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Galois Theory started with the study of roots of polynomial equations, long
before Galois introduced his famous ”Galois Group” as a tool to determine
the properties of such roots. The modern formulation of Galois theory for
number fields was designed by Emil Artin. However, as the other areas of
mathematics progressed, other examples of ”Galois Theories” were found. In
topology, the classification of covering spaces of a given space and the role
played by the fundamental group of that space, is an example of such a theory.
In the late 50’s, Grothendieck constructed a new categorical theory containing
both cases, mostly inspired in the topological example, generalizing the role
of the topological fundamental group. He introduced Galois Categories and
Fundamental Functors on a highly general level and defined the fundamental
group of a Galois Category, containing as particular cases both examples. Then,
he applied his theory to schemes and obtained as a particular case the ”old”
Galois groups as fundamental groups of schemes and fundamental groups of
curves defined over a certain number field. Later, he discovered his ”Dessins
d’Enfants” theory, as a tool to understand one of the most dificult objects in
mathematics: The absolute Galois group of the field of the rational numbers.
This work is intended as an introduction to his categorical formulation of Galois
Theory and as a survey of the main results leading to ”Dessins d’Enfants”.

In the first chapter we introduce the language of category theory. In par-
ticular, the notion of an equivalence of two categories, and the fact that, by
Yoneda’s Lemma, any category C can be seen as a subcategory of the category
of all functors

F : C // Sets

Moreover, we explain the notion of representability of such functors by an
object X in C. This property allows us to identify (for each object U in C)
every element of F (U) with a unique morphism in C. Also, it enables us to
define limits and colimits of diagrams and functors, and as a particular case,
products and sums of objects. We end by introducing group actions on objects
and by defining the properties of a quotient object associated to such actions.

In the second chapter, we present the main definitions usually used in Alge-
braic Geometry, starting with some results of commutative algebra. Then we
introduce (in a categorical approach) presheaves and sheaves over a topological

1



space and consider pairs of, spaces equipped with preshaves, and their respective
morphisms. We present the notion of a scheme as a generalization of a ring. At
last, define geometric points of a scheme and a few considerations, concerning
fibre products of two schemes over a third one, are made.

The third chapter concerns the classical Galois Theory of fields. Firstly we
introduce algebraic extensions of a field and their natural morphisms. Then,
Galois extensions and their Galois groups are introduced and a classification
theorem of all subextensions of a given Galois extension is proved, first for
finite extensions and then, through Krull’s Theorem, for infinite extensions.
We introduce the absolute Galois group of a field k, denote Gal(k), and we
prove that this group is a profinite group, the limit of a projective system of
finite groups. The properties of profinite groups are explained in the Appendix
Section. At last, we present a formulation of Galois Theory of fields, due to A.
Grothendieck, stating that the category of finite separable extensions of a field
k is equivalent to the category of finite sets with a continuous transitive action
of Gal(k).

In chapter 4 we introduce the topological fundamental group of a topolog-
ical space X at a point x ∈ X, defined using paths on X (here denoted by
πtop

1 (X,x).) After this introduction, we present the main results concerning the
Galois theory of covering spaces. As in chatper 3, we introduce Galois covers
and their Galois groups and again prove a theorem concerning the classification
of all the intermediate covers of a Galois cover. This result establishes a bijec-
tion between subgroups of the Galois group and intermediate covers.
Given a point x ∈ X, the correspondence assigning to each cover p : Y → X the
set p−1({x}), is functorial. The algebraic fundamental group of a space X, at a
point x, is defined as the automorphism group of this functor, here denoted has
πalg

1 (X,x). There is a natural action of πtop
1 (X,x) on the fiber sets, called the

monodromy action. This action induces a group homomorphism

πtop
1 (X,x)→ πalg

1 (X,x)

If X is a connected, path-connected, locally path-connected and semi-locally
simply connected, then X has a universal cover. In this case, we prove that the
fiber functor is representable by this cover and that the monodromy homomor-
phism above is an isomorphism. Moreover, in this case, we also prove that the
category of covering spaces of X is equivalent to the category of sets with an
action of πalg

1 (X,x). As a corollary, the category of finite coverings is equivalent
to the category of finite sets with a discrete topology, endowed with a continuous
action πalg

1 (X,x). In this case, this group is isomorphic to the profinite comple-
tion of πtop

1 (X,x). This result extends to every connected space X: the group
πalg

1 (X,x) is profinite and the category of finite coverings of X is equivalent to
the category of finite sets with a discrete topology, endowed with a continuous
action of πalg

1 (X,x).
Chapter 5 is the main part of this work. The last result stated in chapter 4 is

proved using categorical methods, by following the work done by A.Grothendieck
in [4]- Exposé V. Given a category C, the category of pro-objects in C, denoted
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Pro(C), is introduced. Its objects are projective systems with values in C.
Generalizing the notion of representability of a functor

F : C // Sets

we define the notion of pro-representability, enabling us to identify, for each
object U in C, every element of F (U) with a unique morphism in Pro(C).
Following [2], we establish sufficient conditions for a given functor F , as above,
to be pro-representable.

From here, we follow [4]- Exposé V Section 4 - ”Conditions axiomatiques
d’une théorie de Galois”, where six axiomatic conditions are considered over a
pair Category C + functor F on C with values in the category of finite sets.
Three of these conditions are related to C and the other three are related to F .
Under this conditions we prove the following properties:

• F is pro-representable;

• The automorphism group of F , here denoted as π, is profinite;

• There is an equivalence between C and the category of finite sets, endowed
with a discrete topology and a continuous action of π (here denoted as
π − FSets).

Then, we prove that π−FSets, together with the natural forgetful functor to
the category of finite sets, also verifies the six imposed conditions. Following A.
Grothendieck, we present the definition of a Galois Category, as any category C
equivalent to π−FSets, where π is a profinite group. Indeed, this is equivalent
to the following properties:

• C verifies all the three imposed conditions;

• The functor establishing the equivalence verifies the other three imposed
conditions

π is called the Fundamental Group of the Galois category and F is called a
Fundamental Functor. Any two fundamental functors are isomorphic and the
category of fundamental functors on C is called the Fundamental Groupoid of
the Galois category C. Moreover, we present sufficient conditions for a given
functor between two Galois categories to induce a group homomorphism between
their respective fundamental groups. As examples:

• The category of finite covering spaces of a connected space X is a Galois
category. The fiber functor over a point x ∈ X is a fundamental functor.
The algebraic fundamental group of X is precisely the fundamental group
of this Galois category.

• Without exploring the details, the notion of an étale morphism of schemes
is introduced. The category of such morphisms over a fixed connected
and noetherian scheme X, is Galois. The fiber functor at a geometric
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point x is a fundamental functor. The algebraic fundamental group of X
is, by definition, the fundamental group of this Galois category. Classical
Galois theory concerning extensions of a field k is recovered by considering
X = Spec(k). The choice of a geometric point s : Spec(K) → spec(k) is
indeed the choice of a separable closure of k. We have an isomorphism

Gal(k) ∼= π1(Spec(k), s)

Finally and briefly, in chapter 6, the main results leading to the Grothendieck’s
Theory of Dessins d’enfants are presented without proof. Given an extension
of fields L|k, there is a pull-back functor from the category of curves over k to
the category of curves over L, by the fact that all fibre products exist in the
category of schemes. In particular, if X is a curve over k and X̄ is the pull-back
of X over L = k̄, there is an exact sequence of profinite groups

1→ π1(X̄, x̄)→ π1(X,x)→ Gal(k)→ 1

where x is a geometric point of X and x̄ is its pull-back. This sequence allows
us to define a natural action of Gal(k) on π1(X̄, x̄) (also called the geometric
fundamental group of X), by outer automorphisms

Gal(k)→ Out(π1(X̄, x̄))

At the same time, if k = Q and L = C, Belyi’s Theorem says that a curve
X over L is isomorphic to the pull-back of a curve over k if and only if there
is a finite étale morphism of curves over L from X to P 1

C \ {0, 1,∞}. Since the
pull-back preserves finite étale morphisms, this results allows us to establish an
equivalence between the Galois categories of étale morphisms over P 1

C \{0, 1,∞}
and those over P 1

Q \{0, 1,∞}, and therefore, a natural isomorphism between the
fundamental groups of these curves.

At the same time, to each curve X over C, we can assign, in a functorial
way, an analytic complex space, Xan. In [4], Grothendieck proved that the
category of étale morphisms over X is equivalent to the category of finite topo-
logical covers over Xan, and therefore the algebraic fundamental group of X
is isomorphic to the profinite completion of the topological fundamental group
of Xan. If X = P 1

C \ {0, 1,∞}, we have Xan = C∞ \ {0, 1,∞}, where C∞
is the Riemann Sphere. Finally, we conclude that there is an isomorphism of
fundamental groups

πalg
1 (P 1

Q \ {0, 1,∞}) ∼=
̂πtop

1 (C∞ \ {0, 1,∞}) (1)

and the action of Gal(Q) on πalg
1 (P 1

Q \ {0, 1,∞}), noticed in the first place,

extends to an action on ̂πtop
1 (C∞ \ {0, 1,∞}):

Gal(Q)→ Out( ̂πtop
1 (C∞ \ {0, 1,∞}))
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After the results in chapter 4 and 5, this group classifies all the finite topolog-
ical covers of C∞ \{0, 1,∞}. Dessins d’Enfants are introduced as combinatorial
structures assigned to each finite cover of C∞ \ {0, 1,∞}, enabling us to study
this action.
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