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Abstract 
 

Nowadays, the use of composite laminates structures in the automobile, railroad, civil, 

aeronautical, space and naval industries is growing at a huge rate. Recently, there’s been a renewed 

interest in sandwich laminate structures, whose bending capability and performance is much better 

when compared to classical laminates. Sandwich structures, which are mainly used as bending 

components, are formed by materials with very different resistance in the faces and in the core. 

Therefore the behavior of such structures under bending conditions does not fit the classical laminate 

theories. Despite this, sandwich structures are simple enough to allow simplified analysis, whose 

mathematical accuracy depends greatly on the structure itself. In this master’s thesis the goal is to study 

the application of different analysis techniques on sandwich beams under bending conditions using a 

mixed layerwise approach, by considering a Higher-Order Shear Deformation Theory (HSDT) to 

represent the displacement field of the viscoelastic core and a First-Order Shear Deformation Theory 

(FSDT) for the face layers and compare it with simplified theories of Equivalent Single Layers (ESL), such 

as the Classical Theory (CLPT) and First-Order theories (FSDT). The results obtained through this theory 

are compared and validated with values retrieved experimentally and numerically by a 3-D finite 

element and by a higher-order plate element. The advantages relative to the Classical Plate Theory and 

First-Order Shear Deformation Theory are also analyzed. 

Keywords: Sandwich Structure, High Shear Deformation Theory, Finite Elements, 3 point bending, 4 

point bending. 

 

1. Introduction 

 

Sandwich structures are formed by two exterior faces which are relatively thin but of high 

structural stiffness and a much thicker core, which is lighter but less stiff than the faces. The faces and 

core are bonded using adhesives. 
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There are many ways to combine materials for the construction of sandwich structures. This 

allows optimization in accordance with the needs in engineering projects. In the faces the most used 

materials are steel, aluminum, wood, and laminated composites of carbon fibers, fiberglass, etc. In the 

core, cork, balsa wood, polymeric foams such as polyurethane, polystyrene, phenolic resin, metallic or 

carbon honeycombs, amongst others, are the most used materials [1, 2]. 

The World War II Mosquito aircraft was the first major application of sandwich panels but there 

were a few earlier, uses of the sandwich principle. By about 1960, especially with the landing of the 

Apollo capsule on the Moon in 1969 (which used sandwich shells with honeycomb cores), increasing 

numbers of alternative uses were being discovered, such as in the building, refrigerated storage, 

automobile and shipbuilding industries [2]. 

Nowadays sandwich structures can be found in many different industries. One example is the 

the Swedish company Stena Line which is considering the possibility of modifying their HSS-900 

catamaran made of aluminum by a sandwich superstructure that would result in a loss of weight of 

         [3]. Other examples are the Boeing 787 and the Airbus A350 XWB, built with 50% and 53% of 

composite materials (including sandwich structures) respectively, which would result, amongst other 

factors, in a decrease in fuel consumption of 20% and 30%, respectively [3, 5]. Also in the civil industries 

the interest with these structures has been increasing, namely in the renovation of steel bridge decks. 

Due to fatigue problems these bridges need to replace their decks with a new Sandwich Plate System 

(SPS) [6, 7, 8]. 

The usage of sandwich arose from the need to combine a high mechanical stiffness with a 

lightweight structure. This is achieved by increasing the distance between the faces which leads to an 

increase in the inertial moment and therefore augmenting the bending stiffness of the structure. With 

this in mind a sandwich construction can be compared with an I beam, where the faces correspond to 

the flanges supporting the axial stresses caused by bending moments, and the core works as the web 

carrying the shear stresses caused by transverse forces and torsion. Despite this, the cores aren’t usually 

stiff enough, resulting in the appearance of shear effects that can’t be neglected. 

Sandwich panels and beams are therefore simple structures with much better performance 

than classical laminates under bending conditions. They can be analyzed using simple structural 

mechanics kinematics, although they are formed by a flexible and viscoelastic core which does not allow 

the utilization of conventional beam and plate theories. Because of this, arises the need to use models 

of High-Order Shear Deformation Theory. 

This is the main goal of this master’s thesis which will be centered in the validation of a new 

beam finite element model, formulated using a mixed layerwise approach, by considering a Higher-

Order Shear Deformation Theory (HSDT) to represent the displacement field of the viscoelastic core and 

a First-Order Shear Deformation Theory (FSDT) for the displacement field of the face layers. It will then 

be compared with simplified theories of Equivalent Single Layers (ESL), 3-D finite elements, a higher-

order layerwise plate model, and experimental results of 3 and 4 point bending tests in accordance with 

ASTM regulations. Because of their importance in sandwich structures, longitudinal and shear strains 

distributions will be presented, especially in the core, since its behavior is mostly viscoelastic. This 

viscolelastic behavior is very critical and greatly affected by temperature and time variations. Although 

this is not the main subject, such phenomena will be presented and briefly discussed. The zig-zag effects 

as a consequence to material discontinuities between faces and core will also be quantified. 

 

 

2. Hybrid Sandwich Beam Model 

The development of a layerwise finite element model is presented here. The basic assumptions 

in the development of the sandwich beam model are the same as the ones used by Araújo et al. [9]: 
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1) All points on a normal to the plate have the same transverse displacement         , where t 

denotes time, and the origin of the z axis is the mid-plane of the core layer; 

2) No slip occurs at the interfaces between layers; 

3) The displacement is    along the interfaces; 

4) Elastic layers are modeled with first order shear deformation theory (FSDT) and viscoelastic 

core with a higher order shear deformation theory (HSDT); 

5) All materials in the core are linear, homogeneous and orthotropic and the elastic layers (faces) 

are made of laminated composite materials; 

Contrary to the model used by Araújo et al. [9], which developed this model for a plate 

element, in the present work the goal is to study the behavior of sandwich beams, therefore it will only 

be considered the axial,  , and transverse,  , directions in the development of this model. 

The FSDT displacement field of the face layers may be written in the general form: 

   
              

                  
         

                      

(1) 

Where   
  is the in-plane displacement of the mid-plane of the layer,   

  are rotations of 

normals to the mid-plane about the y axis (anticlockwise)     is the transverse displacement of the layer 

(same for all layers in the sandwich),     is the z coordinate of the mid-plane of each layer, with 

reference to the core layer mid-plane (     ) and        is the layer index [9]. 

For the viscoelastic core layer, the HSDT displacement field is written as a second order Taylor 

series expansion of the in-plane displacements in the thickness coordinate, with constant transverse 

displacement: 

   

              
            

             
              

          

                      
(2) 

Where   
  is the in-plane displacement of the mid-plane of the layer,   

  are rotations of 

normals to the mid-plane about the y axis (anticlockwise)     is the transverse displacement of the layer 

(same for all layers in the sandwich),   is the layer index. The functions   
   and   

    are higher-order 

terms in the series expansion, defined also in the mid-plane of the core layer [9]. 

 

2.1. Formulation 

As shown in figure 4 the displacement continuity at the layer interfaces can be written as: 

   

       
  
 
               

  
 
    (3.a) 

        
  
 
               

  
 
    (3.b) 

Where the coordinates of layer mid-planes are: 

   
    

  
 
 
  
 

 
(4.a) 

      
(4.b) 

     
  
 
 
  
 

 
(4.c) 
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Figure 1: Sandwich beam model. 

The constitutive relations of the beam model are given as: 

   
 
   
   

 
 

  
    
    

 
 

 
   
   

 
 

 (5) 

With: 

   
    

  
        

         (6.a) 

for orthotropic materials. Where   is elasticity modulus in the principal direction (1) of the laminate, 

and    is elasticity modulus in the secondary direction (2).     is the Poisson coefficient and     

   
  

  
. Finally    ,     e     are the shear modulus. 

And for isotropic materials: 

   

        
 

    
               

 

      
 (6.b) 

Where   is the elasticity modulus and    the Poisson coefficient. 

The strain field is given by the displacement field as: 

 
   
   

 
 

  

 

  
 

 

  

 

  

  
 
 
 
 

 (7) 

2.2. Core 

The linear strains associated with the assumed displacement field for the viscoelastic core layer are: 

   

 
 

     
   

 

  
  

   
 

  
   

   
  

  
   

   
  

  

      
      

        
   

   

  

  (8) 

2.3. Faces 

Applying the continuity conditions given by (3.a) and (3.b), one obtains for the top face: 
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And for the bottom face: 

   

  
  

  
 
  
  

  
 

 
  
   

  
 

 
  
     

       
  
 
       

  
(10.a) 

   
  

 

  
  
  

 

  
  
  

  
  

  
  

  
 

   
  
   

  
 

   
  
   (10.b) 

The linear strains associated with the assumed displacement field for the face layers are: 

   

 
 

    
  

   
 

  
  

   
 

  
    

   
 

  

   
    

  
   

  

  (11) 

 

2.4. Finite element formulation 

Using the principle of minimum potential energy: 

   

        (12) 

Where    is the potential energy of each layer and   and   are, respectively, the energy 

associated with strains in each layer and the work done by externally applied loads: 

   

   
 

 
            
 

 
(13.a) 

               
 

            
 

           
(13.b) 

Where    e    are the components of the displacement and tension fields in (7),    ,     ,      

and      are the vector of mechanical DOF, the vector of applied loads in the body, the vector of surface 

tractions and the vector of concentrated forces, respectively. Finally,   and   represent, respectively, 

the volume and surface domains of the beam [9]. 

The displacement field can be given as  

                (14) 

Where the vector of mechanical DOF, after reducing the unknowns through continuity 

conditions given by (9.b) and (10.b), is: 

 
       

   
   

     
   

    
     (15) 

And      are the matrices obtained using equations (1) and (2), along with equations (9.b) and 

(10.b). 

Carrying on the integration in the thickness direction in equations (13.a) and (13.b) and 

substituting the results in equation (12), one obtains the variational equation of motion for the 

sandwich beam, whose solution was obtained through the finite element model using a two-node 

element with 7 mechanical DOF per node with: 

 

   

              
  

  

   

         (16) 
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Where    is the number of nodes in the element and     contains the    shape functions 

[12]: 

   
     

 

  

   
 

  

 (17) 

Where    is the element length. 

The strains are related to the element DOF through: 

   

   
          

    
  

  

   

     
     

   
          

    
  

  

   

     
     

   
          

    
  

  

   

     
     

 (18) 

Where   ,    and    are strain matrices that can be obtained from the shape functions and 

their derivatives, and are calculated on a layer-by-layer basis. 

It is now possible to build the equilibrium equation in matrix form: 

   
    

          
   

(19) 

 

Where   is the stiffness matrix of the element given by [9, 10]: 

 

   

    
         

   
 
    

    
       

   
 
    

    
   

 

         

    
   

 
    

    
       

   
 
    

    
   

    
   

 
    

    
               

(20) 

Where   is the natural coordinate of the element and   is the Jacobian of the transformation. 

    ,     ,      and      are the constitutive matrices with the membrane, coupled, bending and shear 

contributions, respectively. 

Shear locking was avoided using reduced integration in the construction of the stiffness 

matrices [11, 12].  

 

 

3. Validation of the model 

After implementation of the model using Matlab® for manipulation, construction of matrices 

and various other operations, such as resolution of the equations system and post process of the results, 

the objective was to compare the results with other existing models and experimental results. The 

beams were discretized in 40 elements, since the solution had already converged for 20 elements. 
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3.1. 3 Point bending tests 

In this case the goal was to make a comparative analysis from the developed beam model with 

other models and theories, calculating the mid-span displacement of a beam under three point bending 

loads in accordance with ASTM-C393 [13]. 

The other two models for comparison were the Classical Laminate Plate Theory (CLPT) and a 

Simplified Sandwich Beam Theory (SSBT) [14], implemented in finite elements by Sainsbury et al. [15]. 

All the results are adimensionalized relative to the CLPT values. 

Several elasticity modulus in the core were tested, as well as different 
 

  
 ratios, where   is the 

beam length and    is the total thickness of the beam. The most relevant properties for these tests are 

given in table 1. 

       

             

      

 

Table 1: Data for the beam analysis. 

 

 

3.1.1. Results and discussion 

 

The results for obtained for these tests are given in figure 2: 

 

                                   

Figure 2: Mid-span displacement relative to the classical theory for different 
  

  
 ratios. 

As it can be seen from figure 2.a) the beam and SSBT models are very close to the classical 

results when the core as the same rigidity as the faces. The maximum error of the beam model is 9%. 

When the elastic modulus of the core decreases the convergence to the classical values takes place at 

bigger 
 

  
 ratios (Figure 2.b)). This is justified by the shear effects, namely the transverse distortion, that 

is more severe in the configuration of short beams and also tends to increase when the elastic modulus 

of the core decreases. Another aspect is that the classical theory does not predict the shear effects, thus 

contributing for a bigger discrepancy between models. The relative thickness is also important since for 

bigger 
  

  
 ratios the shear effects will be more significant as a consequence of the increase in thickness of 

the core. 
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3.2. 4 Point Bending tests with application in bridge decks 

The goal was to compare experimental and 3-D FEM results obtained by Teixeira de Freitas et 

al. [6], for the application of a SPS system in Dutch bridge decks, with the presented beam model as well 

as the SSBT and a higher-order layerwise plate element by Araújo et al. [9]. 

The beam specimens characteristics used in these tests are presented in table 2: 

Specimen                         
  

   
 

S12305 12 30 5 3.5 

S12155 12 15 5 1.8 

S12206 12 20 6 2.2 

S12306 12 30 6 3.3 

S10306 10 30 6 3.8 
Tabela 2: Specimens characteristics. 

Steel Grade S355 was selected for both steel faces. The sandwich core is polyurethane (solid 

polymer) with a density of 1150 kg/m
3
 and a Poisson coefficient of 0.36, manufactured by Elastogran 

GmbH. The core material was first tested by Teixeira de Freitas et al. [6] for the three temperatures and 

the mean values obtained are shown in table 4. The steel faces properties are given in table 3. 

 S355 

     355 MPa 

   510 MPa 

  210 GPa 

  0.3 

 

 

3.2.1. Experimental Procedure 

The tests were conducted under three different temperatures (-10ºC, Room Temperature (RT) 

and +50ºC), in accordance with ISO-527 (1996) [16], in order to test the core behavior when subject to 

real conditions. 

For these 4 point bending tests Teixeira de Freitas et al. [6], two types of load configuration 

were used: short and long beams. The short beam’s load configuration was quarter point loading with 

400 mm support span and 200 mm load span. The long beam’s load configuration was third point 

loading with 750 mm support span and 250 mm load span. Figure 3 shows both load configurations. 

 

Figure 3: Four point bending tests configuration in accordance with ASTM-C393: a) Short beams loading; b) Long beams loading. 

 

Temperature                    

-10ºC 1049 22 

RT 721 25 

50ºC 471 17.7 

Tabela 3: S355 steel properties. 
 

 Tabela 4: Core properties. 
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3.2.2. Results and discussion 

The rigidity values  ,    
    

            
 , obtained for the long beam configuration at -10ºC and 50ºC 

are presented in Figure 4. 

 

  
a)  b) 

 

Figure 4: Comparison of rigidity values obtained at long beam configuration for experimental tests and for beam, plate, SSBT and 

3-D elements at a) -10ºC; b) 50ºC. 

 

Figure 5 shows the rigidity values obtained for the short beam configuration at -10ºC and 50ºC. 

  
a)  b) 

 

Figure 5: Comparison of rigidity values obtained at short beam configuration for experimental tests and for beam, plate, SSBT and 

3-D elements at a) -10ºC; b) 50ºC. 

 

It can be concluded that for long beam configuration at -10ºC, i.e., for bigger core rigidity, the 

beam element results are much closer to the experimental values as well as the plate and 3-D elements. 

Comparatively to the SSBT element the beam element guarantees an improvement in the error of about 

5%. For 50ºC the same behavior remains between elements but the experimental results decrease 

abruptly due to viscoleastic effects of the polyurethane at that temperature. 

At short beam configuration where the shear effects are more significant, at -10ºC the error of 

the beam and SSBE elements relative to the experimental values is 26% and 28%, respectively. While the 

error of the beam element relative to the 3-D and plate elements is 11% and 12%, respectively. At 50ºC 

the error of the beam element relative to experimentation is 16%, while relative to the 3-D and plate 

elements is 19% and 20%, respectively. The SSBT element has a 15% error relative to experimental 

results. Once again at 50ºC the results vary a lot when compared to experimentation because of the 

viscoelatic effects and in this case are more severe due to the increase in the shear stresses magnitude 

as a consequence of the short configuration. 
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The longitudinal strains distribution of specimens S12305 and S12155 along the thickness of the 

sandwich at the mid-span section are shown in figures 6 and 7. 

  
a)  b) 

 

Figure 6: Longitudinal strain,    , for S12305 specimen in mid-span section at configuration of a) Long beam; b) Short beam. 

 

  
a)  b) 

 

Figure 7: Longitudinal strain,    , for S12155 specimen in mid-span section at configuration of a) Long beam; b) Short beam. 

 

From the analysis of the previous figures it can be concluded that for long beam configuration 

all the models are in accordance. For the short beam configuration the beam and plate elements results 

are very similar, but when compared to the 3-D element it can be seen that the shear effects are more 

significant in the specimen S12305, since its core is twice as thick as the S12155 specimen. Despite this 

there is another effect that is not accounted in the plate and beam elements which is the 

compressibility. The big warping effect in the 3-D FEM in figure 6.b) is caused by the compression as a 

consequence of the loading configuration. 

 

 

4. Conclusions 

 

For short beam configuration the beam element presented here is quite accurate and in 

accordance with the results obtained by 3-D and plate elements. It also produces better understanding 

of the strain distributions than the simplified first order element SSBT. Since both the beam and plate 

models do not take into account in their formulation the compression of the core, the results of the 

strains in that area produce bigger errors in beams that are thicker when compared to their length. The 

viscolelastic effects of the polyurethane core, especially at 50ºC, also leads to great discrepancies 

between the experimental and the models results. It is then desirable not only to include the 

compressibility effects in the core and beam elements as well as the viscoelastic effects, in order to 

better simulate the real behavior of sandwich structures with different core rigidities.   
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