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1. Introduction

This is an extended abstract of [?]. We start by outlining a proof of a Theorem of W. Arvola [?] which
computes the fundamental group of the complement of a finite union of complex hyperplanes in Cn. We
then present a computation of the fundamental group of the complement of four lines in C2. Finally
we study the correspondence between hyperplane arrangements and the graphs which are associated to
them in order to obtain a presentation for the fundamental group and obtain general restrictions on the
graphs regarding the distribution of its vertices.

2. Arvola’s Theorem

Definition 2.1. An arrangement of hyperplanes A is a finite set {H1, . . . ,Hn} of affine complex hyper-
planes in Cn. We write M = M(A) for the complement of the union of the hyperplanes:

M = Cn \ (H1 ∪ . . . ∪Hn) .

By a Theorem of Zariski [?, ?], given an arrangement A, there exists an affine subspace S ⊂ Cn of
dimension 2 which meets the planes Hi transversely and such that the inclusion

S \ (H1 ∪ . . . ∪Hn) ↪→ Cn \ (H1 ∪ . . . ∪Hn)

induces an isomorphism of fundamental groups. Thus, to compute the fundamental group of M , it
suffices to consider the case when n = 2 and A is a line arrangement. We write (z1, z2) for the complex
coordinates of a point in C2 and (x1, y1, x2, y2) for the corresponding real coordinates.

We write
P = ∪i 6=jHi ∩Hj

for the set of multiple points of the arrangement.
Changing coordinates if necessary we can assume that none of the Hi are of the form z1 = c and all

the multiple points have distinct x1 coordinates. Let f : R → R be a piecewise linear continuous function
so that its graph contains all the projections of the multiple points in the (x1, y1)-plane and which is
constant in a neighborhood of the x1 coordinate of each multiple point and ±∞.

Let Kt(f) = {q ∈ C2 : z1(q) = t + if(t)} and define the 4-graph of A to be

Γ4
f = ∪t∈R (Kt(f) ∩ (∪n

i=1Hi)) .

This has a natural graph structure with P as the set of vertices, since each Hi meets Kt(f) in a unique
point for each t.

Let φ2 : R4 → R2 be the projection

φ2(x1, y1, x2, y2) = (x1, x2).

By picking appropriate coordinates, we may assume that φ2
|Γ4

f
is injective except for a finite set Q where

it is 2 to 1 and moreover the points of Q are contained in the interior of edges of Γ4
f whose projections

on the (x1, x2)-plane intersect transversely. Then

Γ2
f = φ2(Γ4

f )

has a natural graph structure with vertices φ2(P )∪φ2(Q). We call P = φ2(P ) the set of actual vertices of
Γ2

f and Q = φ2(Q) the set of virtual vertices. Again by changing coordinates if necessary we may assume
that the points in P ∪ Q all have distinct x1 coordinates.

We attribute a sign to each virtual vertex of Γ2
f in the following way. Given q ∈ Q, pick a real number

c < x1(q) sufficiently close to x1(q). Let H and H ′ be the hyperplanes corresponding to the edges which
intersect at q and assume that H and H ′ are such that x2(H ∩ Kc(f)) < x2(H ′ ∩ Kc(f)). Let q ∈ H
and q′ ∈ H ′ be the points in Γ4

f which project to q. If y2(q) < y2(q′), the virtual vertex q is said to be
positive, and it is said to be negative otherwise.
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Let T = {t0, . . . , ts} ⊂ R be a set with ti < ti+1 such that, for each pair of vertices v, v′ ∈ Γ2
f with

x1(v) < x1(v′), there exists t ∈ T with x1(v) < t < x1(v′).
For each i = 0, . . . , s the line in R2 defined by x1 = ti intersects n edges of the graph Γ2

f which we
denote e1(i), . . . , en(i) in increasing order of x2.

Let Li = {m ∈ M | x1(m) = ti}. We define subspaces of M as follows:

M−∞ = {m ∈ M | x1(m) ≤ t0}
Mi = {m ∈ M | ti−1 ≤ x1(m) ≤ ti} 1 ≤ i ≤ s

M∞ = {m ∈ M | ts ≤ x1(m)}.
Note that Li = Mi ∩Mi+1 and M−∞ and M∞ contain no multiple points.

Since
M = M−∞ ∪L0 M1 ∪L1 ∪ . . . ∪Ls

M∞

and M−∞ deformation retracts to L0 and M∞ deformation retracts to Ls, Van Kampen’s theorem
reduces the computation of π1(M) to the computation of π1(Mi) together with the homomorphisms
π1(Li) → π1(Mi−1) and π1(Li) → π1(Mi) induced by the inclusions.

Let Ki = Kti(f). The space Ui = Ki ∩M is an n-punctured plane and hence its fundamental group is
a free group on n generators. We pick a set of generators G(i) = {g1(i), . . . , gn(i)} for π1(Ui) as indicated
in the following picture, where Bi is a line of the form y2 = −J with J big enough. The set Bi is
contractible and so gives a natural identification between the different basepoints.

Bi

Ki

gj!1!i"
gj!i"

gj"1!i"

Figure 1. Generators for π1(Ui).

The spaces Li deformation retract onto Ui and so the sets G(i) also give generators for π1(Li). The
set T divides R2 into several regions Si = φ2(Mi) which are the projections of the pieces Mi.

Lemma 2.2. Suppose Si does not contain an actual vertex. Then
(1) The homomorphisms π1(Li−1) → π1(Mi) and π1(Li) → π1(Mi) induced by the inclusions are

isomorphisms and therefore π1(Mi) is a free group with generators G(i− 1) or G(i).
(2) The relations between the generators G(i− 1) and G(i) in π1(Mi) are the following:

(i) If Si does not contain an actual vertex, then gk(i) = gk(i− 1),
(ii) If Si contains the positive virtual vertex q ∈ Q in the edges ej(i− 1) and ej+1(i− 1), then

gk(i) = gk(i− 1) if k < j or k > j + 1,

gj(i) = gj+1(i)gj(i),

gj+1(i) = gj(i− 1).

(iii) If Si contains the negative virtual vertex q in the edges ej(i− 1) and ej+1(i− 1), then

gk(i) = gk(i− 1) if k < j or k > j + 1,

gj(i) = gj+1(i),

gj+1(i) = gj(i− 1)gj+1(i)
−1

.

If w1,...,wk are words in a free group we define

[w1, ..., wk] = {w1...wk = wσ(1)...wσ(k) | σ ∈ C, },
where C is the set of cyclic permutations of the tuple (1, ..., k).
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Lemma 2.3. Suppose Si contains the actual vertex p ∈ P. Let j be the first index for which ej(i − 1)
contains p and k the last index for which this happens. Consider the set of relations

(1) Rp = [gk(i− 1), . . . , gj(i− 1)].

Then
(1) π1(Mi) = 〈G(i− 1) | [gk(i− 1), . . . , gj(i− 1)]〉.
(2) The homomorphism induced by the inclusion Li−1 → Mi is the canonical homomorphism

〈G(i− 1)〉 → 〈G(i− 1) | Rp〉.
(3) The homomorphism induced by the inclusion Li → Mi is given by

gl(i) 7→ gl(i− 1) if l < j or l > k

gj(i) 7→ gk(i− 1)gk−1(i−1)...gj(i−1)

gj+1(i) 7→ gk−1(i− 1)gk−2(i−1)...gj(i−1)

gj+2(i) 7→ gk−2(i− 1)gk−3(i−1)...gj(i−1)

...
...

gk(i) 7→ gj(i− 1).

Theorem 2.4 (Arvola). Let A be an arrangement of complex lines in C2 and M be the complement of
A. Let Γ2

f the graph associated to A. Then

π1(M) = 〈G(0) |
⋃
p∈P

Rp〉,

where Rp is the set of relations (??) from Lemma ?? and we use Lemmas ?? and ?? to write the words
of Rp in terms of the generators G(0).

3. An example

Let A = {H1,H2,H3,H4} be the arrangement in C2 with hyperplanes
H1 : z1 = z2

H2 : z1 = (1 + 2i)z2

H3 : z1 = 3z2

H4 : z2 = 1 + i
Applying the algorithm in the previous section we obtain the following formula for the fundamental

group of M

π1(M) = π1(M1 ∪M2 ∪M3 ∪M4 ∪M5 ∪M6 ∪M7)
= 〈a, b, c, d | cd = dc, cba = acb = bac, da = ad, db = bd〉

where a, b, c, d are generators associated to each hyperplane.
Noting that d commutes with all the other generators, we can also present π1(M) as follows:

π1(M) = Z× 〈a, b, c | bac = cba = acb〉
with d a generator for the factor Z.

4. Restrictions on the graph associated to A

In this section we give some restrictions on the graph associated to an arrangement.

Proposition 4.1. Let A be an arrangement of complex hyperplanes, H,H ′ ∈ A two non-parallel planes
and p = H ∩H ′. Then, the sets of virtual vertices

Qe = {q ∈ Q ∩ H ∩ H′ : x1(q) < x1(p)}
and

Qd = {q ∈ Q ∩ H ∩ H′ : x1(q) > x1(p)}
have an even number of elements.

Corollary 4.2. The total number of virtual vertices in a graph is always even.

Finally we give an upper bound on the number of virtual vertices in the graph Γ2
f for an arrangement

of s hyperplanes.
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Proposition 4.3. Let A an arrangement with s hyperplanes. The maximum number of virtual vertices
in Γ2

f is s4−2s3−s2+2s
2 .
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