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Pedro Vitória, Diogo A. Gomes (Adviser)

June 29, 2010

Abstract

We extend a weak version of the dynamic programming principle, first proven in [1] for stochastic
control problems, to the context of zero-sum stochastic differential games. By doing so we are able
to derive the Hamilton-Jacobi-Bellman-Isaacs equation when one of the players is allowed to use
strategies taking values in an unbounded set.
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1 Introduction

In [1], Bouchard and Touzi propose a weak version of the dynamic programming principle in the context
of stochastic optimal control. Their objective was to avoid technical difficulties related to the measurable
selection argument. By doing this they were able to derive the dynamic programming equation without
requiring the value function to be measurable. One question that arises naturally is how to extend this
approach to stochastic differential games.

Zero-sum stochastic differential games were studied rigorously for the first time by Fleming and
Souganidis in [2]. These problems are usually studied in a setting where the strong assumptions imply
that the value function is continuous, hence measurable. Considering a weak version of the dynamic
programming principle gives us the opportunity of studying these problems in a more general setting
where the value function does not have a priori much regularity.

This paper tackles the problem of extending the weak dynamic programming principle of [1] to the
context of stochastic differential games.
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2 Preliminaries

In this paper we consider the classical Wiener space (Ω,F ,P), on a finite horizon T . More precisely, Ω
is the space of continuous functions ω : [0, T ] → RN such that ω(0) = 0, and F is the Borel σ−algebra
in Ω completed with respect to the Wiener measure P. We denote by W the standard N−dimensional
Brownian motion corresponding to the coordinate process, Ws(ω) = ωs.

We consider in (Ω,F ,P) the natural filtration induced by W augmented with the P−null sets, F =
{Fs, 0 ≤ s ≤ T}, where

Fs = σ{Wr : r ≤ s} ∨ NP.

We denote by T the collection of all stopping times in F. Given τ1, τ2 such that τ1 ≤ τ2, T[τ1,τ2]

denotes the collection of all τ ∈ T such that τ1 ≤ τ ≤ τ2. When τ1 = 0 we simply write Tτ2 .
The essential extrema of a random variable is defined as

Definition 1. Let X be a random variable. Then M ∈ R ∪ {+∞} is said to be the essential supremum
of X, M = esssupX, if:

• X ≤M P− a.s.;

• If there exists M̃ ∈ R such that X ≤ M̃, P− a.s., then M ≤ M̃ .

The essential infimum of X is defined as

essinfX := −esssup −X.

We consider processes in the following space

H∞(t, T ;A) :=

{
ψ ∈ Hp,∞(t, T ;A) : esssup sup

s∈[t,T ]

|ψs| <∞

}
.

3 The Markovian scenario

We consider zero-sum stochastic differential games between two players. There is a controlled state
process that determines the reward of each of them. This process is a mapping, taking values in Rd,
satisfying the following stochastic differential equation (SDE):{

dXa,b
t,x (s) = µ

(
s,Xa,b

t,x (s); as, bs

)
ds+ σ

(
s,Xa,b

t,x (s); as, bs

)
dWs

Xa,b
t,x (t) = x,

(1)

where

µ : S×A×B → Rd,

σ : S×A×B → Rd×N ,

are continuous functions satisfying the typical global Lipschitz and linear growth conditions that assure
existence and uniqueness of a strong solution for (1):{

|µ(t, x; a, b)− µ(t, y; a, b)|+ |σ(t, x; a, b)− σ(t, y; a, b)| ≤ K|x− y|
|µ(t, x; a, b)|+ |σ(t, x; a, b)| ≤ K(1 + |x|+ |a|+ |b|). (2)

We consider the following spaces of admissible controls for players 1 and 2:

At := H∞(t, T ;A), Bt := H∞(t, T ;B).

The following definition is useful to compare controls:
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Definition 2. Given controls a, ã, stopping times τ1, τ2, we write

a ≡ ã on [τ1, τ2] (3)

to mean

P({Xs = Ys; s a.e. on [τ1, τ2]}) = 1.

If a ≡ ã on [t, T ] we say that a and ã are equivalent.

The terminal reward of player 1 is the random variable

J(t, x; a, b) := E
[
f

(
Xa,b

t,x (T )
) ∣∣∣Ft

]
,

where f is a measurable function with polynomial growth.
We now introduce the concept of non-anticipative strategy.

Definition 3. A strategy for player 2 is a function β : At → Bt that maps equivalent controls to
equivalent controls.

A strategy, β, is said to verify the non-anticipativity property if for every a1, a2 ∈ At, τ ∈ T[t,T ] we
have:

a1 ≡ a2 on [t, τ ] ⇒ β[a1] ≡ β[a2] on [t, τ ].

The space of non-anticipative strategies for player 2 is denoted by ∆(t).
The definition of strategy for player 1 is analogous. The space of non-anticipative strategies for player

1 is denoted by Γ(t).

We can now define the upper and lower values of a stochastic differential game. In the lower value we
allow player 2 to use strategies. This gives him an advantage over player 1. In the upper value we have
the opposite situation. More precisely, we have the following:

Definition 4. The lower value of a stochastic differential game is defined as

V (t, x) = essinf
β∈∆(t)

esssup
a∈At

J(t, x; a, β[a]).

Similarly, the upper value of a stochastic differential game is

U(t, x) = esssup
α∈Γ(t)

essinf
b∈Bt

J(t, x;α[b], b).

The name upper and lower values is justified by the following inequality, which is intuitive but needs
to be proved,

V (t, x) ≤ U(t, x).

This result is established in an indirect way through the uniqueness of solution of the Hamilton-Jacobi-
Bellman-Isaacs (HJBI) equation (see [3]).

These value functions, which are a priori random variables, are in fact deterministic. More precisely:

Theorem 5. The random variables V (t, x) and U(t, x) are constant, i.e.,

V (t, x) = E[V (t, x)],
U(t, x) = E[U(t, x)].

Proof. See [3].

Our objective is to establish that V,U are solutions of the associated HJBI equations, using a weak
version of the dynamic programming principle.
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4 Weak dynamic programming principle

The dynamic programming principle states that

V (t, x) = essinf
β∈∆(t)

esssup
a∈At

E
[
V

(
θ,X

a,β[a]
t,x (θ)

) ∣∣∣Ft

]
,

U(t, x) = esssup
α∈Γ(t)

essinf
b∈Bt

E
[
U

(
θ,X

α[b],b
t,x (θ)

) ∣∣∣Ft

]
.

Obviously, for this statement to have mathematical sense, V,U need to be measurable functions. Proving
this requires in general deep measurable selection arguments.

We avoid this technical problems by considering a weak version of this principle:

Theorem 6 (Weak dynamic programming principle). Suppose that A is compact and f is locally Lips-
chitz.

Let φ : S → R be a continuous function and θa,b be a non-anticipative controlled stopping time1 such
that

W (t, x; a, b) := E
[
φ

(
θa,b, Xa,b

t,x (θa,b)
) ∣∣∣Ft

]
makes sense for every a ∈ At, b ∈ Bt.

Under some technical assumptions2, it follows that:

1. If φ ≥ V then

V (t, x) ≤ essinf
β∈∆(t)

esssup
a∈At

W (t, x; a, β[a]). (4)

2. If φ ≤ V then

V (t, x) ≥ essinf
β∈∆(t)

esssup
a∈At

W (t, x; a, β[a]). (5)

Proof. See [3].

5 Hamilton-Jacobi-Bellman-Isaacs equation

We know from Theorem 5 that V (t, x) is deterministic, that is, we can think of it as a function V : S → R.
In this section we use the weak dynamic programming principle to give a PDE characterization for V by
means of a HJBI equation.

We introduce the Hamiltonians H± : S× Rd × Rd×d → R by

H−(t, x, p,X) = inf
a∈A

sup
b∈B

Ha,b(t, x, p,X),

H+(t, x, p,X) = sup
b∈B

inf
a∈A

Ha,b(t, x, p,X),

where

Ha,b(t, x, p,X) = −〈µ(t, x; a, b), p〉 − 1
2
Tr

((
σσT

)
(t, x; a, b)X

)
.

Using Theorem 6 we can prove the next important Theorem. An analogous result holds for the upper
value, U .

1For the definition of non-anticipative controlled stopping time see [3].
2For further details see [3].
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Theorem 7. Suppose A is compact. Then:

1. V ∗ is a viscosity subsolution of{
−∂tV

∗ +H−(., DV ∗, D2V ∗) ≤ 0, on (0, T )× Rd

−V ∗ ≤ −f on {T} × Rd;

2. V∗ is a viscosity supersolution of{
−∂tV∗ + (H−)∗(., DV∗, D2V∗) ≥ 0, on (0, T )× Rd

−V∗ ≥ −f on {T} × Rd.

Proof. See [3].

Uniqueness for the above equation is proved in the space of functions

Θ =
{
w : S → R : ∃C̃ > 0 such that lim

|x|→+∞
w(t, x) exp

(
−C̃Ψ(x)

)
= 0, uniformly in t

}
,

where

Ψ(x) :=
(
log(|x|2 + 1) + 1

)2
.

However, only the case where A,B are both compact is studied. This result follows from the following
comparison principle:

Theorem 8 (Comparison principle for the HJBI equation). Suppose A,B are compact. If v1, v2 ∈ Θ are
continuous functions such that v1 is a viscosity subsolution and v2 is a viscosity supersolution of{

−∂tV +H−(., DV,D2V ) = 0, on (0, T )× Rd

−V = −f on {T} × Rd.
(6)

then v1 ≤ v2.

Proof. See [3].

6 Conclusions and further research

We have extended the weak dynamic programming principle of [1] to the context of stochastic two-person
zero-sum differential games. We used this principle to derive, under weaker assumptions than the ones
existing in the literature, that both value functions are viscosity solutions of the associated Hamilton-
Jacobi-Bellman-Isaacs equations.

There are two points where the setting considered in this paper is more general than the one in [2, 4]:
we consider a larger control space for one of the players and a larger set of payoff functions. Indeed, to
derive that the lower value function is a viscosity solution of the HJBI equation, the set B is allowed to
be unbounded and the payoff function f needs only to be locally Lipschitz with polynomial growth (as
opposed to globally Lipschitz).

If this approach is to be applied to both the lower and upper values at the same time then stronger
conditions must be considered. Indeed, for our results to apply to the lower value we need A compact
while for the upper value we need B compact. Thus, to apply our results to the lower and upper values
simultaneously, then both A,B need to be compact sets. However, there are situations where only one
of the value functions is of interest, like for example in worst-case approaches. In such a situation our
approach provides a more general framework.
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Some directions of further research

We indicate four main directions where further research can be taken:

• Study in more detail the technical assumptions required to prove Theorem 6.

• Extending the result to the case where the set A is unbounded. We assume that A is compact so as
to ensure that the reward function has the required continuity, which must be uniform with respect
to the control of the first player. It would be interesting if we could lift this assumption so as to be
able to consider both A,B to be unbounded. If this is not possible it would then be interesting to
find counterexamples.

• Considering even larger control spaces. The space of admissible controls considered in this thesis
is the space of essentially bounded controls, H∞. In the literature on stochastic optimal control a
weaker condition on the integrability of the controls is often made. For example, in the reference
for stochastic optimal control [5, p. 153], the admissible controls must be such that all its moments
are finite.

• Proving uniqueness of solution for the HJBI equation, when A or B are not compact. If one of
these sets fails to be compact then the Hamiltonian can be discontinuous and the arguments in the
proof of uniqueness need to be modified.

If a comparison result is proved for the HJBI equation with discontinuous Hamiltonian then we
would have as a consequence

V (t, x) ≤ V ∗(t, x) ≤ V∗(t, x) ≤ V (t, x),

which proves that V is continuous.
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