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Resumo

Nesta tese é abordado uma extensão às teorias f(R) da gravitação onde, para além da modificação

no sector grav́ıtico da acção de Einstein-Hilbert, é introduzido um acoplamento não mı́nimo entre a

curvatura e a matéria. Este modelo contém uma fenomenologia nova e interessante, principalmente

no que diz respeito à troca de energia entre os campos de matéria e o escalar de curvatura. Contudo,

como todas as teorias de gravitação modificada, estas são pasśıveis de certas anomalias que podem,

eventualmente, tornar a teoria inválida ou desprovida de significado f́ısico. Neste contexto, apresenta-se

um estudo acerca das condições de energia, fundamentais para restringir os posśıveis tensores energia-

momento, e do critério de Dolgov-Kawasaki, fundamental para assegurar a estabilidade da teoria.

O trabalho principal desenvolvido nesta tese baseia-se no artigo [1].
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Abstract

In this thesis it is studied a generalization of the f(R) theories of gravitation where, besides the mod-

ification in the gravity sector of the Einstein-Hilbert action, one introduces a non-minimal coupling

between curvature and matter. This model has a new and interesting phenomenology, specially con-

cerning the energy exchange between the matter fields and the curvature. However, as any modified

gravity theories, these may be subject to anomalies which may eventually turn the theory physically

meaningless. In this context, one undertakes a study in what respects the energy conditions, fun-

damental to restrict energy-momentum tensors, and the Dolgov-Kawasaki criterion, fundamental to

ensure the stability of the theory.

The material presented in this thesis follows the work developed in paper [1].

Keywords

Modified theories of gravitation, Energy Conditions, Dolgov-Kawasaki criterion.
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Chapter 1

Introduction

Since the appearance of General Relativity (GR) in 1915, our understanding of the universe has gone

through a profound transformation. Even though GR has been shown to be consistent with all known

data [2, 3] issues about its limitations have become more and more evident. Actually, the idea of

modifying GR it is not new. Just after its presentation generalizations have already been proposed.

The first modification of the GR was introduced by Weyl in 1919 by including additional higher

order invariants in the Einstein-Hilbert action besides the Ricci scalar. These early modifications were

motivated manly by theoretical reasoning and not by experimental evidence. The first indication that

GR would not be the final theory of gravity appeared when it was realised that the theory was not

renormalizable. The motivation for considering higher order terms in the action become then quite

strong.

More recently, evidence emerging from astrophysics and cosmology has revealed a new and some-

what unexpected picture of the universe. The latest observations of the Cosmic Microwave Background

Radiation and of the type I supernovae reveal that the universe is composed of about 23% of dark

matter, 73% of dark energy, and hence, just 4% of the energy of the universe is in the form of baryonic

matter. Dark matter refers to unknown forms of matter which have the same clustering properties of

the ordinary matter, while dark energy refers to an unknown form of energy which does not cluster.

The dark matter can be indirectly detected by the study of gravitational lensing or the rotational

curves of the galaxies. In contrast, dark energy exhibits repulsive features and is responsible by the

late time cosmic accelerated expansion of the universe. Indeed, dark energy resembles a cosmological

constant. However, neither dark matter nor dark energy have been detected in laboratory yet.

Due to the different nature of the interactions associated with dark matter and dark energy, both

can be distinguished through the corresponding energy conditions: dark matter, likewise ordinary

matter, satisfies the Strong Energy Condition, whereas the dark energy does not. Recall that in GR, a

violation of the Strong Energy Condition is required to account for the observed accelerated expansion.

The simplest model to accommodate the observational data is the Λ-Cold Dark Matter (ΛCDM)
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2 CHAPTER 1. INTRODUCTION

model which admits, as previously mentioned, 23% of cold dark matter and 73% of dark energy in

the form of a cosmological constant. This model is, in essence, an empirical fit to the observational

data. It does not explain neither the origin of dark matter nor dark energy and leaves the related

cosmological constant problems unanswered.

Another way to look at these issues is to notice that dark matter and dark energy are, in fact, a

signature of a modified gravity theory. This perspective, which might appear rather radical to some,

is just another way to address the same fundamental problems. As long as these problems remain

unsolved it is quite legitimate to pursue all alternatives.

Furthermore, assuming that GR is not entirely correct at the relevant scales may help not only to

solve astrophysical and cosmological problems, but also to improve our understanding of the gravita-

tional metric theories.

There are various ways to modify Einstein’s theory. Probably, the most well known alternative

theory is a type scalar-tensor (ST) theory of gravity proposed by Brans and Dicke in 1961. Other

examples of modified theories are the tensor-vector-scalar (TeVeS) theory or gravity models arising

from braneworlds, which have its roots in M-theory. Here, we consider another class of modifications

known as f(R) theories. As we shall see in detail below, in f(R) theories one replaces the Ricci scalar

(R) in the Einstein-Hilbert action by a more general function of the curvature scalar. Although some

of the proposed forms for this function have been proven to be non-viable, there are still many others

that deserve attention.

The main aim of this thesis is to study some aspects of an extension to the f(R) theories where,

besides the usual modification in the gravity sector, one introduces a modification in the matter sector

by coupling it with curvature. As one shall see, this class of models have some new and compelling

phenomenology.

As any class of alternative gravity theories, it is fundamental to study their viability and whether

they yield meaningful physics. Hence, any new model have to satisfy the following conditions:

• Yield the correct cosmological dynamics;

• Exhibit the correct behaviour of the gravitational perturbations;

• Generate cosmological perturbations compatible with the observed cosmological constraints;

• Yield the correct weak-field limit at Newtonian and post-Newtonian levels;

• Be free from instabilities;

• Do not contain ghost fields;

• Admit a well-posed Cauchy problem.
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In this thesis we address issues related to the cosmological dynamics, namely the energy conditions,

and the instabilities, the so-called the Dolgov-Kawasaki criterion, for f(R) gravity models with no-

minimal coupling between curvature and matter.

Energy conditions are relevant to constrain a general energy-momentum tensor in order to ensure

that it is physically meaningful. Besides this, the energy conditions are useful for setting physical

conditions for a system without explicitly referring to its energy-momentum tensor or equation of

state. This aspect is very useful since as in the actual universe the energy-momentum tensor acquires

contributions from various forms of matter fields, and therefore, it is somewhat difficult to write it

explicitly. Indeed, the energy conditions are fundamental for deriving general results such as the

Hawking-Penrose singularity theorems and the fundamentals of black hole thermodynamics.

Although usual matter, with positive energy and pressure, satisfy all the energy conditions, this

may not hold in all instances. In fact, as mentioned above, the strong energy condition has to be

violated in order to explain the observed accelerated expansion of the universe. This means that new

forms of matter are required to describe the universe.

The Dolgov-Kawasaki instability criterion was first encountered by the Dolgov and Kawasaki (2003)

in the context of the model f(R) = R−µ4/R and was further generalised for f(R) theories by Faraoni

(2006). This instability criterion, which manifest itself in a extremely short time scale, is sufficiently

strong to veto some models.

This thesis is organised as follows. In Chapter 2, one briefly introduces the standard f(R) theories

and their equivalence to scalar-tensor theories. In Chapter 3, one introduces the f(R) theories with

the non-minimal curvature-matter coupling. One begins by presenting the key features of the theory

induced by the non-minimal coupling and study the issue of the equivalence with a scalar-tensor theory.

One then presents the central topic of this thesis – the Energy Conditions and the Generalised Dolgov-

Kawasaki instability criterion for this class of gravity models. In what concerns the energy conditions,

one derives the strong energy condition and the null energy condition directly from geometric principles,

through the use of the Raychaudhuri equation, along with the requirement that gravity is attractive and

extend the results to obtain the dominant energy condition and the weak energy condition. One then

apply the resulting conditions to a broad class of f(R) functions. With respect to Dolgov-Kawasaki

instability criterion, one reviews the derivation of this criterion in the context of the f(R) theories with

a non-minimal curvature-matter coupling and study the viability of two distinct models. The work

presented in these Sections follows the one developed in Ref. [1]. Chapter 4 contains our conclusions.



4 CHAPTER 1. INTRODUCTION



Chapter 2

f (R) Theories

2.1 Action and Field Equations

As it is well known, the field equations of GR can be directly derived, through the variational principle,

from the Einstein-Hilbert action:

SEH =
∫ [

k

2
R+ Lm

]√
−gd4x , (2.1)

where Lm is the matter Langragian density, R is the Ricci scalar, g is the metric determinant,
√
−gd4x

is the invariant 4-volume element, k = 1/8πG and G is Newton’s gravitational constant. Hereafter,

one chooses units in which k = 1. There are two different approaches to obtain the field equations

from action (2.1). One is to vary the action with respect to the metric, a procedure known as metric

formalism. The other approach is to consider that the metric and the connection are independent from

each other and the variation of the action is performed with respect to both. This is usually referred

to as Palatini or second order formalism. Due to the linear form of the Einstein-Hilbert action, the

two formalisms give the same field equations.

The f(R) theories modification consists in replacing the Ricci scalar by a general function of it.

Thus, the action is given by

S =
∫ [

1
2
f(R) + Lm

]√
−gd4x . (2.2)

In contrast with the Einstein-Hilbert action, the two variational formalisms do not yield the same field

equations. Therefore, when working in f(R) gravity, one needs to specify not only the action, but also

which variational formalism is considered. In this work, only the metric formalism is considered.

Varying action (2.2) with respect to the metric one obtains,

δS =
∫ [

1
2
√
−g

δ(
√
−gf(R))
δgµν

+
1√
−g

δ(
√
−gLm)
δgµν

]
δgµν
√
−gd4x . (2.3)

5



6 CHAPTER 2. F (R) THEORIES

Considering the following variations,

δ
√
−g = −1

2
√
−ggµνδgµν , (2.4)

gµνδRµν = −∆µνδg
µν , (2.5)

δR = Rµνδg
µν + gµνδRµν , (2.6)

where Rµν is the Ricci tensor and one has defined ∆µν = ∇µ∇ν − gµν� and � = gµν∇µ∇ν , Eq. (2.3)

becomes,

δS =
∫ [

1
2
f ′(R)Rµν −

1
4
gµνf(R)− 1

2
f ′(R)∆µν +

1√
−g

δ(
√
−gLm)
δgµν

]
δgµν
√
−gd4x , (2.7)

where the prime denotes differentiation with respect to R. Integrating by parts twice and using the

divergence theorem along with the fact that at the boundary of the volume of integration all the

quantities of interest vanish, the third term in the last equation becomes,

−1
2

∫
f ′∆µνδg

µν√−gd4x = −1
2

∫
(∆µνf

′)δgµν
√
−gd4x . (2.8)

Thus, since δS = 0 should hold for any variation of gµν , the field equations become

f ′(R)Rµν −
1
2
f(R)gµν −∆µνf

′(R) = Tµν , (2.9)

where the matter energy-momentum tensor is defined as usual,

Tµν = − 2√
−g

δ(
√
−gLm)
δgµν

. (2.10)

As expected, for the linear case, f(R) = R, one recovers the field equations of GR

Rµν −
1
2
gµνR = Tµν . (2.11)

It is straightforward to realise that the most important difference between Einstein’s field equations

and the ones given by Eq. (2.9) is that the latter are a set of fourth order partial differential equations

in the metric while the Einstein’s ones are of second order. This difference implies that the trace of

the field equations,

f ′R− 2f + 3�f ′ = T , (2.12)

where T is the energy-momentum tensor trace, do not give an algebraic relation between R and T ,

as in GR, but instead, it relates them differentially thereby turning the Ricci scalar into a dynamical

field.

For reviews on f(R) theories see Refs. [4, 5].

2.2 Equivalence to a Scalar-Tensor Theory

As it is well known, the scalar-tensor theories, in its simplest form, differ from the Einstein theory

by the introduction of an additional scalar field in the action coupled with the Ricci scalar. In these
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theories, the gravitational coupling is no longer a constant, but instead depends on the scalar field.

For the equivalence with the f(R) theories, one is manly interested in a special class of scalar-tensor

theories where 1/16πG is replaced by a scalar field ψ. Thus, in the so-called Jordan frame, the action

is given by,

SST =
∫ [

ψR− ωψ
ψ
∂aψ∂aψ − V (ψ) + Lm

]√
−gd4x . (2.13)

where ωψ is a parameter and V (ψ) represents the scalar field potential.

Starting from action (2.2), if one introduces a new scalar field, φ, the action can be written as,

S =
∫ [

1
2
f(φ) +

1
2
f ′(φ)(R− φ) + Lm

]√
−gd4x , (2.14)

since variation with respect to φ leads to

f ′′(φ)(R− φ) = 0 , (2.15)

which, for f ′′(φ) 6= 0, gives R = φ. Redefining the field φ by ψ = 1
2f
′(φ) and setting

V (ψ) = φ(ψ)ψ − 1
2
f(φ(ψ)) (2.16)

the action takes the form,

S =
∫

[ψR− V (ψ) + Lm]
√
−gd4x , (2.17)

which is action (2.13) without the kinetic term of the field (ωψ = 0). Thus, many of the aspects of the

f(R) theories can be recovered from the study of the associated scalar-tensor gravity theory.

By the application of a suitable conformal transformation of the metric, one can rewrite the action

such that the curvature and the scalar field become minimally coupled, i.e., the gravitational sector of

the action reduces into Einstein’s canonical form. The frame defined by such conformal transformation

is called Einstein frame and the frame where the scalar field is coupled to the curvature is, as already

mentioned, the Jordan frame. Thus, using the following conformal transformation

gµν → g̃µν = Ω2gµν , (2.18)

one obtains [6]

√
−g = Ω−4

√
−g̃ , (2.19)

R = Ω2(R̃− 6Ω�̃
1
Ω

) , (2.20)

where �̃ is the D’Alembertian operator defined from the metric g̃µν . Inserting these results into action

(2.17) one obtains,

S =
∫ [

ψ

Ω2
R̃− 6

ψ

Ω
�̃

1
Ω
− Ṽ (ψ) +

1
Ω4
Lm
]√
−g̃d4x . (2.21)

and hence, the Einstein frame is defined by Ω2 = ψ,

S =
∫ [

R̃− 6
√
ψ�̃

1√
ψ
− Ṽ (ψ) +

1
ψ2
Lm
]√
−g̃d4x , (2.22)
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where one has redefined the potential as Ṽ (ψ) = V (ψ)/ψ2. Integrating the second term by parts and

applying the divergence theorem one obtains,

−6
∫ √

ψ�̃
1√
ψ

√
−g̃d4x = −6

∫ [
∇̃a
(√

ψ∇̃a
1√
ψ

)
− ∇̃a

√
ψ∇̃a

1√
ψ

]√
−g̃d4x , (2.23)

= −3
2

∫
1
ψ2
∇̃aψ∇̃aψ

√
−g̃d4x . (2.24)

Redefining the scalar field so that this term can be written as a canonical kinetic term,

ψ̃ =
√

3 lnψ , (2.25)

one finally obtains

S =
∫ [

R̃− 1
2
∂aψ̃∂aψ̃ − Ṽ (ψ̃) + e

− 2√
3
ψ̃Lm

]√
−g̃d4x . (2.26)

Therefore, the Jordan frame and the Einstein frame, are mathematically and physically equivalent.

This might appear quite strange at first sight due to the fact that the gravity sector of this last action

is written as in the Einstein-Hilbert action and there is a non-minimal coupling between the scalar field

and the matter Lagrangian density. Indeed, this coupling may suggest that the Equivalence Principle is

violated or that the energy-momentum tensor may not be covariantly conserved in the Einstein frame.

This issues, related with equivalence between both frames, has been an active topic of discussion (see

e.g. Refs. [7, 8, 9] and references therein). However, as shown in Ref. [6], all this issues are solved by

realising that the conformal transformation scales the units of time, length and mass which makes the

physical predictions to be the same in both frames.

Thus, the main difference between f(R) theories in the Jordan frame and the Einstein frame is

that while in the former the theory is described only by the metric tensor, in the latter the theory is

described by the metric tensor along with an additional scalar field. Sometimes one may have some

advantages in working in the Einstein frame since in this frame the modification only appears through

the matter sector of the theory.



Chapter 3

f (R) Theories with non-minimal

curvature-matter coupling

3.1 Action, Field Equations and Phenomenology

Recently, there has been a revival of interest in a class of modified gravity theories where, besides

the usual modification in the gravity sector, discussed in the previous chapter, it is introduced a

coupling between curvature and matter. This revival of interest is due to the fact that this non-

minimal curvature-matter coupling gives rise to a violation of the conservation equation of the energy-

momentum tensor which may introduce an extra force in the theory [10] (see also Ref. [11] for a recent

review on the subject). The phenomenology of these models is considered in more detail below.

The action of interest has the following form,

S =
∫ [

1
2
f1(R) + f2(R)Lm

]√
−gd4x , (3.1)

where fi (with i = 1, 2) are arbitrary functions of the Ricci scalar. The second function, f2(R), is

usually considered to have the following form,

f2(R) = 1 + λϕ2(R) , (3.2)

where λ is a constant and ϕ2 is another function of R. These kind of non-minimal couplings were first

proposed in Ref. [12] motivated by the issue of the accelerated expansion of the universe. However, in

that paper, it was only considered the case where f2(R) = Rα. One considers here a broader class of

models.

As stated in the previous chapter, only the metric formalism is considered. Thus, as performed in

Section 2.1, varying action (3.1) with respect to the metric yields

δS =
∫ [

1
2
√
−g

δ(
√
−gf1(R))
δgµν

+
1√
−g

δ(
√
−gf2(R)Lm)
δgµν

]
δgµν
√
−gd4x . (3.3)

9
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Since the only difference between actions (2.2) and (3.1) is in the matter term, it is obvious that

the additional modification in the field equations will came from the variation of this term. Thus,

considering the variation of this term and using the results from Section 2.1 one obtains,∫ [
1√
−g

δ(
√
−gf2(R)Lm)
δgµν

]
δgµν
√
−gd4x =

∫ [
δf2(R)
δgµν

Lm + f2(R)
1√
−g

δ(
√
−gLm)
δgµν

]
δgµν
√
−gd4x ,

(3.4)

=
∫ [
Lmf ′2(R)Rµν −∆µν(Lmf ′2(R))− 1

2
f2(R)Tµν

]
δgµν
√
−gd4x .

(3.5)

Hence, the field equations obtained from action (3.1) are given by

(f ′1 + 2Lmf ′2)Rµν −
1
2
f1gµν −∆µν(f ′1 + 2Lmf ′2) = f2Tµν . (3.6)

Making explicit the Einstein tensor, Gµν , one rewrites the field equations and gets

Gµν =
f2

f ′1 + 2f ′2Lm

(
T̂µν + Tµν

)
, (3.7)

where the effective energy-momentum tensor T̂µν has been defined as

T̂µν =
1
2

(
f1
f2
− f ′1 + 2Lmf ′2

f2
R

)
gµν +

1
f2

∆µν (f ′1 + 2Lmf ′2) . (3.8)

From Eq. (3.7) one can define an effective coupling

k̂ =
f2

f ′1 + 2Lmf ′2
, (3.9)

and therefore the field equations can be written in a more familiar form,

Gµν = k̂
(
T̂µν + Tµν

)
. (3.10)

Thus, in order to keep gravity attractive, k̂ has to be positive from which follows the additional

condition
f2

f ′1 + 2Lmf ′2
> 0 . (3.11)

As expected, setting f1(R) = R and f2(R) = 1 one recovers Einstein’s theory.

The effective energy-momentum tensor defined by Eq. (3.8) can be written in the form of a perfect

fluid,

Tµν = (ρ+ p)uµuν − pgµν , (3.12)

if one defines an effective energy density and an effective pressure. However, given the presence of

the higher order derivatives in Eq. (3.8), in order to proceed in this way it is necessary to specify

the metric of the space-time manifold of interest. Since one is interested in cosmological applications,

the Robertson-Walker (RW) metric is a natural choice. Hence, in what follows, one considers the

homogeneous and isotropic flat RW metric with the signature (+,−,−,−),

ds2 = dt2 − a2(t)ds23 , (3.13)
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where ds23 contains the spacial part of the metric and a(t) is the scale factor.

Using this metric the higher order derivative term is given by

∆µνh(R,Lm) = (∇µ∇ν − gµν�)h(R,Lm)

= (∂µ∂ν − gµν∂0∂0)h− (Γ0
µν + gµν3H)∂0h (3.14)

where h(R,Lm) is a generic function of R and Lm, H = ȧ/a is the Hubble expansion parameter and

Γ0
µν = aȧ δµν (with µ, ν 6= 0) is the affine connection. Thus, the effective energy density is given by

ρ̂ =
1
2

(
f1
f2
− f ′1 + 2Lmf ′2

f2
R

)
− 3H

f ′′1 + 2Lmf ′′2
f2

Ṙ (3.15)

while the effective pressure is given by

p̂ = −1
2

(
f1
f2
− f ′1 + 2Lmf ′2

f2
R

)
+ (R̈+ 2HṘ)

f ′′1 + 2Lmf ′′2
f2

+
f ′′′1 + 2Lmf ′′′2

f2
Ṙ2 , (3.16)

where the dot refers to derivative with respect to time.

The field equations (3.10) along with the definitions of ρ̂ and p̂ will be useful for deriving the various

energy conditions in Section 3.3.

The non-minimal curvature-matter coupling brings new intriguing features to the modified theories

of gravity. One expects energy to be exchanged between geometry and matter fields in a non-trivial

way. In fact, taking account into the covariant derivative of the field equations (3.6), the Bianchi

identities and the relationship1

∇µ∆µνf
′
i(R) = (�∇ν −∇ν�)f ′i(R) = Rµν∇µf ′i(R) , (3.17)

one obtains [10]

∇µTµν =
f ′2
f2

[gµνLm − Tµν ]∇µR . (3.18)

Thus, one verifies that the energy-momentum tensor is not covariantly conserved. Furthermore,

inserting the energy-momentum tensor of a perfect fluid (Eq. (3.12)) into Eq. (3.18) and contracting

the resultant equation with the projection operator, hµν = gµν − uµuν , one obtains [10],

uν∇νuλ =
1

ε+ p

(
f ′2
f2

(Lm + p)∇νR+∇νp
)
hνλ (3.19)

≡fλ .

Thus, the motion of a point-like test particle is non-geodesic due to the appearance of the extra force

fλ. This force is orthogonal to the four-velocity of the particle due to the fact that, by definition,

hνλuλ = 0 . (3.20)

1Which arises directly from the definition of the Riemann tensor, ∇c∇dXa −∇d∇cXa = Ra
bcdXb.
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This means that Eq. (3.19) cannot be cast into the geodesic equation, uν∇νuλ = 0, by an affine

parameterization showing that, indeed, the motion is non-geodesic. Notice also that, if f2 = 1, like in

GR, the extra force becomes

fλ =
1

ε+ p
hνλ∇νp , (3.21)

which is the force due to the pressure gradient also present in GR.

The last result is also obtained if one chooses Lm = −p which is a possible matter Lagrangian

density for a perfect fluid. This fact as been claimed to be the end of the extra force in Ref. [13].

However, as shown in Ref. [14], the choice of Lm = −p is not unique. In fact, by adding up surface

integrals to the matter part of the action one can realise that, in the context of GR, the matter

Lagrangian density is degenerated. As it is shown in Ref. [14], one can also choose, for instance,

Lm = ρ or Lm = na where n is the particle number density and a is the physical free energy defined

as a = ρ/n− Ts with T being the fluid temperature and s the entropy per particle. All these matter

Lagrangians provides the same energy-momentum tensor.

However, since the field equations (3.6) depends explicitly on Lm, the degeneracy presented in GR

is broken when one introduces the non-minimal curvature-matter coupling in the action. Although

this degeneracy is a well known problem in GR, this has not been given due attention in the literature,

since the phenomenology in GR is independent of the chosen Lm.

Thus, given the above discussion, it is straightforward to realise that different choices for Lm result

in different predictions for the extra force. In fact, choosing Lm = ρ, one obtains for the extra force

fλρ =
(
f ′2
f2
∇νR+

1
ρ+ p

∇νp
)
hνλ (3.22)

An interesting characteristic of fλρ is that the extra term related with the curvature-matter coupling

is independent of energy-momentum considerations.

The motion of massless particles can also be derived from the Eq. (3.19) assuming a null dust

matter distribution, i.e. p = 0. Again, the result will depend on the chosen representation of the

matter Lagrangian density. While for Lm = −p, the motion is geodesic, for Lm = ρ it is not. From

Eq. (3.22) one finds

fλρ =
f ′2
f2
hνλ∇νR , (3.23)

which means that even the null geodesics become non-geodesic due to the matter-curvature coupling.

The non-geodesic nature of motion makes it possible to obtain, in the context of the f(R) theories

with a non-minimal curvature-matter coupling, features that are similar to some present in the so-called

Modified Newton Dynamics (MOND) [10]. As it is well known, the MOND addresses the problem of

the rotation curves of the galaxies and admits a relativistic formulation known as Tensor-Vector-Scalar

theory (TeVeS) [15].
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3.2 Equivalence to a Scalar-Tensor Theory

One expects that the modified gravity theories with a non-minimal coupling between matter and

curvature could also be expressed as a scalar-tensor theory. However, the equivalence with a standard

scalar-tensor theory, as performed in Section 2.2, is not possible. The non-minimal coupling to matter

introduces an extra degree of freedom in the theory and therefore the equivalence will be accomplished

with a theory with two scalar fields (see Refs. [13, 16]).

A straightforward generalisation of the procedure presented in Section 2.2 for the f(R) theories

with non-minimal curvature-matter coupling is to introduce one scalar field, φ, and to consider the

following action:

S =
∫ [

1
2
f1(φ) +

(
1
2
f ′1(φ) + f ′2(φ)Lm

)
(R− φ) + f2(φ)Lm

]√
−gd4x . (3.24)

Varying with respect to φ, one obtains(
1
2
f ′′1 (φ) + f ′′2 (φ)Lm

)
(R− φ) = 0 , (3.25)

which leads to φ = R if at least one of the fi functions is non-linear. However, the action (3.24) is

not an ordinary scalar-tensor theory due to the existence of the scalar-matter coupling, present in the

last term, and also of the scalar-curvature-matter coupling present in the term f ′2(φ)LmR. Even with

a field re-definition, such as φ̂ = f ′1(φ)/2 + f ′2(φ)Lm, which would turn action (3.24) into the form of

a Brans-Dicke type theory (with ωφ = 0 and a potential), the scalar-matter coupling would still be

present spoiling the equivalence with an ordinary scalar-tensor theory.

Moreover, as seen in Section 2.2, the Brans-Dicke type theory in the Einstein frame (Eq. (2.26)) has

a non-minimal scalar-matter coupling similar with the term f2(φ)Lm in Eq. (3.24). There is however

an important difference between the two: while in Eq. (2.26) the units of time, lenght and mass are not

constant, but scale with the appropriate powers of the conformal factor defining the Einstein frame,

in Eq. (3.24) there is no such scaling. Indeed, it is precisely due to this scaling of units that the

physics in both frames are the same [6]. Thus, one notices once again, that the f(R) theories with a

curvature-matter coupling cannot be cast into an ordinary scalar-tensor theories – not even through a

conformal transformation.

Due to the extra degree of freedom presented in these new theories, one should pursue an equivalence

with a scalar-tensor theory with two scalar fields instead of one. Thus, introducing two auxiliary scalar

fields, ψ and φ, one may consider the following action [11] (see also Ref. [16]):

S =
∫ [

1
2
f1(φ) + ψ(R− φ) + f2(φ)Lm

]√
−gd4x . (3.26)

Varying this action with respect to ψ one obtains,

φ = R , (3.27)
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which after introducing into action (3.26) one trivially recovers action (3.1). Varying (3.26) with

respect to φ yields

ψ =
1
2
f ′1(φ) + f ′2(φ)Lm . (3.28)

Notice that action (3.26) is a Brans-Dicke type theory with ωψ = 0, a potential and an unusual

scalar-matter coupling. Defining

V (φ, ψ) = ψφ− 1
2
f1(φ) , (3.29)

action (3.26) becomes

S =
∫

[ψR− V (φ, ψ) + f2(φ)Lm]
√
−gd4x . (3.30)

Varying this action with respect to the metric, one obtains the field equations,

ψGµν =
1
2
f2(φ)Tµν −

1
2
gµνV (ψ, φ) + ∆µνψ , (3.31)

which after inserting Eqs. (3.27), (3.28) and (3.29) one obtains the field equations (3.6).

Notice that action (3.26) is not an unique scalar-tensor representation for action (3.1). For instance,

one may have choose the following action [16],

S =
∫ [

1
2
f1(φ) +

(
1
2
f ′1(φ) + f ′2(φ)ψ

)
(R− φ) + f2(φ)Lm

]√
−gd4x , (3.32)

which, varying with respect to the fields, gives

f ′2(φ)(R− φ) = 0 , (3.33)(
1
2
f ′′1 (φ) + f ′′2 (φ)ψ

)
(R− φ) + f ′2(φ)(Lm − ψ) = 0 . (3.34)

Except for the trivial case where f2 = 1, this set of equations gives

φ = R , (3.35)

ψ = Lm , (3.36)

which when inserted in the action gives back the original action (3.1).

3.3 Energy Conditions

As it is well known in GR, the energy-momentum distribution and stress due to matter or any other

non-gravitational field is described by the energy-momentum tensor Tµν . However, the Einstein’s field

equations do not specify which energy-momentum tensors are physically meaningful. This can be seem

as a weakness, since GR admits unphysical solutions, but it can also be seem as a strength due to the

fact that GR is thus fully independent of any assumptions concerning non-gravitational physics.

For that reason, one needs to set conditions on Tµν so that it represents a realistic matter

source. These conditions should be sufficiently general to be satisfied by all states of matter and
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non-gravitational fields (at least at a classical level) and sufficiently strong to rule out unphysical

solutions of the Einstein’s field equations. The so-called energy conditions represent precisely these

criteria.

The strong energy condition (SEC) and the null energy condition (NEC) are derived from geometric

principles, namely from the Raychaudhuri equation, along with the demand that gravity is attractive.

The weak energy condition (WEC) comes from the fact that classical matter is believed to have non-

negative energy density. The dominant energy condition (DEC) comes from the fact that mass-energy

can never flow faster than light. However, as one shall see below, the energy conditions are not, in

general, independent of the gravitational theory under study and hence their generalisation for other

modified gravity theories must be considered carefully. For the standard f(R) theories, studied in

Section 2, the energy conditions were examined in Ref. [17] and their equivalence with the ones for

a Brans-Dicke theory were discussed in Ref. [18]. In what follows, one obtains the energy conditions

for f(R) theories with a non-minimal curvature-matter coupling and applies then to a broad class of

models. The work presented in this Section corresponds to the one developed in Ref. [1].

3.3.1 The Raychaudhuri Equation

The origin of the NEC and of the SEC is the Raychaudhuri equation together with the requirement

that the gravity is attractive for a spacetime manifold endowed with a metric gµν (see e.g. Refs.

[19, 20] for discussions). From the Raychaudhuri equation one has that the temporal variation of the

expansion of a congruence of timelike geodesics defined by the vector field uµ is given by

dθ

dτ
= −1

3
θ2 − σµνσµν + ωµνω

µν −Rµνuµuν . (3.37)

In the case of a congruence of null geodesics defined by the vector field kµ, the Raychaudhuri equation

is given by
dθ

dτ
= −1

2
θ2 − σµνσµν + ωµνω

µν −Rµνkµkν , (3.38)

where θ, σµν and ωµν are the expansion parameter, the shear and the rotation associated to the

congruence, respectively.

In what follows, it is important to realise that the Raychaudhuri equation is derived purely from

geometric principles and is independent from the gravity theory under consideration [20]. Thus, im-

posing the requirement for attractive gravity, one is able to express the SEC and the NEC in terms of

geometric quantities only. Indeed, since σµνσµν ≥ 0, one has, from Eqs. (3.37) and (3.38), that the

conditions for gravity to remain attractive (dθ/dτ < 0) are given by

Rµνu
µuν ≥ 0 SEC (3.39)

Rµνk
µkν ≥ 0 NEC (3.40)

for any hypersurface of orthogonal congruences (ωµν = 0). From the above inequalities, one realises

that the connection with the gravity theory comes from the fact that, in order to obtain the energy
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conditions in terms of the matter-energy variables, one needs the field equations to relate the Ricci

tensor with the energy-momentum tensor.

Notice that the conditions for attractive gravity given by Eqs. (3.39) and (3.40) are independent

from the one given by Eq. (3.11). While the former are derived from geometric principles, the latter is

related with a fairly natural definition of an effective gravitational coupling. Moreover, the requirement

for attractive gravity may not hold in all instances. In fact, a repulsive interaction is needed to account

for observed accelerated expansion of the universe as well as to obtain inflationary scenarios or to avoid

singularities.

For instance, one can easily see that if one inserts Einstein’s field equations into Eq. (3.39) one

gets (
Tµν −

T

2
gµν

)
uµuν ≥ 0 , (3.41)

where T is the energy-momentum tensor trace and one has used units where 8πG = c = 1. If one

considers a perfect fluid, where Tµν is given by Eq. (3.12), then Eq. (3.41) turns into the well known

SEC for Einstein’s theory,

ρ+ 3p ≥ 0 . (3.42)

In the same fashion, if one inserts the Einstein’s field equations into Eq. (3.40), one obtains

Tµνk
µkν ≥ 0 , (3.43)

which, after assuming Eq. (3.12), turns into the familiar NEC of GR

ρ+ p ≥ 0 . (3.44)

3.3.2 Strong and Null Energy Conditions

Using the results obtained in Section 3.1, allows for obtaining the energy conditions for f(R) theories

with a non-minimal curvature-matter coupling. From Eq. (3.7) the Ricci tensor can be written as

Rµν = k̂

(
T̂µν + Tµν −

1
2
gµν(T̂ + T )

)
, (3.45)

where T̂ is the effective energy-momentum trace. Inserting this into Eq. (3.39) one obtains, for the

SEC,

k̂
(
T̂µν + Tµν

)
uµuν − 1

2
k̂
(
T̂ + T

)
≥ 0 . (3.46)

Using Eq. (3.11) and assuming a perfect fluid as the matter source (Eq. (3.12)), one gets

ρ+ 3p−
(
f1
f2
− f ′1 + 2Lmf ′2

f2
R

)
+ 3(R̈+HṘ)

f ′′1 + 2Lmf ′′2
f2

+

3
f ′′′1 + 2Lmf ′′′2

f2
Ṙ2 ≥ 0 . (3.47)
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In the same way, inserting Eq. (3.45) into Eq. (3.40) one obtains the NEC,

k̂
(
T̂µν + Tµν

)
kµkν ≥ 0 , (3.48)

and therefore

ρ+ p+ (R̈−HṘ)
f ′′1 + 2Lmf ′′2

f2
+
f ′′′1 + 2Lmf ′′′2

f2
Ṙ2 ≥ 0 . (3.49)

It is important to realise that these results are obtained directly from the Raychaudhuri equation.

However, equivalent results could have been obtained from the transformations ρ→ ρ+ρ̂ and p→ p+p̂

of the SEC and NEC of GR. This was to be expect since, as seen in Sections 2.2 and 3.2, the f(R)

gravity is equivalent to the Einstein’s gravity with additional scalar fields.

Naturally, setting f2 = 1 in Eqs. (3.47) and (3.49) one recovers the results of Ref. [17]. Setting

f1 = R and f2 = 1 one recovers SEC and NEC of GR (Eqs. (3.42) and (3.44)).

It is interesting to note that if instead one demands that gravity is repulsive, the signs of the

inequalities (3.46) and (3.48) would be the same, since the signs of the conditions (3.11), (3.39) and

(3.40) would change, and thus the above results for the SEC and the NEC would remain unaltered.

3.3.3 Dominant and Weak Energy Conditions

For the derivation of the DEC and WEC, one can extend the results obtained above and apply the

transformations ρ → ρ + ρ̂ and p → p + p̂ to the DEC and WEC of GR since the energy conditions

will not be violated when one changes from the Jordan frame to the Einstein frame. Otherwise the

physical predictions of the same theory in both frames would differ.

Thus, one gets for the DEC

ρ− p+
(
f1
f2
− f ′1 + 2Lmf ′2

f2
R

)
− (R̈+ 5HṘ)

f ′′1 + 2Lmf ′′2
f2

− f ′′′1 + 2Lmf ′′′2

f2
Ṙ2 ≥ 0 (3.50)

and for the WEC

ρ+
1
2

(
f1
f2
− f ′1 + 2Lmf ′2

f2
R

)
− 3H

f ′′1 + 2Lmf ′′2
f2

Ṙ ≥ 0 . (3.51)

As one may easily check, for f2 = 1 one obtains the results of Ref. [17], and if one further sets

f1 = R, Eqs. (3.50) and (3.51) yield ρ− p ≥ 0 and ρ ≥ 0, as expected.

3.3.4 Energy Conditions for a Class of Models

To get some insight on the meaning of the above energy conditions, one applies then to a specific type

of models where f1,2 are given by

f1(R) = R+ εRn ,

ϕ2(R) = Rm , (3.52)
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where ϕ2(R) is defined by Eq. (3.2). Assuming a flat RW space-time (Eq. 3.13), the energy conditions

can be written in the following way,

ε̂|R|n

1 + λ̂|R|m

(
a− αn −

2λ̂Lm
ε̂

αm|R|m−n
)
≥ b (3.53)

where a, b and αn,m depend on the energy condition under consideration and one defines ε̂ = (−1)nε

and λ̂ = (−1)mλ due to the fact that for a RW metric one has R < 0. For the SEC, one finds

aSEC = −1 , bSEC = −(ρ+ 3p) , (3.54)

αSECn = −n
[
1 + 3(n− 1)(R̈+HṘ)R−2 + 3(n− 1)(n− 2)R−3Ṙ2

]
. (3.55)

For the NEC, one obtains

aNEC = 0 , bNEC = −(ρ+ p) , (3.56)

αNECn = −n(n− 1)
[
(R̈−HṘ)R−2 + (n− 2)R−3Ṙ2

]
. (3.57)

For the DEC, one has

aDEC = 1 , bDEC = −(ρ− p) , (3.58)

αDECn = n
[
1 + (n− 1)(R̈+ 5HṘ)R−2 + (n− 1)(n− 2)R−3Ṙ2

]
. (3.59)

Finally, for the WEC, one gets

aWEC =
1
2
, bWEC = −ρ , (3.60)

αWEC
n = n

[
1
2

+ 3(n− 1)HR−2Ṙ

]
. (3.61)

Using that, for a flat RW space-time, one has

R = −6
(
H2 +

ä

a

)
, (3.62)

and writing the derivatives of R in terms of the deceleration (q), jerk (j) and snap (s) parameters, one

finds,

Ṙ = −6H3(j − q − 2) , R̈ = −6H4(s+ q2 + 8q + 6) , (3.63)

where

q = − 1
H2

ä

a
, j =

1
H3

...
a

a
, s =

1
H4

....
a

a
. (3.64)

One then obtains for αn:

αSECn = n

[
−1 +

q2 + 7q + j + s+ 4
2(q − 1)2

(n− 1)− (j − q − 2)2

2(q − 1)3
(n− 1)(n− 2)

]
, (3.65)

αNECn = n(n− 1)
[
q2 + 9q − j + s+ 8

6(q − 1)2
− (j − q − 2)2

6(q − 1)3
(n− 2)

]
, (3.66)

αDECn = n

[
1− q2 + 3q + 5j + s− 4

6(q − 1)2
(n− 1) +

(j − q − 2)2

6(q − 1)3
(n− 1)(n− 2)

]
, (3.67)
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αWEC
n = n

[
1
2
− j − q − 2

2(1− q)2
(n− 1)

]
. (3.68)

Given these definitions, the study of all the energy conditions can be performed by satisfying the

inequality (3.53). In Table 3.1 it is presented the energy conditions for models of type Eq. (3.52).

ε̂ > 0 ε̂ < 0

λ̂ > 0 2λ̂Lm

ε̂ ≤ a−αn

αm
|R|n−m 2λ̂Lm

|ε̂| ≤
αn−a
αm
|R|n−m

λ̂ < 0
1− |λ̂||R|m > 0 2|λ̂|Lm

ε̂ ≥ αn−a
αm
|R|n−m 2|λ̂|Lm

|ε̂| ≥ a−αn

αm
|R|n−m

1− |λ̂||R|m < 0 2|λ̂|Lm

ε̂ ≤ αn−a
αm
|R|n−m 2|λ̂|Lm

|ε̂| ≤ a−αn

αm
|R|n−m

Table 3.1: SEC, NEC, DEC and WEC expressed by Eq. (3.53) with b = 0 and where it is assumed

that αm > 0 and Lm > 0. For αm < 0 one just needs to change the direction of the inequalities.

One realises that all the energy conditions depend on the value ofm and n, on the coupling constants

of the model as well as on the space-time under consideration. The balance between the couplings

and the space-time parameters and their evolution along the history of the universe will determine

whether the energy conditions are satisfied or not. Setting the estimated values of q, j and s from

observation, one can impose bounds on the coupling constants of the gravity model (see, for instance,

Refs, [17, 18, 21]). Furthermore, the issue discussed in Section 3.1 related with the broken degeneracy

of the matter Langrangian density, Lm, reappears and once again one realises that different choices

for Lm may determine whether the energy conditions are satisfied or not.

When applying for models like Eq. (3.52), the condition for attractive gravity (AG), i.e. a positive

coupling constant, Eq. (3.11), gives, once again, an inequality like Eq. (3.53) with

aAG = 1 , bAG = 0 , (3.69)

αAGn = − n

6H2(1− q)
. (3.70)

Thus, the results depicted in Table 3.1 also stand for the condition that ensures that gravity is attrac-

tive.

3.4 Generalised Dolgov-Kawasaki Instability Criterion

The modified gravity theories may be intrinsically unstable. These are due to the fact that the

field equations (3.6) are of fourth order and their trace gives a dynamical equation for R. Such

instabilities do not occur in GR since there the field equations are of second order and their trace

gives an algebraic equation for R. In order for the dynamical field R to be stable its “mass” must be

positive, a requirement usually referred to as Dolgov-Kawasaki stability criterion.

Indeed, the trace of the field equations (3.6) is, in terms of R,

3(f ′′1 + 2Lmf ′′2 )�R+ 3(f ′′′1 + 2Lmf ′′′2 )∇µR∇µR+ 12f ′′2∇µLm∇µR+ (3.71)

+6f ′2�Lm + (f ′1 + 2Lmf ′2)R− 2f1 = f2T .



20 CHAPTER 3. F (R) THEORIES WITH NON-MINIMAL CURVATURE-MATTER COUPLING

Following the procedure developed in Ref. [22], one considers a spacetime with constant curvature and

a small perturbation so that the quantities of interest can be written as R = R0 + R1, T = T0 + T1

and fi(R) = fi(R0) + f ′i(R0)R1 + ... . Considering ∇µLm = 0, Eq. (3.71) becomes, at first order,

3(f ′′1 + 2Lmf ′′2 )�R1 +
[
− f ′1 + 2Lmf ′2 − f ′2T0 + (f ′′1 + 2Lmf ′′2 )R0

]
R1 = f2T1 , (3.72)

where all the functions are evaluated in R0 and the zero order equation has been used. Considering

that the metric locally can be approximated by gµν = ηµν + hµν where ηµν is the Minkowski metric,

one obtains the following dynamical equation for the perturbation:

∂2R1

∂t2
−∇2R1 +m2

effR1 = − f2
3(f ′′1 + 2Lmf ′′2 )

T1 , (3.73)

where ∇2 is the Laplatian operator in the Euclidean three-dimensional space and one has defined an

effective mass given by

m2
eff =

1
3(f ′′1 + 2Lmf ′′2 )

[
f ′1 + f ′2(T0 − 2Lm)− (f ′′1 + 2Lmf ′′2 )R0

]
. (3.74)

Notice that this last result would have been the same if∇µLm 6= 0 since one is considering perturbations

up to first order, i.e., LmR1 = (L0 + L1)R1 = L0R1 +O(R2
1).

Parametrizing f1(R) as f1(R) = R+ εϕ1(R) and f2(R) as f2(R) = 1 + λϕ2(R), where ε and λ are

small constants and ϕi are arbitrary functions of R, one can realise that the dominant term in the

effective mass is (3(f ′′1 + 2Lmf ′′2 ))−1. Since for stability, the effective mass needs to be positive, one

obtains the generalised Dolgov-Kawasaki criterion for the models under consideration here (i.e. models

whose action is given by Eq. (3.1)),

f ′′1 (R) + 2Lmf ′′2 (R) ≥ 0 . (3.75)

Notice that Eq. (3.75) is not quite the one presented in Ref. [22] given that there the matter Langragian

density, Lm, was not considered in the final result.

Setting f2(R) = 1, one recovers the result obtained in Ref. [23] for standard f(R) theories.

3.4.1 Dolgov-Kawasaki Criterion for two Classes of Models

For models such as the ones defined by Eq. (3.52), the inequality (3.75) becomes [1]

ε̂n(n− 1)|R|n−2 + 2λ̂Lmm(m− 1)|R|m−2 ≥ 0 , (3.76)

where ε̂ and λ̂ are defined by,

ε̂ =

 (−1)nε, if R < 0

ε, if R > 0
, λ̂ =

 (−1)mλ, if R < 0

λ, if R > 0
. (3.77)

Notice that this inequality can also be written as Eq. (3.53) for

aDK = 0 , bDK = 0 , (3.78)
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αDKn = −n(n− 1)
R2

(1 + λ̂|R|m) , (3.79)

or, using Eq. (3.62),

αDKn = − n(n− 1)
36H4(1− q)2

(1 + λ̂|R|m) . (3.80)

Thus, the results presented in Table 3.1, for the cases with 1 + λ̂|R|m > 0, stand for Eq. (3.76)

too. It is important to realise that although the energy conditions and the Dolgov-Kawasaki criterion

yield the same type of inequalities, they are independent from each other. However, from Table 3.1,

one can see that, if the factors a−αn

αm
are the same, the various conditions (the four energy conditions,

the conditions for attractive gravity and the Dolgov-Kawasaki criterion) are degenerate. Moreover, the

relation between the coupling constants, 2λ̂Lm

ε̂ , which bounds the space-time parameters, is the same

for all the studied conditions.

For most of the cases, the viability of the model with respect to the Dolgov-Kawasaki instability

criterion will depend not only on the value of the constants m, n, ε and λ (which may be further

constrained from the solar system observations [16]), but also on the metric of the space-time under

consideration. Furthermore, the Dolgov-Kawasaki instability criterion will depend on the chosen Lm.

From the Dolgov-Kawasaki criterion one has

αDKn
αDKm

=
n(n− 1)
m(m− 1)

, (3.81)

and thus the stability criterion for models defined by Eq. (3.52) do not depend on the values of j or s

and the space-time dependence is present only through R. Furthermore, noting that αDKn /αDKm > 0 2,

one can see that models for which λ̂ > 0 and ε̂ > 0, the Dolgov-Kawasaki criterion is always satisfied

independently of the values of ε, λ and R (note that, since αDKm < 0, the direction of the inequalities

in Table 3.1 are reversed).

For models where m = n the inequality Eq. (3.76) implies, ε+ 2λLm ≥ 0.

Another type of models that is interesting to consider is the ones where f1,2(R) are given by

f1(R) =
k∑

n=1

anR
n

ϕ2(R) =
k′∑
m=1

bmR
m (3.82)

For these models, the inequality Eq. (3.75) becomes,

k∑
n=2

ann(n− 1)Rn−2 + 2λLm
k′∑
m=2

bmm(m− 1)Rm−2 ≥ 0 (3.83)

The stability conditions for models with k, k′ = 2, 3 are presented in Table 3.2.

Once again, one sees that the stability conditions for most of the models are metric dependent.

This fact is in strong contrast with what happens in f(R) theories where the stability can usually
2For n, m ∈ N
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k′ = 2 k′ = 3

k = 2 a2 + 2λLmb2 ≥ 0
a3 > 0 R ≥ −a2+2λLmb2

3a3

a3 < 0 R ≤ a2+2λLmb2
3|a3|

k = 3
λLmb3 > 0 R ≥ −a2+2λLmb2

6λLmb3
a3 + 2λLmb3 > 0 R ≥ − a2+2λLmb2

3(a3+2λLmb3)

λLmb3 < 0 R ≤ a2+2λLmb2
6|λLmb3| a3 + 2λLmb3 < 0 R ≤ a2+2λLmb2

3|a3+2λLmb3|

Table 3.2: Stability conditions for models defined by Eq. (3.83), where it is assumed that R > 0.

be ensured independently of the space-time. This difference does impose further restrictions to f(R)

theories with a matter-curvature coupling as it constrains the Ricci scalar, which may turn out to be

unphysical.
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Conclusions

In this thesis, it has been examined the energy conditions and the Dolgov-Kawasaki stability criterion

in the context of the f(R) theories with a non-minimal curvature-matter coupling.

In Chapter 2 the main properties of the f(R) theories were studied and shown how they can be

interpreted as a scalar-tensor theory of gravity without the kinetic term for the scalar field.

In Section 3.1 the f(R) theories with non-minimal curvature-matter coupling have been introduced

and shown that the field equations can be written as Einstein’s ones with an effective energy-momentum

tensor that contains the higher order terms in R. By comparing the effective energy-momentum tensor

with the one describing the perfect fluid one defines an effective energy density, ρ̂, and an effective

pressure, p̂. An effective gravitational coupling constant arises in this framework and has been used to

suggest a condition for attractive gravity. Also in Section 3.1, it has been reviewed the phenomenology

brought in by the non-minimal coupling. It was shown that the extra coupling induces a violation in

the conservation of the energy-momentum tensor and therefore the motion of point-like particles is in

general non-geodesic. It is also presented a discussion related with the issue of the broken degeneracy

of the various matter Lagrangians densities and shown that caution is required when analysing the

physical implications for this class of f(R) theories.

In Section 3.2, it has been shown that this class of f(R) theories is not equivalent to an usual

scalar-tensor theory due to the existence of unorthodox couplings with the matter Lagrangian density.

It was shown that the resulting scalar-tensor theory involves two scalar fields. Various parametrizations

for the scalar fields were considered.

In Section 3.3 it has been examined the energy conditions for f(R) theories with non-minimal

curvature-matter coupling. It was shown that the SEC and the NEC can be derived directly from the

SEC and the NEC of GR through the transformations ρ→ ρ+ ρ̂ and p→ p+ p̂. The same procedure

was applied to obtain the DEC and WEC. As expected, all generalized energy conditions for a suitable

energy-momentum tensor are strongly dependent on the geometry. The obtained results, in particular

Eqs. (3.11), (3.47), (3.49), (3.50) and (3.51), are quite general and can be used to study the physical

23
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implications of any f(R) model with non-minimal curvature-matter coupling.

In Section 3.4 it was reviewed the origin of the Dolgov-Kawasaki instability and the generalized

criterion was obtained. By applying the obtained result to two types of models it was found that the

Dolgov-Kawasaki criterion depends on the coupling constants of the model as well as on the space-time

under consideration.

Through the application of the encountered conditions to a specific kind of models one notices that

all the energy conditions together with the positiveness of the effective gravitational coupling and the

Dolgov-Kawasaki criterion can be unified in one single inequality with specific parameters.

The fact that all the conditions examined in this thesis depend on the Ricci scalar may impose fur-

ther constraints on the theory since it restricts the Ricci scalar, which might turn out to be unphysical.
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