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Abstract
Some subgrid modelling strategies in large eddy simulations (LES) involve the use of a transport equa-

tion for the subgrid-scale (SGS) kinetic energy. Likewise, for problems regarding active or passive scalar
fields, a SGS scalar variance transport equation is also used. The terms from these transport equations
comprise sub-filter scale quantities that are not accessible during LES and thus require modelling. Our
main focus here concerns the modelling the viscous and the molecular SGS dissipation terms, for which
three strategies are assessed. The models assessed here are (a) the classical model (Schumann (1975)
[1], Yoshizawa (1982) [2]), (b) the model used in hybrid RANS/LES (Paterson and Peltier (2005) [3],
Hanjalic (2005) [4]), and (c) the model for the molecular SGS dissipation of SGS scalar variance from
Jiménez et al. (2001) [5]. A priori tests are performed to the data bank results from direct numerical
simulations of statistically stationary homogeneous isotropic turbulence (da Silva and Pereira (2007) [6])
and the behaviour of these models is interpreted by means of statistical analysis and spectra from the
exact and modelled molecular SGS dissipations. Both classical models for the molecular SGS dissipation
and the model from Jiménez et al. for the molecular SGS dissipation of SGS scalar variance yield very
good results, whereas the models tested here and used in hybrid RANS/LES give poor results.

Keywords: Subgrid-scale modelling, Viscous/molecular SGS dissipation, Isotropic turbulence, Direct
Numerical Simulations

1 Introduction

In large-eddy simulations (LES) the large flow structures which are responsible for the most important
transfers of mass, momentum and heat are explicitly calculated while the effect of the small scales is
modelled by a subgrid-scale (SGS) model. In many flow simulations the small scales of motion are
statistically close to isotropic, carry a relatively small amount of the total kinetic energy, adjust almost
immediately to the dynamics of the large scales, and their major role is associated with the viscous
dissipation of kinetic energy. These facts allowed the development of relatively simple SGS models
possessing some degree of Universality which makes them very attractive compared to other modelling
strategies e.g. based on the Reynolds averaged Navier-Stokes equations - RANS (see [7, 8] for a review
of LES).

However, it has been recognised early on that in some engineering and Natural flows the design of
Universal and simple SGS models would be difficult to achieve for a number of reasons: (i) the isotropic
assumption of the small scale motions is not observed in many flows even at very high Reynolds numbers,
particularly for the passive scalar field [9, 10], (ii) in many LES the SGS motions do possess a significant
part of the total kinetic energy [11] and, closely related to this, (iii) for high Reynolds numbers and/or
coarse meshes the SGS motions need a non-negligible time to adjust to local unsteadiness from the large
scales i.e. the local equilibrium assumption between the large and small scales of motion fails [12, 13].

In order to overcome these limitations numerous SGS models use a transport equation for the SGS
kinetic energy [1, 2, 14, 15, 16, 17, 18, 19, 20, 21]. The use of a transport equation for the SGS kinetic
energy is interesting also to many hybrid RANS/LES and URANS/LES modelling strategies e.g. [22, 23,
24, 25, 26].
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Similarly, in LES involving a passive or active scalar field several new unclosed terms arise. One
way to deal with these unknown terms is to solve an additional SGS scalar variance transport equation
[27]. For example, in LES of reacting flows the variance of the mixture fraction is very important [28].
Therefore, some combustion models use an additional transport equation for the variance of the SGS
mixture fraction e.g. [5, 29, 30].

By far the greatest challenge when modelling the transport equations for the SGS kinetic energy and
SGS scalar variance comes from the viscous/molecular SGS dissipation terms which represent the final
dissipation of SGS kinetic energy and SGS scalar variance caused by viscous/molecular effects, at the
end of the energy cascade mechanism. Compared to the viscous dissipation of (total) kinetic energy and
the molecular dissipation of (total) scalar variance for which much work was already undertaken (e.g.
[31, 32, 33, 34, 35]) few works analysed the viscous/molecular SGS dissipation terms. For the SGS kinetic
energy equation the viscous SGS dissipation term was analysed by Meneveau and O’Neil [36], Menon et
al. [37], da Silva and Métais [12], and Chumakov [38]. Much less is known about the molecular SGS
dissipation of the SGS scalar variance, although some works analysed a related quantity - the sub-filter
scalar dissipation - due to its importance to combustion simulations ([39, 40, 29]).

The classical models used for the molecular SGS dissipation terms are based in the self-similarity of the
energy cascade, but some new models have been proposed recently. For the SGS kinetic energy equation
new models for the viscous SGS dissipation term were developed by Langhe et al. [24], Chaouat and
Schiestel [41], and Chumakov and Rutland [42]. Concerning the SGS scalar variance equation Jiménez et
al. [5, 30], and Chumakov and Rutland [42, 43] proposed new models for the molecular SGS dissipation
term.

The goal of the present work is to assess the performance of several models in a-priori tests. It is
expected that the present analysis will highlight the strengths and limitations of the present models, and
will give new insights which will help the development of more accurate models for the viscous/molecular
SGS dissipation terms. The analysis carried out here is made by applying a box filter to direct nu-
merical simulations (DNS) of statistically stationary (forced) homogeneous isotropic turbulence [6] using
correlation coefficients, joint probability density functions (PDFs), several one point statistics such as
the variance, skewness, and the flatness factors, as well as spectra from the exact and modelled vis-
cous/molecular SGS dissipations. Even if the models analysed here are to be used in much more complex
turbulent flows than in isotropic turbulence, they have to show good results in this simple flow if they
are to succeed in more complex situations.

This article is organised as follows. In the next section the equations governing the exact and modelled
SGS kinetic energy and SGS scalar variance and each one of its terms are described. The classical as
well as new models used for the viscous/molecular SGS dissipation terms are reviewed. In section 3 we
describe the DNS of isotropic turbulence used in this work. Section 4 analyses the performance of the
some models using classical a priori tests. Finally, in section 5 the article ends with an overview of the
main results, conclusions, and perspectives for modelling the viscous/molecular SGS dissipation terms.

2 Governing equations

In this section we review the exact and modelled transport equations for the SGS kinetic energy and SGS
scalar variance. The models currently used for the viscous/molecular SGS dissipation terms are reviewed.

2.1 Evolution of the SGS kinetic energy

The SGS kinetic energy τii/2 is governed by the exact equation see e.g [6, 12, 44],
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where ui is the velocity vector field, τij = uiuj − ui uj is the SGS stresses tensor, ν is the molecular
viscosity, and the overlay symbol ( ) represents a spatial filtering operation. Note that here p means pρ
for convenience, where p is the pressure field.

In equation (1) Dturb, Dpress and Dvisc represent the diffusion of SGS kinetic energy through
SGS turbulent fluctuations, pressure-velocity interactions, and molecular viscosity, respectively. The
final dissipation of SGS energy by molecular viscosity, associated with the “end” of the energy cascade
mechanism, is represented by term Σ - the viscous SGS dissipation term. The two last terms in equation
(1) appear also (with opposite sign) in the grid-scale (GS) kinetic energy equation K = (ui)

2/2, and thus
represent exchanges between the GS and SGS kinetic energy equations. TermDgs/sgs - GS/SGS diffusion
- represents a redistribution due to GS/SGS interactions whereas P - GS/SGS transfer - represents the
net transfer of kinetic energy between GS and SGS. If P > 0 the term acts as a source in equation (1) and
describes the flow of energy from GS into SGS (forward scatter). Backscatter occurs whenever P < 0.

2.2 Evolution of the SGS scalar variance

The exact equation for the evolution of the SGS scalar variance, qθ/2 = [θ2 −θ
2
]/2, is given by (Jiménez

et al. [5, 30]),
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where qj = θuj − θ uj represents the SGS scalar fluxes, Gj = ∂θ/∂xj is the filtered scalar gradient, and
γ is the molecular diffusivity.

In equation (2) terms Dθturb, Dθmolec and Dθgs/sgs represent the diffusion due to SGS motions,
molecular diffusivity and scalar GS/SGS interactions, respectively. The term Σθ is the molecular SGS
dissipation and represents the molecular dissipation of SGS scalar variance, while Pθ is the net transfer
from the GS scalar variance, Θ = (θ)2/2 (see Kang and Meneveau [45], Jiménez et al. [30]). Notice that
for cut-off filters the SGS kinetic energy is equal to τii/2 = u

′′
i u

′′
i /2, where u

′′

i is the subgrid-scale part
of the velocity vector, while the SGS scalar variance becomes qθ/2 = (θ

′′2)/2.

2.3 Modelled equations for the SGS kinetic energy and SGS scalar variance

The SGS kinetic energy transport equation is usually modelled replacing equation (1) by [18, 20],

∂

∂t
(Ksgs) +

∂

∂xj
(Ksgsuj) = D∆ + P∆ − ε∆. (3)

where Ksgs is the modelled SGS kinetic energy τii/2, and the convective term in the lhs of the equation
is written in conservative form. D∆ represents the sum of the diffusion terms from equation (1) Dturb,
Dpress, Dvisc, and Dgs/sgs. The second term on the rhs of equation (3) is the modelled SGS energy
production, P∆ = −τij∂ui/∂xj, and ε∆ is the modelled viscous SGS dissipation corresponding to term Σ

in equation (1).
For the SGS scalar variance the model equation is [14],

∂

∂t
(Θsgs) +

∂

∂xj
(Θsgsuj) = D∆θ + P∆θ − ε∆θ , (4)

where Θsgs is the modelled SGS scalar variance qθ/2, and the terms on the right hand side of equation
(4) account for the diffusion terms in equation (2) Dθturb, Dθpress and Dθmolec, the production term
Pθ, and the molecular SGS dissipation Σθ, respectively.
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2.4 Modelling the viscous/molecular SGS dissipation terms

Arguably, the biggest challenge for modelling in equations (3) and (4) comes from the viscous and
molecular dissipation of SGS kinetic energy and SGS scalar variance, respectively, represented by terms
ε∆ and ε∆θ .

The classical modelling used for ε∆ and ε∆θ is based on the self-similarity of the energy cascade and
on the dissipation law [46]. Supposing that at the subgrid-scale level the characteristic velocity and
length scales are the square root of the SGS kinetic energy u ∼ K

1/2
sgs, and the implicit filter width l ∼ ∆,

respectively, we obtain the classical model for ε∆ [1, 2, 17, 18, 20],

ε∆a = Caε
K

3/2
sgs

∆
, (5)

whereas for the SGS scalar variance equation the dissipation term is modelled by [14],

ε∆θa = Caεθ
K

1/2
sgsΘsgs

∆
. (6)

where Caε and Caεθ are model constants. Considering an inertial range kinetic energy spectrum and an
inertial-convective range scalar variance spectrum, the definitions of the subgrid-scale kinetic energy and
of the subgrid-scale scalar variance, together with equations (5) and (6), lead to the following expressions
for the model constants Caε and Caεθ, [1, 14],

Caε = π

(
2

3CK

)3/2

(7)

and,

Caεθ =
2π

3CθK

(
2

3CK

)1/2

, (8)

where CK and CθK are the Kolmogorov and Obukhov-Corrsin constants, respectively, and the implicit
grid filter ∆ is taken from the inertial and inertial-convective range, where 〈ε〉 =

〈
ε∆a
〉
, and 〈εθ〉 =

〈
ε∆θa
〉
.

Using CK = 1.6 and CθK = 1.34 we get Caε = 0.845 and Caεθ = 2.02, respectively. In most models
these model constants are either chosen as constants for the whole flow (e.g. [1, 14, 19]), or calculated
dynamically (e.g. [17, 18, 20]).

New models for ε∆ and ε∆θ have been proposed recently. In hybrid continuous RANS/LES turbulence
modelling it is sometimes advantageous to model the viscous SGS dissipation by replacing Ksgs by K in
equation (5), which leads to the following model for ε∆ [3, 4],

ε∆b = Cbε
K

3/2

∆
. (9)

A similar equation for the molecular SGS dissipation of SGS scalar variance would be,

ε∆θb = Cbεθ
K

1/2
Θ

∆
. (10)

These formulations are particularly useful to switch between the RANS and the LES modes in the so-
called detached-eddy simulations (DES).

Some models are based on the SGS mechanical-to-thermal time scale ratio

rsgs =
Ksgs/ε

∆

Θsgs/ε
∆
θ

, (11)

which appears as a SGS version of the (total) mechanical-to-thermal time scale ratio defined as,

r =
K/ε

Θ/εθ
(12)

where K = (ui)
2/ is the (total) kinetic energy and Θ = θ2/2 is the (total) scalar variance. Note that

there is now substantial evidence that, at least the mechanical-to-thermal time scale ratio defined in

4



equation (12) is not Universal as attested by Overholt and Pope [32] in numerical simulations of isotropic
turbulence.

In LES involving turbulent combustion some authors prefer to model the “sub-filter scalar dissipation”
term defined by γGjGj since the term γGj Gj in the definition of Σθ can be obtained explicitly from the
filtered scalar fields [5, 29, 39, 40]. In particular Jiménez et al. [5] derived a new model for the sub-filter
scalar dissipation based in equation (11), and on the Smagorinsky [47] and the Yoshizawa [48] models.
The model equation is,

γGjGj =
Ccθ
2

(
Θsgs

Ksgs

)
∂ui

∂xj

∂ui

∂xj
. (13)

Tests in isotropic turbulence suggest that the model constant is approximately equal to Ccθ ∼ 1/Sc. A
similar model for the molecular SGS dissipation ε∆θ would be given by,

ε∆θc =
Ccθ
2

(
Θsgs

Ksgs

)
ε∆. (14)

3 Direct numerical simulations of isotropic turbulence

3.1 Numerical code and data bank description

The numerical code used in the present simulations is a standard pseudo-spectral code in which the
temporal advancement is made with an explicit 3rd order Runge-Kutta scheme. The physical domain
consists in a periodic box of sides 2π and the simulations were fully dealiased using the 3/2 rule. Both the
velocity and scalar large scales were forced in order to sustain the turbulence using the method described
by Alvelius [49]. The same code was recently used by da Silva and Pereira [6, 13].

Three DNS of statistically steady (forced) homogeneous isotropic turbulence usingN = 192 collocation
points in each direction were carried out. The Taylor based Reynolds number and Schmidt numbers for
the three simulations are equal to Reλ = 95.6 and Sc = 0.7; Reλ = 95.6 and Sc = 0.2; and Reλ = 39.4
and Sc = 3.0, respectively. The ratio between the box size and the integral scale is L/L11 > 4 and we
have kmaxη > 1.5 and kmaxηB > 1.5 in all simulations, where η = (ν3/ε)1/4 and ηB = η/Sc1/2 are the
Kolmogorov and Batchelor micro-scales, respectively. For the case Reλ = 95.6 and Sc = 0.7 the velocity
and scalar spectra display a −5/3 range which shows the existence of an inertial range region. Full details
are given in reference [6].

The separation between grid and subgrid-scales was made using a spatial filtering operation defined
by the integral,

φ(~x) =

∫+∆/2

−∆/2

∫+∆/2

−∆/2

∫+∆/2

−∆/2

φ(~x ′)G∆(~x− ~x ′)d~x ′, (15)

where φ(~x) represents the spatially filtered variable φ(~x), and G∆(~x) is the filter kernel. Only box filtering
is used in this work, whose filter kernel is defined by

G∆(~x− ~ξ) =

{
1
∆ if |~x− ~ξ| < ∆

2
0 otherwise

Four different filter widths were used with ∆m = m∆x, with m = 2, 4, 8, 16. Their location in the energy
and scalar variance spectrum is shown in reference [6], where one can see that the implicit cut-off wave
number for the filter with ∆/∆x = 16 is within the inertial range region.

4 Assessment of models for the viscous/molecular dissipation of
SGS kinetic energy and SGS scalar gradient, ε∆ and ε∆θ

The exact or ‘real’ viscous/molecular dissipations of SGS kinetic energy and SGS scalar variance are
defined in equations (1) and (2), respectively, while we denote by ε∆m and ε∆θm the modelled values of
these quantities using a given modelm. Three models were analysed here which we denote bym = a,b, c.
The symbol m = a represents the classical models defined in equations (5) and (6). The new models
used in hybrid RANS/LES defined by equations (9) and (10) are denoted by m = b. Finally, we analyse
also the model proposed by Jiménez et al. [5] for the molecular dissipation of SGS scalar variance ε∆θc.
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All the a priori tests carried out here were made with the data in the LES grid. The results were
obtained using several (10) instantaneous fields from the three DNS described before and used also in
da Silva and Pereira [6, 13] i.e. with (i) Reλ = 39.4 and Sc = 3.0, (ii) Reλ = 95.6 and Sc = 0.7 and,
(iii) Reλ = 95.6 and Sc = 0.2. Moreover, note that in order to conduct the a priori tests the constants
appearing in the equations defining each model e.g. equations (5) and (6) for the classical model, were
set to Caε = 1 and Caεθ = 1, respectively, before being evaluated from the data.

4.1 Analysis of the classical models ε∆a and ε∆θa

Figure 1 shows the correlation coefficients between the exact and the modelled viscous/molecular SGS
dissipations - Corr(Σ, ε∆a ) and Corr(Σθ, ε∆θa). For small filter sizes, characteristic of the dissipative

Figure 1: Correlation coefficients between the exact molecular SGS dissipations (Σ and Σθ) and their
classical models (ε∆a and ε∆θa) defined by equations (5) and (6). The correlations were obtained with filter
widths ∆/∆x = 2, 4, 8, and 16, and were computed using the data in the LES mesh.

range, the correlations between Σ and ε∆a , and between Σθ and ε∆θa are low or moderate. However, all
the correlations increase with the filter size and become actually very high for large i.e. inertial range
filter sizes. An encouraging result which is apparent from the figure is that the correlations tend to be
higher for higher Reynolds numbers. Concerning the scalar field we see here for the first time that the
correlation between the exact and modelled molecular SGS dissipation (Σθ and ε∆θa) is also quite high.

To have a more detailed picture the results described above Figs. 2 (a) and (b) show the joint
probability density functions between Σ and ε∆a , and between Σθ and ε∆θa, for the simulation with Reλ =
95.6 and Sc = 0.7, and filter widths ∆/∆x = 4 and ∆/∆x = 16. For the smaller filter no correlation can be
observed from the shape of the joint PDFs between both Σ and ε∆a , and between Σθ and ε∆θa. However,
in agreement with the correlation coefficients described above, for ∆/∆x = 16 one observes a strong
correlation between the variables. Similar results were observed for the simulations with Reλ = 95.6 and
Sc = 0.2, and for Reλ = 39.4 and Sc = 3.0.

Fig. 3 displays 〈Caε 〉 and 〈Caεθ〉 obtained for all the simulations and filter sizes used in this work.
For Reλ = 95.6 and Sc = 0.7 the constant Caεθ associated with the scalar field displays a slightly larger
variation with the filter size than the constant Caε associated with the velocity field. In particular the
constant Caε is higher for the smaller Reynolds number case.

Despite its Reynolds and Schmidt number dependence, for the higher Reynolds number case the
constants Caε and Caεθ seem to display an asymptotic behaviour, and tend to the theoretical values as the
filter size increases [50].

The results seem to show a linear dependence of C∆εθ from the filter size.
The variance of a given quantity expresses its local “intensity” and therefore is useful in order to

characterise the local “activity” of the SGS dissipation terms. The exact and modelled variances (not
shown) increase with the filter size, implying that the classical models get the correct trend, which reflects
the increasing importance of the molecular SGS dissipation terms when more SGS production - P and Pθ
- contribute to it as the filter size increases. The agreement between Σ and ε∆a is quite good, particularly
for the lower Reynolds number case. A similar comparison between Σθ and ε∆θa shows that the agreement
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(a) (b)

Figure 2: Joint PDFs between (a) the exact (Σ) and modelled (ε∆a ) viscous SGS dissipation and; (b)
between the exact (Σθ) and modelled (ε∆θa) molecular SGS dissipation, for the simulations with Reλ =
95.6, and Sc = 0.7, and for filter widths ∆/∆x = 4 and ∆/∆x = 16. The classical models for the molecular
SGS dissipations ε∆a and ε∆θa are given by equations (5) and (6), respectively.

Figure 3: Constants Caε and Caεθ for all the simulations and filter sizes used in the present work.

is also reasonable, although not as good: no model constant could be chosen in order to obtain a perfect
agreement between Σθ and ε∆θa for all filter sizes. Moreover, the influence of the Schmidt number is
not well reproduced by the model: although the exact molecular SGS dissipation Σθ decreases with the
Schmidt number, its modelled values ε∆θa increase with Sc.

For the viscous SGS dissipation term we see that the agreement between the skewness factor of the
exact Σ and modelled ε∆a quantities is quite good (not shown). Furthermore, the classical model captures
again the correct trend in terms of Reynolds number and filter size i.e. the skewness of both Σ and ε∆a
decreases as the Reynolds number and filter size increases. For the molecular SGS dissipation term again
the results are not as good: once more the influence of the Schmidt number is not well captured, even if
the skewness of both Σθ and ε∆θa seem to be relatively insensitive to changes in the Schmidt number.

The flatness factors for the (exact and modelled) viscous and molecular SGS dissipations terms (not
shown) decrease with increasing filter size for all simulations, which indicates a decrease in the intermi-
tency of the dissipation for large filter sizes (as expected) and are again close to the values from da Silva
and Métais [12]. However, the results showed again that the classical model ε∆a exhibits the correct trend
with the Reynolds number, while ε∆θa does not show the correct trend with the Schmidt number.

Figure 4 (a) and (b) shows the spectra of the exact and modelled viscous/molecular SGS dissipation
terms EΣ(K), EΣθ(K), Ea(K), and Eθa(K) for filter sizes ∆/∆x = 4 and ∆/∆x = 16, were each spectra
results from averaging over several (10) spectra/instantaneous fields.

Comparing the exact and modelled viscous/molecular SGS dissipations in the Fourier space we see
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(a) (b)

Figure 4: Spectrum of the exact (Σ and Σθ) and modelled (ε∆a and ε∆θa) molecular SGS dissipation terms
for filter widths ∆/∆x = 4 (a) and, ∆/∆x = 16 (b), for the simulation with Reλ = 95.6 and Sc = 0.7.
Each spectrum results from averaging over several (10) spectra/instantaneous fields, and in order to
facilitate the comparison between the exact and modelled spectra the model constants were modified to
have EΣ(K = 0) = Ea(K = 0) and EΣθ(K = 0) = Eθa(K = 0).

that the agreement between the spectra is generally very good. Moreover, the good agreement between
the exact and the modelled spectra exists mainly for small and intermediate wave numbers i.e. the
differences arise particularly for high wave numbers, where there is more “energy” in the exact than in
the modelled viscous/molecular SGS dissipations. Another result that becomes apparent from these plots
is that the agreement between the exact and modelled spectra is better for the velocity than for the scalar
field. Qualitatively similar results were obtained with the other filter sizes (not shown).

4.2 Analysis of the hybrid RANS/LES models ε∆b and ε∆θb

We computed the correlation between the two terms of each side of equations (9) and (10) and confirmed
that the local correlation is indeed very small for all the Reynolds and Schmidt numbers and all the
filter sizes considered in this work. All the correlation coefficients are displayed in Fig. 5: we obtained
Corr(Σ, ε∆b ) 6 0.16 and Corr(Σθ, ε∆θb) 6 0.09. Moreover, the correlations between Σ and ε∆b tend to

Figure 5: Correlation coefficients between the exact molecular SGS dissipations (Σ and Σθ) and their
hybrid models (ε∆b and ε∆θb) defined by equations (9) and (10). The correlations were obtained with filter
widths ∆/∆x = 2, 4, 8, and 16, and were computed using the data in the LES mesh.

decrease as the Reynolds number and the filter size increases, while for Corr(Σθ, ε∆θb) it is difficult to
identify a clear trend on Reλ, Sc and ∆. Finally, note that the correlations for the dissipation of SGS
scalar variance tend to be smaller than those for the SGS kinetic energy equation.

8



The joint PDF between Σ and ε∆b , and between Σθ and ε∆θb are shown in Figs. 6 (a) and (b),
respectively. The absence of correlation between the exact and modelled quantities can be observed for

(a) (b)

Figure 6: Joint PDFs between (a) the exact (Σ) and modelled (ε∆b ) viscous SGS dissipation and; (b)
between the exact (Σθ) and modelled (ε∆θb) molecular SGS dissipation, for the simulations with Reλ =
95.6, and Sc = 0.7, and for filter widths ∆/∆x = 4 and ∆/∆x = 16. The hybrid models for the molecular
SGS dissipations ε∆b and ε∆θb are given by equations (9) and (10), respectively.

all the range of their values. Note that no discernible difference can be seen between the joint PDFs for
∆/∆x = 4 and 16. The same occurs for the other filter sizes (not shown).

Finally, the computation of the model constants C∆εb and C∆εθb defined in equations (9) and (10) was
carried out as before. Results are shown in Fig. 7 and show that the values assumed by the constants
change by about three orders of magnitude as the filter size varies between 2 6 ∆/∆x 6 16. Moreover,

Figure 7: Constants Cbε and Cbεθ defined in equations (9) and (10), respectively, for all the simulations
and filter sizes used in the present work.

the values of the constants tend to increase dramatically with the filter size, without any tendency to
reach an asymptotic value.

The analysis of other one-point statistics such as the variance, skewness and flatness showed also the
existence of big differences in terms of statistical characteristics of the exact (Σ and Σθ) and modelled (ε∆b
and ε∆θb) viscous/molecular SGS dissipation terms (not shown). In particular the modelled quantities do
not display the correct trend with the filter size e.g. the variances of Σ and Σθ decreases as the filter size
increases, while the modelled variance ε∆b and ε∆θb increase with the filter size. Moreover, the influence
of the Reynolds and Schmidt number is not well recovered.

In order to visualise the reason behind these discrepancies between the exact and modelled quantities
Fig. 8 shows spectra of the viscous/molecular SGS dissipation terms for all the simulations used in the
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present work. Unlike in the classical model discussed before, the spectral shape of the hybrid models for

(a) (b)

Figure 8: Spectrum of the exact (Σ and Σθ) and modelled (ε∆b and ε∆θb) molecular SGS dissipation terms
for filter widths ∆/∆x = 4 (a) and, ∆/∆x = 16 (b), for the simulation with Reλ = 95.6 and Sc = 0.7.
Each spectrum results from averaging over several (10) spectra/instantaneous fields, and in order to
facilitate the comparison between the exact and modelled spectra the model constants were modified to
have EΣ(K = 0) = Eb(K = 0) and EΣθ(K = 0) = Eθb(K = 0).

the viscous/molecular SGS dissipation terms defined by equations (9) and (10) is very different from the
spectral shape of the real or exact terms.

Furthermore, remark that as with the classical model, the model for the viscous SGS dissipation ε∆b
performs better than the model for the molecular SGS dissipation ε∆θb.

4.3 Analysis of the model from Jiménez ε∆θc

Jiménez et al. [5] define a SGS mechanical-to-thermal time scale ratio rsgs (see equation 11), that is
invoked in the derivation of the model for ε∆c . Specifically, the model by Jiménez et al. [5] implicitly
assumes that

rsgs ∼
1
Sc

(16)

In order to test this hypothesis rsgs was computed from the present data from its definition given by
equation (11). The results are shown in Fig. 9. The values for the (total) mechanical-to-thermal time

Figure 9: Mechanical-to-thermal time scale ratio defined by equation (12) (lines without symbols), and
SGS mechanical-to-thermal time scale ratio defined by equation (11) (lines with symbols) for all the
Reynolds and Schmidt numbers and all the filter sizes used in the present work.

scale ratio r defined in equation (12) are also shown.
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Starting with r the present results show that r tends to increase with the Reynolds number. Moreover
we see that r decreases as the Schmidt number increases. Thus we observe that r is not an universal
variable, since it depends on both the Reynolds and Schmidt numbers in agreement with the results from
Overholt and Pope [32].

Concerning the SGS mechanical-to-thermal time scale ratio rsgs the results displayed in Fig. 9 show
that in addition to its expected dependence on the Reynolds and Schmidt numbers, rsgs varies also with
the filter size. The influence of the filter size is difficult to assess with the present data.

We used the present data also to assess whether rsgs ∼ 1
Sc , as supposed by Jiménez et al. [5]. As can

be seen this is a poor approximation for some cases, while it seems to work reasonably well for others.
The correlation coefficients between the exact (Σθ) and modelled (εθc) molecular SGS dissipation

using the model by Jiménez et al. [5] are shown in Fig. 10 as functions of the Reynolds and Schmidt
numbers, and of the filter size for all the simulations used in the present work. As can be seen all

Figure 10: Correlation coefficients between the exact molecular SGS dissipations (Σθ) and the model
by Jiménez et al. [5] (ε∆θc) defined by equation (14). The correlations were obtained with filter widths
∆/∆x = 2, 4, 8, and 16, and were computed using the data in the LES mesh.

the correlations increase fast as the filter size increases, which is a first good indication. Moreover, the
correlations are higher for the most important case i.e. Reλ = 95.6, Sc = 0.7 and ∆/∆x = 16 (inertial
range).

The joint probability density functions (PDFs) between the exact (Σθ) and the modelled (εθc) molec-
ular SGS dissipation displayed in Fig. 11 complement the information from the analysis of Corr(Σθ, ε∆θc).
For small filter sizes (∆/∆x = 4) there is no correlation between the exact and modelled molecular SGS

Figure 11: Joint PDFs between the exact (Σθ) and modelled (ε∆θc) molecular SGS dissipation, for the
simulations with Reλ = 95.6, and Sc = 0.7, and for filter widths ∆/∆x = 4 and ∆/∆x = 16.
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dissipation, while for large (inertial range) filter sizes ∆/∆x = 16 the correlation is high. The joint proba-
bility density functions show also that this high correlation between Σθ and εθc comes from all the range
of their values.

The results for the model constant Ccεθ defined by equation (14) are displayed in Fig. 12 and show
that the constant assumes values between 0.93 6 Ccεθ 6 5.27 and show a tendency to increase with the
Schmidt number. In contrast with the other models there is no clear trend with the filter size for this

Figure 12: Constant Ccεθ defined in equation (14) for all the simulations and filter sizes used in the present
work.

model. Note that the model constant for this model is related with the SGS mechanical-to-thermal scale
ratio rsgs through Ccεθ = 2rsgs. Therefore we conclude that the determination of the constant Ccεθ in the
model from Jiménez et al. [5] should be improved for other Schmidt numbers i.e. other than Sc ≈ 1.0.

In order to assess the statistical behaviour of the model ε∆θc we computed the variance, skewness, and
flatness of the exact and modelled quantities for all the filter sizes and all the simulations used in this
work. As in the classical model the variance of Σθ (not shown) is well captured by the model ε∆θc i.e. the
modelled variance increases with the filter size. In the present case, however, the agreement between the
exact and modelled variances is better than in the classical model.

Concerning the skewness factor (not shown) we see that the model from Jiménez et al. [5] also provides
the correct result of decreasing skewness with increasing filter size, and is generally in good agreement
with the exact skewness. For the higher filter sizes (i.e. ∆/∆x = 8 and ∆/∆x = 16) the results are also
better than as with the classical model. The same can be said about the evolution of the flatness factor.

To assess the model for the molecular SGS dissipation from Jiménez et al. [5] ε∆θc in the wave number
space Figs. 13 (a) and (b) show spatial three-dimensional spectra of the exact and modelled molecular
SGS dissipation for the simulation with Reλ = 95.6 and Sc = 0.7, and for filter sizes ∆/∆x = 4 and
∆/∆x = 16, respectively. As before we denote the spectra of the exact molecular SGS dissipation by
EΣθ(K) while Eθc(K) represents the spectra of the modelled molecular SGS dissipation. The spectra
Eθa(K) from the classical model is also shown.

By comparing the spectra of the exact and modelled molecular SGS dissipation terms we see that
the agreement obtained with the model from Jiménez et al. [5] is very good for almost all wave number
range. Moreover, note that the results from the model from Jiménez et al. [5] are very similar to the
results from the classical model i.e. Eθc(K) ≈ Eθa(K), again almost everywhere, except near the end of
the wave number range.

5 Conclusions

Using classical a priori tests three models for the molecular dissipation of SGS kinetic energy and SGS
scalar variance were analysed: (a) the classical model by Yoshizawa [2], (b) the model used in hybrid
RANS/LES by e.g. Paterson and Peltier [3] and, (c) the model for the molecular SGS dissipation of SGS
scalar variance from Jiménez et al. [5].
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(a) (b)

Figure 13: Spectrum of the exact (Σθ) and modelled (ε∆θc) molecular SGS dissipation terms for filter
widths ∆/∆x = 4 (a) and, ∆/∆x = 16 (b), for the simulation with Reλ = 95.6 and Sc = 0.7. Each
spectrum results from averaging over several (10) spectra/instantaneous fields, and in order to facilitate
the comparison between the exact and modelled spectra the model constants were modified to have
EΣ(K = 0) = Ec(K = 0) and EΣθ(K = 0) = Eθc(K = 0). Moreover, the spectra for the classical models -
Ea(K), Eθa(K) - is also shown.

Concerning the model constants the results showed that for the classical models the constants tend
asymptotically to the theoretical values. For the model by Jiménez et al. [5] however, the model constant
varies with the Schmidt number in a way which is inconsistent with the approximation rsgs ∼ 1/Sc
proposed by Jiménez et al. [5]. This is a consequence of the lack of Universality of the SGS mechanical-
to-thermal time scale ratio rsgs, which is used by several other models. Indeed, in addition to depending -
like r the mechanical-to-thermal time scale ratio - on the Reynolds and Schmidt number, rsgs depends also
on the size of the implicit grid filter. Therefore a new procedure for the computation of the model constant
(at least for Schmidt numbers lower than Sc ≈ 1) should be pursued. Finally, the model constants used
in the hybrid RANS/LES model increase dramatically with the filter size, therefore making it impossible
to use them as “constants” during a LES. Moreover, it is unlikely that the dynamic procedure will be able
to solve this limitation, and therefore a new methodology for the computation of the model constants
must be developed.

Comparison of several one point statistics from the exact and modelled viscous/molecular SGS dissi-
pation terms showed that both classical as well as the model from Jiménez et al. [5] give generally good
results. For the classical model the results seem to be better for the modelling of Σ than for the modelling
of Σθ, where the model proposed by Jiménez et al. [5] performs even better. On the other hand the
results from the hybrid RANS/LES model showed once again very poor results.

The analysis of the exact and modelled viscous/molecular SGS dissipation terms in the Fourier space
allowed to explain the main reason behind the poor results displayed by the hybrid RANS/LES model.
It turns out that the modelled SGS dissipation given by the hybrid RANS/LES model is concentrated in
much lower wave numbers than the exact molecular SGS dissipation, which represents the real trend to
be reached.

Thus, the present work demonstrated that the classical model used by Schumann [1] is far superior
to the hybrid RANS/LES model from Paterson and Peltier [3]; however, it must be stressed that in some
sense this comparison is a bit unfair to the hybrid RANS/LES model since it uses resolved quantities in
order to model unresolved quantities, whereas the classical model uses unresolved quantities. In practice
the classical model will only be as good as the model used for Ksgs.
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