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Abstract

Following the criteria of mathematical simplicity and consistency with market data, a fractional

volatility method is developed in [4] and subsequently developed in [5][6][7]. Using this model, a

method to forecast volatility is developed and implemented; its predictions are compared with both

historical data and the forecasts obtained with the widely used GARCH(1,1). To this end, both a

Hurst exponent estimator and a fractional Brownian noise generator are developed. Tests performed

on MICROSOFT and NYSE EURONEXT are presented and conclusion are drawn, followed by the

exposition of several ideas which seem plausible for the improvement of the forecast.

Keywords: induced volatility; fractional Brownian motion; fractional Brownian noise; cholesky

matrix; Hurst exponent

1 Introduction

Following the criteria of both mathematical sim-

plicity and consistency with market data, the

model of fractional volatility can be presented as

follows: let St be a price process and assume that

the log-price process belongs to a probability space

Ω ⊗ Ω′. A realization of the log-price process can

be denoted by logSt (ω, ω′) with ω ∈ Ω, ω′ ∈ Ω′.

Assume as well that for each fixed ω′ the process

logSt (·, ω′) is a square-integrable random variable

in Ω. With these assumptions, the price dynamics

of the price process can be written as

dSt/St = +σtdBt (1)

and σt, the induced volatility, is a process that can

be reconstructed from market data using (for com-

putational reasons) σt = 1
∆Var (logSt) with a small

time window of width ∆. Using standard tech-

niques for detecting long-range dependency [8] is
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found that, for daily data,

log σt = β + κ (BH (t)−B (t− 1)) (2)

where BH (t) is a fractional Brownian motion with

Hurst exponent H, i.e., the stochastic part Rσ (τ)

of the integrated log-volatility
∑τ

t=1 log σt fulfills a

scaling law. This implies that, unlike other models

that use as a driving process a (fractional) Brown-

ian motion process, induced volatility is driven by

a Brownian noise.

Although this model, as it stands, has no lever-

age (on the returns), its effects have been the-

oretically successfully worked into the model [5]

by assuming the fractional Brownian noise driv-

ing the volatility process is given by a stochastic

integral having as integrating process the Brown-

ian motion of the price process, that is, log σt =

β + κ′
∫ t
−∞ (t− s)H−

3
2 dB

(s)
Price (where κ is not the

same as κ′); this way the volatility is influences

and is influenced by the price process. In [6][7] the

model is further developed and interpreted in an

agent-based model as well as proving several re-

sults regarding arbitrage and completeness of the

market within the model.

2 Implementation

2.1 Induced volatility parameterization

Having the induced volatility process reconstructed

as previously stated, β can be parameterized by fit-

ting the integrated log-volatility linearly; it would

then be the slope of this line. As for κ, it can

be parameterized by the square of the variance of

the process Rσ (t) (defined above as the stochastic

component of the integrated log-volatility process).

2.2 Estimation methods

In order to determine the Hurst exponent of an in-

duced volatility process, three methods are imple-

ments, though one is readily disregarded very early

on; these are the Aggregated Variances Method

(AVM), a Definition Based Method (DBM) and

Higuchi’s Method (HM). The first is achieved by

binning the processes, i.e., being X the process to

analyse one computes the for different values of m

and k the quantity

X
(m)
k =

1
m

“
k+1)m−1.(3)∑

i=km

By the selfsimilarity of the fractional Brownian

noise it should be verified that ̂Var
(
X(m)

)
=

m2(H−1)Var (X) thus providing an estimate for H

by fitting a line on a log-log plot of the (sample)

variance vs. m.

The second method, DBM, uses the definition

of selfsimilarity to estimate H by comparing the

Brownian motion at different times (seperated by

a time ∆ and in absolute value) and stating that

its expected value (for different ∆) should verify

E [|BH (t+ ∆)−B (t)|] ∝ ∆H which should, again

on a log-log plot of this expected value vs. ∆, pro-

vide H by fitting the line.

The third and final method is similar to the

AVM except that instead of static binnings this

method takes into account all possible sets of m
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consecutive values in the sample by using a sliding

window. By fitting the

L (m) =
N − 1
m3

m∑
i=1

[
N − i
m

]−1

×

N−1/m3∑
k=1

|Y (i+ km)− Y (i+ (k − 1)m)|

Y (n) =
n∑
i=1

Xi

on a log-log plot (vs. m) to a line, the slop of the

line should give H subtracted 2.

2.3 Fractional Brownian noise generat-

ing method

The method used for generating fractional Brow-

nian noises is implemented using the Cholesky de-

composition of the covariance matrix Γ = L · LT ,

where L, the Cholesky matrix, is a lower trian-

gular matrix and LT its transpose; this matrix

is uniquely defined since Γ is real and symmetric

(under the additional condition that the diagonal

elements are positive). This matrix can be con-

structed using the following formulas (γ (k) being

the covariance between two points k days apart

which is known):

γ (0) = l0,0 = 1

j = 0 : γ (1) = l1,0l0,0

j = 1 : γ (0) = l21,0 + l21,1

and more generally, since every new line does not

depend on the line number (which means that a

new line can always be added, meaning this is a

good candidate for a forecast that needs to be on-

the-fly capable):

ln+1,0 =
γ (n+ 1)
l0,0

, j = 1

ln+1,j =
1
lj,j

(
γ (n+ 1− j)−

j−1∑
k=0

ln+1,klj,k

)

l2n+1,n+1 = γ (0)−
n∑
k=0

l2n+1,k, j = n.

Letting V (n) denote an n-dimensional vector of

i.i.d., N (0, 1) random variables, a fractional Brow-

nian noise is achieved by multiplying L and V:

X = L · V since E[X]=E[L · V ] = 0 and

Cov(X)=Cov(L · V ) = L·Cov(V )·LT = L·LT = Γ.

Given that the fractional Browninan noise is a

gaussian process, once defined its mean and co-

variance structure it is fully determined.

2.4 Volatility forecast method

Suppose one has a log-volatility process and can

therefore extract the respective driving fractional

Browninan noise; this means that one should be

able, by a simple matrix inversion, obtain the re-

spective standard Brownian noise that generates it,

that is V (n) = L (n)−1 ·X (n)historical (where n in-

dicated the dimension of the elements in the equa-

tion). By padding now a standard gaussian ran-

dom varianble to V (becoming an n+1 dimensional

vector) by multiplying this back with L (n+ 1), an

n+1 dimensional X vector is generated, the first n

entries of which are the historical path while the

new entry is a forecast of the n+1’s day volatility

which depends correctly, by construction, on the
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past n entries. Should one add more that one ran-

dom variable to V prior to multiplying it back with

L this yields longer horizon forecasts.

2.5 GARCH(1,1) parameterization

The parameterization for the GARCH(1,1) is

achieved by taking the standard equation σ2
t =

ω + ασ2
t ε

2
t + β′σt and using the three equations

given by the use of the expectation value, variance

and expection value for the one-day displaced mul-

tiplied value to the sample at hand. This gives

the following three equations for fitting: 〈σ2
t 〉 =

ω+
(
α
√

2
π + β′

)
〈σ2
t 〉,
(

1− α2 − β′2 − 2
√

2
παβ

′
)
×

×〈σ4
t 〉 −

(
1− 2

πα
2 − β2 − 2

√
2
παβ

′
)
〈σ2
t 〉2 = 0 and

〈σ2
t+1σ

2
t 〉 = ω〈σ2

t 〉+
(
α
√

2
π + β′

)
〈σ4
t 〉.

3 Analysis

Before continuing let the following concepts be de-

fined: the launching point is the point up to which

the volatility is know, the support points is the

amount of points into the past used as informa-

tion for the forecast and forecast horizon refers to

the amount of points ahead one is forecasting.

3.1 Generator and estimator error

Given a Hurst exponent of 0.8 a fractional Brown-

ian noise was generated (with dimension 5000) and

subsequently its its Hurst exponent measured us-

ing the three different estimators described above

in order to analyse how great an error can be ex-

pected from these sources. The results of this anal-

ysis show that all three methods perform well in

terms of the value provided under the conditions

they are to be submited in the rest of the work for

the thesis with all estimates having a relative er-

ror of less than 5% for every single estimate. All

but HM have acceptable computation times which

is why, even though this is the method with the

lesser relative error, this method is not used any

further in the thesis (as the gain in precision is

irrelevant when compared to the additional com-

putation time). Mostly the AVM is used (for its

robustness and despite its bias) though the DBM

will is occasionally used (without mentioning).

3.2 Sliding window test

Using the NYSE EURONEXT index reconstructed

volatility information from August 12th 2004 to

29th of April 2009 a sliding window test is per-

formed consisting on the determination of the av-

erage relative error of the forecast by swiping the

data with varying forecast horizons and support

points (both varying from 1 to 10); afterwards,

a comparisson to the GARCH(1,1) forecasts is

drawn.

For every single pair of values of forecast hori-

zon and support points the forecast obtained with

the fractional volatility forcasting method is, in

modulus, smaller than that of the GARCH; the

minimal and maximal errors for the former are

35.78% and 65.85%, resp., while for the later these

values stand at 39.88% and 93.48%, the overall av-

erage difference being -21.91% in favour of the frac-
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tional volatility forecast. It should be noted that

that:

1. both fractional volatility and GARCH(1,1)

forecast increase tendentially with the in-

crease of the forecasting horizon;

2. more frequently than not (approximately

66% of the cases) the forecast error decreases

with the increase of the number of support

points used in the forecast;

3. while for the one-day ahead forecast both

methods have similar forecast errors (the dif-

ference being of only about 2%) this error

grows rapidly with the forecast horizon, be-

ing around -27% for a 10-day forecast.

3.3 Fixed forecasting point

This test is a particularization of the previous one:

fixating two launching points (1250 - steady volatil-

ity; 3000 - high volatility), the forecasts achieved

by varying the other two parameters from 1 to 20

are studied for MICROSOFT. In this analysis the

relative error is allowed to be negative and the fore-

cast value is taken to be the average one for differ-

ent support points; this is due to the fact that in

ca. only 64% of the cases does increasing the sup-

port points in fact decrease the relative error. As

such, an investor may be interested in using the

average of differently supported estimates for the

forecast as the ex-ante forecast, since the investor

might expect the overshooting forecasts for some

supports to be washed out with the undershooting

of other (or the other way around).

For this test and for the launching point 1250

the fractional volatility forecast method has, in

average, an error 66% smaller than that of the

GARCH(1,1) while for the other day it loses in

with a difference in average of 8% (in favour of the

GARCH method).

4 Conclusion

Although the fractional volatility forecasting

method does perform worse than the GARCH(1,1)

for the fixed launching point test for the launching

day 3000, it does outperform the GARCH(1,1) in

average in the rest of the tests and perhaps more

importantly so, with a greater margin (an advan-

tage of ca. 22% in the sliding window and of 66%

for the first fixed launching point test against a

margin of 8% by which the GARCH does indeed

forecast better in the last case scenario tested).

This leads to the conclusion that the fractional

volatility of [4] as well as the forecasting method

presented above may, indeed, grasp certain market

aspects the GARCH description does not.

Although the forecasting achieved is better

than the standard forecasting model around, the

actual error values might indicate that the frac-

tional Brownian noise may not be the best candi-

date for the job at hand. As such, research towards

finding a process with the same scaling as the frac-

tional Brownian noise but with different moments
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might be in order.

Left as open questions for future developments

are:

1. the inclusion of leverage in the forecast,

which might be achieved by constructing a

matrix such that Xσ = Λ · XS where X(·)

stands for the Brownian noise of the index

process (volatility, resp., price process);

2. adding a weighed term with the informa-

tion regarding the change of the value of the

volatility in adjacent points may increase the

forecast accuracy;

3. the knowleged of time-delayed correlated

processes may provide additional information

towards a better forecast of the volatility;

4. investigating the time dependence of the

Hurst exponent might lead to a better fore-

cast, as the Cholesky matrix depends funda-

mentally on this parameter.
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