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Abstract—This work tackled the problem of finding a mathe-

matical model for the physiology of the yeast Debaryomyces han-

senii, under certain conditions. Nine alternative physiological 

models were developed and formulated as nonlinear systems of 

ordinary differential equations, describing the temporal rate of 

change of the concentrations of eight substances of interest, as a 

function of a number of parameters. The estimation of the para-

meters of these models was accomplished by fitting them to expe-

rimental data consisting of time courses for the concentrations of 

the aforementioned substances. The resulting optimization prob-

lem aimed at minimizing an objective function consisting of the 

sum of squared differences between the models’ predictions and 

the experimental data, with certain constraints. Two population-

based stochastic algorithms were proposed to solve it – a genetic 

algorithm (GA) and particle swarm optimization (PSO). The 

performance of these two algorithms was tested on one model and 

one data group, using different settings for their operating para-

meters. It was found that the PSO, with a high local acceleration 

constant, was superior to the GA. The PSO was then used to 

estimate the parameters of all the models for each data group. It 

was found that the best objective function values obtained for 

every model except one were statistically equivalent to the varia-

bility of the experimental data. The concentrations predicted by 

the models generally agreed very well with their experimental 

counterparts, with the exception of glycerol and, in some in-

stances, ethanol. Model 1D was found to be the best model, and it 

was possible to provide an interpretation for the variation of its 

parameters from one data group to the other, and formulate a 

testable hypothesis for the phenomena that took place, in terms of 

the different physiological pathways leading to biomass growth 

on the two data groups. 

 
Index Terms—Differential Equations, Genetic Algorithms, Mi-

crobial Growth Kinetics, Optimization Methods, Parameter Es-

timation, Particle Swarm Optimization. 

 

I. INTRODUCTION 

HIS work deals with the problem of finding a mathemati-

cal model capable of describing the physiological beha-

vior of the yeast Debaryomyces hansenii (D. hansenii), 

under certain conditions. This yeast has potential industrial 

applications in the context of biorefineries, due to its ability to 

metabolize the pentose sugars abundant in typical industrial 

feedstocks. As it is usual for mathematical models describing 

complex biological phenomena, such a model is formulated as 

a system of nonlinear ordinary differential equations (ODE’s), 

possessing a certain number of parameters. Several alternative 

models are proposed, differing in the physiological phenomena 

that are taken into account (and thus in the number of parame-

ters needed to model those phenomena). The most appropriate 

model will be the one whose predictions best agree with expe-

rimental observations of the physiological behavior of D. han-

senii, and which accomplishes such agreement with the fewest 

number of parameters.  

Models that are nonlinear in their parameters pose serious 

challenges when it comes to fitting them to experimental data 

(i.e. estimate their parameters). The resulting nonlinear opti-

mization problem, in which the value of an objective function 

(which computes the sum of squared differences between the 

model’s predictions and the experimental observations) is to 

be minimized, must be solved iteratively, and the employment 

of classical nonlinear optimization techniques, such as the 

Levenberg-Marquardt algorithm [1], has limited success, espe-

cially when there are many parameters and there isn’t a good 

initial estimate for their values. An alternative approach for 

solving this problem is to use heuristics or metaheuristics to 

perform the optimization, as opposed to fully deterministic 

algorithms.  

Among the many metaheuristic methods available for solv-

ing complex optimization problems, are the population-based 

methods examined in this work: the genetic algorithm (GA) 

and particle swarm optimization (PSO). They are said to be 

population-based (or ensemble) search methods because they 

operate on a pool of candidate solutions for the problem in-

stead of on a single solution, and iteratively update it through 

the application of a number of heuristics. Metaheuristic algo-

rithms normally have a set of operating parameters, which 

govern the application of the heuristics, and which need to be 

properly adjusted (or tuned), in order for them to achieve op-

timum performance.  

In recent years, both the GA and the PSO (as well as hybrid 

algorithms combining the two) have been applied to parameter 

estimation problems, in the context of microbial growth kinet-

ics models [2;3], metabolic models [4], models of chemical 

reactions [5;6], and models of biological reactors [7]. An ex-

haustive and interesting study is that by Drager et al [4], in 

which the performance of 8 different optimization strategies 

(including the GA and the PSO, as well as other metaheuris-

tics) is compared. The problem is the estimation of the para-

meters of a complex metabolic model for C. glutamicum , and 

the PSO is shown to be one of the most promising algorithms. 
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II. METHODOLOGY 

The methodology followed in this work is depicted in the 

block diagram in Fig. 1. 

 

 
 

 
 

 

  

 
 

 
Fig. 1. Block diagram of the methodological steps followed in this work.  

In order to achieve the primary aim of this work, which is to 

obtain a model for D. hansenii physiology, two main problems 

must be addressed: 1) the mathematical formulation of a phy-

siological model for D. hansenii (1
st
 block in Fig 1), and 2) the 

estimation of the parameters of the model. 

The mathematical modeling of D. hansenii physiology was 

the first problem to be addressed, and it led to the development 

of 9 alternative physiological models. These models were 

formulated as systems of ordinary differential equations, de-

scribing the rate of change of a set of species, as a function of 

a set of parameters. These species are biomass (X), glucose 

(Glc), glycerol (GlyOH), ethanol (EtOH), xylose (Xyl), xylitol 

(XOH), arabinose (Ara), and arabitol or arabinitol (ArOH). 

The second problem comprises several steps: 2.1) the defi-

nition of parameter estimation as an optimization problem, 

2.2) the tuning of the optimization algorithms, and 2.3) the 

estimation of the parameters of the models.  

In step 2.1 (2
nd

 block in Fig. 1) the optimization problem is 

defined as the search for the parameters that minimize the 

discrepancy between the predictions of the corresponding 

model and the experimental observations, as given by an ob-

jective function (OF). The available experimental data [8] are 

divided in two groups: group I, referring to 3 experiments 

carried out under standard experimental conditions, and group 

II, referring to 4 experiments carried out in the presence of 

metabolic inhibitors. In order to obtain a criterion against 

which to compare the value of the OF attained at the end of the 

optimization, the variability of these experimental data are 

analyzed. 

Step 2.2 (3
rd

 block in Fig.1) reflects the secondary aim of 

this work, which is to compare the performance of the GA and 

the PSO in solving this problem. Since both of the algorithms 

have adjustable operating parameters which greatly influence 

their performance, an intermediate meta-optimization problem 

(consisting of the optimization of the operating parameters of 

the optimization algorithms) had to be solved, in order to 

compare the algorithms at the best of their performance. This 

problem is usually termed tuning (of the algorithms) [9-11]. 

For practical reasons, and because the models and data groups 

are similar among themselves, only one model and data group 

were used for tuning. Also, due to the stochastic nature of the 

algorithms, 20 independent runs were obtained for each of the 

12 sets of operating parameters tested for each algorithm. 

In step 2.3 (last block in Fig.1) the best algorithm with best 

operating parameters is used to estimate the parameters of all 

the models proposed for D. hansenii physiology. The selection 

of the best model takes into account two different criteria: 1) 

the sum of a model’s best OF values for the two data groups, 

and 2) the number of parameters of the model. After selecting 

the best model, the values of its parameters in data groups I 

and II are examined and an interpretation for their variation is 

provided.  

III. MATHEMATICAL MODELING OF D. HANSENII PHYSIOLOGY  

The mathematical formulation of the models developed in 

this work was based on the well known and widely used Mo-

nod model for microbial growth kinetics. The Monod model 

relates the growth rate of biomass, X, to the concentration of a 

single growth-limiting substrate, S, via a hyperbolic equation, 

containing two parameters: µmax, the maximum specific growth 

rate, and KS, the half-saturation constant, whose inverse is a 

measure of the affinity of the microorganism for substrate S: 

 max       with      
S

dX S
X

dt S K
   


 (1)  

The rate of substrate depletion is then given by: 

 max /

/

1
 ,      constantX S

X S S

dS S dX
X Y

dt Y S K dS
  


 (2) 

with YX/S, the yield coefficient, being a measure of the conver-

sion efficiency of the substrate into cell material.  

The Monod model is an empirical law and it only describes 

microbial growth kinetics in the presence of a limiting sub-

strate, i.e. when all other substrates that the microorganism 

may require to grow are present in excess. Although methods 

for modeling growth on more than one substrate are available 

[12], they are usually only applicable when all the substrates 

are limiting substrates [13], i.e. when the cell requires that all 

substrates be present in order to grow. Because the present 

problem involves multiple (individually non-limiting) sub-

strates, a different approach was followed and an extension of 

the Monod model was proposed for developing the models.  

The following assumption was made: the rate of change of a 

given species may be written as a sum of terms accounting for 

each and every reaction in which it participates (as substrate or 

product), with each individual specific rate  having the form 

of the Monod equation (1). The 9 alternative models devel-

oped explored several possibilities regarding the reactions that 

needed to be included in the model, thus seeking to reduce the 

complexity of the problem. Each of these models had a total of 

26 to 31 parameters, and, due to lack of space, only the graph-

ical depiction (Fig. 2) of one of the models, model 3B, is 

shown here.  
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Fig. 2. Graphical depiction of the network of model 3B, with reactions and 

inhibitions labeled. The black arrows (solid as well as dashed) represent 

reactions, and the red lines ending in circles represent inhibitions. 

The general methodology followed for the derivation of the 

system of ODEs of a given network is presented next, with 

model 3B serving as an illustrative example: 

i) For each of the reactions Rj in the model (Fig. 2), with j 

ranging from 1 to 8, a specific rate, j, with the hyperbolic 

form of the Monod equation, is defined: 

 max,

,

j j

S j

S

S K
 


 (3) 

where max,j is the maximum specific rate of the reaction, KS,j 

is its half-saturation constant, and S=S(t) is the concentration 

of the species which is consumed in the reaction (the substrate) 

at time t. 

ii) If Rj has only one product (solid black lines in Fig. 2), 

then a yield parameter, Yj, corresponding to the ratio between 

the amount of product formed and the amount of substrate 

consumed, is defined: 

 j

Rj

dP
Y

dS
  (4) 

iii) If Rj has several (n>1) products (with n dashed black 

lines branching from its main solid black line, as e.g. reaction 

R5 in Fig. 2), then n yield parameters, Yj,k are defined:  

 , 1,...,k
j k

Rj

dP
Y k n

dS
   (5) 

iv) If Rj is inhibited by a particular species, I, then its specif-

ic rate becomes:  

 max,

,

I
j j

S j I

S K

S K K I
 

 
 (6) 

where I is the concentration of the inhibitor and parameter KI 

quantifies the strength of the inhibition.  

v) For each species Sm in the network (with m ranging from 

1 to 8 in model 3B), its rate of change is defined as a sum of 

negative terms, corresponding to the rates of the reactions in 

which it is consumed, and positive terms, corresponding to the 

rates of the reactions in which it is produced: 

 
,

1,...

m
i j k j

i j k

i C
dS

Y X j F
dt

k n

 


  

      
   

   (7) 

where C is the set of all reactions in which Sm is consumed, F 

is the set of all reactions in which Sm is formed, and k is, as 

defined above, each of the n possible subdivisions of reaction j 

(if k=0 then Yj,0 is simply written Yj). For example, for XOH:  
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IV. PARAMETER ESTIMATION AS AN OPTIMIZATION PROBLEM 

A. The Objective Function 

The objective function whose value is to be minimized dur-

ing the optimization is given by:  

   
210 8

1 1 1

ˆf , , ,
N

ijk j ijk

i j k

y t y
  

   θ  (9) 

where yijk is the experimental concentration of species k in the 

time instant j, in replicate i and f is the corresponding model 

prediction, obtained via numerical integration, using estimate 

θ̂ for its parameters, and the set of initial conditions in repli-

cate i. The integration of the system of ODE’s was accom-

plished with a numerical solver employing a variable step size 

(ode15s [14], available in MATLAB
®
), so as to effectively deal 

with the stiffness of the problem. The allowed range of values 

for the parameters, θ̂ , was set according to the literature [15]. 

 and  in (9) are penalizations for the violation of the con-

straints of the problem:  is penalizes the prediction of nega-

tive concentrations, while  penalizes the violation of appli-

cable linear constraints (namely of the upper bound for the 

sum of the yield parameters of a branched reaction).  

B. Analysis of Experimental Variability 

Because the present optimization problem deals with fitting 

experimental data to the predictions of a mathematical model, 

one must obtain a measure of the variability or spread of the 

former in order to provide a criterion of success to the optimi-

zation procedure. Naturally, this measure should be compara-

ble to the measure being minimized during the optimization, 

that is, to the output of the objective function (9). As such, the 

sum of squared pairwise differences [16], SSPD, between 

experimental replicates was used:  

 2

, 1

SSPD ( )
N

i j

T C i j
i j

x x




   (10) 

where T is the set of measurement instants, C the set of meas-

ured species, N is the number of replicates (N=3 for group I 

and N=4 for group II), and xi is the concentration measured for 

a given species at a given instant in replicate i. 

The SSPD provides, for each data group, an estimate of the 

variability of its data. However, it should be more informative 

to obtain a distribution for the SSPD, characterized by a mean 

value and a standard deviation. Typically, in order to do so, 

one would have to obtain additional comparable data groups, 

compute the SSPD for each of them, and finally gather the 

statistics of interest. Since additional data groups are not avail-

able, the SSPD statistics were computed, in a very simple and 
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reasonably accurate fashion, by using a technique called boot-

strapping. Bootstrapping works by building a number of artifi-

cial resamples of the experimental data, in which each sample 

is randomly drawn (with equal probability) from the original 

pool of data, and then placed again in the original pool of data 

(random sampling with replacement). The many resamples 

constitute, therefore, artificial samples of the population, or 

samples that might have been observed, had more experiences 

been performed (i.e. experimental replicates been obtained). 

They allow one to calculate several values for the same statis-

tic (here, the SSPD) and hence obtain a notion of its distribu-

tion. Each value of the SSPD was obtained by first initializing 

to zero a variable SSPD (corresponding to the SSPD of each 

resample), and then, for a total of N×80 times, randomly 

choosing a squared pairwise difference, with uniform probabil-

ity, from the pool of C2
N
×80 experimental samples (with N 

being the number of replicates in each data group), and sum-

ming its value to the current value of SSPD. At the last itera-

tion, the value of the variable SSPD is the value of the SSPD 

for the particular set of differences from which it was formed. 

The above procedure was repeated 10
5
 times, recording each 

value obtained for the SSPD, and computing, in the end, the 

mean and standard deviation of the 10
5
 SSPD resamples. 

V. TUNING OF THE OPTIMIZATION ALGORITHMS 

This section is concerned with the optimization algorithms: 

subsections A and B describe the implementations of the GA 

and PSO that were used in this work, while section C explains 

the design and evaluation criteria of the tuning procedure. 

A. Genetic Algorithm 

Genetic algorithms were first proposed by J. Holland in 

1975 in his book “Adaptation in Natural and Artificial Sys-

tems”, and belong to a class of evolutionary algorithms, which 

additionally include the related techniques of evolutionary 

programming, evolution strategies and genetic programming. 

In the GA, the pool of candidate solutions is a population of 

individuals, which the algorithm evolves over the course of its 

iterations (or generations). Each individual represents a poten-

tial solution for the problem, and, in the present case, they are 

a vector of real numbers, corresponding to the parameters 

being estimated. At each iteration, some of the individuals are 

selected for reproduction, according to their fitness (a measure 

of how good a solution for the problem they represent). The 

simplest versions of the GA apply two heuristics to obtain the 

next offspring (i.e. the pool of candidate solutions for the next 

iteration): crossover and mutation. These heuristics are in-

spired in the genetic phenomena with the same designation. In 

crossover, portions of the two parents are swapped between 

them, while in mutation, one or several of the genes of a parent 

are slightly altered. 

The genetic algorithm implementation available in the 

MATLAB
®
 Genetic Algorithm and Direct Search Toolbox

™
 was 

used. Next, the settings that were kept fixed and those that 

were subject to tuning are described. 

1) Fixed Settings 

Real coding was used, with each individual being 

represented by a vector of real numbers corresponding to the 

parameters being estimated. The population was composed of 

150 individuals and the number of generations the algorithm 

was allowed to run was N=667 (for reasons explained in sub-

section C). For the selection process rank-based fitness scaling 

(implemented by function fitscalingrank) was used, fol-

lowed by roulette wheel sampling of the parents. Gaussian 

mutation was used, beginning with a standard deviation  of 

half the range of allowed values for the parameters, and tuning 

the scheme of decrease of  throughout the run.  

2) Settings subject to Tuning 

The tuning procedure explored the effect of two different 

crossover functions, three different crossover fractions, and 

two different schemes of decrease for the standard deviation  

of the Gaussian mutation function. The crossover functions 

tested were the single point crossover, and Wright’s heuristic 

crossover, as implemented by function crossoverheuristic. 

The latter function numerically combines the two parents to 

produce a child that lies in the line defined by them, closer to 

the fittest parent and in the direction away from the parent with 

lowest fitness. The crossover fractions tested were 0.3, 0.6 and 

0.9. The decrease of  throughout the run of the GA was, for 

the cases labeled M1, given by equation (11) below, and for 

the cases labeled M2 given by equation (12).  

 1 1 1,...,k

k
shrink k N

N
 

 
     

 
 (11) 
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 (12) 

with k being the generation index, N the total number of gener-

ations, and shrink a parameter that was set to 1. In scheme M1, 

 decreases all the way to zero at the end of the run, while in 

scheme M2 it decreases only until halfway through the run, and 

remains constant thereafter. The tuning cases are summarized 

in Table I below. 

TABLE I 

SETTINGS FOR THE GA TUNING EXPERIMENTS 

Case  decrease 
Crossover 

Function 

Crossover 

Fraction 

1 M1 Single Point 0.3 

2 M1 Single Point 0.6 

3 M1
 Single Point 0.9 

4 M1 Heuristic 0.3 

5 M1 Heuristic 0.6 

6 M1 Heuristic 0.9 

7 M2 Single Point 0.3 

8 M2 Single Point 0.6 

9 M2 Single Point 0.9 

10 M2 Heuristic 0.3 

11 M2 Heuristic 0.6 

12 M2 Heuristic 0.9 

B. Particle Swarm Optimization 

Particle swarm optimization is an algorithm inspired by the 

natural phenomena of bird flocking, firstly proposed by Ken-

nedy and Eberhart in 1995 [17]. It is part of a class of algo-

rithms based on naturally occurring swarming behavior, exam-

ples of which include ant colony optimization, the bees algo-

rithm, or the more recent firefly algorithm. In the PSO, the 
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pool of candidate solutions is a swarm of particles, which the 

algorithm evolves over the course of its iterations (or epochs). 

Each particle is characterized by a position (a vector of real 

numbers, its spatial coordinates in the search space, 

representing a potential solution for the problem) and a veloci-

ty. At each iteration, the directions and magnitudes of these 

velocities are updated according to equation (13), and the new 

positions computed using the updated velocities:  

 
     

     1 1 2 2

1

                

i i

i i i i g i

v k k v k

p x k p x k



   

  

        

 (13) 

      1 1i i ix k x k v k     (14) 

where xi(k) and vi(k) are the position and velocity of particle i 

at iteration k, respectively, (k) is the inertia weight at iteration 

k, 1 and 2 are acceleration constants, 1i and 2i are uniform 

random numbers on the interval [0, 1] and pi and pg
 
are par-

ticle’s i and the swarm’s best positions, found up to iteration k, 

respectively.  

Each particle is thus pulled, with a given magnitude, in the 

direction of the global best position found by the swarm, and 

with another magnitude, in the direction of the best position it 

has found do far. These two magnitudes are determined by two 

acceleration constants: the global acceleration α2 (also called 

social component of the acceleration) and the local accelera-

tion α1 (or cognition component of the acceleration), respec-

tively. The current velocity of a particle is also taken into ac-

count in the computation of its new velocity, via a multiplica-

tive factor called the inertia weight.  

The implementation of the PSO used in this work was that 

developed by Brain Birge [18] for MATLAB
®
, in the PSOt 

Toolbox. Next, the settings that were kept fixed and those that 

were subject to tuning are described. 

1) Fixed Settings 

Each particle in the swarm was represented as a vector of 

real numbers, with size equal to the number of parameters 

being estimated. The swarm size was 30 and the number of 

epochs the algorithm was allowed to run was N=3333. The 

allowed range of values for the particles corresponded to the 

allowed range of values for the parameters of the model, and 

their maximum velocity, mv, was subject to tuning.  

2) Settings subject to Tuning 

The tuning design was based on the analysis of the conver-

gence behavior of the PSO algorithm made by Trelea [19]. In 

this analysis, 3 different types of behavior are predicted, de-

pending on the values of the inertia weight and on the sum of 

the acceleration constants (α=α1+α2): i) convergence with 

oscillation or zigzagging, ii) convergence without oscillation 

or zigzagging, and iii) divergence. Within some of these cases, 

the effects of different fractions of local acceleration, α1/α, and 

of different schemes of inertia weight decrease, were explored. 

For the divergent cases, it was tested if a lower mv would help 

in containing the expected divergent behavior of the algorithm, 

while taking advantage of the enhanced exploration capacity of 

this type of behavior. The tuning cases are summarized in 

Table II.  

 

TABLE II 

SETTINGS FOR THE PSO TUNING EXPERIMENTS 

Case initial final 
Epoch of 

final 
 1/ mv 

1 0.9 0.4 N/8 4 ¼ 104 

2 0.9 0.4 N/8 4 ¾ 104 

3 0.9 0.4 N/8 4 ½ 104 

4 0.9 0.4 7*N/8 4 ¼ 104 

5 0.9 0.4 7*N/8 4 ¾ 104 

6 0.9 0.4 7*N/8 4 ½ 104 

7 0.2 0.2 1 0.2 ¾ 104 

8 0.2 0.2 1 0.2 ½ 104 

9 1 1 1 4 ¾ 104 

10 1 1 1 4 ½ 104 

11 1 1 1 4 ¾ 0.4 

12 1 1 1 4 ½ 0.4 

C. Design and Evaluation of the Tuning 

In order to give the two algorithms equal opportunities in 

the tuning runs, their stopping criteria were made comparable 

by granting each a total of 10
5
 objective function evaluations 

(since the OF evaluation is the dominant component in the 

time complexity of the algorithms, due to the numerical inte-

gration instances it contains). Because the two algorithms use 

pools of candidate solutions with different sizes, this resulted 

in a different number of iterations for each of them, as men-

tioned in subsections A and B. Also, due to the stochastic 

nature of the algorithms, for each of the 12 tuning cases tested, 

20 independent runs of the algorithms were obtained.  

The tuning experiments were evaluated using three different 

criteria [20]: i) best and mean OF value found at the last itera-

tion, ii) proportion of runs reaching the error criterion (mean 

SSPD), and iii) number of iterations to the criterion. 

VI. RESULTS AND DISCUSSION 

The results obtained in this work are divided in three sub-

sections. The first section pertains to the analysis of the varia-

bility in the experimental data, carried out so as to obtain a 

criterion against which to compare the results of the optimiza-

tion. The second section discusses the results of the tuning of 

the optimization algorithms (GA and PSO). The third and final 

section discusses the parameter estimation results for all the 

models, obtained using the best algorithm with the best operat-

ing parameters found in the tuning experiments. 

A. Analysis of Experimental Data 

The mean value and standard deviation of the SSPD for data 

groups I and II (as obtained by the bootstrapping technique 

explained in section IV.B) are shown in Table III below.  

TABLE III 

MEAN VALUE AND STANDARD DEVIATION OF THE SSPD FOR THE TWO DATA 

GROUPS. 

Data Group SSPD  SSPDσ  

I 1192.6 367.3 

II 587.21 112.82 

It is worth noticing that, despite the smaller number of terms 

used to compute the SSPD of group I, its mean value is larger 

than that obtained for group II. This is not unexpected, since a 

careful observation of the experimental time courses detects 

higher variability in the concentrations of xylitol for the expe-

riments in group I. The fact that this high variability occurs at 
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high concentrations of xylitol has a big impact on the value of 

the SSPD for this data group, since the SSPD is a sum of 

squared differences between the data. The bootstrapping his-

tograms for the SSPD (see Fig. 3 in subsection C) show that 

the distribution of the SSPD value has an approximate 
2
 

shape for both data groups, with the tail to the right of the 

mean being slightly more populated than the tail to the left.  

B. Tuning Results 

1) GA Tuning 

The results for the tuning of the GA are shown in Table IV 

below. The numbering of the cases in this table is the same as 

in Table I. 
TABLE IV 

GA TUNING RESULTS 

Case Best Mean 
% Reaching 

Criterion 

Iterations to Crite-

rion (average) 

1 1940.8 3241.1 0 - 

2 1190.3 1845.4 15 592.33 

3 1176.9 1653.6 50 545.4 

4 1920 2579.1 0 - 

5 1653.6 2322.1 0 - 

6 1534.3 2598.9 5 650 

7 2372.4 3004.9 0 - 

8 1586.7 2243.8 0 - 

9 1191.9 2043.4 10 395 

10 2017.5 2884 0 - 

11 1775.7 2609.7 0 - 

12 1630.6 2429.1 0 - 

Cases 7 to 12, for which  decrease was given by (12), per-

formed, in general, much worse than cases 1 to 6, for which  

decrease was given by (11). In fact, only when using single 

point crossover with a crossover fraction of 0.9 did 10% of the 

runs satisfy the error criterion. It thus stands to reason to con-

clude that the increased interval of mutation, developed with 

the aim of obviating premature convergence, had, on the con-

trary, a negative effect on the algorithm’s performance. 

Cases 1, 4, 7 and 10, where the lowest crossover fraction of 

0.3 was used, were, in general, the poorest performers, whe-

reas cases 3, 6, 9 and 12, where a crossover fraction of 0.9 was 

used, were almost always the best performers. Therefore, for 

this particular problem, the role of the crossover operator is 

crucial for the performance of the GA, and a high crossover 

fraction of 0.6 to 0.9 is preferable to a lower one. 

As for the crossover function, it was found that, for the in-

stances with the highest crossover fractions, 0.6 and 0.9, single 

point crossover always outperformed heuristic crossover, in 

terms of best and mean objective function values, while giving 

equal or better performance in terms of percentage of runs 

reaching the criterion. For the lowest crossover fraction, 0.3, 

heuristic crossover did better than single point crossover, but 

none of the corresponding runs ever reached the criterion. This 

result may simply be an indication that the ability of heuristic 

crossover to use fitness information became an advantage over 

single point crossover when the population became highly 

heterogeneous due to the disruptive effect of the high mutation 

range.  

The best case was case 3, using single point crossover with 

a crossover fraction of 0.9, and with  decreasing all the way 

to zero at the end of the run. 

2) PSO Tuning 

Table V below summarizes the results obtained for the tun-

ing of the PSO, with case numbering corresponding to that 

defined in Table II. 
TABLE V 

PSO TUNING RESULTS 

Case Best Mean 
% Reaching 

Criterion 

Iterations to Crite-

rion (average) 

1 1064 1831.9 15 272 

2 841.66 1411.1 60 839.5 

3 1002.5 1862.6 20 195.5 

4 1186.9 2498.6 5 1444 

5 922.38 1574.6 40 1721.3 

6 1186.9 1966 15 886 

7 5572.3 10102 0 - 

8 6277.1 10282 0 - 

9 2306.8 2725 0 - 

10 1975.7 2971.4 0 - 

11 2076.4 2882.6 0 - 

12 1590.7 3367 0 - 

Cases 1 to 6, 7 and 8, and 9 to 12, grouping three distinct 

swarm behaviors, clearly show three differentiated ranges of 

values for best and mean OF value. Indeed, when the operating 

parameters made the swarm behavior fall in either the diver-

gent or the convergent without oscillation or zigzagging cate-

gories, none of the runs reached the error criterion. On the 

other hand, the convergent with oscillations or zigzagging 

zone always produced at least one run satisfying the criterion, 

and achieved much lower OF values.  

The worst results were obtained for cases 7 and 8, with con-

vergent behavior without oscillation. This was probably be-

cause the algorithm prematurely converged to a local minimum 

and was not able to escape that area of the search space, owing 

to its extremely low acceleration constants.  

Among the divergent cases, the results were better for the 

cases where the maximum velocity was set lower (0.4 as com-

pared to 10
4
), but were still poor when compared to cases 1 to 

6. While lowering the value of the maximum velocity might 

prove more effective in obtaining better performances in this 

divergent zone, it could also limit the swarm’s ability to escape 

local minima [21]. 

In general, and for all swarm behaviors, the best results 

were found when the local acceleration 1 was larger than the 

global acceleration 2, while the worst corresponded to the 

opposite situation. The best case was case 2, in which the 

algorithm has a convergent behavior with oscillation or zig-

zagging. In this case, the inertia weight reached its final lowest 

value earlier in the run, and 1 is 3 times larger than 2. 

3) Comparison of GA and PSO Results 

The PSO results for cases 1 to 6 (see Table V), referring to 

convergent behavior with oscillations or zigzagging, were, in 

general, much better than the best GA results (see first 4 col-

umns of Table IV). The average number of iterations to the 

criterion was, in some cases, higher for the PSO than for the 

GA, but the amount of time the algorithm took to compute 

them was not, due to its smaller population size (and hence 

fewest number of OF evaluations per iteration). 

PSO tuning cases 7 and 8 were, on the other hand, much 

worse than the worst GA results, whereas divergent cases (9 to 

12) were poor, but comparable to the GA’s poorest results.  
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The overall conclusion of the tuning is that the PSO is more 

appropriate than the GA for solving this problem, since, ac-

cording to the criteria examined, and for the best tuning set-

tings, the former yielded significantly better results than the 

latter. This conclusion agrees with the results obtained by 

Drager et al [4], for the estimation of parameters of similar 

models (metabolic models described by systems of ODE’s 

with a comparable number of parameters), as they also favor 

the use of the PSO (albeit in a slightly different variant) to the 

use of the GA (with settings similar to the present ones).  

The parameter estimation procedure therefore relied on the 

PSO, with operating parameters given by tuning case 2 of 

Table II, to find the parameters of all the proposed models. 

C. Parameter Estimation Results 

This section examines the parameter estimation results in 

terms of 1) the performance of the PSO on each of the models, 

ii) the goodness-of-fit of the concentrations predicted by each 

model, and iii) the variation of the values of the parameters of 

the best model, from data group I to data group II. 

1) Analysis of PSO Performance 

The results of the parameter estimation procedure for data 

groups I and II are shown in Table VI. The criteria examined 

were the best OF value found for each model, and the percen-

tage of runs that reached the error criterion (mean SSPD of the 

corresponding data group). 

TABLE VI 

PSO PERFORMANCE IN THE 9 MODELS. 

Model 

Data Group I Data Group II 

Best 
% Reaching 

Criterion 
Best 

% Reaching 

Criterion 

1A 1106.1 10 763.02 0 

1B 840.85 25 752.43 0 

1C 1006.7 45 521.67 5 

1D 911.49 45 645.56 0 

2A 1113.6 15 952.01 0 

2B 966.05 30 738.79 0 

2C 1119.9 10 537.13 5 

3A 997.34 20 765.69 0 

3B 922.28 30 643.80 0 

As a previous note to the analysis that follows, it is interest-

ing to observe that the results obtained here for model 3A, in 

data group I, are not as good as those obtained for this same 

model and data group in the PSO tuning (see Table V). This 

may be attributed to the fact that the single initial population 

used for the tuning runs was, by chance, more favorable to the 

optimization of this model, whereas the use of multiple ran-

dom initial populations, as was the case in this second part of 

the work, dissolved that chance effect. 

It is apparent from the results on Tables VI and VII that, in 

terms of meeting the error criterion based on experimental 

variability (mean SSPD), the optimization gave better results 

for the data on group I as compared to the data on group II. 

Since the PSO is a stochastic procedure, the total error of the 

optimization should be composed of a portion pertaining to the 

variance in the algorithm’s results and another portion pertain-

ing to the variance observed in the experimental data against 

which the optimization is made. It can therefore be hypothe-

sized that, in the case of data group I, the error portion related 

to variance in experimental data is large when compared to the 

error portion related to the algorithm’s variance, while in the 

case of data group II, the opposite is true, and the variance of 

the algorithm dominates the results.  

The relative success of the PSO in optimizing model 1D, in 

comparison to models with both a higher and lower number of 

parameters, may be explained by the fact that this model is 

more constrained. In this context, the term constrained means 

that, for a species which is consumed to simultaneously form 

two products, its rate of consumption is defined by a single 

pair of kinetic parameters, µmax and KS, while the rate of for-

mation of each of the products is defined by multiplying the 

rate of substrate consumption by a yield parameter, Y, specific 

to each product. A less constrained model would, in the same 

situation, define two distinct rates of consumption of substrate, 

characterized by two distinct pairs of kinetic parameters, and 

define the products’ rate of formation by multiplying each of 

them by the corresponding yields. In all of the models tested, 

the consumption of xylose to form xylitol and arabitol was 

designed to be constrained in this way, but, in model 1D, there 

are three more reactions which are also constrained, namely 

the rates of consumption of glycerol, xylitol and arabitol, each 

leading to the formation of both ethanol and biomass. This 

thus seems to be a desirable feature, from the point of view of 

the optimization algorithm, for this kind of model. Since it is 

suggested, in some literature [12], that the rate of consumption 

of substrates which form multiple products may be modeled 

with a single µmax parameter, further modeling efforts should 

prove more successful if incorporating this kind of constraint.  

2) Analysis of the Goodness-of-Fit 

In Fig. 3 below, the best OF values found for each model, 

on each data group, are superimposed on the histograms cor-

responding to the data group’s SSPD. For the sake of readabil-

ity, the vertical lines corresponding to the OF values are shown 

with different heights. These heights have no meaning of their 

own, since the OF values are indicated in the horizontal coor-

dinate of the plots. Additionally, there is a yellow vertical line 

in each plot, indicating the mean SSPD of the corresponding 

data group, and a pair of red vertical lines, marking the 2.5th-

percentile and the 97.5th-percentile of the data in the histo-

gram. These lines are the bounds of an interval within which 

95% of the samples of the SSPD are expected to be contained. 

 
(a) 
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(b) 

Fig. 3. Histograms of SSPD in data group I (a) and data group II (b), with 

each model’s best OF value and the mean SSPD superimposed. 

Fig. 3 shows that, for both data groups, all of the models’ 

best OF values (with the exception of model 2A, in data group 

II) fell within the 95% confidence interval for the experimental 

SSPD. This indicates that all the models (with the exception of 

model 2A) are statistically equivalent, i.e. from a statistical 

viewpoint, they are equally competent at describing the expe-

rimental data, with its associated variability. 

As for the concentrations predicted by each model (not 

shown), they all generally agreed well with the experimental 

range of concentrations (R
2
 coefficients

1
 close to 1), with the 

exception of glycerol and, in some instances, also ethanol. The 

reason for this may be related to the fact that, for some models 

(1A, 1C, 2A, and 2C), the only route available for biomass 

production in the initial 24 hours of the experiment is through 

ethanol and/or glycerol consumption. Because for data group I 

there is a steep biomass growth rate during this period, the 

rates of ethanol and/or glycerol consumption must be high 

enough to account for it, thus leading to an earlier full exhaus-

tion of these species.  

3) Selection of Best Model and Analysis of Parameters 

The values of the criteria used for the selection of the best 

model (see section II) are shown, for each of the proposed 

models, in Table VII below.  

TABLE VII 

BEST OF VALUES FOR EACH MODEL IN THE TWO DATA GROUPS, THEIR SUM, 

AND CORRESPONDING NUMBER OF PARAMETERS.  

Model 
No. of 

Parameters 

Best OF Value 

in Group II 

Best OF Value 

in Group II 

Sum of Best OF 

Values 

1A 26 1106.1 763.02 1869.12 

1B 28 840.85 752.43 1593.28 

1C 28 1006.7 521.67 1528.37 

1D 27 911.49 645.56 1557.05 

2A 28 1113.6 952.01 2065.61 

2B 31 966.05 738.79 1704.84 

2C 31 1119.9 537.13 1657.03 

3A 31 997.34 765.69 1763.03 

3B 28 922.28 643.80 1566.08 

According to the values in Table VII, 4 models stand out 

 
1 Computed as the square of the correlation between the experimental and 

predicted time courses. 

from the rest as candidates for best model, due to their lower 

sum of best OF values: they are models 1C, 1D, 3B and 1B. 

Within these models, the difference between the lowest (model 

1C) and highest (model 1B) sum of OF values is 64.91, while 

the difference between the sum of OF values of the 4
th

 best 

model (model 1B) and the 5
th

 best model (model 2C) is 63.75. 

Since the sum of best OF values is very similar among these 4 

models, and model 1D has one less parameter than the other 3 

models (criterion 2), the best model is model 1D. The values 

of the parameters of this model, for data groups I and II (mod-

el 1D
I
 and 1D

II
), are shown in Fig. 4 below. 

 
(a) 

 
(b) 

Fig. 4. Parameters obtained for model 1D in its best run, for data group I (a) 

and data group II (b). 

Instead of exhaustively analyzing each parameter or the var-

iations of all the parameters from one data group the other, the 

following paragraphs will focus mainly on the parameters of 

two reactions: 1) reaction 1, describing the conversion of glu-

cose to glycerol, and for which the parameters vary the least in 

the two data groups, and 2) reaction 4, describing the conver-

sion of xylitol to biomass and ethanol, and for which signifi-

cant differences are observed.  

The parameters in reaction 1 are very similar between data 

groups, with the values of max,1 and Y1 very slightly decreas-

ing in group II, and the value of KS,1 showing a 1.7-fold in-

crease. For group II, the value of KS,1 is about the same as the 

initial glucose concentration, and thus, at the initial instant, the 

reaction proceeds at a specific rate of 1=max,1/2. From then 
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on, 1 decreases, since glucose concentration is decreasing. For 

group I, on the other hand, the value of KS,1 is about half of the 

initial glucose concentration, and the reaction therefore attains 

a specific rate of max,1/2 when glucose concentration decreases 

to this value, starting out faster at the initial instant. These 

observations are in accordance with the predicted time course 

of glucose concentration in both groups, since for the first 3 

experimental points, the decrease in glucose concentration is 

steeper in group I than in group II. This leads to the conclusion 

that, in terms of glucose consumption, the effect of the inhibi-

tors present in data group II is achieved through the lowering 

of the affinity of the yeast for glucose. This conclusion is in 

accordance with the results of the work in which these experi-

mental data were obtained [8]. 

In regard to reaction 4, the only parameter that is not signif-

icantly different in the two data groups is max,4. KS,4 is more 

than 10
-4

 times smaller in group II, resulting in a faster specific 

rate of xylitol consumption in group II (the decrease in xylitol 

concentration is steeper for group II than for group I). The 

yield coefficients also show great discrepancies between data 

groups. In group I, the yield for the conversion of xylitol to 

biomass is negligible (Y4.2 = 0.0001), while in group II, it is 

the yield of the conversion of xylitol to ethanol that is negligi-

ble (Y4.1 = 0.0001). Thus, for data group I, the preferred path-

way for the production of biomass from xylitol entails the 

intermediate production of ethanol from xylitol (with the yield 

for biomass production from ethanol also being higher in 

group I, and the corresponding reaction faster). For data group 

II, almost no xylitol is converted to ethanol, and instead bio-

mass is directly produced from the former. This effect is at 

least partially responsible for the higher final concentration of 

biomass obtained for group II. 

An aspect deserving further analysis is the effect of each of 

the terms contributing to the observed biomass growth rate 

over time. This effect may be studied by drawing a plot simul-

taneously featuring the specific rate of biomass growth, given 

by 

 2,2 2 4,2 4 6,2 6 7 7

1
( ) ( ) ( ) ( ) ( )

dX
t Y t Y t Y t Y t

dt X
          (15) 

and each of the terms in equation (15), corresponding the spe-

cific rates of the reactions which originate biomass (Fig. 5).  

 
(a) 

 
(b) 

Fig. 5. Specific rate of biomass production over time in data groups I (a) and 

II (b), plotted along with the specific rates of the reactions contributing to its 

value. Only one replicate from each group was used (B2E1 of group I and 

B2E10 of group II). Black downward triangles refer to specific biomass 

growth rate, red circles refer to R2, green squares to R4, blue upward triangles 

to R6, and orange diamonds to R7. 

The initial region of the temporal profile of  in Fig. 5 is 

similar in both data groups, with the main reaction responsible 

for such a region being the conversion of glycerol to biomass 

(reaction 2). The differences are that: a) for data group II, 

reaction 6, referring to the conversion of xylitol to biomass, 

also plays a role in this initial region, and b) the peak value of 

 is, for data group II, about half of that of group I.  

The two subsequent regions observed for data group I are, 

in data group II, merged into a single region, in which  very 

slowly decreases until reaching a final value of 0.01 h
-1

. In this 

region, the temporal profile of  may be described as the sum 

of an approximately constant base rate, due to reaction 4 and 

given by Y4,24, and a slowly decreasing rate, due to reaction 7 

and given by Y77. For data group I, the conversion of ethanol 

to biomass is the main reaction responsible for the interme-

diate region of approximately constant (specific) biomass 

growth rate, and for the third and final region, the main contri-

buting reaction is reaction 6 (the conversion of arabitol to 

biomass), and, to a lesser extent, also reaction 7. 

Additionally, for data group I, reaction 4 practically doesn’t 

contribute to biomass growth, that is, no biomass is directly 

produced from xylitol. As discussed above, for this data group 

practically all the available xylitol is converted to ethanol, 

which is subsequently converted to biomass (without any sig-

nificant extracellular accumulation of the former). For data 

group II, on the other hand, it is arabitol that practically does 

not contribute to biomass growth. A consequence of this is 

that, in the final region of biomass growth  is much higher for 

data group II than for data group I (about 0.01 h
-1

 as compared 

to about 0.004 h
-1

). In summary, and in terms of the species 

that contribute to the observed specific biomass growth rate, 

the main differences between the predictions of the model for 

the two data groups are:  

 In the absence of the inhibitors (group I), xylitol consump-

tion is slower and it is mostly used to produce ethanol (since 

Y4,2 is very low). This causes arabitol to be used instead for 

biomass growth, and its conversion to ethanol to occur to a 
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lesser extent.  

 In the presence of the inhibitors (group II), more xylitol is 

consumed in the final period of the experiment, and its con-

sumption is mainly directed to biomass growth (Y4,1 is very 

low). D. hansenii also assimilates arabitol, but it is not ca-

pable of efficiently growing or producing ethanol from it. 

These predictions are an illustrative example of the hypo-

theses that may be formulated by physiological models such as 

this, regarding the direction and magnitude of the physiologi-

cal fluxes (rates of consumption of substrates and formation of 

products) induced by different experimental settings. The 

accuracy of such predictions may be experimentally tested, 

e.g. via enzymatic assays, yielding enzyme activity values that 

may be qualitatively compared to the predicted fluxes. 

VII. CONCLUSIONS 

The fitting of fermentation data to kinetic models of micro-

bial growth is a complex problem for which the usual determi-

nistic optimization algorithms, based on the derivatives of the 

objective function, yield poor results. This work tested two 

alternative parameter estimation strategies, based on popula-

tion-based stochastic optimization algorithms, namely particle 

swarm optimization (PSO) and a genetic algorithm (GA). It 

was concluded that the PSO performed much better than the 

GA. Furthermore, PSO tuning also revealed that the operating 

parameters of the algorithm should be such that its behavior is 

convergent with oscillations and/or zigzagging, and local 

search ability is preferred over global search ability. 

In terms of modeling, the parameter estimation results 

showed that the best OF values obtained by virtually all mod-

els were statistically equivalent to the variability of the expe-

rimental data. Model 1D was selected as the best model, owing 

both to its low OF values in the two data groups and to its 

reduced number of parameters. It was possible to formulate a 

testable hypothesis for the phenomena that took place, in terms 

of the different physiological pathways leading to biomass 

growth in the two data groups. 

An important conclusion was that, when dealing with mod-

els of this complexity, a more diverse set of initial concentra-

tions should be experimentally tested, if one wishes the esti-

mates of the parameters to be more reliable. However, this 

diversity should not be too large, since one is interested in 

capturing the physiological behavior of the system in a certain 

zone of operation, and not for all possible combinations of 

initial concentrations. The importance of obtaining high level 

physiological models of microorganism behavior, as opposed 

to microscopic metabolic models (for which the fitting exer-

cise requires measurements that are most often very expensive 

to obtain), is, thus, reiterated. Furthermore, having proven 

superior to the GA, the PSO algorithm is shown to be a viable 

and valuable optimization technique for estimating the para-

meters of these complex models. 
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