Preservation by �b-
ring of the �nite model property. Journal of Logic and Computa-

tion, in print.

[5] R. A. S. Fajardo and M. Finger. Non-normal modalisation. In
Advances in modal logic. Vol. 4, pages 83�95. King's Coll. Publ.,
London, 2003.

[6] D. M. Gabbay. Fibring logics, volume 38 of Oxford Logic Guides.
The Clarendon Press Oxford University Press, New York, 1999.

[7] D. M. Gabbay and J. Woods. Handbook of the History of Logic.
Elsevier, 2004.

[8] R. Goldblatt. Mathematical modal logic: a view of its evolution.
J. of Applied Logic, 1(5-6):309�392, 2003.

[9] C. I. Lewis. A Survey of Symbolic Logic. University of California
Press, 1918.

67



68 BIBLIOGRAPHY

[10] C. I. Lewis and C. H. Langford. Symbolic logic. 2nd ed. Dover
Publications Inc., New York, 1959.

[11] J. McKinsey and A. Tarski. The algebra of topology. Annals of
Mathematics, 45:141�191, 1944.

[12] F. Wolter P. Blackburn and J. van Benthem, editors. Handbook

of Modal Logic. Elsevier, 2006.

[13] A. Sernadas, C. Sernadas, J. Rasga, and M. E. Coniglio. A graph-
theoretic account of logics. J. Log. Comput, 19(6):1281�1320,
2009.

[14] A. Sernadas, C. Sernadas, J. Rasga, and M. E. Coniglio. On
graph-theoretic �bring of logics. J. Log. Comput, 19(6):1321�
1357, 2009.

[15] M. Sheremet, F. Wolter, and M. Zakharyaschev. A modal logic
framework for reasoning about comparative distances and topol-
ogy. Ann. Pure Appl. Logic, 161(4):534�559, 2010.

[16] Mikhail Sheremet, Dmitry Tishkovsky, Frank Wolter, and
Michael Zakharyaschev. From topology to metric: modal logic
and quanti�cation in metric spaces. In Advances in Modal Logic,
pages 429�448, 2006.

[17] A. Urquhart. Decidability and the �nite model property. Journal
of Philosophical Logic, 10(3):367�370, 1981.

[18] J. van Benthem. The Logic of Time. Reidel, Dordrecht, Dor-
drecht, Netherlands, 1983.

[19] A. Zanardo, A. Sernadas, and C. Sernadas. Fibring: Complete-
ness preservation. Journal of Symbolic Logic, 66(1):414�439, 2001.


