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Abstract

Quite recently, a scale invariant extension to the standard model (SM) beyond TeV scale, that could be

detected in a near future at the Large Hadron Collider (LHC), was proposed [1]. From this implementation

some peculiar implications arise such as a continuous mass spectrum and a non-integer scaling dimension. This

extension was coined unparticle physics due the void of particles with a well defined mass in this sector.

In this work unparticle inspired corrections of the type ( RG
r )

β
to the Newtonian potential are considered in the

context of the gravitational quantum well. The new energy spectrum is computed and bounds on the parameters

of these corrections are obtained from the knowledge of the energy eigenvalues of the gravitational quantum

well as measured by the GRANIT experiment with ultra-cold neutrons. The material presented in this summary

follows the work [2].

Keywords: Unparticle inspired, corrections to Newtonian potential, corrections to gravitational quantum
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1 Introduction

Unparticle physics [1] is an interesting possible exten-

sion to the standard model (SM) beyond the TeV scale.

Unparticle physics arises from the possibility of im-

plementing scale invariance in the SM. This requires

considering an additional set of fields, the Banks-Zaks

(BZ) fields, with a non-trivial IR fixed point. The inter-

action between SM and BZ fields is mediated by parti-

cles with a large mass, MU . This coupling can be writ-

ten as

LBZ =
1

Mk
U

OS MOBZ , (1)

where OS M denotes an operator with mass dimension

dS M constructed from SM fields and OBZ is an opera-

tor with mass dimension dBZ constructed from the BZ

fields. At an energy scale, ΛU , the BZ operators mu-

tate into unparticles operators (OU), with non-integer
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scaling dimension dU , such that:

LU =
CUΛ

dBZ−dU
U

Mk
U

OS MOU , (2)

where CU is a coefficient function. This extension can

involve the exchange of scalar, vector, tensor or even

spinor unparticles between SM particles. Signatures for

colliders [3, 4] as well as other phenomenological as-

pects have been investigated [5, 6, 7, 8, 9, 10]. The ex-

change of unparticles can give rise to forces which lead

to deviations from the inverse square law (ISL). Indeed,

if OU is a rank-two tensor it couples to the stress-energy

tensor Tµν and it gives origin to a modification of New-

tonian gravity leading to an effective potential,which in

the non-relativistic limit and for dU , 1, has the fol-

lowing form [11]:

V(r) = −GN
Mm

r

1 +

RT
G

r

2dU−2 , (3)

where GN is the Newton’s gravitational constant and

RT
G is the characteristic length for which this “ungrav-

ity” interactions become significant and is defined to

be

RT
G =

1
πΛU

(
MPl

M∗

)1/(dU−1)

× (4)2(2 − α)
π

Γ(dU + 1
2 )Γ(dU −

1
2 )

Γ(2dU)

1/(2dU−2)

,

where MPl = 1.22 × 1019GeV is the Planck mass,

M∗ = ΛU(MU/ΛU)dUV and α is a constant dependent

on the type of the propagator in question (α = 1 for

the graviton case). We have dBZ ≈ dUV , where UV de-

notes the ultraviolet regime. The case du < 1 leads to

forces which fall slower than gravity, which for large

distances can be directly tested experimentally. Actu-

ally, torsion-balance experiments that search for power-

law modifications of the inverse square law (ISL) have

been performed and down to distances of around 0.05

mm no significant deviations have been found [12].

More specifically, for integers values of β ≡ 2du − 2,

i.e. β = 1, 2, 3, 4, positive corrections to the ISL are

constrained to be smaller than 4.5 × 10−4 than New-

tonian gravity for β = 1 and smaller than 1.5 × 10−5

for β = 4 [12]. As described above, unparticles ex-

change yields contributions to the ISL that correspond

to non-integers of β and, as will be seen, the GRANIT

experimemtal results is particularly sensitive to values

of β <∼ 0, for a specific set of ranges (see below).

If we consider a vector unparticle exchange [13],

the potential for a coupling between a vector unparticle

and a baryonic (or leptonic) current Jµ combined with

the gravitational potential is given by [13]:

V(r) = −GN
Mm

r

1 − RV
G

r

2du−2 , (5)

where RV
G is slightly different from RT

G, but is clearly

the characteristic length scale of this vector exchange.

Notice that the vector contribution leads to a subtractive

contribution to the potential given the repulsive nature

of the vector unparticle exchange.

In what follows we consider the linear approxima-

tion of potentials, Eqs. (3) and (5), as corrections to the

Newtonian potential. In that we assume unparticle in-

spired corrections acting on scales away from the range
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the unparticle modifications were originally envisaged,

as discussed above. In order to maximize the effects

of the unparticle inspired modifications we assume that

RT,V
G & RE , where RE is Earth’s radius. These assump-

tions allow to turn the corrections to the Newtonian

potential into corrections on the gravitational quantum

well (GQW) spectrum as measured by the GRANIT

experiment [14]. As will be seen, available data al-

low for obtaining bounds for parameters RT
G, RV

G and

β = 2du − 2.

2 The gravitational quantum well and

GRANIT experiment

Let us now briefly discuss the GQW [15] and the

data obtained by the GRANIT experiment [14]. The

experimental realization of the GQW involves ultra-

cold neutrons under the action of Earth’s gravitational

field, −→g = −g−→ez and an horizontal “mirror” placed at

z = 0. This 2-dimensional problem can be reduced

to an 1-dimensional quantum mechanical problem in

the z-direction given that the neutrons’ motion in the

horizontal direction is free. The vertical motion of

a bouncing particle at the quantum level is described

by Schrödinger eigenvalue problem Ĥψn(z) = Enψn(z)

with the Hamiltonian operator

Ĥ = −
~2

2m
d2

dz2 + mgz . (6)

The solution to the problem is given in terms of regular

Airy functions [16]

ψn(z) = NnAi(θz + αn) , (7)

with energy eigenvalues,

En = −

(mg
θ

)
αn , (8)

where the normalization factor, Nn and θ are given by

Nn =

[∫ +∞

0
[Ai(θz + αn)]2dz

]− 1
2

, (9)

θ =

(
2gm2

~2

)1/3

, (10)

αn being the nth zero of the regular Airy function Ai(z).

Thus, neutrons bounce at the classical turning points

corresponding to heights

hn =
En

mg
= −

αn

θ
. (11)

The first two zeros of Ai(z), α1 = −2.338 and α2 =

−4.088, determine the first two critical heights, and

through Eq. (11), the corresponding energy eigenval-

ues:

hth
1 = 13.7(µm), E1 = 1.407(peV), (12)

hth
2 = 24.0(µm), E2 = 2.461(peV).

In the GRANIT experiment, ultra-cold neutrons

with a mean horizontal velocity of 〈v〉 ' 6.5 ms−1 [14]

freely move in the Earth’s gravitational field. This setup

mimics the GQW, meaning that the energy spectrum of

neutrons under the action of gravity is quantized in the

direction of the gravitational field and the probability

of observing particles at a given height will be maxi-

mum at the classical turning points hn = En/mg. The

minimum energy is found to be 1.40 × 10−12 eV, corre-
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sponding to a vertical velocity of 1.7 cms−1 [14]. The

limit in accuracy is provided by the uncertainty prin-

ciple and corresponds to an energy resolution of 10−18

eV, which could be achieved if the neutrons were con-

fined their whole lifetime, τ ' (885.7 ± 0.8) s [17],

within the experimental apparatus.

Besides the ground states, three excited states were

determined, although with reduced accuracy. The first

two measured position levels are:

hexp
1 = 12.2 ± 1.8(syst) ± 0.7(stat)(µm), (13)

hexp
2 = 21.6 ± 2.2(syst) ± 0.7(stat)(µm).

The GRANIT setup offers the opportunity to con-

front observations with various theoretical models such

as noncomutative geometry [18], existence of an intrin-

sic minimal length [19], the presence of extra dimen-

sions contributions [20] and the effect of Yukawa type

interactions [21]. Notice that the contributions of extra

dimensions to the Newtonian potential is of the form

Eq. (3), however only for integer values of β = 2dU −2.

3 The modified gravitational quan-

tum well

We analyze now the energy spectrum of the unparticle

inspired potential

V(r) = −GN
Mm

r

[
1 ±

(RG

r

)β]
, (14)

where we assume that RT
G = RV

G = RG. We expand

this potential around RE for r = RE + z, keeping only

the linear term in z. Thus, with respect to the potential

V = mgz, we get that the unparticle inspired modifica-

tion amounts to the change:

g→ g′ = g

1 ± (β + 1)
(
RG

RE

)β , (15)

where the plus sign denotes tensor unparticle ex-

change, while the minus sign vector unparticle ex-

change. Therefore, we can write for the energy eigen-

values of the modified GQW as

E′n = −

(
mg′

θ

)
αn. (16)

Through Eq. (16) we can constrain β for fixed values

of RG using the available GRANIT data.

4 Results

Next we analyze the effect of the unparticle corrections

to the GQW energy spectrum for different values of RG

according to the choice exhibited in Table 1.

For RG > RE , the source of the new interaction is

the whole Earth. Thus, using Eq. (16), and GRANIT

data we depict in Figs. (1) and (2) the contributions

of tensor and vector unparticle exchange, respectively.

We test five different values of RG, and vary continu-

ously β within the range that matches the experimental

measurement of the first energy level E1±∆E1. The in-

tersection with the experimental error bars determines

the upper bounds for β. The results are summarized in

Table(1).

For RG < RE , form factors must be introduced

to account for the fact that only a shell of radius RG
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around the experiment is relevant . From computations

that can be found in Ref. [20], the resulting corrections

to the ISL are too small and yield no significant bounds

on the parameters RG and β.

Table 1: Table of values for β as a function of RG for the first energy level as modified by Eq. (16). Values of β
greater than the ones indicated are excluded [2].

(RG/RE) β

Vector Tensor
100 -0.158487 -0.378236
50 -0.179961 -0.425184
10 -0.260721 -0.582992
5 -0.320562 -0.676435

1.5 -0.502710 -0.846465

5 Conclusions

In this work we have considered unparticle inspired

modifications to the ISL of the form of Eq. (14). These

corrections affect the GQW spectrum according to Eqs.

(15) and (16) and, as discussed in the text, the GRANIT

experiment is particularly sensity to β <∼ 0, which al-

lows to scrutinize a region in the parameter space that

is complementary to one tested by torsion-balance ex-

periments. We find that depending on the parameters

RG and β, corrections for E′1 when compared with E1

can be around 40% for vector exchange and 10% for

tensor exchange. The difference between vector and

tensor corrections is mainly due to the asymmetric error

bars for hexp as provided by the GRANIT experiment

for RG > RE . Our results show that certain combina-

tions of values of RG and β are already excluded by

the data and clearly an improvement on the GRANIT

experiment may allow one to exclude entirely certain

ranges of unparticle-like contributions to the GQW.

Given that the improvement of the GRANIT spectrom-

eter is on the way (see e.g., [22]), prospects to further

test unparticles-type corrections to the GQW, as ana-

lyzed here, are rather realistic.
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Figure 1: First energy eigenvalue E′1 for RG/RE = 1.5, 5, 10, 50, 100 (from top to bottom) as a function of RG

and β as modified by tensor unparticle exchange interactions. The grey region corresponds to the experimental
results E1 ± ∆E1.The dashed line corresponds to the first energy level of the unperturbed gravitational quantum
well, Eq.(12).
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Figure 2: First energy eigenvalue E′1 for RG/RE = 100, 50, 10, 5, 1.5 (from top to bottom) as a function of RG and
β as modified by vector unparticle exchange interactions. The grey region corresponds to the experimental results
E1 ± ∆E1. The dashed line corresponds to the first energy level of the unperturbed gravitational quantum well,
Eq.(12).
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