
Aerodynamics 

• Geometric properties of a wing

- Finite thickness much smaller than the span and
the chord
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the chord

- Definition of wing geometry:
a) Planform (variation of chord and sweep angle)
b) Section/Airfoil   (thickness and camber)
c) Twist angle
d) Dihedral angle

Aerodynamics 

• Geometric properties of a wing

- Cartesian coordinate system
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- Ox, longitudinal wing axis, positive
direction pointing to the rear

- Oy, lateral wing axis, perpendicular
to the symmetry plane

- Oz, vertical wing axis, positive upwards



Aerodynamics 

• Geometric properties of a wing

a) Planform (variation of chord and sweep angle)
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Aerodynamics 

• Geometric properties of a wing

b) Section/airfoil   (thickness and camber)
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Aerodynamics 

• Geometric properties of a wing

c) Twist angle
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Twist angle

Aerodynamics 

• Geometric properties of a wing

d) Dihedral angle
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Dihedral Dihedral

Dihedral Dihedral



Aerodynamics 

• The (positive) lift force is a consequence of the
surface pressure distribution. The average 
pressure on the lower surface is larger than the 
upper surface average pressure
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upper surface average pressure

• This pressure difference  causes a secondary flow
around the tip (from the lower to the upper surface) 
that guarantees equal pressure at the tip 

Aerodynamics 

• The upper surface streamlines are displaced to the
symmetry plane of the wing and the lower surface
streamlines to the tip, generating longitudinal 
vorticity in the wake (free vortex sheet)
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vorticity in the wake (free vortex sheet)



Aerodynamics 

Finite Wings
Steady, incompressible flow

• The free vortex sheet rolls-up around two 
concentrated vortices close to the tip of the
wing (tip vortices)
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• The free vortex sheet rolls-up around two 
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Finite Wings
Steady, incompressible flow

• The free vortex sheet rolls-up around two 
concentrated vortices close to the tip of the
wing (tip vortices)
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Aerodynamics 

Top view of the wing

Transversal flow around the tip¬

¬
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Transversal flow at the trailing 
edge

Roll-up of the vortex sheet

Tip vortices¬

¬

¬

¬



Aerodynamics 

• Ideal fluid models to simulate tip effect. 
Simplest alternative: Horseshoe vortex
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• Qualitative representation of tip effect

Aerodynamics 

• The vortex wake generates a vertical velocity
component : downwash between the two tips
and upwash outside the wing tips
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Aerodynamics 

• The circulation around the wing sections, G,
is related to the lift force per unit width by
the Joukowski equation (positive lift corresponds
to negative G)
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to negative G)

• The circulation around the wing may be modelled
by a vortex line (along the spanwise direction)
between the two wing tips with an intensity, G(y), 
defined by the lift/circulation of each wing section
(airfoil). Such vortex is called bound vortex or
lifting line

Aerodynamics 

• Conservation of circulation in space (Helmohtz 
theorem) implies that the change of intensity
of the bound vortex (G(y) must be zero at the wing
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of the bound vortex (G(y) must be zero at the wing
tip) must be linked to a system of trailing vortices .
This vortex sheet along the wake has an intensity,
g, defined by the change of circulation along the
lifting line



Aerodynamics 

• The vortex sheet along the wake tends to be
aligned with the flow streamlines and to roll-up
around the tip vortices. This is a non-linear 
problem (unknown location of the wake vortex sheet)
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problem (unknown location of the wake vortex sheet)

Aerodynamics 

• Linearized theory (Prandtl)

For small angles of attack, thickness and camber
(small perturbations) the wake trailing vortices  
are approximately aligned with the undisturbed 
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are approximately aligned with the undisturbed 
uniform incoming flow

Lifting line  

trailing vortices  



Aerodynamics 

• Linearized theory (Prandtl)

For this simplified model, the trailing vortices
are lines with a known location and so the  
problem becomes linear
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problem becomes linear

trailing vortices  

Lifting line  

Aerodynamics 

• Linearized theory (Prandtl)

The wing is modelled by a vortex system including
the bound vortex and a plane vortex sheet along
the wake aligned with the undisturbed incoming flow
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the wake aligned with the undisturbed incoming flow

Lifting line  

trailing vortices  



Aerodynamics 

• Linearized theory (Prandtl)

The trailing vortices intensity, g, is related to the
bound vortex circulation, G(y), (Helmothz theorem)

dG
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Aerodynamics 

• Linearized theory (Prandtl)

A three-dimensional velocity field is induced
by the vortex system. The induced velocity of
a semi-infinite vortex line (by comparison to an
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a semi-infinite vortex line (by comparison to an
infinite vortex line) is given by          , with a direction
perpendicular to the vector rp

g
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Aerodynamics 
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• Linearized theory (Prandtl)

Trailing vortices induced (descending) velocity
at a point y on the lifting line (without sweep)
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Aerodynamics 

• Assuming two-dimensional flow (valid for large
aspect ratio) at each wing section (airfoil) and an
approximately uniform wake induced velocity, wi, in 
the vicinity of the wing (lifting line) leads to
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Aerodynamics 
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is the velocity of the undisturbed
flow
is the velocity induced by the 
wake trailing vortices
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is the relative velocity for the flow 
around the wing section (airfoil)
that makes an angle       with 
the chord direction
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Aerodynamics 
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is the circulation around the
wing section (airfoil) that is
assumed to be negative

gd
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a is the geometrical angle of attack
a i is the induced angle of attack
aeff is the effective angle of attack
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For small values of ia
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For small values of ia
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dR is the force perpendicular to
the local flow around the airfoil,     , 
that makes an angle aeff
with the chord direction
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parallel and perpendicular to the
undisturbed incoming flow, ¥V
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Aerodynamics 
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The wake induced descending  
velocity,    , originates a drag
force,     , designated by induced
drag
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• Determination of forces for the finite wing
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• Determination of forces for the finite wing
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- Integrating in the spanwise direction
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• Determination of forces for the finite wing
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- The lift force, L, depends on the circulation 
distribution along the span

- The induced drag force, Di, depends directlty
and indirectly (wi) on the circulation distribution
along the span
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Aerodynamics 

• Assuming two-dimensional flow around the 
wing sections (airfoils) and ideal fluid (irrotational
flow) theory
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• In such conditions,      is related to the 
circulation distribution, G(y), by
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on the airfoil thickness

Symmetric of the zero lift angle that depends
on the airfoil camber

Airfoil chord dependent on the wing planform



Aerodynamics 

• For small induced angles of attack
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• In such conditions,      is related to the 
circulation distribution, G(y), by
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relations between        and the angles of attack

ieff aaa +=

( )yG

• Simple relation between geometric, induced 
and effective angles of attack

Finite Wings
Lifting line theory

Masters of Mechanical Engineering

( ) ( )
( ) ( )

( ) '
''

1

4

12 2

2'
dy

dy
d

yyV
y

ycVyC

y
y

b

b
l

�-
¥¥

G
-

+-
G

=
¥

��
p

ba

relations between        and the angles of attack
lead toieff aa and

( )yG



Aerodynamics 

( ) ( )
( ) ( )

( ) '
''

1

4

12 2

2'
dy

dy
d

yyV
y

ycVyC

y
y

b

b
l

�-
¥¥

G
-

+-
G

=
¥

��
p

ba

Geometric parameters that define the wing
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Change with y depends on twist angle

Airfoils selected for the wing sections

Change with y depends on the wing planform

Spanwise circulation distribution

Geometric parameters that define the wing
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• Analysis or direct problem:
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• Analysis or direct problem:

- Starting data
Wing geometry and angle of attack, a

- Unknowns
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• Project or inverse problem:
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• Project or inverse problem:

- Starting data
Lift and induced drag, i.e. spanwise circulation
distribution

- Unknowns
Wing geometry and/or angle of attack
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