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Parametric instabilities are central in many problems in plasma physics, in particular in laser-plasma
interactions. Standard approaches are either based on a plane wave description or an incoherent pump
(random phase approximation). In reality, most systems show partial coherence, where incoherence is induced
by fluctuations or external passive systems (such is the case of inertial confinement fusion, for example). In
recent works, a generalized Wigner-Moyal statistical theory of radiation, or generalized photon kinetics
(GPK), has been introduced. GPK is formally equivalent to the full wave equation, thus allowing for a
detailed description of stimulated scattering processes driven by partially coherent light. We have applied
GPK to obtain a general dispersion relation for Stimulated Brillouin Scattering (SBS) driven by a spatially
stationary radiation field with arbitrary statistics, which is valid for all ranges of coherence of the pump field.
The monochromatic limit has been recovered from our general result, reproducing the classic monochromatic
dispersion relation. The general dispersion relation has been numerically further explored, allowing for a
study of the growth rate of the instability as a simultaneous function of the bandwidth of the pump wave,
the intensity of the incident field, and the wavenumber of the scattered wave. The growth rate of SBS can
be reduced by 1/3 for a bandwidth of 0.3 nm, for typical NIF parameters. A detailed comparison of our
results with previous models for Forward SBS and Stimulated Brillouin Backscattering is also presented, as
well as a comparison of the analytical results with one-dimensional particle-in-cell simulations.

I. INTRODUCTION

Due to the increasing attention dedicated to nonlinear and col-
lective effects, the study of parametric instabilities has recently be-
come a mandatory concern, reaching many fields of science [1]-[4].
The most common approach to the problem uses a coherent wave
description, but the externally induced incoherence or the only par-
tial coherence of most systems render this method incomplete.

The use of the Wigner distribution has proven to be powerful
in studying this kind of instabilties, as some major developments
have been carried out in nonlinear optics. With a derivation of
a statistical description of a partially incoherent electromagnetic
wave propagating in a nonlinear medium [5], it became clear that
a stabilization of the modulational instability is possible as a re-
sult of an effect similar to Landau damping and caused by random
phase fluctuations of the propagating wave, which is equivalent to
the broadening of the Wigner spectrum. In similar studies [6],
[7], focusing on the onset of the transverse instability in nonlinear
media in the presence of a partially incoherent light, the Wigner
distribution was once more confirmed as a suitable approach. The
faster progression in nonlinear optics is partially justified by the
validity of the paraxial wave approximation, which justifies a for-
ward propagating ansatz for the evolution of electromagnetic waves
in dispersive nonlinear media. In plasma physics, this is clearly a
limitation, as many critical aspects in ICF, fast ignition and several
applications in laser-plasma and astrophysical scenarios demand a
detailed analysis of backscattered radiation.

The inclusion of bandwidth or incoherence effects in laser driven
parametric instabilities has also been studied extensively. The ad-
dition of small random deflections to the phase of a plane wave was
shown to significantly suppress the three-wave decay instability [8],
which was one of the first suggestions of the spoiling of the laser
coherence as a mean to avoid its deleterious effects. The threshold
values for some electrostatic instabilities can also be effectively in-
creased either by applying a random amplitude modulation to the
laser or by the inclusion of a finite bandwidth of the pump wave
[9], [10]. A new method for the inclusion of finite bandwidth effects
on parametric instabilities, allowing arbitrary fluctuations of any
group velocity, has also been developed [11], [12]. As far as the
Stimulated Raman Scattering instability is concerned, it became
clear that, although it may seriously decollimate a coherent laser
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beam, laser bandwidth is an effective way to suppress the instabil-
ity [13].

A statistical description of light can be achieved through the
Wigner-Moyal formalism of quantum mechanics, which provides,
in its original formulation, a one-mode description of systems ruled
by Schrödinger-like equations. In order to address other processes
apart from the direct forward scattering, a generalization of this
Photon Kinetics theory (GPK) was recently developed by J. E.
Santos et al. [15]. This new formulation is completely equivalent
to the full Klein-Gordon equation and was readily employed to
derive a general dispersion relation for stimulated Raman scattering
driven by white light [16].

In this paper, we focus on the study of the analytical and nu-
merical properties of another white light parametric instability oc-
curring in a plasma, the stimulated Brillouin scattering (SBS), and
check its consistency with previous models. The suppression of the
growth rate of the instability as a result of the inclusion of band-
width in the pump wave is qualitative and quantitatively verified
for realistic NIF parameters. We also perform broadband simula-
tions of white light driven parametric instabilities, describing the
implementation of a new module of the OSIRIS 2.0 PIC code that
allows for pump waves with nonzero bandwidth.

This paper is organized as follows. In section II , we employ
GPK to derive a general dispersion relation for SBS driven by a
spatially stationary field with arbitrary statistics. We perform a
detailed analytical study of different regimes of SBS and compare
it with classical references dealing with the monochromatic limit
of the instability. The whole domain of unstable wave numbers is
numerically explored for a wide range of bandwidth choices. In
section III, we compare the results of the numerical solution of our
complete dispersion relation with the ones provided by a previous
model for broadband SBS. In section IV, we support the results pre-
sented in the previous sections with output from PIC simulations.
After a detailed study of an appropriate scenario for the onset of
SBS pumped by a standard plane wave, we discuss and describe an
implementation of pump wave’s bandwidth in OSIRIS 2.0 and per-
form simulations of broadband effects in parametric instabilities.
Finally, in section V, we state the conclusions.

II. BROADBAND STIMULATED BRILLOUIN
SCATTERING

In the following we use normalized units, where length is nor-
malized to c/ωp0, with c the velocity of light in vacuum and

ωp0 = (4πe2ne0/mec2)1/2 the electron plasma frequency, time
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to 1/ωp0, mass and absolute charge to those of the electron, re-
spectively, me and e, with e > 0. The plasma is modeled as an
interpenetrating fluid of both electrons and ions, with ne0 and
ni0 their equilibrium (zeroth order) particle densities, respectively.
Densities are also normalized to the equilibrium electron density,
so we have ne0 = 1 and ni0 = 1/Z, where Z is the electric
charge of the ions in units of e. As detailed in Ref. [16], we use
ap(r, t) = 2−1/2(ẑ + iŷ)a0

R
dkA(k)exp[i(k.r − (k2 + 1)1/2t)] as

the normalized vector potential of the circularly polarized pump
field, ap = eAp/mec2, where (k2 + 1)1/2 ≡ ω(k) is the monochro-
matic dispersion relation in a uniform plasma. We also allow for a
stochastic component in the phase of the vector potential A(k) =

Â(k)exp[iψ(r, t)] such that
˙
a∗p(r + y/2, t).ap(r− y/2)

¸
= a2

0m(y)
is independent of r with m(0) = 1 and |m(y)| is bounded between
0 and 1, which means that the field is spatially stationary. In this
section, q̃ denotes the first-order component of a generic quantity q.
Unless specifically stated, the same notation for the functions and
their Fourier transforms is used, as the argument of such functions
(either (r, t) or (k, ω)) avoids any confusion. To obtain a disper-
sion relation for SBS we must couple the typical plasma response to
an independently derived driving term, obtained within the GPK
framework.

A. Plasma response and driving term

Combining the continuity and force equations for each species
and closing the system with an isothermal equation of state, we
can readily present without more detail the plasma response to the
propagation of a light wave ap, beating with its scattered compo-
nent ã, to produce the ponderomotive force of the laser [1]

„
∂2

∂t2
− 2ν̃∂t− c2S∇

2

«
ñ =

Z

M
∇2Re[ap.ã], (1)

with cS ≡
q
Zθe
M

being the ion-sound velocity, M the mass of the

ions, θe the electron temperature and ν̃ an integral operator whose
Fourier transform is ν|kL|cS .

In [27] we perform an independent derivation of what we call the
driving term, which describes the way how the incident radiation
is affected by the propagation in our dispersive medium. Although
this term is usually described through the wave equation for the
vector potential [1], [24], the study of white light parametric in-
stabilities is not possible with this approach. The driving term
obtained within the framework of GPK is

WRe[ap.ã] =
1
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ñ

24ρ0
“
k + kL

2

”
D−s

+
ρ0
“
k− kL

2

”
D+
s

35 , (2)

where D±s = ω2
L∓
h
k.kL − ωLω

“
k∓ kL

2

”i
and ωL (kL) represents

the instability frequency (wave vector).

B. General dispersion relation for Stimulated
Brillouin Scattering and classical monochromatic

limit

Performing time and space Fourier transforms on the plasma
response and driving term (∂t→ iωL,∇r → −ikL) yields
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Z

M
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i
=

1

2
F [ñ]
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and cS ≡

q
Zθe
M

.

The general dispersion relation can be obtained using one of the
properties of the Wigner function [17]-[20]

Z
Wf.gdk = f∗g ⇒

Z WRe[ap.ã]

Re [ap.ã]
dk = 1

as
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with ωpi =
p
Z/M being the ion plasma frequency in normalized

units and f∗ representing the complex conjugate of f .
By making an appropriate change of variables, our general dis-

persion relation can be written in a more compact way

1 =
ω2
pi

2

k2
L

ω2
L + 2iνωL|kL|cS − c2Sk2

L

Z
ρ0(k)

„
1

D+
+

1

D−

«
dk,

(6)

with D±(k) = [ω(k)±ωL]2− (k±kL)2−1, the main result of this
section.

We first apply our general dispersion relation to the simplest and
most commonly treated case of a pump plane wave of wave vector
k0, which means that ρ0(k) = a2

0δ(k−k0). With the purpose of the
following comparisons, we drop the Landau damping contribution.
The dispersion relation then becomes

1 =
ω2
pi

2

k2
L

ω2
L − c

2
Sk2

L

a2
0


1

[ω(k0) + ωL]2 − (k0 + kL)2 − 1
+

+
1

[ω(k0)− ωL]2 − (k0 − kL)2 − 1

ff
. (7)

This result recovers that of Ref. [1], which studies the case of
a pump wave AL = AL0 cos(k0.r − ω0t), if we account for the
difference in polarization and use ω0 = ω(k0). All the conclusions
derived in Ref. [1], based on this dispersion relation, are then
consistent with the predictions of GPK [15].

C. 1D water-bag zero-order photon distribution
function

We now work with a different profile for the pump wave, rep-
resented by the one-dimensional water-bag zero-order distribution
function,

ρ0(k) =
a2
0

σ1 + σ2
[θ(k − k0 + σ1)− θ(k − k0 − σ2)], (8)

where θ(k) is the Heaviside function and σ1 (σ2) represents the
sprectal bandwidth to the left (right) of the central wave number,
k0.

For this distribution function, the autocorrelation function of
the random phase ψ(x) satisfies

D
exp

h
−iψ

“
x+

y

2

”
+ iψ

“
x−

y

2

”iE
= e−iyσ̃

sin(yσ̄)

yσ̄
, (9)

where σ̃ ≡ (σ2−σ1)/2 and σ̄ ≡ (σ1 +σ2)/2. The correlation length
of this distribution is ≈ π/

√
2σ̄.

A simplified dispersion relation for the water-bag distribution
function of Eq. (8) can be derived (details of this derivation are
presented in the complete thesis document [27]), yielding
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with ω0i =
p

[k0 + (−1)iσi]2 + 1, D±i = ω2
L − k2

L ± 2[(k0 +

(−1)iσi)kL − ω0iωL], Q0 = (k2
L − ω2

L)(k2
L − ω2

L + 4), Q± =Q2
i=1[D±i +(kL−ωL)(ωL∓2ω0i)] and b± = 2k2

L(ωL+kL)
√
Q0(2σ̄+

ω01 − ω02)/
ˆ
Q0k2

L −Q
±(ωL + kL)2

˜
.

We are interested in an expression for the maximum growth
rate of the Brillouin instability. Analytical results can be obtained
in the case where all the photons of the distribution travel in an
underdense medium, which implies that k0 + (−1)iσi >> 1. This
also guarantees that k0 > σ1, which assures that ρ0(k) represents
a broadband source of forward propagating photons. From this
condition, the approximations ω0i ≈ k0 + (−1)iσi and b± ≈ 0 are
also valid.

The dispersion relation (10) then becomes
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The resonance condition for SBS can be expressed as ωL ∼ kLcS
[1]. Furthermore, the backscattering regime of stimulated Bril-
louin scattering (SBBS) is known to provide the highest growth
rates [1], so we make one of the terms D+

i resonant (correspond-
ing to the contribution of the downshifted photons of the dis-
tribution function). By making the D+

1 term resonant (D+
1 =

0 ⇒ kmLSBBS
≈ 2

cS+1
(k0 − σ1)), we are considering the contri-

bution of the photons of the lowest wave number, while with D+
2

(D+
2 = 0⇒ kMLSBBS

≈ 2
cS+1

(k0 + σ2)) we are searching for those

of the highest wave number. This means that kL is of the order of
k0 and the range of unstable wave numbers is

kL ∈
»

2

cS + 1
(k0 − σ1),

2

cS + 1
(k0 + σ2)

–
. (12)

We consider the upper limit case (as we will later see, the growth
rate of the instability is within the same order of magnitude for the
whole range of unstable wave numbers) and we note that ωL ∼
kLcS implies that both ωL << kL and ωL << k0.

1. Weak field limit

To account for the instability, we now write ω = kLcS+ iΓ, with
Γ being the real growth rate of the instability and |Γ| << kLcS (the
weak field limit). The dispersion relation (11) can then be rewritten
in the form 1 = A lnB and we consider each term individually,
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0ω
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B =
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≈
2k0 − σ1 + σ2

2(σ1 + σ2) + iΓ

iΓ

2(k0 + σ2)
. (14)

We now take the imaginary part of the dispersion relation, work-
ing with a real Γ and using the fact that, for a complex Z = ρeiθ,
with real ρ and θ, lnZ = ln ρ+ iθ. We get

ΓcSkL =
a2
0ω

2
pi(k0 + σ2)

4(σ1 + σ2)
arctan

»
2(σ1 + σ2)

Γ

–
. (15)

With this result we are now able to compare our results for
backscattering with those of [1]. We found kmLSBBS

≈ 2
cS+1

(k0 −
σ1) and kMLSBBS

≈ 2
cS+1

(k0 + σ2), which implies that, for the

monochromatic limit, km,pwLSBBS
= kM,pwLSBBS

≡ kpwLSBBS
= 2

cS+1
k0 ≈

2k0(1− cS) = 2k0 − 2ω0cS , because ω0 ≡ ω01(σ1 = 0) = ω02(σ2 =
0) ≈ k0, where we have considered that the ion acoustic velocity is
much smaller than the speed of light. This recovers the result of
Ref. [1] for the wave number that maximizes the growth rate.

In what concerns to the maximum growth rate in the weak
field (wf ) scenario, we take the limit σ1, σ2 → 0 and make use
of arctanx ∼ x when x→ 0

Γpw,max
SBBSwf =

1

2
√

2

k0
√

2a0ωpi√
ω0k0cS

. (16)

which also coincides with the monochromatic result in [1] if we
consider the already discussed correction for the polarization.

We now go back to the general case of Eq. (15) and work in the
opposing limit, (σ1 + σ2) >> Γ, so the approximation arctanx ∼
π
2
− 1
x

when x→∞ can be used, yielding
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0ω
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16cSk0
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a20ω

2
pi

16cSk0
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The corresponding saturation value for large bandwidth is

Γmax,sat
SBBSwf =

πa2
0ω

2
pi

16cSk0
. (18)

We also recall the obtained limit for the monochromatic case
(16), now expressed in a simpler way,

Γpw,max
SBBSwf =

a0ωpi

2
√
cS
. (19)

2. Strong field limit

We now consider the strong field limit, i.e., we assume that
|ωL| >> kLcS .

We work under the underdense limit as in the weak field case,
so that the range of unstable wave numbers still holds and we
use kL ≈ 2(k0 + σ2) as the wave number for maximum growth,
which means that kL is still of the order of k0. We also neglect
|ωL| when compared to k0, which establishes the scale kLcS <<
|ωL| << kL ≈ k0, consistent with cS << 1. This means that we
are not neglecting the magnitude of the imaginary part of ωL when
compared to its real part.

We now expand ωL = α + iβ, with real α and β, so that the
dispersion relation yields (as detailed in the thesis document [27])

ωL =

 
kLa

2
0ω

2
pi

2

!1/3 
1

2
+

√
3

2
i

!
, (20)

which is, once more, the result presented in [1] with the usual po-
larization considerations. The maximum growth rate in the strong
field limit is then

Γpw,max
SBBSsf =

√
3

2

 
kLa

2
0ω

2
pi

2

!1/3

. (21)
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FIG. 1: Maximum growth rate of SBBS as a function of band-
width - a0 = 0.1, k0 = 80.0, σ1 = 0.1k0, cS = 0.01, ωpi = 0.1.
Red line - numerical solution; blue line - analytical limit for
Γ << (σ1 + σ2) of Eq. (17)
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FIG. 2: Maximum growth rate of SBBS as a function of band-
width - a0 = 0.1, k0 = 80.0, σ1 ≈ 0, cS = 0.01, ωpi = 0.1.
Red line - numerical solution; blue line - analytical limit for
Γ << (σ1 + σ2)

D. Numerical solution of the complete dispersion
relation

The numerical solution of the complete dispersion relation illus-
trates the evolution of the strength of the instability as a function
of, not only the bandwidth, but also the wave number of the scat-
tered wave itself.

In Fig. 1 we show the maximum growth rate of the Brillouin
instability as a function of the bandwidth parameter, σ2, as σ1

was kept fixed. As expected, Eq. (17) is a good approximation to
the complete solution only when we are dealing with large band-
widths. The difference between the approximate and the numerical
solutions increases as bandwidth (σ2) decreases. As σ2 approaches
k0, the results start to agree and Eq. (17) can be used. As we
approach the monochromatic limit, only the numerical solution
should be considered, as the choice of σ1 = 0.1k0 still accounts
for a considerable difference between Γmax(σ2 = 0) and the max-
imum growth rate in the monochromatic limit, Γmax(σ1, σ2 = 0),
expressed by Eq. (19). It is clear that a bandwidth as small as
10% can still cause a reduction of the growth rate of the instability
by a factor of more than 100, which is quite significant.

Fig. 2 shows the same results for the case of σ2 ≈ 0. As in
the previous case, the approximation of Eq. (17) agrees with the
numerical solution as σ2 approaches k0. The monochromatic limit
of Eq. (19) can also be confirmed at the origin of the plot, as
expected.

We now study the behavior of the growth rate of the instability
as a function of the wave number of the scattered wave. In Fig.
3, we plot the growth rate for a set of bandwidths and express it
as a function of the wave number of the instability. We observe
a very good agreement with the range of unstable wave numbers
predicted by Eq. (12). The lower limit does not depend on σ2 and

158.4 158.6 158.8 159.0 159.2 159.4
kLHΩp0�cL
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0.020

0.025

0.030

0.035
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FIG. 3: Growth rate of SBBS as a function of the
wave number of the scattered wave for different band-
widths of the water-bag (from the left to the right: σ2 =
0.1k0, 0.2k0, 0.3k0, 0.4k0, 0.5k0, 0.6k0, with a0 = 0.1, k0 =
80.0, σ1 ≈ 0, cS = 0.01 and ωpi = 0.1)

0.05

0.00

FIG. 4: Growth rate of SBBS as a function of the wave num-
ber of the scattered wave and the bandwidth of the water-bag:
a0 = 0.1, k0 = 80.0, σ1 ≈ 0, cS = 0.01, ωpi = 0.1 (2D rep-
resentation). The red lines illustrate the theoretical range of
unstable wave numbers

remains fixed as we increase bandwidth; as for the upper bound, it
linearly grows as we increase the value of σ2.

We should also note that the flat structure observed indicates
that the magnitude of the growth rate is within the same order
for the full range of unstable wave numbers, meaning that the in-
stability can grow on a wide range of wave numbers and lead to
significant phenomena of turbulence. This is valid for relatively
small bandwidths, as it is clear for σ2 > 0.1k0.

In Fig. 4, we provide a two-dimensional (2D) representation of
the variation of the growth rate of SBBS as a continuous function of
both the bandwidth of the pump and the instability wave number,
which allows for a global picture of the instability. As expected, we
observe a strong dependence of the instability on the bandwidth of
the radiation used as a driver. For a bandwidth of just 1% in k0,
the instability is already reduced to 10% of the plane wave limit,
which justifies the use of bandwidth as a means of significantly
reducing the strength of the instability.

For fixed k0, a0 and σ1, the growth rate for SBBS scales with
∝ 1/σ2, similarly to other distribution functions (e.g., asymmetric
Lorentzian or Gaussian distribution of photons [16]). Both the
wave number for maximum growth and the upper bound of the
unstable wave numbers domain depend linearly on σ2.
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III. COMPARISON WITH PREVIOUS MODELS
FOR STIMULATED BRILLOUIN SCATTERING

Having performed a detailed comparison of the results provided
by Generalized Photon Kinetics with classical references, such as
[1], that focused on the monochromatic limit of our general disper-
sion relation, we now focus on more recent models for Stimulated
Brillouin Scattering including bandwidth effects of the pump wave.
In particular, we compare our results with [21], [22], developed
under the same physical assumptions but dealing essentially with
distinct geometries for the problem. In order to further explore the
validity and wide applicability of our model, we focus on the model
from Ref. [21], whose conditions differ the most from the regime
we have considered so far (backscattering).

A. Forward Stimulated Brillouin Scattering
(FSBS)

The first analytic theory of broadband Forward Stimulated Bril-
louin Scattering [21] was developed in the regime of small coherence
time of the laser beam. In particular, Lushnikov and Rose (LR) fo-
cused on a collective regime of the FSBS instability which couples
the beam to transversely propagating low frequency ion acoustic
waves.

With the definition of three dimensionless parameters, ν, the

Landau damping coefficient, Ĩ0 ≡
“
k0
km

”2
ne
nc

I0
ν

and T̃c = kmcSTC

(with km the wave number spread of the pump wave as in the
idealized top hat model of NIF optics, I0 ≡

˙
|E|2

¸
and Tc the co-

herence time of the laser) and while looking for solutions of the form
δρ ∼ eλzei(k.x−ωt), for real k and ω but imaginary λ, LR obtain
an explicit expression for the normalized λ̃ ≡ k0/k2

mλ parameter.
The Lushnnikov-Rose model provides an explicit expression for

the instability growth rate (which corresponds to the real part of
the λ parameter ≡ ΓLR). We now derive an equivalent result via
GPK.

B. Generalized Photon Kinetics applied to
Forward Stimulated Brillouin Scattering

We recall that the form of the general dispersion relation, Eq.
(6) derived in the previous section, quickly allows the translation
of the problem to the GPK formalism language

1 =
ω2

pi

4

k2
L

ω2
L − c2Sk2

L + 2iνωL|kL|cS

Z
ρ0(k)

„
1

D+(k)
+

1

D−(k)

«
dk,

(22)

where we have already accounted for the linear polarization of the
pump wave.

We choose a pump wave which propagates in the z direction
with k0 wave number and exhibits a wave number spread in the
transverse direction, x, in the form of a water-bag, so that ρ0(k) =
a20
km

[θ(kx)− θ(kx − km)] δ(ky)δ(kz − k0).

Finally, we seek growth of the instability in the longitudinal di-
rection and oscillation in the transverse direction so that the wave
vector for the instability can be written as kL = kLex+ iλez , with
real kL but allowing for the simultaneous development of a real and
imaginary part in λ. With this expression for kL, the vector po-
tential evolves as ei(ωLt−kL.r) = eλzei(ωLt−kLx), and therefore a
positive Re(λ) corresponds to condition for the instability to occur.
Note that the choice kL = kLex + iλez implies that k2

L = k2
L − λ

2

and |kL| =
q
k2
L + |λ|2

This complete dispersion relation can be solved numerically for
a given kL and a range of ωL. We then seek:
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FIG. 5: Normalized instability growth rate for a sce-
nario without static response: k0 = 80.0(ωpe/c), a0 =
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2/e), ωpi = 0.1(ωpe), cS = 0.01(c), ν = 0.15, kL =
11.19(ωpe/c). Blue dots - GPK dispersion relation numerical
solution; red lines - LR model explicit expression evaluation;
blue line - monochromatic limit (km = 0)
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FIG. 6: Normalized instability growth rate for a scenario with
static response: k0 = 80.0(ωpe/c), a0 = 1.0(mec

2/e), ωpi =
0.1(ωpe), cS = 0.01(c), ν = 0.15, kL = 0.01(ωpe/c). Blue dots
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matic limit (km = 0)

Γ̃GP K ≡
k0

k2
m

Re(λ) ≡
k0

k2
m

F
′
GP K(kL, ωL) ≡ FGP K(kL, ωL), (23)

where F ′GPK represents the numerical solution for Re(λ) of Eq.
(22). Details of this calculation are presented in [27].

C. Comparison between models

In the following comparison we choose a set of parameters that
provides a suitable scenario for SBS growth. In particular, the per-
turbation wave number corresponds to that of maximum growth
rate. We also study the range of unstable frequencies around
the resonance condition of ωL = kLcS , so that the expected res-
onance peak is clear. For this configuration and choice of pa-
rameters, we observe no static response from the plasma ions,
which means that for ωL = 0 no instability develops. This to-
gether with the analytical result for Γ̃LR, the numerical solution for
Γ̃GPK = FGPK(kL, ωL), and the classical/monochromatic limit of
the dispersion relation, obtained in the limit km → 0, are shown in
Fig. 5.

In order to further analyze the validity and robustness of the
GPK dispersion relation, we select a different range of unstable
wave numbers to work, in particular, one which would stimulate a
static response of the instability (Γ̃(ωL = 0) 6= 0). Although this
corresponds to a mode with smaller growth rates, the comparison
may still be performed. The results are presented in Fig. 6.

Bandwidth is currently a limitation for both models: in the
Lushnikov-Rose model, the validity of the equation that defines
the driving term is restricted to the condition F 2 >> 1 ⇒ km ≈
k0/2F << k0, where F is the optic f number of the lens; in the
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dispersion relation solution of our GPK we have assumed small
spread of transverse wave numbers, which means that kx << k0.
This is equivalent to the assumption km << k0, since kx has a
range which corresponds to the whole [0, km] interval.

The difference between the previous solution and the solution
of the complete dispersion relation (obtained relaxing the small
transverse spread assumption),

1 =
a2
0ω

2
pi

4km

k2
L − λ

2

ω2
L − c

2
Sk

2
L + c2Sλ

2 + 2iνωL

q
k2
L + |λ|2cS

×

×
Z km

0

1

D+(kx, kL, λ, ωL)
+

1

D−(kx, kL, λ, ωL)
dkx, (24)

with D±(kx, kL, λ, ωL) ≡ ω2
L−k

2
L+λ2±2

q
ω2

0 + k2
xωL∓2(kxkL+

iλk0), and ω0 ≡
q

1 + k2
0 , is negligible, so our approximation is

valid for the chosen parameters.
The GPK formalism deals with the two-mode problem contained

in the full Klein-Gordon or wave equation, completely describing
the dynamics of not only the forward propagating radiation but
also of its backscattered component and their beating. The driving
term in the Lushnikov-Rose model is clearly a one-mode approach
to the physics of the problem. This may account for the detected
quantitative differences as we increase the bandwidth of the pump
wave.

IV. SIMULATIONS OF BROADBAND DRIVEN
INSTABILITIES

A. First simulations of monochromatic driven
instabilities

The first detailed PIC simulation studies of stimulated Bril-
louin scattering in an underdense plasma [28]-[31] already included
the modeling of collisionless nonlinear saturation mechanisms and
showed their critical dependence on the plasma composition. More
recently, C. Riconda et al. focused on the role of electron kinetic
effects in the nonlinear evolution of a driven ion-acoustic wave [31]-
[32].

The computational setup for our PIC simulations can be briefly
described as follows. We select a plasma density above the quarter-
critical density of ne = 0.3nc(> 0.25nc), in order to avoid the ex-
citation of Raman Backscattering. The driver is injected through
the Antenna feature of OSIRIS 2.0 while avoiding a steep enve-
lope, which prevents the incident light wave from instantaneously
pushing away all the plasma, as well as the eventual onset of
Raman Forward Scattering processes. The temperature of each
species is set to Te = 500eV and Ti = 10eV , thus allowing for
Landau damping to be neglected. This corresponds to a charac-
teristic sound velocity for the initially thermal plasma of about
cS = 7 × 10−7, in normalized units. The electron quiver velocity
is vosc ≡ eE/meω0 = 0.085, which corresponds to an intensity of
I = 1× 1016W/cm2 for a laser wavelength of λ0 = 1µm. The ions
are modeled as protons, so M ≈ 1836. The plasma is composed
of two ramps (1λ0 each) and a plateau of length 38λ0, completely
separated by large vacuum regions (40λ0 on both sides) such that
the boundary conditions for the particles do not influence the in-
teraction physics for the duration of the simulation. We choose a
time step of about dt = (5 × 10−2)ω−1

0 , while working with more
than 5000 cells and 100 particles per cell in a 1D simulation. This
choice of parameters corresponds to one of the theoretical limits
we explored in section II: the strong coupling limit, as we have
4k0CSω0/ω2

pe ≈ 0.01 � (vosc/ve) = 7.2, where ve =
p
θe/me is

the electron thermal velocity.
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FIG. 7: Evolution in time of the ion density during the linear
((a) and (b)) and nonlinear ((c) and (d)) growth phase of SBS
instability. The ion density ripple is created from noise and
is enhanced by the ponderomotive force, as the incident field
couples with ion plasma waves

The time evolution of the ion density is suitable for the detection
of the growth of Stimulated Brillouin Scattering processes. In fact,
we expect a modulation of this quantity in space, according to the
wave number for maximum growth rate predicted in section II. The
ripple in the ion density, despite being created by random noise in
the species density, is the perturbation responsible for the coupling
of the incident field to a scattered light wave which will, in turn,
enhance the ion density perturbation through the ponderomotive
force. In Fig. 7, we present the evolution of the ions profile for
some selected time steps. The correspondent Fourier spectra are
presented in Fig. 8.

We theoretically predicted that the maximum growth would cor-
respond to the backscattering regime of the instability. This can
be easily verified, as the peak in the Fourier spectrum occurs for
kL ≈ 2k0, the condition for backscattering. This is also clear if
we plot the electron density or the component of the electric field
which corresponds to the scattered light wave, as these quantities
should all grow with the same characteristic frequency and wave
number.

Plotting the peak value of the Fourier spectrum against time,
during the linear growth phase of the process, allows for an esti-
mation of the instability growth rate, as presented in figure 9.

As expected and highlighted in Ref. [32], the instability quickly
saturates once the density cavity is formed. This not only sup-
presses the fundamental wave number growth in the Fourier spec-
trum, but also the growth of its harmonics, which appear for
kL = 4k0 and kL = 6k0. These harmonics are clearly sharper
than the fundamental component and grow with significant mag-
nitude, but do not seem to affect the growth rate predictions. If
the growth rate estimate is entirely performed in the linear growth
phase, thus avoiding the effects of saturation, the agreement with
the predictions of GPK is perfect, as we recover

Γpw,max
SBBSsf =

√
3

2

 
kLa

2
0ω

2
pi

2

!1/3

, (25)

the result from section II.
We have reached qualitative and quantitative agreement between

the predictions of GPK and the estimates from PIC simulations of
monochromatic driven instabilities in OSIRIS 2.0. We now focus
on the new feature of the simulation code which corresponds, also
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FIG. 8: Evolution in time of the Fourier spectrum of the ion
density during the linear ((a) and (b)) and nonlinear ((c) and
(d)) growth phase of SBS instability. The nonlinear phase
corresponds to the growth of harmonics and coincides with
the ion bunching on the left side of the plasma, as depicted
in Fig. 7
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FIG. 9: SBS instability growth rate estimate. Blue dots -
simulation points; red line - linear growth phase simulation
fit; green line - theoretical prediction. The growth of the
harmonics represent the end of the linear growth phase, right
before saturation takes place [31], [32]

in a theoretical point of view, to the novelty of our model: a pump
wave with finite bandwidth.

B. Bandwidth implementation in OSIRIS 2.0

The main objective of this section is to provide an implemen-
tation of a broadband pump wave which, in a PIC simulation sce-
nario, would be consistent with the one-dimensional zero-order pho-
ton distribution function we assumed in section II,

ρ0(k) =
a2
0

σ1 + σ2
[Θ(k − k0 + σ1)−Θ(k − k0 − σ2)] (26)

This means that the spectra of the vector potential and the electric
field of the incident laser will also have a water-bag profile.

We begin with a well-known source of noise whose statistical
properties we know beforehand: the white noise. White noise cor-
responds to an arbitrary spatial/temporal profile (as pictured in
Fig. 10(a)) with a gaussian probability distribution function. In
the k-spectrum, this noise sample corresponds to a profile which
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FIG. 10: Sample of white noise, with wave numbers covering
the whole non-redundant Nyquist range in arbitrary units

has, in average, a constant amplitude for the whole infinite range
of wave numbers. The example depicted in Fig. 10(b) could be av-
eraged over a significant number of samples (as we will later show)
to provide an infinitely wide water-bag in k-space.

We still need to filter our noise sample so it will acquire a finite
bandwidth around a specified wave number. In the Fourier space,
such operation is trivial, as the filter itself is a water-bag centered in
k0 with a (σ1 +σ2) wave number bandwidth. The filtering process
in k-space corresponds to the product of the Fourier spectra of the
signals, capturing the white noise profile in the range [k0−σ1, k0 +
σ2]. The equivalent process in the x-space should now be found,
as we are interested, in the end, in the spatial profile of the noise
sample, and the process of Fourier transforming is just a theoretical
tool to make the analysis easier but still computationally heavy.

In real space, the equivalent operation to the product of Fourier
spectra is the well-known convolution of two functions. If we have
two signals described in the x-space, A(x) and B(x), with Ā(k) =
F(A) and B̄(k) = F(B) their respective Fourier transforms, then
F−1(Ā(k)×B̄(k)) = (A∗B)(x), where the ∗ convolution operation
is defined in the usual way,

(A ∗B)(x) ≡
Z +∞

−∞
A(δ)B(x− δ)dδ (27)

All the analysis and signal synthesis can be performed in the
x-space, as long as we have the spatial profile of the filter. From
a computational point of view, we also need to work with a finite
series representation of the white noise sample. The filter itself can
be modeled as a sinc function in x-space

sinc(2Bx) ≡


sin(2Bx)
2Bx

, x 6= 0
1 , x = 0

which corresponds, in k-space, to a zero-centered filter with total
bandwidth 2B. If this band-pass is multiplied by a regular sine
function, it becomes centered in a desired wave number, according
to the argument of that sine function. The complete filter has a
spatial profile (Fig. 11) which can be described as

filter(x) = sin (k0x)× sinc(2Bx) (28)

which provides a water-bag-like filter for the range [k0−B, k0 +B]
in k-space.

One single sample of filtered white noise can then be written as

pump(x) = p0 × (filter ∗ white noise)(x) (29)

where white noise(x) represents a set of randomly generated values
with a gaussian probability distribution function. In Fig. 12(a), we
present a sample of such a signal in real space, and in Fig. 12(b)
its respective sprectrum.

We performed a robust average of this process over more than
10,000 samples of filtered white noise, and the result is presented
in Fig. 13. The desired Fourier profile has then been accomplished:
a water-bag in the range [k0 − B, k0 + B]. The translation to the
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FIG. 12: Sample of filtered white noise. In the spectrum,
wave numbers cover the whole non-redundant Nyquist range
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[k0 − σ1, k0 + σ2] range is quite trivial, since [k̄0 −B, k̄0 +B] and

[k0−σ1, k0+σ2] represent the same interval if k̄0 = k0+ σ2−σ1
2

and

B = σ1+σ2
2

. The amplitude of the pump wave can be manipulated
by multiplying the convolution signal by a desired constant p0,
already present in (29).

This procedure can now be readily discretized and implemented
in the PIC code, OSIRIS 2.0.

C. Simulations of broadband driven parametric
instabilities

We study the qualitative and quantitative behavior of the growth
rate and unstable domain of SBS driven by a broadband pump
wave. Theoretical estimates of the scattering process properties
(see section II) predicted a significant suppression of the instability
even for small bandwidth values. In particular, it is possible to
reduce the strength of the instability by a factor of more than 10
with a bandwidth as small as 1% of the incident wave number. The
growth rates of SBS are not only function of the pump’s bandwidth,
but they also exhibit a clear dependence on the intensity (a0) and
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FIG. 13: Averaged spectrum of filtered white noise over
10,000 samples
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FIG. 14: Evolution of the SBBS growth rate with the pump
wave’s parameters for a fixed bandwidth (10% of k0). Blue
line - numerical solution of the complete dispersion relation
of GPK; red dots - estimates from PIC simulations
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FIG. 15: Evolution of the SBBS growth rate with the pump
wave’s bandwidth. Green line - GPK theoretical growth rate
as a numerical solution of the complete dispersion relation;
red dots for σ 6= 0 - growth rate estimates from PIC simula-
tions; red dot for σ = 0 - monochromatic limit (theory and
simulation)

wave number (k0) of the incident light wave. Classical theories that
modeled SBS processes [1] explicitly included these effects (Eqs.
(19) and (21)), but as bandwidth is increased it is not reasonable
to assume that the same kind of functional dependences on these
parameters will be preserved. This can be seen in the particular
case of the weak field limit, for which we derived an analytical
expression for the growth rate as a function of the pump wave’s
parameters, Eq. (17).

We worked with a fixed but still significant bandwidth value
(10% of k0) and obtained estimates of the growth rate of the insta-
bility as the intensity (Fig. 14(a)) and wave number (Fig. 14(b)) of
the pump wave were manipulated. The agreement with the theo-
retical estimates for the evolution of the strength of the instability
as a function of the amplitude and wave number of the incident
field is extremely good, supporting the bandwidth implementation
in OSIRIS 2.0.

In Fig. 15, we simultaneously plot the growth rate estimates
for a pump plane wave (obtained in section IV A) and the results
obtained with the new bandwidth implementation of the PIC code.
We also include the numerical solution of the complete dispersion
of GPK, which roughly predicts a suppression of the instability
with ∝ 1/(σ1 + σ2), similarly to Eq. (17).

V. CONCLUSIONS

A general dispersion relation for stimulated Brillouin scattering,
driven by a partially coherent pump field, was derived, using a
result [16] which is formally equivalent to the coupling of the full
wave equation with the plasma fluid equations. After retrieving the
monochromatic limit of the equation, we used a one-dimensional
water-bag profile for the incident field to model broadband effects.
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The analysis revealed a growth rate dependance on the coherence
width σ of the radiation field which scales with 1/σ for backscat-
tering. In addition, a numerical estimate of the growth rate of the
instability was obtained as a function of the intensity of the incident
field and the wave number of the scattered wave, confirming the
theoretical predictions for the domain of unstable wave numbers.

Good agreement (perfect for the monochromatic limit) was
found between our results and those provided by a previous model
for broadband SBS, as qualitatively distinct regimes were consid-
ered.

We have illustrated and compared the results of previous sec-
tions with estimates from parametric instabilities PIC simulations.
We have initially focused on standard simulations whose scattering
processes were driven by monochromatic pump waves, thus estab-
lishing a suitable set of parameters for the onset of the instability.
The classical growth rate and unstable domain estimates, consis-
tent with the GPK predictions, have also been supported by the
presented simulations, which we have carefully described. A nu-
merical procedure for the broadening of the pump wave has been
presented in detail and readily implemented in the standard PIC
code, allowing for an extensive study of the sensitivity of the scat-
tering process to the driver’s properties, in particular, its band-
width. An excellent agreement has also been found as these results

where plotted against the numerical solution of the complete dis-
persion relation of GPK for the process.

From the work presented here, we draw two main conclusions.
As far as Stimulated Brillouin Scattering is concerned, one of the
features of the laser that is usually taken as a nonideality, its partial
incoherence, is actually an effective way to suppress the undesirable
effects of the associated instability. With the present study, Gen-
eralized Photon Kinetics establishes itself as an adequate model to
capture the full dynamics of the propagation of an electromagnetic
wave in a dispersive nonlinear medium. Our description of Bril-
louin scattering processes is valid for all angles, all intensities and a
spatially stationary pump wave with arbitrary statistics, providing
an important addition to the previous study of Raman scattering
processes developed by Jorge Santos et al. [16].

Some aspects to be addressed in future works include a spatio-
temporal description of the instability (convective and absolute
regimes), the measurement of broadband effects on stimulated Ra-
man scattering and modulational instabilities, with analytical and
numerical approaches, as well as a coupling with the statistical the-
ory for plasma fluctuations. It should also be noted that the PIC-
oriented bandwidth implementation for the pump wave as been
thoroughly tested, so the generalization of this work to self-focusing
and stimulated Raman scattering should be straightforward.
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