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The Standard Model and its extensions

The Standard Model of particle physics has had great success in explaining a tremendous amount of
experimental data. Even the recent discovery of neutrino mass can easily be incorporated into the SM in
various ways. In spite of this, it is a model with many parameters whose values must be inputted since no
prediction is made about them. Notably, fermion masses and mixing parameters are unconstrained from
a theoretical point of view. This thesis elaborates on the use of discrete family symmetries to restrict the
values of these parameters.

Two types of mass terms are possible:
1. Dirac masses -

−L = ...+ ΨLΦYDψR + h.c. (1)

2. Majorana masses, for neutral fields -

−L = ...+
1
2
ψTRCMRψR + h.c. (2)

After spontaneous symmetry breakdown, the Higgs fields acquires a vacuum expectation value v√
2
so

that MD = v√
2
YD. If a particle has both types of mass terms, in the limit of where the entries of MR

are much larger than those of MD, the left handed fields acquire the following effective Lagrangian mass
term:

− 〈L 〉 = ...+
1
2
ψTLCM

∗
effψL + h.c. (3)

with

Meff = MDM
−1
R MT

D (4)

For charged leptons and neutrinos in particular, whose left handed components form SU (2)L doublets,
one is not interested in the 9 × 2 = 18 complex entries of the two mass matrices. In fact, the only
observables are:

1. The matrices eigenvalues, which are the particle masses;

2. The mismatch Vpmns = U l †L U
ν
L between the matrix that diagonalizes from the left the charged

leptons mass matrix, U lL, and the matrix that diagonalizes on the charged leptons mass matrix, UνL.

However, not even all of Vpmns’s information is relevant. Only three mixing angles θij , one Dirac complex
phase δ and two possible Majorana phases, α and β , are physical observables (cos θij ≡ cij ; sin θij ≡ sij):

Vpmns =

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

 .
 eiα 0 0

0 eiβ 0
0 0 1

 (5)

Parameter central value 99% C.L. range

tan2 θ12 0.45± 0.05 30o < θ12 < 38o

sin2 2θ23 1.02± 0.04 36o < θ23 < 54o

sin2 2θ13 0± 0.05 θ13 < 10o

Table 1: Experimental values of Vpmns’s mixing angles
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Leptonic tri-bimaximal mixing
Neutrino oscillations experiments provide knowledge on the leptonic mixing matrix (table 1). With
increasingly precise data on the entries of Vpmns (or simply V ), special forms were proposed for the
leptonic mixing matrix. Trimaximal and bimaximal mixing were two of them:

|V |2 =

 1
3

1
3

1
3

1
3

1
3

1
3

1
3

1
3

1
3

 (trimaximal) |V |2 =

 1
2

1
2 0

1
4

1
4

1
2

1
4

1
4

1
2

 (bimaximal) (6)

(|V |2ij ≡ |Vij |
2). Experimental data eventually excluded both of these forms, paving the way to “opti-

mized bimaximal mixing” or tri-bimaximal mixing which is also often called HPS mixing after its first
proponents:

|V |2 =

 2
3

1
3 0

1
6

1
3

1
2

1
6

1
3

1
2

 (tri− bimaximal) (7)

Clearly, ν2 is trimaximally mixed (second column) and ν3 is bimaximally mixed (third column). A
particular choice of phases leads to

Vhps =


√

2√
3

1√
3

0
− 1√

6
1√
3
− 1√

2

− 1√
6

1√
3

1√
2

 (8)

HPS mixing has the following angles:

θ12 = arcsin
1√
3
≈ 35.3o (9)

θ13 = 0 (10)

θ23 =
π

4
= 45o (11)

These values are well inside the 99% confidence level ranges shown in table 1. With θ13 = 0 , tri-bimaximal
mixing implies that there is no CP violation.

If neutrinos are Majorana particles, in the flavour basis

Mν = V ∗hps.diag (m1,m2,m3) .V †hps

=

 a b b
b a+ c b− c
b b− c a+ c

 ≡Mhps
ν (12)

where a, b, c are linear combinations of the masses. Note that Vhps can be viewed as a special case of
θ13 = 0, θ23 = π

4 and arbitrary θ12. In such a scenario, in the flavour basis,

Mν =

 a b b
b c d
b d c

 (13)

with θ12 given by

tan 2θ12 =
2
√

2b
c+ d− a

(14)

HPS mixing follows when a+ b = c+ d .
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Theoretical considerations on models based on discrete family sym-
metries

There are many models in literature that use discrete family symmetries to obtain tri-bimaximal mixing.
They might use supersymmetry, extra dimensions and one or more Higgs singlets, doublets, and triplets.
There are also invariably some ad hoc assumptions that restrict the form of the Yukawa interaction and/or
induce the desired Higgs’ vacuum expectation values (vevs) alignment. It probably is fair to say that the
authors of such models view a particular way to get tri-bimaximal mixing with family symmetries and
from there a complete model is elaborated, with the introduction of the necessary extensions mechanisms
of the SM. In this thesis, the aim is not to arrive at a particular model. Instead, the goal is to research
some of the properties of a whole class of models, with no ad hoc assumptions. The models considered are
quite simple; I only consider the possible existence of more Higgs doublet besides the SM one. To these
and to the various families of left and right handed fermions one introduces a discrete transformation
rule, for which the Lagrangian is assumed to be invariant.

These models can be divided in two classes: models with a single Higgs doublet that is invariant under
the discrete symmetry and all other models. The first case is a major simplification of the latter one. I
use this relative simplicity of one Higgs models to explore different ways of applying a discrete symmetry
to the fields.

In general,

ψL → ψ′L = LiψL (15)
ψR → ψ′R = RjψR (16)

Φ → Φ′ = HkΦ (17)

where ψL, ψR, and Φ are multiplets of left handed fermions, right handed fermions and Higgs doublets,
respectively. L, R and H are representations of some groups Gl, Gr, and Gh so that Li ≡ L (gli),
Ri ≡ R (gli), Hi ≡ H (ghi

) with gli ∈ Gl, gri
∈ Gr, ghi

∈ Gh. Since physical significant parameters
must be invariant for any change of basis, we can work with fully reduced L, R and H representations.
This means that these are sets of block diagonal matrices, with the diagonal blocks being irreducible
representations (irreps).

Models with one invariant Higgs doublet

With one invariant Higgs doublet, all we need to worry about is the left and right handed multiplets
of fields. The Lagrangian will remain invariant under the symmetry transformation if the various mass
matrices respect the following conditions:

MD = L†iMDRj (18)

HD = L†iHDLi (19)
MR = RTj MRRj (20)

Meff = L†iMeffL
∗
i (21)

(HD = MDM
†
D). If L acts simultaneously with R (synchronous action), then i = j. If not, these

two indexes are independent of each other (asynchronous action). Since the representations are block
diagonalized, we would like to do the above matrix products blockwise. To do so, the mass matrices have
to be partitioned in blocks. The size of these partitions are determined by the irreps on the right and
left sides of the mass matrices. For instance, if some matrix X,

X =

 x11 x12 x13

x21 x22 x23

x31 x32 x33

 (22)

, is under the constraint X = L†iXRj with L = R = 1⊕ 2, then the blocks (αβ) of X, [X]αβ , would be
defined as
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[X]11 = [x11] [X]12 =
[
x12 x13

]
[X]21 =

[
x21

x31

]
[X]22 =

[
x22 x23

x32 x33

]
(23)

With this notation, in general, Li = diag ([Li]11 , [Li]22 , ...) and Ri = diag ([Ri]11 , [Ri]22 , ...).
Block by block, equations 18-21 read

[Li]αα [MD]αβ = [MD]αβ [Rj ]ββ (no sum in α, β) (24)

[Li]αα [HD]αβ = [HD]αβ [Li]ββ (no sum in α, β) (25)

[Rj ]
∗
αα [MR]αβ = [MR]αβ [Rj ]ββ (no sum in α, β) (26)

[Li]αα [Meff ]αβ = [Meff ]αβ [Li]
∗
ββ (no sum in α, β) (27)

Two additional definitions are necessary:

• For any i and j, the indexes ij and ij are defined as gij ≡ gigj and hij ≡ hihj with gi, gj ∈ Gl,
hi, hj ∈ Gr. If Gl = Gr, naturally ij = ij for all i, j;

• The τL and τR matrices are defined by the relations

[Li]
∗
αα ≡ τLαβ [Li]ββ τ

L†
αβ ∀i (28)

[Ri]
∗
αα ≡ τRαβ [Ri]ββ τ

R†
αβ ∀i (29)

if the irreps [L]∗αα and [L]ββ ([R]∗αα and [R]ββ) are equivalent. In other words, the τ matrices are
the change of basis matrices between an irrep I and its equivalent conjugate representation I∗. For
our purposes, it is possible to go to a basis where the τ matrices can be chosen as permutation
matrices P such that P 2 = 1.

Applying Schur’s lemmas to equations 24-27 yields the results in table 2.

R/L group action relation Non-null blocks allowed

synchronous [MD]αβ = λαβ1 if [Li]αα = [Ri]ββ ∀i if G = H

synchronous [HD]αβ = λαβ1 if [Lij ]αα =
[
Lij

]
αα

= [Lij ]ββ =
[
Lij

]
ββ
∀i,j

synchronous [MR]αβ = λαβτ
R
αβ if [R]αα ∼ [R]∗ββ

synchronous [Meff ]αβ = λαβτ
L∗
αβ if [L]αα ∼ [L]∗ββ

asynchronous [MD]αβ = λαβ if [Li]αα = [Ri]ββ = 1 ∀i if G = H

asynchronous [HD]αβ = λαβ if [Li]αα = [Li]ββ = 1 ∀i

asynchronous MR (same as in the synchronous case)

asynchronous Meff (same as in the synchronous case)

Table 2: The form of the non-null blocks of the mass matrices (the λ’s are scalars constants). Matrix
blocks that do not meet these conditions must be null.

An exhaustive listing of all possibilities shows that tri-bimaximal mixing is unobtainable with these
models.
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Models with multiple Higgs doublets
With n Higgs doublets, there will be n 3 × 3 Yukawa matrices Mi (i = 1, ..., n) that contribute to the
Dirac mass matrix MD:

LY =
∑
i,j,k

mijkψ
∗
L iΦjψRk + h.c.

=
n∑
i=1

ψ†LMiψRΦi + h.c. (30)

with (Mi)jk = mjik. Note that we can ignore the Dirac and SU (2)L structure of the fields. Doing so, if
the Higgs fields acquire the vev

〈Φ〉 =

 〈Φ1〉
...
〈Φn〉

 =

 c1
...
cn

 (31)

then

MD =
∑
i

ciMi (32)

Because we have to deal with a rank-3 tensor mijk, one often resorts to a tensorial treatment of the
problem. Even with multiple Higgs though, I find that the matricial picture is clearer since, in the end,
when MD is calculated the j index in mijk disappears and the resulting Dirac mass is invariably seen
in the matricial picture. For this reason, I will cast the analysis of these family symmetric models as
consisting in knowing the properties of the Mi matrices. The Higgs vevs ci are also very important to
the understanding of the consequences of these models. However, I do not dwell into the problem of
minimizing the Higgs potential; the ci coefficients are taken as arbitrary numbers. Instead, I focus on
the Mi matrices.

L, R, H are assumed to be representations of the same group that act synchronously on the fields.
In my thesis, five main results on the structure of the Mi matrices are shown.

Division of the Mi’s in zones

If L = Irrep− 1⊕ Irrep− 2⊕ · · ·, the components of ψL transforming with Irrep−i won’t mix under the
symmetry with the other components of the multiplet. The same thing happens with R/ψR and H/Φ.
This effectively partitions the set of Mi matrices in zones that are independent of each other since the
discrete symmetry does not relate entries of different zones. Each of these zones is associated with one
direct product of irreps from L, R, and H. As an example, if dH, dL, dR are irreps in L, R, and H
representations (with dimensions dH , dL, and dR) there will be a zone associated with dH ⊗ dL ⊗ dR

that spans across dH matrices, dL matrix rows, and dR matrix columns (figure 1). This means that the
invariants of the direct product representation H⊗L⊗R can be chosen so that each is entirely contained
in a single zone of the Mi matrices, i.e., none of the parameters of the mass matrices span across multiple
zones.

Maximum invariants per zone

If sx⊗y⊗z is used to represent the number of times the trivial representation 1 is present in a zone x⊗y⊗z
with dimensions x, y, and z then, from basic character theory,

sx⊗y⊗z ≤ int

[
xyz

max (x, y, z)2

]
(33)

where int (x) is the integer part of x. Since sx⊗y⊗z measures the number of invariants that a zone can
have, the above formula effectively gives an upper limit to the distinct parameter that each zone has.
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Figure 1: An examples of division in zones of the Mi matrices with H = 2 ⊕ 1, L = 2′ ⊕ 1′, and
R = 2′′ ⊕ 1′′. The connection between irreps and the various zones is as follows: zone A = 2⊗ 2′ ⊗ 2′′,
zone B = 2⊗2′⊗1′′, zone C = 2⊗1′⊗2′′, zone D = 2⊗1′⊗1′′, zone E = 1⊗2′⊗2′′, zone F = 1⊗2′⊗1′′,
zone G = 1⊗ 1′ ⊗ 2′′, zone H = 1⊗ 1′ ⊗ 1′′.

Orthonormality relations

With multiple Higgs, in order to apply Schur’s lemmas as in single Higgs models, one must decompose
the direct product representation H⊗L into irreducible representations. This is equivalent to calculating
Clebsch-Gordon coefficients, which are group dependent quantities. Instead of doing that, one can deduce
from Schur’s lemmas the following general orthonormality relations of the mjik entries of a zone z =
dH ⊗ dL ⊗ dR:

over zone z∑
α,β

m∗αβimαβj =
cz
dR
δij i, j ∈ zone z (34)

over zone z∑
α,β

m∗αiβmαjβ =
cz
dH

δij i, j ∈ zone z (35)

over zone z∑
α,β

m∗iαβmjαβ =
cz
dL
δij i, j ∈ zone z (36)

Geometrical, this is equivalent to the orthonormality of sets of vectors made up from the mjik entries,
as shown in figure 2.

Chain relations

Many irreps have a curious property: its matrices have, just like permutation matrices, only one non-null
entry in each column and in each row. This leads to a particularly simple structure of the Mi matrices:
each of its entries mjik is either equal to zero or just one parameter λi times a constant with absolute
value one.

Size of invariants

The orthonormality relations and the chain relations taken together impose conditions on the number of
times a given parameter shows up in a zone dH ⊗ dL ⊗ dR (with dimensions dH , dL, and dR). In fact,
the number of appearances of a parameter λi in that zone must be a multiple of dH , dL, and dR, i.e., it
must be a multiple of lcm (dH , dL, dR) (lcm = least common multiple).

These properties impose strong restrictions on the Mi matrices. With them, it is possible in many
cases to have a fairly good picture of what structures are achievable. However, some of the information
contained in the Mi matrices is lost when a linear combination of them is made to obtain the Dirac mass
matrix. This is a problem since very often one has a particularMD matrix in mind and one wants to know
what are the necessary group representations that would lead to it. To completely address this issue, the
vacuum expectation values of the Higgs fields in a model with a given symmetry must be known.
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Figure 2: In the top are the three Mi matrices for the choice of group G = ∆ (27) and with L∗ = R =
H = 3a (a single 3× 3× 3 zone includes all the 27 entries of M1, M2, and M3). There are three distinct
ways of building triplets of 9-dimensional vectors from the mijk entries: for some i = 1, 2, 3 we may
collect all entries associated with ψL i, ψR i or Φi. The resulting triplets of vectors are orthogonal and
share the same norm between themselves. Actually the norm of all vectors is the same across triplets of
vectors (= |λ1|2 + |λ2|2 + |λ3|2) since the dimensions of the L, H and R representations are the same.

There is another problem though. For instance, to obtain tri-bimaximal mixing, there is more than
just a single pair of matrices MD (ν) and MD (l) that would lead to it; we can always make a weak basis
transformation on the fields and the physics will still be the same. The reason this is a problem is that,
from the group theoretical point of view, there is a privileged basis in which the analysis of the symmetry
transformation is clearer. That is the basis where the R, L, and H representations are reduced. The
difficulty comes from not knowing to what weak basis that corresponds to. Putting it in another way, we
do not know the forms of MD (ν) and MD (l) that would lead to tri-bimaximal mixing in the basis where
the group representations are reduced.
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Conclusion
Symmetry is a powerful concept in physics as can be seen in gauge theories and in many other areas.
In particular, the SU (3)c, SU (2)L, and U (1)Y symmetries are of the utmost importance in describing
the Standard Model. An active field of research is the use of discrete symmetries to explain the family
structure of the Standard Model. In my thesis I study the general properties of these models, with one
or more Higgs doublets, and analyze the possibility of obtaining leptonic tri-bimaximal mixing.

For models with one invariant Higgs doublet, a comprehensive study showed that leptonic tri-bimaximal
mixing is unobtainable without further assumptions. Working with fully reduced representations proved
to be the natural choice, as well as the simplest one.

As for models with more than one Higgs doublet, it was not possible either to obtain leptonic tri-
bimaximal mixing or to exclude the possibility of that being possible. Nonetheless, the methods shown
impose strong restrictions on the Yukawa couplings, hence, they should prove useful in the discussion of
this, or any other type of mixing, in the class of models considered.
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