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Abstract

Foveal images are space-variant representations of the visual field, usu-
ally providing a higher acuity in the image center, to emulate certain as-
pects of the human retina. In this paper we propose a framework for
the synthesis, analysis and processing of foveal images based on Gaussian
shaped receptive fields. We formulate the forward and inverse transfor-
mations between the uniform and non-uniform image spaces, in order to
perform image processing operations in the transform domain we use basic
Operator Theory. We present experiments illustrating the performance of
the proposed approach in a motion estimation and tracking problem, and
compare it with classical approaches to space-variant image processing.

1 Introduction

Visual perception in biological systems is often characterized by space-variant
acquisition and processing mechanisms, in order to reduce the amount of in-
stantaneous information to process and allow fast reactions to external events.
The retinas of mammals have photoreceptors called cones1 that are distributed
non-uniformly as function of the visual angle, according to a log-polar law [6].
They have a high concentration in the fovea2 and a decreasing resolution toward
the periphery of the visual field. Several authors have proposed methods to ac-
quire and process log-polar images [1] and have developed applications in several
fields. However, most of the existing methods do not appropriately model the
information acquisition properties of biological computational elements, the re-
ceptive fields[4]. Usually, the uniform resolution image (from now on denoted
cartesian), is subdivided in compact regions of arbitrary size and shapes, called
superpixels. Then, the pixels in the original image belonging to each of those
regions are “averaged” and the results stored in memory. To address image
processing operations in space-variant images, one of the more formal methods
proposed to date is [8], that proposes graph based operations to perform image
processing and geometrical transformations.

Our approach, instead of superpixels, considers smooth receptive fields as the
basic units of image analysis, with a closer biological interpretation. Log-polar

1photoreceptors dedicated to daylight color processing.
2the central part of the retina, covering about 1 deg of visual angle.
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images are generated by sampling the information on the retina with receptive
fields of Gaussian shapes. We show that the inverse mapping (image reconstruc-
tion) and image geometrical transformations (translations, rotations, scalings)
can derived with the support of some Operator Theory [3], and implemented
with simple matrix operations.

2 Receptive Field Foveation

Ganglion cells are the neuron cells responsible to receive visual information from
photoreceptors and send it to the brain (particularly to the Brodmann area
17). The term receptive field (RF) comes after neurophysiology experiments
demonstrating that visual cells are responsive only to stimulus in a confined
region of the visual field. Also, not all parts of the RF contribute equally to
the cell response, thus leading to the concept of RF profile. Profile functions
have a limited spatial support (the region where a stimulus elicits RF response)
and a well-defined center or location (where a stimulus elicits the maximal RF
response). For a good review paper on these topics see [2].

The information sent by each ganglion cell should be is modeled as the
receptive field response to the cartesian image c

fk =< φk, c >=
m,n∑

i=1,j=1

φk(i, j)c(i, j) (1)

3 Synthesis, Analysis and Similarity Transform

Foveation

For fixed m,n and k < m× n, the space C of the usual Cartesian Images with
size m×n and F the space of the Foveated Images with k pixels are considered
discrete Hilbert Spaces 3, moreover the foveation process is an operator that
maps C on F . We define Fov such us:

Fov : C → F

c → Φ · c

where Φ is a matrix where each row k is the photoreceptor φk and c, the cartesian
image.

We follow the approach proposed on [5] and model each ganglion cell re-
ceptive field as a Gaussian Function φk where the average is the center of the
receptive field and the variance depend on its distance to the center.

φk(i, j) = gµk,σk
(i, j) =

1
σk

√
2π

exp
(
−||(i, j)− (µki , µkj )||2

2σ2
k

)
(2)

i = 1, . . . ,m j = 1, . . . , n

3The inner product between two cartesian images c1, c2 is given by:∑m,n
i=1,j=1 c1(i, j)c2(i, j) and between two foveated images f1, f2 is

∑
k f1(k)f2(k). Both

Cartesian and Foveated Image spaces, with norms induced by the inner products are
complete, therefore they are Hilbert Spaces.
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(a) Cartesian Image (b) Sampling (c) Reconstruction

Figure 1: Cartesian Image and Gaussian Foveation reconstruction

Inverse Foveation

Fov is injective but not surjective, therefore there is not a inverse operator.
However, we can guarantee that Fov is right invertible, meaning, there is Fov−1

such as f = Fov(Fov−1(f)).
We define

Fov−1 : F → C

Fov−1(f) = Φ+f

where Φ+ is the Moore-Penrose Pseudo-inverse of Φ. This operator is well de-
fined, i.e., it is right inverse of Fov. The rows of Φ are linear independent, there-
fore we have that Φ+ = ΦT (ΦΦT )−1. Moreover, if f = Fov(c), c̃ = Fov−1(f)
is the best solution on the least squares meaning, i.e., ||c̃ − c||2 is the minimal
solution [7].

Similarity transforms on the foveal domain

An operator is just a map between Hilbert Spaces, therefore we can model
the usual image operations like operators on C. Particularly, the translation
(∆i, ∆j) is given by the operator4:

T :C → CT (c(i, j)) = c(i−∆i, j −∆j)

On one hand, the corresponding operator on the foveal domain TF : F → F
should simulate Fov(T (c)) without recurring to the cartesian image (providing
less operations). On the other hand, any linear and bounded operator has a
adjoint operator [3], meaning that the adjoint operator of T , T ∗, can be applied
on the receptive fields instead of the cartesian image.

TF (fk) = Fov(T (c))
=< φk, T (c) >

=< T ∗(φk), c >

4While dealing with images, we assume that the image was not defined beyond it given
limits
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Moreover, the adjoint operator of T is the inverse transform of T . Since we
have:

< φk, T (c) > =
∑

i

∑

j

φk(i, j)T (c(i, j))

=
∑

i

∑

j

φk(i, j)c(i−∆i, j −∆j) take i′ = i−∆i, j′ = j −∆j

=
∑

i′

∑

j′
φk(i′ + ∆i, j′ + ∆j)c(i′, j′)

=< T−1(φk), c >

So, we define the translation on the foveal domain for each pixel k such as:

TF (fk) =< T−1(φk), Φ+f >

meaning, that for the foveated image we have that

TF (f) = T−1(Φ)Φ+f

where T−1(Φ) is a matrix where each row k is given by T−1(φk).
Analogously, if S is one similarity transform (translation, rotation and scal-

ing), the corresponding SF on the foveal domain is given by

SF (f) = S−1(Φ)Φ+f (3)

4 Results

On this section we show results obtain for the image reconstruction and tracking
in a video sequence in the foveal domain. The results are compared with the
usual super pixel approach [8]. In both tests the number of logpolar pixels and
their distribution are the same. We generate the super pixels first, and then,
with their centroid ξ and area η, we define the center of the receptive field as ξ
and the support of the Gaussian is given by 9η

4 .

Reconstruction

If L is the super pixel method for foveation and L−1 its reconstruction, we
compare both methods using the relative error measure:

εSP =
||c− L−1(L(c))||2

||c||

εGF =
||c− Fov−1(Fov(c))||2

||c||
over the “USC-SIPI Image Database”. On this database, there are 4 types of
images: Aerials (38 images), Miscellaneous (44 images), Sequences (70 images in
4 sequences) and Textures (154 images). The cartesian images were normalized
to size 100× 100, there were 1374 foveated pixels.
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Cartesian Super Pixel Foveation Gaussian Foveation

Aerials

Miscellaneous

Sequences

Textures

Table 1: Reconstruction examples with Super Pixel and Gaussian Foveation

Method Aerials Miscellaneous Sequences Textures

Super Pixel 1.93% 3.66% 3.75% 7.03%
Gaussian Foveation 1.88% 3.08% 2.86% 6.83%

Table 2: Error average of the image reconstruction

Method Aerials Miscellaneous Sequences Textures

Super Pixel 0.03% 0.001% 0.02% 0.41%
Gaussian Foveation 0.02% 0.08% 0.02% 0.394%

Table 3: Error variance of the image reconstruction
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(a) Frame 15 (b) Frame 150

(c) Frame 350 (d) Frame 450

Figure 2: Passive tracking using Gaussian Foveation on Film A

On tables 2 and 3, one can verify that our approach performs better than
the usual one, once they are over the same conditions. As the images on table 1
illustrates, reconstruction using our method provides a better interpolation and
smoothness in the transition between pixels. This provides not only less error
in terms of the defined metrics but also better and mores pleasant visualization
since the discretisation effect almost disappear.

Tracking

The tracking problem consists in discovering the motion of one object during
time. There are numerous methods to solve this problem we applied the tem-
plate match method. This method is very simple, the main idea is to search for
the motion that produces less error, in a discrete set of hypothesis.

There are two possible tracking approaches for this problem: one passive
(considering that the camera is fixed) the other is active (considering that, the
camera dynamically changes its parameters to track the object).This type of
search makes more sense in a biological paradigm because the eyes of humans
track the objects when they move in the environment, trying to center their
projections on the highest resolution area, the fovea.

Using two videos, we compared Gaussian Foveation with the Super Pixel
approach, on passive (see figure 2) and active tracking with several target ve-
locities, meaning, on velocity one we analyzed all frames of the video sequence,
on velocity two we analyzed every second frame, on velocity three we analyzed
all third frame... The increasing of the velocity allow us to test the robustness
on tracking at long distances.

On both approaches, the grid of possible motions had resolution ∆h =
2 and ∆v = 2 pixels (horizontal and vertical, respectively), size 7 × 7 and the
number of foveated pixels was 1284.

In most of the cases, the tracking results were the same, meaning that, on
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(a) Super Pixel (b) Gaussian Foveation

Figure 3: Distances to ground truth on film A with velocity one, two, and three

velocity one, both approaches were able to follow the focus point. Both failed
at velocity 3,(see figure 3) when applied on the film A and B.

However, there was one case (see figure 4) where Super Pixel approach was
not able to follow the tracking point and the Gaussian Foveation was. This does
not demonstrate a general behavior but it indicates a potential higher robustness
of the Gaussian Foveation method. Obviously, this conjecture must be further
studied.

5 Conclusion and Future Work

The approach here presented is inspired on complex biological structures: the
receptive fields of ganglion cells. The foveation method was implemented using
simple matrix operations, which can be very costly, but provides good results.
The reconstruction method provides the least squares solution, but it can be ill
conditioned due to the receptive fields’ distribution. However, this problem can
be solved with some regularization methods. Employing adjoint operators, it
is possible to implement the usual cartesian transforms on the foveal domain,
which means that the problems before required with neighbors here do not
appear. Due the flexibility of our approach, one can make simple improvements
that may improve the results.

There are biological works, which model receptive fields as Difference of
Gaussians, instead of Gaussians. Of course, this approach looses the scale-space
invariance, but wins on the biological formulation.

The ill condition of Φ∗Φ is related with the receptive fields shape, distribu-
tion and density. From the Frame Theory, it is possible to relate the condition of
Φ directly with the functions φk [7], and measure the “quality” of the functions
in therms of their approximation to an orthonormal basis (note that as close
{φk} is to a orthonormal basis, as better condition of Φ). Therefore, the Frame
Theory could be very helpful to find the optimal solution for the receptive field
model.

Moreover, regularization methods can be helpful on image reconstruction.
For instance, it should be find the best factor τ that improves the results using
the Tikonov regularization.
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(a) Frame 15 (b) Frame 150

(c) Frame 250 (d) Frame 260

Figure 4: Active tracking using Super Pixel on Film B

The usual image processing methods (like filters) should be adapted to the
foveal domain using the operator theory. Ideally, a library with these news
methods can be constructed.
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