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Direct numerical and large-eddy simulations(DNS/LES) of temporal plane jets are carried out in
order to analyze the effect of the subgrid-scale(SGS) models on the vortices obtained from LES.
The dynamics of the filtered vorticity norm(or filtered enstrophy) is analyzed through the
application of a box filter to temporal DNS of turbulent plane jetssRel<100d, using a methodology
similar to da Silva and Métais[J. Fluid Mech.473, 103(2002)]. Special emphasis is placed on the
enstrophy SGS dissipationterm, which represents the effect of the SGS models on the vortices
computed from LES. When the filter is placed in the inertial range region the evolution of the
vorticity norm is governed by the enstrophy production and enstrophy SGS dissipation, which
represents, in the mean, a sink of resolved enstrophy. Thus the coherent vortices obtained from LES
are subjected to an additional(nonviscous) dissipation mechanism. Locally, however, the enstrophy
SGS dissipation can be either a sink or a source of resolved vorticity(forward/backward enstrophy
cascade), but the forward cascade dominates, in analogy with what happens with the resolved
kinetic energy equation.A priori tests are conducted using several SGS models in order to analyze
their ability to represent the enstrophy SGS dissipation. The models analyzed are the Smagorinsky,
structure function, filtered structure function, dynamic Smagorinsky, gradient, scale similarity, and
mixed. It turns out that in terms of spatial localization all the models lead to a good correlation
between the “real” and “modeled” enstrophy SGS dissipation. Moreover, all the SGS models, even
of eddy-viscosity type, are able to provide enstrophy SGS backscatter. However, in terms of
statistical behavior the eddy-viscosity models do not provide enough enstrophy backscatter as the
non-eddy-viscosity models. LES are carried out and show that the Smagorinsky, structure function,
and mixed models cause excessive vorticity dissipation compared to the other models, and although
the enstrophy SGS dissipation affects mainly the smallest resolved scales, it may affect also some
low-wave numbers. An estimation of the “vorticity error” and its wave number dependence is given,
for each SGS model. Botha priori tests and LES show that the dynamic Smagorinsky and filtered
structure function models seem to be the best suited to a correct prediction of the resolved vorticity
field. © 2004 American Institute of Physics. [DOI: 10.1063/1.1810524]

I. INTRODUCTION

Large-eddy simulation(LES) is now a well established
tool currently used by researchers in the study of complex
turbulent flows(Lesieur and Métais,1 Meneveau and Katz2).
Although there are a great deal of LES studies in which the
statistical characteristics of turbulent flows(in the sense of
Meneveau3) are used to evaluate the subgrid-scale(SGS)
model performance, there are comparatively fewer studies
which assess the model’s ability to reproduce some relevant
instantaneous flow features—e.g., the flow structures. Since
the kinetic energy exchange between the resolved and unre-
solved scales is a key feature that the SGS models must
represent, several authors have examined the influence of the
coherent vortices on the so-called “subgrid-scale dissipation”
term ti jSij

, (e.g., Piomelliet al.,4 O’Neil and Meneveau5). In
this context, a complete account of the role played by the
coherent vortices on the interscale interactions in plane jets
was recently given by da Silva and Métais.6

However, the influence of the SGS models on the vorti-
ces computed from LES has been mostly neglected. For in-
stance, few studies analyzed the ability of the SGS models to
reproduce the “correct” size, shape, and lifetime of these
structures in a given flow. It has been assumed that the large-
scale vortices, which are the ones of interest in engineering
applications, are explicitly computed in LES and therefore
the effect of the SGS models on these structures is negli-
gible. However, some researchers have observed that differ-
ent SGS models produce differences in the coherent vortices
computed from LES(e.g., Silvestrini,7 Vreman, Geurts, and
Kuerten8), which shows unambiguously that there is an in-
fluence of the SGS models on the vortices computed from
LES. To the authors’ knowledge, there exists no systematic
study on the nature of this mechanism.

The present work focuses on analyzing this problem
througha priori anda posteriori tests of temporal evolving
plane jets. Although some new very promising SGS models/
techniques have emerged recently(e.g., Domaradzki and
Saiki,9 Domaradzki and Loh,10 Domaradzki, Loh, and Yee,11
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Kleiser,14,15 Brun and Friedrich16), we restrict our study to
the more commonly used SGS models, since these are the
ones which are more likely to interest present day research-
ers. The models analyzed here are the Smagorinsky
(SMAG), structure function(SF), filtered structure function
(FSF), dynamic Smagorinsky(DSMAG), gradient(GRAD),
scale similarity(SS), and mixed(MIX ) models.

We begin this study by analyzing the dynamics of the
resolved vorticity norm(or enstrophy) in a direct numerical
simulation (DNS) of a temporal plane jet. The enstrophy
dissipation caused by the filtering operation applied to the
Navier–Stokes equations is described by anenstrophy SGS
dissipation term. After this, the SGS models are analyzed
using classicala priori tests, but focusing on the enstrophy
related issues. Finally, several LES are carried out and com-
pared with results from the filtered DNS data.

It should be noted that the present work focuses on the
vortices from the far field of fully developed turbulent plane
jets. Plane jets were chosen in this study because they exhibit
well documented vortices which are similar to the ones
found in other free shear layers(e.g., mixing layers and
wakes), provided they are at the far field region. Therefore,
the conclusions from the present work can be extended to
vortices from the far field of free shear layers.

The paper is organized as follows. In Sec. II the main
equations for the transport of the grid-scale enstrophy are
derived and the SGS models analyzed in this study are re-
viewed. Section III describes the numerical code and lists the
parameters for all the simulations carried out in this study.
The DNS of a temporal plane jet is validated in Sec. IV. The
physical mechanism of the enstrophy SGS dissipation is ana-
lyzed in Sec. V through the application of a box filter to the
plane jet DNS. After that(Sec. VI) the modeled enstrophy
SGS dissipation from each SGS model is analyzed and com-
pared with the one from the filtered DNS. Finally(Sec. VII),
several LES are carried out with all the SGS models, in order
to validatea posteriori the previous analysis. Section VIII
closes the work with an overview of its main results and
conclusions.

II. GOVERNING EQUATIONS

A. Transport equation for the resolved enstrophy

In turbulent flows, a coherent vortex implies, by defini-
tion, high local vorticity.53 Therefore, the evolution of these
structures is governed by the enstrophy transport equation
(Chassaing17),

D

Dt
S1

2
ViViD = ViV jSij + n

]2

] xj ] xj
S1

2
ViViD

− n
] Vi

] xj

] Vi

] xj
, s1d

where ui and Vi are the velocity and vorticity vectors, re-
spectively,Sij =

1
2s]ui /]xj +]uj /]xid is the rate of strain tensor

andn is the molecular viscosity. Equation(1) stems directly
from the Navier–Stokes equations and is valid both locally
and instantaneously.

To analyze the coherent vortices present in large-eddy
simulations(LES), we have to consider the filtered Navier–
Stokes equations, from which one can derive the resolved
enstrophy transport equation,

s2d

Here “,” denotes a(spatial) filtering operation defined by

f,sxd =E
V

fsx8dGDsx − x8ddx8, s3d

wheref is a given flow variable andGDsxd is the filter ker-
nel. The filtering operation yields the subgrid-stress tensor,
ti j =suiujd,−ui

,uj
,.

In Eq. (2) the terms I and II account for the total(local
and convective) variation of resolved enstrophy, due to the
resolved enstrophy production(term III), resolved viscous
diffusion (IV ), resolved viscous dissipation(V), and to an
additional term: the enstrophy SGS dissipation(VI ).

This term originates in the filtering operation applied to
the Navier–Stokes equations and thus represents a transfer of
enstrophy between grid(or resolved) and subgrid-scale en-
strophy. If«i jkVi

,]2tkp/]xj ]xp,0 the term represents a loss
of enstrophy(forward enstrophy cascade) from grid scales
into subgrid scales, whereas«i jkVi

,]2tkp/]xj ]xp.0 implies
an inverse transfer(backward enstrophy cascade) of enstro-
phy from the subgrid into the resolved scales of motion.
Thus, the influence of the SGS models in the vortical struc-
tures computed from LES is described by this term, which is
zero in DNS where Eq.(2) reverts to Eq.(1).

For subsequent analysis, it is interesting to split the en-
strophy SGS dissipation(VI ) into a source(enstrophy SGS
transfer—VII) and diffusion (enstrophy SGS diffusion—
VIII ) terms,18

s4d
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B. Subgrid-scale models

1. Smagorinsky model

The Smagorinsky model19 (SMAG) is the most famous
and still the most widely used model. It is based on an eddy-
viscosity assumption,

ti j − 1
3di jtkk = − 2ntSij

,, s5d

and in the local equilibrium hypothesis of the subgrid scales.
Using the isotropic turbulence estimate,

« ,
qsgs

3

l
s6d

(in which the viscous dissipation« is related to a local ve-
locity qsgs and length scalel of the turbulence) and Eq.(5),
the turbulent viscosity in the Smagorinsky model is given by

ntsxW,td = sCsDd2uS,u, s7d

where the velocity and length scales of turbulence were ap-
proximated byqsgs, l uS,u and l ,D, respectively.Cs is a
model constant,D is a characteristic length scale of the sub-
grid scales and usually taken to be the width of the implicit
grid filter D=sDx3Dy3Dzd1/3, and uS,u is the norm of the
rate of deformation tensoruS,u=s2Sij

,Sij
,d1/2.

In isotropic turbulence, the constantCs can be related to
the Kolmogorov constantCK through

Cs <
1

p
S 2

3CK
D3/4

= 0.18. s8d

In practice this constant is flow dependent. Here we used
Cs=0.13, since it seems to be the best value to use in free
shear layers(Vreman, Geurts, and Kuerten8).

The drawbacks of this model, which have been widely
studied, are that the model is usually too dissipative, ob-
serves a poor correlation with the actual stresses, and is al-
ways a purely dissipative model, i.e., does not allow kinetic
energy backscatter(Meneveau and Katz,3 Vreman, Geurts,
and Kuerten,8 O’Neil and Meneveau6). Furthermore, in com-
plex flows such as in rotating frames or near separating re-
gions, the global equilibrium assumption of the subgrid
scales is not verified(the local equilibrium assumption fails
even in simple flow configurations as shown by da Silva and
Métais1). However and surprisingly, the Smagorinsky model
predicts very well the global kinetic energy dissipation of the
energy cascade found in turbulent shear flows(Shao, Sarkar,
and Pantano20).

2. Structure function model

The main idea of the structure function model consists in
transposing the spectral eddy viscosity, in the frame of the
isotropic EDQNM analytical theory of turbulence
(Kraichnan,21 Lesieur22), into the physical space. This was
made by Métais and Lesieur.23 The starting point is the rela-
tion by Batchelor,24

F2sxW,Dxd = kiuWsxW + rWd − uWsxWdiliri=Dx

= 4E
0

`

EskdF1 −
sinkDx

kDx
Gdk, s9d

which relates the three-dimensional kinetic energy spectrum
Eskd to the second-order structure functionF2sxW ,Dxd in ho-
mogeneous isotropic turbulence. Before putting the spectral
turbulent eddy viscosity into the physical space it is conve-
nient to remove its wave number dependence. Discarding the
cusp behavior(Lesieur and Cholet25) and assuming a balance
between the total SGS viscous dissipation and the total(iso-
tropic) kinetic energy dissipation(Leslie and Quarini26) one
gets

ntskukc,td =
2

3
CK

−3/2FEskc,td
kc

G1/2

, s10d

whereEskc,td is the kinetic energy spectrumEskd at the cut-
off wave numberkc. The most difficult part remains the
transposition of this spectral turbulent eddy viscosity into the
physical space. If one supposes, for each time and at each
spatial location, that the turbulence is “locally” homoge-
neous, one can relate the “local” three-dimensional kinetic
energy spectrum to a local filtered second-order structure
function F2

,sxW ,Dxd through a modified version of

Batchelor’s24 formula,

F2
,sxW,t,Dxd = kiuW,sxW + rW,td − uW,sxW,tdiliri=D

= 4E
0

kc

Esk,tdF1 −
sinkDx

kDx
Gdk. s11d

The assumption of a Kolmogorov spectrum in Eqs.(10)
and (11) leads to the SF model,

nt
SFsxW,td = 0.105CK

−3/2DxfF2
,sxW,Ddg1/2, s12d

in which CK is the Kolmogorov constant, here taken to be
1.4, andF2

,sxW ,Dxd is a local structure function of the filtered
velocity field calculated as

F2
,sxW,Dxd = kiuW,sxW + rW,td − uW,sxW,tdiliri=Dx. s13d

This model works well in isotropic turbulence(Métais
and Lesieur23), but is too dissipative in inhomogeneous flows
due to its strong dependence from the large-scale inhomoge-
neities. To deal with this problem several variants of the
structure function model have been developed.

3. Filtered structure function model

The FSF model is defined by applying a Laplacian filter
to the velocity field(to remove the contribution of large-
scale inhomogeneities) before calculating the local second-
order structure function. The final formulation is(Ducros,
Comte, and Lesieur27),

nt
FSFsxW,td = 0.0014CK

−3/2DxfF̃2
,sxW,Dxdg1/2, s14d

where
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F̃2
,sxW,Dxd = kiL3suW,sxW + rW,tdd − L3suW,sxW,tddiliri=Dx s15d

and the Laplacian filter(iterated three times) is defined as

LsuW,d = o
i

fuW,sxW − rW,td − 2uW,sxW,td + uW,sxW + rW,tdg. s16d

Whereas the structure function model represents a slight
improvement over the Smagorinsky model, the filtered struc-
ture function model combines the advantages of low compu-
tational cost without the problems of excessive dissipation
thus making it possible to study transitional flows(e.g.,
da Silva and Métais28).

4. Dynamic Smagorinsky model

In the dynamic Smagorinsky model(DSMAG) a dy-
namic procedureis used to calculate in space and time, the
constantCd=Cs

2 of the Smagorinsky model(Germanoet
al.29). Within this procedure a test filter, denoted by “∧” and
typically with filter width 2D, is used to calculate the re-
solved turbulent stresses’ tensor,

Lij = sui
,uj

,d∧ − sui
,d∧suj

,d∧ s17d

and

Mij = k2sDxd2uS,u∧sSij
,d∧ − sDxd2suS,uSij

,d∧. s18d

Here k=Î5 corresponds to a test filter ofD=2Dx (Vreman,
Geurts, and Kuerten8). The constantCd is then given by

CdsxW,td =
kMijLijl
kMijMijl

. s19d

The brackets indicate averaging along the homogeneous flow
directions(x andz in the present temporal plane jet simula-
tions). If, during the calculation process,CdsxW ,td,0 some-
where, the subgrid-scale model becomes a source of kinetic
energy instead of dissipating it. It was thought in the early
days of dynamic modeling to be a very interesting feature of
the model since it seemed that the model could provide back-
scatter(Piomelli and Chasnov30). It was later found that it
can, in fact, lead to numerical problems. In practical compu-
tations with the dynamical modelCd is normally set artifi-
cially to zero whenever its value given by Eq.(19) is nega-
tive.

5. Scale-similarity model

In the scale-similarity model(SS) no eddy-viscosity as-
sumption is made. It was developed by Bardina, Ferziger,
and Reynolds31 to exploit the fact that there is a strong cor-
relation between the smallest grid scale and subgrid-scale
stresses. The model is defined as

ti j = aLij = afsui
,uj

,d, − sui
,d,suj

,d,g. s20d

The constanta was here taken to be equal to 1. Very good
correlation was found between the actual and modeled
subgrid-scale stress tensorti j ; however, because the model
can include backscatter, it was found that this model does not
dissipate sufficient energy leading to numerical problems. To
overcome this drawback, the scale-similarity model is usu-

ally combined with the Smagorinsky model, becoming what
is called the mixed model.

6. Gradient model

The gradient or nonlinear model(GRAD) expressesti j

as an inner product of the velocity gradient tensors,

ti j = cAD2] ui
,

] xk

] uj
,

] xk
, s21d

with cA=1/12. The gradient model is equivalent to the scale-
similarity model witha=1 (de Borue and Orszag32), but it is
much more efficient in the simulations since no extra filter-
ing is needed.

7. Mixed model

The mixed model(MIX ) was designed to overcome the
difficulties of the scale-similarity model described above. It
consists in adding a dissipative Smagorinsky term to the
original scale-similarity model(Bardina, Ferziger, and
Reynolds31),

ti j = afsui
,uj

,d, − sui
,d,suj

,d,g − 2sCsDd2uS,uSij
,. s22d

Here we tooka=1 as all studies seem to indicatea<1 as
the best choice(Meneveau and Katz3). Moreover, with a
=1 the model is Galilean invariant(Speziale33).

III. COMPUTATIONAL DETAILS

A. Numerical method

The numerical code used in the present simulations is a
standard pseudospectral code(collocation method34) in
which the temporal advancement is made with an explicit
third-order Runge–Kutta time stepping scheme
(Williamson35). All simulations reported in this paper were
fully dealised using the 2/3 rule(Canutoet al.34).

B. Physical and computational parameters

Direct and large-eddy simulations of temporal evolving
turbulent plane jets were carried out in this work. Table I lists
the details of all the simulations.

The direct numerical simulation(DNS) was carried out
in order to analyze in detail the physical mechanisms of the
SGS enstrophy dissipation[term VI in Eq. (2)] and to con-
ducta priori tests on this quantity using several SGS models.
Although thea priori tests provide many useful and impor-
tant pieces of information, it is generally agreed that they
tend to be too severe. In actual LES the modeled SGS
stresses tend to adjust to the simulated flow and in general do
not bring consequences as bad as one would suppose. There-
fore, whenever possible, it is always important to analyze
results from actual LES.2 For this purpose, various LES were
carried out asa posteriori tests in order to confirm the pre-
vious analysis.
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The DNS was started using, as initial condition, a
hyperbolic-tangent velocity profile(da Silva and Métais6),

Usx,y,zd =
U1 + U2

2
−

U1 − U2

2
tanhF h

4u0
S1 −

2uyu
h
DG ,

s23d

to which a relatively high amplitude white noise was added
(8%) to speed up the transition mechanism and let the flow
reach quickly a fully developed turbulent state. In Eq.(23) u0

is the initial momentum thickness,h is the jet’s inlet slot
width, and we usedU1=1 andU2=0. The initial Reynolds
number was Reh=1500. The ratioh/u0 was set to 20 which
gives about 26 collocation points at each shear layer, at the
start of the simulation. This allows a very neat resolution of
the initial shear layer. For comparison da Silva and Métais6

usedh/u0=30 in direct numerical simulations of plane jets
and could still get all the details of the primary Kelvin–
Helmholtz instabilities, although using about 13 points per
shear layer. It is important to stress that the addition of a high

h/u0 ratio and initial amplitude noise, although favoring a
faster transition to turbulence, does not affect the dynamics
of the self-similar, fully developed turbulent state(Stanley
and Sarkar,36 Stanley, Sarkar, and Mellado,37 da Silva and
Métais6).

The computational domain had the same size in all simu-
lations. It extends tosLx,Ly,Lzd=s5.5h,8h,2.6hd along the
streamwisesxd, lateral syd, and spanwiseszd directions, re-
spectively. Moreover, all the simulations were carried out
with an isotropic grid, withD=Dx=Dy=Dz in all the simu-
lations. See Table I for details.

C. The filters

In this work two filters with several filter widths will be
used to separate between the large and small scales of mo-
tion, through a filtering operation defined by Eq.(3).

The emphasis in this work is placed on physical space
analysis/representation because the goal is to analyze the ef-
fect of the SGS models on the coherent vortices computed in

TABLE I. Details of the direct and large-eddy simulations.

Simulationsa Subgrid-scale model sN1,N2,N3d
b Resolutionc

DNS (none) 25633843128 D=0.02h

SMAG_2dx Smagorinsky 1283192364 D=0.04h

SF_2dx Structure function 1283192364 D=0.04h

FSF_2dx Filtered structure function 1283192364 D=0.04h

DSMAG_2dx Dynamic Smagorinsky 1283192364 D=0.04h

SS_2dx Scale similarity 1283192364 D=0.04h

GRAD_2dx Gradient 1283192364 D=0.04h

MIX_2dx Mixed 1283192364 D=0.04h

SMAG_4dx Smagorinsky 64396332 D=0.08h

SF_4dx Structure function 64396332 D=0.08h

FSF_4dx Filtered structure function 64396332 D=0.08h

DSMAG_4dx Dynamic Smagorinsky 64396332 D=0.08h

SS_4dx Scale similarity 64396332 D=0.08h

GRAD_4dx Gradient 64396332 D=0.08h

MIX_4dx Mixed 64396332 D=0.08h

SMAG_8dx Smagorinsky 32348316 D=0.16h

SF_8dx Structure function 32348316 D=0.16h

FSF_8dx Filtered structure function 32348316 D=0.16h

DSMAG_8dx Dynamic Smagorinsky 32348316 D=0.16h

SS_8dx Scale similarity 32348316 D=0.16h

GRAD_8dx Gradient 32348316 D=0.16h

MIX_8dx Mixed 32348316 D=0.16h

SMAG_16dx Smagorinsky 1632438 D=0.32h

SF_16dx Structure function 1632438 D=0.32h

FSF_16dx Filtered structure function 1632438 D=0.32h

DSMAG_16dx Dynamic Smagorinsky 1632438 D=0.32h

SS_16dx Scale similarity 1632438 D=0.32h

GRAD_16dx Gradient 1032438 D=0.32h

MIX_16dx Mixed 1632438 D=0.32h

aThe symbols “mdx” withm=2, 4, 8, 16(e.g., SMAG_2dx) mean that the LES corresponds to the case where the implicit(cutoff) LES filter is placed at
kcm=p /mDx.
bN1, N2, andN3 are the number of collocation points along thex, y, andz directions, respectively.
cIn all simulations we haveD=Dx=Dy=Dz.
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LES, and for this purpose it is important to use a localized
filter in the physical space(Liu, Meneveau, and Katz38).
Moreover, most of LES codes use finite differences and finite
volume codes, where the discretization is implicitly associ-
ated with a box filtering operation(Rogallo and Moin39).
Therefore, in most cases we will be using a box or top-hat
filter in which the filter kernelGD is defined as

GDsxW − jWd = 5 1

D
if uxW − jWu ,

D

2

0 otherwise.
6

However, we will also use the cutoff filter because we
will be comparing our filtered DNS data with results from
several LES, which were performed with the present pseu-
dospectral code. The kernel for the spectral cutoff filter is

Ĝkc
skd = 51 if k ø kc =

p

D

0 otherwise.
6

Finally, when computing local correlations with several
flow variables, it is important to use centered filters so that
the correlation between the two variables is computed using
the same grid location for both variables. This avoids the
case where noncentered variables make it impossible to com-
pare results from the filtered DNS with the new LES. Since
the pseudospectral schemes used here imply limitations on
the number of grid points used for each direction, when us-
ing the box filter we will have to rely on both centered and
noncentered filters. A discussion on this subject is shown in
the Appendix.

Finally, to analyze the influence of the filter width in the
results, we had to use several different filter widths for the
box and cutoff filters. For the former we usedkcm=p /mDx
with m=2, 4, 8, 16, while in the latter we usedDn=nDx with
n=2, 4, 8, 16(noncentered filters) and n=3, 5, 9, 17(cen-
tered filters).

IV. DNS ASSESSMENT

Figure 1 shows the evolution of the maximum box vor-
ticity components,

Vi
Mstd = maxhvi

2sx,y,z,tdj s24d

for the plane jet DNS, withi =1, 2, 3, wherevi is the vor-
ticity vector. The simulation is run untilT/Tref<110, where
Tref=H /2sU1−U2d. The simulation starts with a rapid
increase in enstrophy as the flow evolves into fully devel-
oped turbulence. This corresponds to the growth of the pri-
mary Kelvin–Helmholtz instability followed by other sec-
ondary instabilities also present in spatially growing plane
jets (da Silva and Métais6). Transition to turbulence is com-
plete by aboutT/Tref<15, since from this point, there is no
significant difference between the vorticity components. En-
strophy reaches a maximum at 20,T/Tref,30 and then de-
cays smoothly until the end of the simulation. Self-similarity
in the first- and second-order moments is attained at about
T/Tref<30 and maintained untilT/Tref<60, where confine-
ment effects begin to show in the one point statistics.

Figures 2(a)–2(d) show the coherent vortices present at
the self-similar region of the plane jetsT/Tref<46d, through
isosurfaces of low pressure and positiveQ=1/2sVi jVi j

−SijSijd (Weiss,40,41 Hunt, Wray, and Moin42).
The larger flow vortices are identified with low pressure

isosurfaces[Figs. 2(a) and 2(c)] and show the classical span-
wise rollers present in plane jets. The smaller vortices are
more clearly seen through positiveQ isosurfaces[Figs. 2(b)
and 2(d)]. As can be seen, by the time the flow reaches self-
similarity most vortices have lost any spatial preferential ori-
entation, sign of a fully developed turbulent state. We will be
interested in analyzing the influence of several SGS models
on this type of structures.

At this stage the Reynolds number based on the stream-
wise Taylor microscale varies across the shear layer between
Relx=90 and 100, which shows that the present DNS is rep-
resentative of a fully developed turbulent state.

Figures 3(a) and 3(b) show one point statistics for the
plane jet DNS compared with experimental results from Gut-
mark and Wygnansky,43 Ramparian and Chandrasekhara,44

Thomas and Prakash,45 and the direct numerical simulations
from Stanley, Sarkar, and Mellado37 and da Silva and
Métais.6 The details of the data gathered in Fig. 3 are dis-
played in Table II. For all the cases the profiles at adjacent
stations collapsed, indicating self-similarity. As can be seen,
although the scatter between the experiments and computa-
tions is high, the mean streamwise velocity profile and lateral
Reynolds stresses from the DNS results agree well with the
data available. Similar agreement exists for the streamwise
and spanwise Reynolds stresses.

The resolution used in the DNS isDx<3h to Dx<4h,
whereh is the Kolmogorov microscale, which is similar to
the resolution used in previous direct numerical simulations
of plane jets(Stanley, Sarkar, and Mellado,37 Akhavan et
al.,46 da Silva and Métais6).

Finally, Figs. 4(a) and 4(b) show the spatial, two-
dimensional kinetic energy and enstrophy spectra of the
three-dimensional velocity field from the center of the shear
layer sy/H=0d at the self-similar regimesT/Tref<46d. The
figures show also the width of the filters used later in the

FIG. 1. Temporal evolution of the maximum vorticity(components) for the
plane jet DNS.
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analysis (see below). The kinetic energy spectrum has a
−5/3 region over about one decade followed by a smooth
decay at high wave numbers, which shows that the resolution
used in the present simulation is indeed sufficient to accu-
rately represent the small-scale motions. The enstrophy spec-
trum attains its peak betweenk2D<20 which corresponds to
the start of the dissipation region.

These results show that the present DNS is both accu-
rate, at the large and small scales, and representative of a

fully developed turbulent plane jet. This completes the vali-
dation of the turbulent plane jet DNS.

V. RESOLVED ENSTROPHY DYNAMICS

A. Data bank description

The aim of this section is to analyze the enstrophy SGS
dissipation in a temporal simulation of a turbulent plane jet,
but before starting with the analysis of the DNS results, it is

FIG. 2. Isosurfaces of low pressure(a,c) and Q.0 (b,d) for the plane jet DNS atT/Tref<46. (a,b) Side view; (c,d) top view. The thresholds areQ
=15sU1/hd2 andp=−0.05rU1

2, respectively.
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important to describe briefly, how the DNS data bank was
created. It consists of 20 instantaneous fields from the plane
jet DNS taken fromT/Tref<41 to T/Tref<50, i.e., from the
self-similar regime. All the mean profiles were computed us-
ing both averaging in the two homogeneous directions(x and
z) and averaging over the 20 instantaneous fields. Other
quantities such as root-mean square(rms), correlations, prob-
ability density functions(PDFs), and joint probability den-
sity functions(JPDFs) were computed using data from the
centerline plane and the two upper and two lower grids
closer to it (i.e., planesy/H=−0.04;−0.02; 0; 0.02; 0.04).
The procedure is carried out in much the same way as in
da Silva and Métais.6

An interesting issue that can be analyzed is the subgrid-
scales global equilibrium hypothesis. It states that all the
kinetic energy transferred from the grid scales into subgrid
scales is dissipated by the molecular viscosity(da Silva and
Métais6). Starting from the transport equation for the
subgrid-scales kinetic energy, the global equilibrium can be
expressed by

s25d

In Eq. (25) XVSGS=−2ti jSij
,.0 represents kinetic

energy transfer from grid into the subgrid scales(forward
scatter) while XVSGS=−2ti jSij

,,0 represents transfer from
subgrid scales into grid scales(backward scatter).

To assess the degree of equilibrium in the time interval
used to build the DNS data bank Fig. 5 displays mean pro-
files of terms XIIISGS and XVSGS for the present simulation.
The figure shows that as the filter width decreasessD→0d,
more energy flows from the grid into the subgrid scales
sXVSGSd, and the more is dissipated by molecular viscosity
XIII SGS, but for D /Dx=2, 4, 8 the terms balance quite rea-
sonably. The small lack of balance for the caseD /Dx=16
near the centerline may imply that this filter is placed at the
large scales of the flow, i.e., significant kinetic energy is
being produced at scales smaller thanD /Dx=16. This shows

FIG. 3. Mean velocity profile and lateral Reynolds stresses from the plane jet DNS in the self-similar regionsT/Tref<46d. The present results are compared
with the experimental measurements from Gutmark and Wygnansky(Ref. 43), Ramparian and Chandrasekhara(Ref. 44), Thomas and Prakash(Ref. 45) and
with the direct numerical simulations from Stanley, Sarkar, and Mellado(Ref. 37) and da Silva and Métais(Ref. 6). (a) Mean streamwise velocity profile;(b)
lateral Reynolds stresses profile.dU is the half-width of the jet.

TABLE II. Details of the experimental and numerical results compared in Fig. 3.

Source Reh h/u Initial condition Data collected at

Gutmark and Wygnanskya 30 000 … Laminar flow x/h=140

Ramparian and Chandrasekharab 1 600 67 Laminar flow x/h=40

Thomas and Prakashc 8 000 29 Laminar flow x/h=14

Stanley, Sarkar, and Melladod 3 000 20 White noise x/h=8

da Silva and Métaise 3 000 20 White noise x/h=10

aReference 43.
bReference 44.
cReference 45.
dReference 37.
eReference 6.
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that there is some degree of equilibrium even in the smallest
scales of motion which gives us further confidence in the use
of the DNS data bank.

B. Mean enstrophy SGS dissipation

To analyze the dynamics of the enstrophy SGS dissipa-
tion (VI ) we compare this term with the other mechanisms
also present in the resolved enstrophy transport equation(2),
like the enstrophy production(III ) and the enstrophy viscous
dissipation (V), which were already well documented in
other flows(e.g., Tsinober, Ortenberg, and Shtilman47 in di-
rect numerical simulations of homogeneous isotropic turbu-
lence).

We start analyzing the filtered enstrophy dynamics by
plotting mean profiles of the dominating terms from Eq.(2)
in Figs. 6(a)–6(d). It was observed that in the mean, terms II
(filtered enstrophy convection) and IV (viscous enstrophy
diffusion) are negligible and were therefore removed from
the figures for clarity. Thus, the evolution of the enstrophy is
mainly governed by its production(term III), viscous dissi-
pation(term V), and SGS dissipation(term VI). In the mean,
the SGS enstrophy dissipation(VI ) acts as a sink of enstro-
phy (always negative), thus the coherent vortices obtained
from LES should be subjected to an additional(nonviscous)
dissipation mechanism.

Figures 6(b)–6(d) show the effect of the filter width on
the enstrophy production(III ), enstrophy viscous dissipation
(V), and enstrophy SGS dissipation(VI ). Both the enstrophy
production and viscous dissipation decrease with increased
filter width [Figs. 6(b) and 6(c)]. The fact that these terms
decrease so much with only a small increase in filter width
shows that a large amount of enstrophy is being generated at
the smallest scales of motion. The enstrophy SGS dissipation
(VI ), on the other hand increases first fromD /Dx=2 to
D /Dx=4, but decreases after fromD /Dx=4 to D /Dx=16,
although not as fast as the enstrophy viscous dissipation(V).

Comparing the magnitudes of these terms for each filter,
and considering that they should balance for each filter
width, one sees that for the smaller filter widthsD /Dx=2d,
the enstrophy productionsIII 2d is mainly balanced by the
viscous dissipationsV2d, while the SGS dissipationsVI2d is
negligible. ForD /Dx=4 the enstrophy viscous dissipation
sV4d and enstrophy SGS dissipationsVI4d have more or less
the same importance, but forD /Dx=8, however, the enstro-
phy viscous dissipationsV8d becomes less important than the
enstrophy SGS dissipationsVI8d which dissipates most of the
enstrophy produced. ForD /Dx=16 the enstrophy viscous

FIG. 4. Two-dimensional(spatial) kinetic energy and enstrophy spectra from the plane jet DNS in the center of the shear layersy/H=0d at T/Tref<46. (a)
Kinetic energy spectrum;(b) enstrophy spectrum. The figures show also the position of several filter widths used in this work. Noncentered filters:D /Dx
=2, 4, 8, 16. Centered filters:D /Dx=3, 5, 9, 17.

FIG. 5. Profiles of the dominating terms in the SGS kinetic energy equation
[Eq. (25)]. The terms were computed using no filtering(0) and using the box
filter with three filter widths(D /Dx=2, 4, 8, 16).
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dissipationsV16d is virtually zero and all the enstrophy pro-
duction is balanced by the enstrophy SGS dissipationsVI16d.

Figure 7 shows the rms of the dominating terms from the
resolved enstrophy transport equation with several filter
widths, in order to compare the mechanisms of viscous and
SGS dissipation(V and VI). Looking at the rms, which is a
measure of the local intensity of each term, we see that for
D /Dx=2 the local intensity of both terms(V and VI) is com-
parable, but forD /Dxù4 the SGS dissipation(VI ) is much
more active and similar to the enstrophy production(III )
while the viscous dissipation(V) is negligible in comparison.
In short, as the filter moves into larger scales, i.e., more into
the inertial and further away from the dissipative range, the
SGS enstrophy dissipation(VI ) becomes more and more im-
portant, while the effects of molecular viscosity become neg-
ligible.

To complete the characterization of the dominating terms
from the resolved enstrophy transport equation, and their de-
pendence on the filter width, we integrate the mean profiles
of the enstrophy viscous dissipation(V) and enstrophy SGS
dissipation (VI ) shown in Fig. 6. The evolution of these
quantities, defined by

Vtotal =E
−Ly/2

+Ly/2Kn
] Vi

,

] xj

] Vi
,

] xj
sydLdy s26d

and

VI total =E
−Ly/2

+Ly/2K«i jkVi
, ]2tkp

] xj ] xp
sydLdy, s27d

is shown in Fig. 8. As the filter width increases the impor-
tance of the viscous dissipation(V) decreases monotonically,

FIG. 6. Profiles of the dominating terms in the enstrophy transport equation(2) using no filtering(0) and using the box filter with three different filter widths
(D /Dx=2, 4, 8, 16). (a) Enstrophy production(III ) and viscous dissipation(V); (b) filtered enstrophy production withD /Dx=0, 2, 4, 8, 16;(c) filtered
enstrophy viscous dissipation withD /Dx=0, 2, 4, 8, 16;(d) filtered enstrophy SGS dissipation withD /Dx=0, 2, 4, 8, 16.

Phys. Fluids, Vol. 16, No. 12, December 2004 Effect of subgrid-scale models 4515

Downloaded 29 Jan 2009 to 193.136.129.111. Redistribution subject to AIP license or copyright; see http://pof.aip.org/pof/copyright.jsp



whereas the enstrophy SGS dissipation(VI ) increases first
and then decreases slightly.D /Dx<5 marks the point where
the enstrophy SGS dissipation becomes more important than
the viscous dissipation. The ratio VItotal/Vtotal seems to be
tending to a constant and slow growth rate after this.

The change in the relative importance between the en-
strophy viscous dissipation and SGS dissipation can be more
clearly understood by examining again Figs. 4(a) and 4(b)
which show the location of the different filter widths in the
kinetic energy spectrum. Here one can see that the filter
D /Dx=2 is at the middle of the dissipative region of the
spectrum, where viscosity effects play a vital role, whereas
the filter D /Dx=8 is at the inertial range region, where vis-
cosity effects are negligible.

Although we used all the four filter widths in this work,
due to limitations of space, whenever a comparison with the
results obtained with several filter widths is necessary we

will show only the ones obtained with the filtersD /Dx=2
(dissipative range filter) andD /Dx=8 (inertial range filter).

C. Probability density functions and spatial-temporal
correlations

To characterize the local(in the physical space) behavior
of these terms, Fig. 9 shows their PDFs using a box filter
with D /Dx=4. It was observed that the width of the filter has
a very small influence in the shape of these PDFs. Notice
that in all the single or joint PDFs computed in this paper,
prior to the computation of the PDF, all variables were re-
moved from their mean values and were nondimensionalized
by their respective variances.

The sign of the absolute values obtained by each term
are listed in Table III, e.g., it was verified that the enstrophy
viscous dissipation(V) exhibited always negative values,
whereas the enstrophy production(III ) and enstrophy SGS
dissipation(VI ) could be either positive or negative.

Therefore, Fig. 9 shows that although the enstrophy pro-
duction(III ) can represent either production(positive) or de-
struction(negative) of resolved enstrophy, production events
dominate, making the overall contribution of this term posi-
tive, as described above and in agreement with, e.g., Tsi-
nober, Ortenberg, and Shtilman,47 Galati and Tsinober.48

Also, the viscous enstrophy dissipation(V) is always nega-
tive and the term always contributes to the dissipation of the
resolved enstrophy. For the enstrophy SGS dissipation(VI )
we see that it can either represent a forward enstrophy cas-
cade(negative) or a backward enstrophy cascade(positive),
but, as we saw before, in the mean, the dissipation mecha-
nism (forward scatter) prevails.

Table III shows the correlation coefficients between sev-
eral terms from Eqs.(2) and (25) for filter widths D /Dx=3
andD /Dx=9. The table shows that, with few exceptions, as
the filter width changed fromD /Dx=3 to 9 the maximum
variation of the correlation coefficients was,0.1. For sim-

FIG. 7. Rms of the enstrophy vorticity production(III ), enstrophy viscous
dissipation(V), and enstrophy SGS dissipation(VI ) at the far field of the
plane jet DNS. The statistics were obtained through the application of the
box filter with filter widthsD /Dx=0, 2, 4, 8, 16.D=0 means that no filter
was applied to the terms.

FIG. 8. Vtotal and VItotal for filter widths D /Dx=0, 2, 4, 8, 16 using a box
filter.

FIG. 9. PDFs of relevant terms from the filtered enstrophy transport equa-
tion (2), using the box filter withD /Dx=4. III, enstrophy production; V,
enstrophy viscous dissipation; VI, enstrophy SGS dissipation. For each PDF
computation, all variables were removed from their mean values and non-
dimensionalized by their respective variances.

4516 Phys. Fluids, Vol. 16, No. 12, December 2004 C. B. da Silva and J. C. F. Pereira

Downloaded 29 Jan 2009 to 193.136.129.111. Redistribution subject to AIP license or copyright; see http://pof.aip.org/pof/copyright.jsp



plicity, we will discuss the correlation coefficients for the
case D /Dx=3, but the same conclusions are valid for
D /Dx=9 (see Table III).

The correlations show that the dominating terms have
some correlation both with the regions of high filtered vor-
ticity and high filtered deformation rate[note that these
quantities are themselves correlated, CorrsuSu , uVud=0.63].
However, the enstrophy production(III ), viscous dissipation
(V), and SGS dissipation(VI ) exist preferentially in the re-
gions of high vorticity, e.g., CorrsuV,u , III d.CorrsuS,u , III d.

The joint PDF(JPDF) of these correlations is shown in
Figs. 10(a)–10(c). Again, before computing the JPDFs all
terms were removed from their mean values and were non-
dimensionalized by their variances. It was observed that
there are only small differences when comparing the joint
PDF of the terms and the vorticity norm or the deformation
rate. Note that the correlation between the enstrophy produc-
tion and the vorticity comes mainly from III.0 (production)
and the correlation between the enstrophy SGS dissipation
and the vorticity comes mainly from VI,0 (enstrophy for-
ward scatter).

It is interesting to notice that the two enstrophy dissipa-
tion mechanisms(viscous V and inviscid VI) act at quite
different locations. First, the two mechanisms are not corre-
latedfCorrsV,VI d= +0.22g and, while the enstrophy viscous
dissipation(V) is also quite uncorrelated with the enstrophy
production (III ) fCorrsIII ,V d=−0.36g, the enstrophy SGS
dissipation (VI ) does have some reasonable correlation
fCorrsIII ,VI d=−0.62g. Thus, there is some kind of “local
equilibrium” between enstrophy creation(III ) and dissipation
by the subgrid scales(VI ) (in reality enstrophy transfer into
smaller scales of motion). This is particularly true in the
inertial range where, as we saw before, the viscous enstrophy
dissipation is negligible and enstrophy production is mostly
balanced by the enstrophy SGS dissipation. Thus,

s28d

where the above relation holds locally(i.e., at each instant
and spatial location) as well as globally, when averaged over
the entire flow field. Surprisingly the correlation decreases
slightly when we discard the diffusion mechanism also

present in term VI[term VIII in Eq. (4)] and consider only
the enstrophy SGS transfer, term VII in Eq.(4). We obtain
CorrsIII ,VII d=−0.47 forD /Dx=3 and CorrsIII ,VII d=−0.35
for D /Dx=9 against CorrsIII ,VI d=−0.62 and −0.54 for
D /Dx=3 and 9, respectively. Thus, the approximation,

s29d

is not as good as that of Eq.(28). Therefore, care should be
taken when using Eq.(29) as a starting point for a turbulence
model for the vorticity transport equation as in, e.g., Mans-
field, Knio, and Meneveau.18

Moreover, we note that, as expected, there is a very high
correlation between the kinetic energy transfer into the
subgrid scalessXVSGSd and the enstrophy production
(III ), CorrsIII ,XV SGSd= +0.74, which supports the common
conception that production of vorticity is associated with en-
ergy cascading into smaller scales. The JPDF of terms III and
XVSGSin Fig. 11 shows that this correlation comes both from
III, XV SGS.0 and III, XVSGS,0.

Another interesting observation is the high correlation
between the viscous dissipation of enstrophy and SGS ki-
netic energy CorrsV,XIII SGSd= +0.94. Unlike the other
terms in Eqs.(2) and (25), these terms are always negative.
They play a similar role in the dynamics of the resolved
enstrophy and the SGS kinetic energy associated with the
“natural” sink caused by molecular viscosity. Figure 12
shows the JPDF of these terms and it seems that their corre-
lation is equally large either from CorrsV,XIII SGSd
!0, CorrsV,XIII SGSd,0, or CorrsV,XIII SGSd<0. This
demonstrates that the ends of the energy and enstrophy cas-
cades are spatially correlated.

Finally, we see that the enstrophy SGS dissipation(VI )
is more correlated with the kinetic energy SGS transfer
sXVSGSd than the kinetic energy viscous SGS dissipation
sXIII SGSd, with CorrsVI,XV SGSd=−0.54 and
CorrsVI,XIII SGSd= +0.34, respectively. Their JPDFs are
shown in Figs. 13(a) and 13(b). It is interesting to note that
the correlation between the enstrophy SGS dissipation(VI )
and kinetic energy transfer XVSGScomes mainly from VI,0
(enstrophy forward scatter) and XVSGS.0 (energy forward
scatter), which shows that energy and enstrophy cascades are
correlated when the transfer is done from the large into the

TABLE III. Correlation coefficients between several terms from Eqs.(2) and (25) obtained with a box filter
with D /Dx=3 andD /Dx=9. uS,u is the filtered rate of strain anduV,u the filtered vorticity norm.

Correlation D /Dx uV,u uS,u III V VI XIII SGS XVSGS

Signa P P NP N NP N NP

III 3 +0.48 +0.37 11.00 −0.36 −0.62 −0.43 +0.74

9 +0.45 +0.32 11.00 −0.25 −0.54 −0.41 +0.69

V 3 −0.48 −0.46 −0.36 11.00 +0.22 +0.94 −0.39

9 −0.42 −0.31 −0.25 11.00 +0.17 +0.74 −0.31

VI 3 −0.35 −0.33 −0.62 +0.22 11.00 +0.34 −0.54

9 −0.36 −0.24 −0.54 +0.17 11.00 +0.34 −0.39

aSign: P, always positive; N, always negative; NP, can be negative or positive.
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small scales(forward energy and enstrophy cascades) more
than when it is from small to large scales(backward energy
and enstrophy cascades).

VI. A PRIORI TESTS: MODELED ENSTROPHY SGS
DISSIPATION

This section will assess the behavior of the enstrophy
SGS dissipation when modeleda priori by several SGS
models. The results are compared with the “real” enstrophy
SGS dissipation obtained from the filtered DNS data.

A. Mean profiles of enstrophy SGS dissipation

We start with the mean profiles of real and modeled
enstrophy SGS dissipation(VI ) shown in Figs. 14(a) and
14(b) using the box filter with two filter widths:D /Dx=2 and
8.

For some models, e.g., structure function and gradient,

FIG. 10. Joint PDF of dominating terms from Eq.(2) and the(fluctuating) vorticity norm. (a) Enstrophy production(III ); (b) viscous dissipation(V); (c)
enstrophy SGS dissipation(VI ). Filtering was done using the box filter withD /Dx=3. For each JPDF computation, all variables were removed from their
mean values and nondimensionalized by their respective variances.

FIG. 11. Joint PDF of kinetic energy transfersXVSGSd and enstrophy pro-
duction(III ). Filtering was done using the box filter withD /Dx=3. For the
JPDF computation, both variables were removed from their mean values and
nondimensionalized by their respective variances.
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the relative importance of the modeled to the real enstrophy
SGS dissipation changes when the filter is placed in the dis-
sipative sD /Dx=2d or in the inertial range regionsD /Dx
=8d. Indeed, forD /Dx=2 the structure function model dissi-
pates too much enstrophy, while the gradient model dissi-
pates a slightly more than the real enstrophy SGS dissipa-
tion. But for D /Dx=8, both models dissipate less enstrophy
then the real enstrophy SGS dissipation. Apart from these
models, the main trend is more or less the same as one goes
from D /Dx=2 to D /Dx=8, namely, the Smagorinsky model
always dissipates too much enstrophy, and the dynamic Sma-
gorinsky and filtered structure function models are the ones
that dissipate less. The same conclusions were seen with fil-

ter widths D /Dx=4 and 16(not shown), in particular, the
great sensibility of the structure function model to the filter
size.

It is interesting to note that, in both cases(D in the
dissipative or inertial range), the gradient and mixed models
give quite similar results. The same happens with the dy-
namic Smagorinsky and scale-similarity models. Finally,
when the filter is placed in the inertial range(arguably where
it should be in a good LES) the structure function and scale-
similarity models give almost identical results. However it
seems that the structure function model is more sensitive
than the other models to variations in filter width.

Although as stressed above, we are mainly interested in
analyzing the enstrophy SGS dissipation in the physical
space, it is always interesting to see the results obtained us-
ing a spectral cutoff filter. One reason for this is to allow the
comparison of thea priori tests with thea posterioriresults
obtained with LES from the present pseudospectral code,
since it makes no sense to comparea priori results obtained
with a box filter with LES results coming from a pseu-
dospectral code.

For this purpose, Figs. 15(a) and 15(b) show the mean
profiles of real and modeled enstrophy SGS dissipation ob-
tained with a spectral cutoff filter withkc2=p /2Dx and kc8

=p /8Dx, respectively.
In general, the same hierarchy of model dissipation is

maintained, i.e., the filtered structure function and dynamic
Smagorinsky models dissipate the least amount of enstrophy,
while the Smagorinsky and structure function models are the
ones that cause the highest dissipation if in the dissipative
range, while the performance of the latter greatly improves in
the inertial range. We do not display the results for the scale-
similarity and mixed models since the Leonard stresses be-
come zero when using a cutoff filter.

FIG. 12. Joint PDF of viscous SGS kinetic energy dissipationsXIII SGSd and
enstrophy viscous dissipation(V). Filtering was done using the box filter
with D /Dx=3. For the JPDF computation, both variables were removed
from their mean values and nondimensionalized by their respective
variances.

FIG. 13. Joint PDF of enstrophy SGS dissipation(VI ) with the (a) kinetic energy SGS transfersXVSGSd; (b) viscous SGS kinetic energy dissipationsXIII SGSd.
Filtering was done using the box filter withD /Dx=3. For each JPDF computation, all variables were removed from their mean values and nondimensionalized
by their respective variances.
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B. Spectra of enstrophy SGS dissipation

Next we analyze the wave number dependence of the
enstrophy SGS dissipation. For that purpose we define the
(direct) 2D Fourier transform of the enstrophy SGS dissipa-
tion at the center of the shear layer,

t6̂sk1,k3,td =
1

s2pd2E
−`

` E
−`

`

t6sx,y = 0,z,tde−isxk1+zk3ddk1 dk3,

s30d

where

t6sx,y = 0,z,td = − «i jkVi
,U ]2tkp

] xj ] xp
U

y=0
. s31d

The 2D enstrophy SGS dissipation spectra is defined by

kt6̂sK2D8
→

,tdt6̂sK2D

→
,tdl = T6sK2D,tddsK2D

→
+ K2D8

→
d s32d

and relates to the variance of the enstrophy SGS dissipation
through

1

2
kt68

2sy = 0,tdl =E
0

`

T6sk2D,tddk2D. s33d

Figures 16 and 17 display the(2D spatial) enstrophy
SGS dissipation spectraT6sk2D,td, using box and cutoff fil-
ters, respectively. For all cases, the differences between the
real and modeled enstrophy SGS dissipation spectra extends

FIG. 14. Mean profiles of real and modeled enstrophy SGS dissipation(VI ) using several SGS models. SMAG, Smagorinsky; SF, structure function; FSF,
filtered structure function; DSMAG, dynamic Smagorinsky; GRAD, gradient; SS, scale similarity; MIX, mixed. Filtering was done with a box filter with(a)
D /Dx=2; (b) D /Dx=8.

FIG. 15. Mean profiles of real and modeled enstrophy SGS dissipation(VI ) using several SGS models. SMAG, Smagorinsky; SF, structure function; FSF,
filtered structure function; DSMAG, dynamic Smagorinsky; GRAD, gradient. Filtering was done with a spectral-cutoff filter with(a) kc2=p /2Dx; (b) kc8

=p /8Dx. Note that using the cutoff filter the scale-similar enstrophy SGS dissipation is zero and the mixed model turns into the Smagorinsky model.

4520 Phys. Fluids, Vol. 16, No. 12, December 2004 C. B. da Silva and J. C. F. Pereira

Downloaded 29 Jan 2009 to 193.136.129.111. Redistribution subject to AIP license or copyright; see http://pof.aip.org/pof/copyright.jsp



through the entire wave number spectra. In terms of hierar-
chy between the models, the figures show that[in light of Eq.
(33)], kt6sx,y=0,z,tdl should not be very different from
kt68

2sx,y=0,z,tdl. For instance, for the box filter atD /Dx
=2, the Smagorinsky and structure function models are the
ones that dissipate more enstrophy[see Fig. 14(a)].

C. Correlations between real and modeled enstrophy
SGS dissipation

Table IV shows the correlation coefficients between the
enstrophy SGS dissipation and a number of other flow vari-
ables. The correlation between one componentst12d of the

real and modeled subgrid-scale stresses is also shown. As in
Table III the influence of the filter width in the correlations,
as one goes fromD /Dx=3 to 9 amounts to less than 0.1 in
most cases. Therefore, in the discussion we will cite the re-
sults for D /Dx=3 only, although the conclusions are the
same when consideringD /Dx=9.

The correlation between real and modeled subgrid-scale
stresses is illustrated in Table IV for the cross stress compo-
nentt12. Other components lead to similar results. As shown
in the table, and as described previously in several studies,
e.g., de Borue and Orszag,32 Liu, Meneveau, and Katz,38 the
correlation coefficients for the eddy-viscosity models is quite

FIG. 16. Modeled enstrophy SGS dissipation(2D spatial) spectra from the plane jet DNS in the the center of the shear layersy/H=0d using the box filter with
(a) D /Dx=2; (b) D /Dx=8. SMAG, Smagorinsky; SF, structure function; FSF, filtered structure function; DSMAG, dynamic Smagorinsky; GRAD, gradient;
SS, scale similarity; MIX, mixed.

FIG. 17. Modeled enstrophy SGS dissipation(2D spatial) spectra from the plane jet DNS in the the center of the shear layersy/H=0d using the spectral-cutoff
filter with (a) kc2=p /2Dx; (b) kc8=p /8Dx. SMAG, Smagorinsky; SF, structure function; FSF, filtered structure function; DSMAG, dynamic Smagorinsky;
GRAD, gradient. Note that using the cutoff filter the scale-similar enstrophy SGS dissipation is zero and the mixed model turns into the Smagorinsky model.
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low (less than 0.2) whereas the ones obtained with the gra-
dient and scale-similarity models are very high(more than
0.8). Moreover, the addition of a scale-similarity term to the
Smagorinsky model increases substantially the correlation
with the real stresses. We have 0.38 against 0.40 in de Borue
and Orszag.32

Considering these correlations for the subgrid-scale
stresses it may be surprising to see that all the models lead to
a very good correlation between real and modeled enstrophy
SGS dissipation(see Table IV). This can be explained by the
presence of the filtered vorticityVi

,, which of course is
the same for all models, in the definition of term VI.
As expected, the gradient and scale-similarity models
have the highest correlations fCorrsVIGRAD,VId
= +0.97, CorrsVISS,VId= +0.94g, due to the high level of
correlation between the real and modeled subgrid-scale
stresses in these models.

It is interesting to see the correlation between the enstro-
phy production(III ) and the modeled enstrophy SGS dissi-
pation, since as we saw before, there is some kind of local
equilibrium between these mechanisms in a real flow, pro-
vided thatD is placed at the inertial range. The correlation
between CorrsIII ,VI modeld is very close to the real value of
CorrsIII ,VI d=−0.62 for all the models, except for the filtered
structure function model, and this might explain why it dis-
sipates a very small amount of enstrophy, when compared to
the other models.

Finally, notice that the enstrophy SGS dissipation for all

the models has a very low correlation with the viscous en-
strophy dissipation, CorrsV,VI modeld< +0.20, as in the real
case where CorrsV,VI d= +0.22. Moreover, for all the mod-
els the enstrophy SGS dissipation occurs more in the vortic-
ity dominated regions than in the deformation rate dominated
regions, CorrsuV,u ,VImodeld.CorrsuS,u ,VImodeld, also as in
the real enstrophy SGS dissipation.

D. Probability density functions of enstrophy SGS
dissipation

To analyze the issue of statistical behavior we turn to the
PDFs of the real and modeled enstrophy SGS dissipation
(VI ), which are shown in Fig. 18 for filter widthD /Dx=8.

We recall that negative/positive values of enstrophy SGS
dissipation(VI ) represent forward/backward enstrophy cas-
cade, respectively. Notice that unlike what happens when
considering the grid-scale kinetic energy, all models even of
the eddy-viscosity type, provide both a forward and back-
ward enstrophy cascade.

Concerning the forward enstrophy tails of the PDFs
sVI ,0d, all the models show very similar results and are
quite close to the real shape of the PDF of real enstrophy
SGS dissipation(VI ), as shown in Fig. 18 forD /Dx=8. The
same occurs with other filter widths(not shown). It turns out
that most differences come from the backward enstrophy tail
sVI .0d of the PDFs. This part is shown in more detail in
Figs. 19(a) and 19(b).

TABLE IV. Correlation coefficients involving the modeled enstrophy SGS dissipation(VI ), enstrophy produc-
tion (III ), viscous dissipation(V), filtered vorticity normsuV,ud and filtered deformation ratesuS,ud, using
several SGS models, for filter widthsD /Dx=3 and 9. The correlation coefficients for one componentst12d of the
real and modeled subgrid-scale stresses is also shown for comparison, along with the values obtained by de
Borue and Orszag(Ref. 32) and Liu, Meneveu, and Katz(Ref. 38). SMAG, Smagorinsky; SF, structure
function; FSF, filtered structure function; DSMAG, dynamic Smagorinsky; GRAD, gradient; SS, scale similar-
ity; MIX, mixed.

Correlation D /Dx SMAG SF FSF DSMAG GRAD SS MIX

st12
real,t12

modeld 3 +0.20 +0.19 +0.18 +0.19 +0.99 +0.97 +0.38

9 +0.22 +0.22 +0.19 +0.21 +0.91 +0.87 +0.36

Borue and Orszaga b +0.23 … … … +0.97 … …

Liu, Meneveau, and Katzc b +0.20 … … … +0.80 +0.75 +0.40

sVI real,VImodeld 3 +0.61 +0.53 +0.53 +0.61 +0.97 +0.94 +0.64

9 +0.46 +0.41 +0.21 +0.45 +0.64 +0.77 +0.47

sIII ,VI modeld 3 −0.63 −0.58 −0.49 −0.63 −0.66 −0.70 −0.64

9 −0.54 −0.48 −0.24 −0.56 −0.54 −0.66 −0.55

sV,VI modeld 3 +0.27 +0.14 +0.20 +0.27 +0.25 +0.28 +0.27

9 +0.34 +0.18 +0.20 +0.35 +0.17 +0.20 +0.35

suV,u ,VImodeld 3 −0.56 −0.53 −0.42 −0.56 −0.38 −0.43 −0.56

9 −0.66 −0.63 −0.34 −0.63 −0.32 −0.45 −0.66

suS,u ,VImodeld 3 −0.38 −0.30 −0.24 −0.38 −0.35 −0.38 −0.39

9 −0.34 −0.26 −0.10 −0.34 −0.22 −0.27 −0.34

aReference 32.
bAs in the present results, the coefficients obtained by Borue and Orszag(Ref. 32) and Liu, Meneveau, and Katz
(Ref. 38) change by a small amount with the width of the filter considered. The values indicated in the table
correspond to the larger filter considered in these works.
cReference 38.
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First, for D /Dx=2 one sees that the non-eddy-viscosity
models(GRAD,SS) are the ones with a PDF closest to the
real enstrophy SGS dissipation. All the eddy-viscosity mod-
els and the mixed model, although providing some backward
enstrophy transfer, tend to display much less than the real
value. However, for a filter placed at the inertial range
sD /Dx=8d the filtered structure function model joins the
backward enstrophy tail of the real enstrophy SGS dissipa-
tion and thus becomes also one of the best models in coping
with this real enstrophy backscatter. This shift from the fil-
tered structure function model occurs forD /Dxù4 (not
shown).

In conclusion, in general the non-eddy-viscosity models
tend to provide a more correct backward enstrophy transfer

than the eddy-viscosity models. The exception to this is the
filtered structure function model which is also one of the
closest to the real backward enstrophy cascade, as long as the
filtering is not done at very small scalessD /Dx=2d.

Finally, Figs. 20(a) and 20(b) show the JPDFs of the real
and modeled enstrophy SGS dissipation for the Smagorinsky
and the gradient models, withD /Dx=3. The shape of the
JPDFs for the structure function, filtered structure function,
dynamic Smagorinsky, and mixed models(not shown) is
quite similar to the Smagorinsky model. The figure shows
that for these models the(good) correlation between the real
and modeled enstrophy SGS dissipation comes mainly from
the forward scatter part of the PDF(VI ,0 and VImodel,0),
and not from its backscatter tail(VI .0 and VImodel.0),
which, as we saw before, does not match the real enstrophy
SGS dissipation. In particular, the JPDF for the mixed model
(not shown) is surprisingly similar to the one obtained with
the Smagorinsky model, and from that point of view the
mixed model does not bring a great additional advantage, in
agreement with the observations made earlier with the single
PDFs. For the scale-similarity and gradient models, however,
the correlation between real and modeled enstrophy SGS dis-
sipation is very good for both the forward and backscatter
parts, as shown in Fig. 20(b) for the gradient model. The
scale-similarity has a very similar JPDF(not shown). The
influence of the filter size on the shape of the JPDFs can be
appreciated in Fig. 21 showing the JPDF for gradient model
with D /Dx=9. In agreement with the correlation coefficients
documented in Table IV, the correlations tend to decrease
slightly with an increase in the filter width, and that fact is
reflected in the JPDF. However, the correlations are still
quite high, and the result that the non-eddy-viscosity models
correlate well both in the forward and backward parts of the
PDFs remains true.

FIG. 18. Probability density functions(PDFs) of the real and modeled en-
strophy SGS dissipation(VI ) using several SGS models, for a box filter with
D /Dx=8. SMAG, Smagorinsky; SF, structure function; FSF, filtered struc-
ture function; DSMAG, dynamic Smagorinsky; GRAD, gradient; SS, scale
similarity; MIX, mixed.

FIG. 19. Probability density functions(PDFs) of the backscatter part of the real and modeled enstrophy SGS dissipation(VI ) using several SGS models, for
a box filter with (a) D /Dx=2; (b) D /Dx=8. SMAG, Smagorinsky; SF, structure function; FSF, filtered structure function; DSMAG, dynamic Smagorinsky;
GRAD, gradient; SS, scale similarity; MIX, mixed.

Phys. Fluids, Vol. 16, No. 12, December 2004 Effect of subgrid-scale models 4523

Downloaded 29 Jan 2009 to 193.136.129.111. Redistribution subject to AIP license or copyright; see http://pof.aip.org/pof/copyright.jsp



E. Relation to kinetic energy SGS dissipation

To study the relation between the mean enstrophy and
energy SGS dissipation Fig. 22 shows mean profiles of real
and modeled kinetic energy SGS dissipation(term XVSGS),
with D /Dx=8. This quantity has been used extensively ina
priori tests to assess the performance of subgrid-scale mod-
els, e.g., Liu, Katz, and Meneveau,49 Shao, Sarkar, and
Pantano.20 For instance, they found that the energy SGS dis-
sipation obtained with the Smagorinsky model is greater than
the real, whereas the scale-similarity model dissipates less
energy than that obtained with the filtered DNS. The mixed
model, which combines the two models, improves the
results.49 The same occurs with the present case[see Fig.
22(b)].

When we compare the SGS models in terms of energy
and enstrophy SGS dissipation[Figs. 14(a), 14(b), 22(a), and
22(b)], we see that the ranking of the SGS models matches
almost perfectly. The same is true withD /Dx=4, 16 (not

shown) except for some models(SF, GRAD, MIX) for which
some small differences exist. However, even in these cases
the differences are very small and the overall picture persists.
This is an interesting result because it indicates that the clas-
sical energy SGS dissipationa priori tests might be used to
evaluate the capability of other SGS models not included in
the present work to reproduce the correct vorticity field. It
would be interesting to analyze if this similarity of the SGS
models ranking from the energy and enstrophy SGS dissipa-
tion occurs also in other flow configurations, e.g., wall flows.

F. Influence of the mean field gradient

Since the coherent structures from the far field of turbu-
lent plane jets are similar to the ones found at other free
shear flows(e.g., mixing layers and wakes), it is likely that
the present results are also valid for any such free shear
flows, provided the flow is at the far field region. However,
to analyze the dependence of the previous results on the par-
ticular flow considered here, it is instructive to isolate the
influence of the mean flow gradient from the enstrophy SGS
dissipation.

To do this, we introduce the Reynolds decomposition of
the resolved vorticity and subgrid-scale stresses,

Vi
, = kVi

,l + Vi
,8, s34d

ti j = kti jl + ti j8 , s35d

into the definition of the enstrophy SGS dissipation,
FIG. 21. Joint probability density functions(JPDFs) of real and modeled
enstrophy SGS dissipation(VI ) for the gradient model withD /Dx=9.

FIG. 20. Joint probability density functions(JPDFs) of real and modeled enstrophy SGS dissipation(VI ) using the Smagorinsky and the gradient models with
D /Dx=3. (a) Smagorinsky model;(b) gradient model.
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s36d

In Eq. (36) the contribution of the mean gradient, of the
resolved vorticity and subgrid-scale stresses, appears through
term kVI 8l. Term kVI 9l is caused only by the fluctuating
fields. Profiles of these two contributions are displayed in
Fig. 23 and prove that termkVI 8l is overshadowed bykVI 9l,
which shows that the mean flow gradients play a minor role
in the enstrophy cascade process for the present case. This is
certainly not the case during the transition to turbulence in
free shear flows, where the “fluctuating” statistics are likely
to be dominated by the mean flow gradient. Another case
where one would expect the mean flow gradient to be much
more important is in wall flows, where the kinetic energy
SGS dissipation due to mean field gradients is much more
important than the one due to fluctuating fields(Hartel and
Kleiser50). For these cases it would be interesting to analyze
the ranking of the SGS models in the simulation of the
“mean” and fluctuating parts of the enstrophy SGS dissipa-
tion, as in Hartel and Kleiser.50

VII. A POSTERIORI TESTS: LES OF TEMPORAL
PLANE JETS

In this section several LES are carried out using the SGS
models described earlier, in order to analyzea posteriorithe
impact of the SGS models on the evolution of the vorticity
field. The computational details of the simulations are listed

in Table I and the simulations use the same numerical code
as the DNS.

A. Defining the LES grid sizes

The LES were designed to allow the comparison of their
results with the ones from the filtered DNS with filter widths
kcm=p /mDx, for m=2, 4, 8, 16. Therefore, each LES was
carried out in a grid withNi

LES=Ni
DNS/m, whereNi

LES is the
number of collocation points along the “i” direction (i =1, 2,
3) for each LES_mdx andNi

DNS is the number of points of
the reference DNS along that direction(see Table I). Finally,
before comparing the LES with the filtered DNS, the DNS
data were filtered into the same grid as the LES. As in the
reference DNS all LES use grids withD=Dx=Dy=Dz and
with the same physical domain,sLx,Ly,Lzd=s5.5h,8h,2.6hd.

FIG. 22. Mean profiles of real and modeled kinetic energy SGS dissipationsXVSGSd using several SGS models. SMAG, Smagorinsky; SF, structure function;
FSF, filtered structure function; DSMAG, dynamic Smagorinsky; GRAD, gradient; SS, scale similarity; MIX, mixed. Filtering was done with a box filter with
(a) D /Dx=2; (b) D /Dx=8.

FIG. 23. Profiles of(real) enstrophy SGS dissipation(VI ) due to mean
skVI 8ld and fluctuatingskVI 9ld vorticity and subgrid-scale stresses.
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B. Initial conditions for LES

Great care was taken to design these simulations so that
an actual comparison between the LES and filtered DNS
could be made. The initial condition used for all LES was the
same. It consists on a cutoffskcm=p /mDxd filtered DNS ve-
locity field at T/Tref<41, i.e., from the fully developed tur-
bulent region. Once filtered, the velocity fields were forced
to satisfy the continuity constraint and were dealised with the
2/3 rule. The LES were performed during an interval of
DTsim/Tref<10.

The goal of this approach in generating the initial con-
dition was to remove the influence of the transition to turbu-
lence region, where differences in the behavior of the SGS
models are particularly acute. Vreman, Geurts, and Kuerten8

compared the structures from several mixing layer LES both
after the transition was completed and within the fully devel-
oped turbulence region. As remarked by them, some of the
differences in the structures in the LES were caused by the
different behavior of the SGS models in the transition region
and not in the fully developed region. The procedure adopted
in the present study has been used in order to focus on the
behavior of the models in the fully developed turbulent re-
gion alone.

C. Maximum vorticity evolution

We start the comparison between the filtered DNS and
the LES with the temporal evolution of the maximum
streamwise vorticity componentVx

M shown in Fig. 24 for
simulations LES_2dx. The evolution ofVx

M in all the simu-
lations starts smoothlysT/Tref,1d and follows the same
trends as the filtered DNS. It is reassuring to observe this
type of feature in a variable such as this, which is connected
with the high wave numbers and therefore sensitive to small
changes in the flow field. This confirms that the restart from
the filtered DNS data was indeed well prepared and does not

lead to abrupt changes in the early flow development due to
nonphysical perturbations in the initial velocity field. The
same occurs for all the other LES.

Since the maximum vorticity is connected with the high
wave number region of the vorticity spectrum, these figures
reveal clearly how much each model dissipates this quantity.
In all LES_2dx, from start to finish, the structure function
and mixed models cause more dissipation, while the dynamic
Smagorinsky and filtered structure function models cause
less. This agrees with the results from the previous analysis.
Notice that no model is able to reproduce correctly the real
maximum streamwise vorticity, however, this must be seen
as an almost impossible thing to achieve since it is connected
with the end of the high wave number range, from where
most errors in the vorticity field arise, as we will see below.

D. Mean and fluctuating vorticity profiles

The exact amount of vorticity dissipated by the several
SGS models at the same instant(T/Tref<46 for the DNS and
T/Tref<5 for the LES) can be estimated in Figs. 25(a)–25(d)
which show the profiles of mean vorticity norm for the fil-
tered DNS and LES. In all cases the structure function and
mixed models dissipate too much vorticity, compared to the
other models. For LES_2dx and LES_4dx all the other mod-
els are quite close to the real value of the mean vorticity
norm and, in agreement with what had been predicted by the
a priori tests, the dynamic Smagorinsky and filtered structure
function models are among the ones which lead to the small-
est vorticity dissipation. For the LES_8dx and LES_16dx
none of the SGS models are able to get the “correct” mean
vorticity, but as we will see below, the larger flow vortices
and the small wave number region of the enstrophy spectra
are being well captured. Thus, the error must come from the
amount of vorticity concentrated in the smallest resolved
scales of motion, which is high as we saw before, and is
caused by the effect of the SGS models on these scales.
Notice that this error is enough to cause a small phase error
in the position of the coherent vortices in LES_16dx as can
be suspected by the location of the vorticity peaks for the
filtered DNS and the LES_16dx[see Fig. 25(d)]. Apart from
this fact, the ranking of the SGS models is roughly the same
as in LES_2dx and LES_4dx, although the difference among
them is smaller.

Figure 26 shows the mean vorticity norm variance for
the LES_2dx. As could be expected from the discussion
above, no model is able to capture the real vorticity fluctua-
tion; however, the ranking of the SGS models is similar to
the one found in the mean vorticity norm profiles. The same
observation could be made for the other LES.

E. Enstrophy spectra

The previous results make it possible to quantify the
total amount of vorticity but do not specify which scales of
motion are involved. It is possible that the error between the
real and LES vorticity comes mainly from the small resolved
scales, and therefore few signs of this appear at the large

FIG. 24. Maximum box vorticity for the filtered plane jet DNS and the
LES_2dx. The filter applied to the DNS is a cutoff filter with filter width
kc2=p /2Dx. The crosses represent only some instants of the filtered DNS
between 41,T/Tref,50 for the DNS while the lines represent all iterations
of the LES_2dx between 0,T/Tref,10.
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scales of the flow. To analyze this issue, Fig. 27 shows the
enstrophy(2D spatial) spectrum at the centerlinesy/h=0d
and at the same instant for the filtered DNS and the LES_2dx
in classical log-log coordinates. There is almost no difference
at all in the enstrophy spectra from the filtered DNS and the
LES_2dx at the smallest wave numbers, which means that
the large-scale vorticity or the largest flow vortices from any
LES_2dx matches the real ones perfectly. The error arises at
the intermediate and high wave numbers and tends to in-
crease with the wave number. To highlight the differences
between the models Figs. 28(a)–28(d) show the same enstro-
phy spectra in linear-log coordinates for all the LES. As the
implicit LES filter increases the enstrophy spectrum error
begins to affect smaller wave numbers until for LES_16dx
only one wave number matches the filtered DNS results.
Apart from these facts, the hierarchy of the models is the

same found in Figs. 25(a)–25(d). In order of increasing en-
strophy dissipation we have for LES_2dx, dynamic Smago-
rinsky, filtered structure function, gradient, scale-similarity,
Smagorinsky, mixed, and structure function. This ranking is
similar to the one for LES_16dx, although there the differ-
ences between the models are smaller.

Notice that Figs. 28(a)–28(d) prove that the error be-
tween the filtered DNS and the LES vorticity variance found
in Fig. 26 comes from the high wave numbers, since this
quantity is related to the enstrophy spectrum through the
relation,

1

2
kVi8Vi8sy = 0,tdl =E

0

`

k2D
2 Esk2D,tddk2D. s37d

FIG. 25. Profiles of mean vorticity norm from the filtered DNS(at T/Tref<46) and the LES(at T/Tref<5). (a) LES_2dx;(b) LES_4dx;(c) LES_8dx;(d)
LES_16dx.
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F. Vorticity error estimates

To study the wave number dependence of the enstrophy
spectrum error Figs. 29(a)–29(d) plot the quantity,

ErrDsk2Dd = UDmodelsk2Dd − Drealsk2Dd
Drealsk2Dd

U , s38d

whereDsk2Dd is the enstrophy(2D spatial) spectrum,

Dsk2Dd = k2D
2 Esk2Dd. s39d

For all the models the enstrophy spectrum error in-
creases from 0% atk2D=0 to 100% atk2D=Kmax, but some
models affect lower wave numbers more than others. For
instance, for the LES_2dx the dynamic Smagorinsky model
has a low enstrophy spectrum error(less than 10%) up until
k2D<30, something the structure function and mixed models
can only maintain up tok2D<10. Also, in the LES_4dx the
enstrophy error affects the large and intermediate wave num-
bers much sooner than in LES_2dx, e.g., atk2D<20 the error

in the filtered structure function model is about 10% in
LES_2dx but reaches 70% in LES_4dx. In general the dy-
namic Smagorinsky, gradient, scale similarity, and filtered
structure function models have a smaller enstrophy spectrum
error than the Smagorinsky, structure function, and mixed
models.

Since the interest of any LES ultimately rests on the low
wave number part of the spectrum, it is important to quantify
the “mean” enstrophy spectrum error at the low wave num-
ber range. For this purpose we define the quantity,

ErrDsk2D , kintd = UDmodelsk2Dd − Drealsk2Dd
Drealsk2Dd

U
for k2D , kint, s40d

and its rate in time,

ErrT,Dsk2D , kintd = UDmodelsk2Dd − Drealsk2Dd
Drealsk2DdDTsim

U
for k2D , kint, s41d

where DTsim=DT/Tref is the (nondimensional) total simu-
lated time andkint the maximum wave number of interest. In
order to be able to compare results from all the LES we
choosekint=5, which is smaller than the implicit cutoff filter
used for all the LES.

Table V shows these quantities for all the LES. From this
point of view also, the structure function and mixed models
give the worst results, for instance with 1.2%–1.4% of en-
strophy spectrum error per simulated timeTref in LES_2dx
and 11.6%–12% in the LES_16dx. In general, and in agree-
ment with Fig. 29 the best results are obtained with the dy-
namic Smagorinsky, gradient, and filtered structure function
models with only <0.5%–0.8% error in LES_2dx and
<11.1%–11.2% in the LES_16dx. Notice that the difference
between the models errors decreases substantially as the filter
width increases.

It is important to keep in mind that, as any LES is run-
ning, the error at the small scales of motion is expected to
“contaminate” larger scales progressively(Métais and
Lesieur51), i.e., it is normal that the error ErrDsk2Dd shown in
Fig. 29 will increase with the simulated time, for each SGS
model. However, the previous analysis is still useful to show
which models are affected first, as the cutoff wave number
from LES increases.

The evolution of the total error ErrDsk2D,kintd with the
filter width for kint=Kmax is shown in Fig. 30 for all the LES.
The error decreases with the filter width for most models, as
expected, but interestingly, seems to reach a plateau between
D /Dx=2 and 4 for the mixed, structure function, and Sma-
gorinsky models.

G. Coherent vortices

A comparison of the coherent vortices obtained in the
filtered DNS and the LES(in the same grids) is shown in
Figs. 31–33. The large-scale vortices can be seen through
isosurfaces of low pressure, while the smaller vortices are
better visualized with the aid of positiveQ (Dubief and

FIG. 26. Profiles of vorticity norm variance from the filtered DNS(at
T/Tref<46) and the LES_2dx(at T/Tref<5).

FIG. 27. Enstrophy spectra at the centerlinesy/h=0d for the DNS at
T/Tref<46 and the LES_2dx atT/Tref<5 in classical log-log coordinates.
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Delcayre52). For greater clarity and due to lack of space, only
the structures for two models are shown in each figure and
correspond in each case to the ones that dissipate the greatest
and smallest amounts of vorticity.

PositiveQ isosurfaces for the filtered DNS and LES_2dx
for the structure function and dynamic Smagorinsky are dis-
played in Figs. 31(a)–31(c). There are differences between
the structures for each case if one looks at the small-scale
vortices. It is clear that some small-scale vorticity was lost in
the structure function model case, but less with the dynamic
Smagorinsky, which remains much closer to the one obtained
in filtered DNS field. On the other hand, there is almost no
difference at all if one looks at the large flow vortices ob-
tained with the low pressure isosurfaces(not shown), and
this fact agrees with what we saw above: the low wave num-
ber region of the spectrum is not affected by the SGS model
employed, as long as the cutoff filter is not placed close to it.

Similar observation were made for the LES_4dx although in
this case the “vorticity loss” at the small structures is even
bigger than in LES_2dx.

For LES_8dx Figs. 32(a)–32(f) show the coherent struc-
tures obtained with the filtered DNS data and the Smagorin-
sky and dynamic Smagorinsky models. The positiveQ.0
isosurfaces[(a), (c), and(e)] show that with this grid size the
small-scale vortices are much more dissipated than before.
Again the dynamic Smagorinsky model gives better results
than the Smagorinsky, but the difference between the two
models is small, specially if we compare both cases with the
real filtered DNS results. However, the large flow structures
are still relatively well captured with both models as shown
by the isosurfaces of low pressure[(b), (d), and(f)], even if
some dissipation of these structures can already be noticed
when compared with the filtered DNS.

Finally, for LES_16dx even the larger flow vortices be-

FIG. 28. Enstrophy spectra at the centerlinesy/h=0d for the DNS atT/Tref<46 and all the LES atT/Tref<5 in linear-log coordinates.(a) Enstrophy spectra
for DNS / LES_2dx;(b) enstrophy spectra for DNS / LES_4dx;(c) enstrophy spectra for DNS / LES_8dx;(d) enstrophy spectra for DNS / LES_16dx.
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gin to show a significant dissipation when compared with the
structures from the filtered DNS(on the same grid), as
shown in Figs. 33(a)–33(c). Moreover, there is a clear
(phase) error in the LES_16dx compared to the DNS. As
suggested previously by Fig. 25(d) the large rollers from the
LES are not at the same position as in the DNS. Thus, the
error present at the small scales has contaminated the larger
flow vortices.

In summary, we see in these instantaneous snapshots
what the previous statistical analysis has already shown: As
the filter width moves into larger scales(into the inertial
range) the vorticity error increases, and smaller wave num-
bers begin to be affected. However, it is likely that, as the
simulations proceed, these small-scale errors will tend to
propagate into increasingly large scales.

Some models “contaminate” the lower wave numbers

FIG. 29. Enstrophy spectrum error ErrDsk2Dd for all the LES as function of the wave number.(a) LES_2dx;(b) LES_4dx;(c) LES_8dx;(d) LES_16dx.

TABLE V. Error ErrT,Dsk2D,kintd between the filtered DNS and the LES at the centerlinesy/h=0d for kint=5. The error is defined by Eq.(41).

m SMAG_mdx (%) SF_mdx(%) FSF_mdx(%) DSMAG_mdx (%) GRAD_mdx (%) SS_mdx(%) MIX_mdx (%)

2 0.9 1.2 0.7 0.6 0.8 1.1 1.4

4 0.5 11.9 0.6 1.3 0.9 1.0 1.2

8 4.8 5.5 4.5 4.4 4.6 4.3 5.0

16 11.3 12.0 11.2 11.1 11.3 11.5 11.6
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faster than others, e.g., for a filter at the dissipative
range region the structure function, mixed, and Smagorinsky
models cause a higher dissipation of vorticity than the
other models. Among those, the dynamic Smagorinsky and
filtered structure function models seem to lead to the best
results, i.e., more representative of the real vorticity field.
For inertial range LES the Smagorinsky and mixed models
are the most dissipative models while the filtered structure
function and the dynamic Smagorinsky remain the least dis-
sipative.

VIII. CONCLUSIONS

In this work, the effect of the SGS models on the vorti-
ces obtained from LES is analyzed using both DNS and LES
of temporal evolving plane jets at the far field, fully devel-
oped turbulence regime.

The evolution of the resolved vorticity(or enstrophy)
field in a LES is governed by the vorticity production, vis-
cous dissipation, and by an extra term that originates from
the SGS model: the enstrophy SGS dissipation. The influ-
ence of the SGS models on the vortices computed in LES is
described by this term. Analysis of a DNS data bank showed
that when the implicit LES filter is placed at the inertial
range region, the enstrophy viscous dissipation is negligible
and the resolved vorticity is governed mainly by its produc-
tion and SGS dissipation. Although local and instantaneously
this term can be either negative or positive(and thus repre-
sent a forward/backward enstrophy transfer), in the average,
its value is negative and thus the term represents a sink of
resolved vorticity.

Classical,a priori tests were conducted in the DNS data
bank and showed that, in terms of the spatial correlation with
other mechanisms(e.g., vorticity production and viscous dis-
sipation), all the models display the correct physical mecha-
nisms. On the other hand, in terms of statistical behavior, the
non-eddy-viscosity type models give the best results. How-
ever, all the models, even those of the eddy-viscosity type,
not only exhibit a good correlation with the real enstrophy

SGS dissipation but also all of them are able to provide both
a forward and backward enstrophy cascade.

Several LES were carried out and compared with results
from the filtered DNS results and confirmed the results from
the a priori tests. The SGS models affect the high wave
numbers much more than the low wave numbers. An estima-
tion of the vorticity error per nondimensional time in the
LES is derived for each model. In the end, the dynamic Sma-
gorinsky and filtered structure function models are the ones
which minimize this vorticity error.

Although this work focuses mainly on a physical space
analysis, itsa posteriori tests were done with a pseudospec-
tral code. Future work should try to verify the results from
the presenta priori tests, in LES using physical space codes,

FIG. 30. Enstrophy error ErrT,Dsk2D,kintd for kint=Kmax as function of the
LES implicit filter.

FIG. 31. Isosurfaces ofQ.0 for the filtered DNS, structure function and
dynamic Smagorinsky models for the LES_2dx atT/Tref=46 for the DNS
and T/Tref=5 for the LES. The threshold isQ= +15sU1/hd2 in the three
figures and the filtered DNS and the LES_2dx are shown in the same mesh.
(a) Filtered DNS;(b) SF_2dx;(c) DSMAG_2dx.
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i.e., using finite difference and finite volume schemes for
spatial discretization.

Finally, we think that it would be interesting for future
studies to investigate the influence of the SGS models on the
life time and vortex core radius of the coherent vortices ob-
tained from LES.
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APPENDIX: CENTERED AND NONCENTERED
FILTERS

In physical space, the filtering procedure applied to any
given flow variablefsxd requires the solution of the integral
(unidimensional case),

f̄sxd =E
V

fsx8dGDsx − x8ddx8. sA1d

Using a box filter the filtered value offsxd at nodei is

f̄i
D =

1

D
E

−D/2

+D/2

fsx8ddx8. sA2d

There are a variety of ways to solve this integral. For ex-
ample, if we want to filter with a filter width equal toD

FIG. 32. Isosurfaces of positiveQ (a, c, e) and low pressure(b, d, f) for the filtered DNS, Smagorinsky and dynamic Smagorinsky models for the LES_8dx
at T/Tref=46 for the DNS andT/Tref=5 for the LES. The threshold isQ= +10sU1/hd2 and p=−0.05rU1

2 in the three figures and the filtered DNS and the
LES_8dx are shown in the same mesh.(a,b) Filtered DNS;(c,d) SMAG_8dx; (e,f) DSMAG_8dx.
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=2Dx, one option, often used in practice, corresponds to in-
terpolating (linearly) values off into two fictitious nodes
placed atfi−1/2 andfi+1/2. After this, a mean value offi−1/2

andfi+1/2 is used in the integral, which yields

f̄i
2Dx =

1

2Dx
E

−Dx

+Dx

fsx8ddx8

=
1

2Dx
F sfi+1 + fid

2
Dx +

sfi + fi−1d
2

DxG
=

fi+1

4
+

fi

2
+

fi−1

4
. sA3d

The problem with this approach is that the interpolating op-
eration involves another implicit filtering operation. There-
fore this method is not equivalent to a true box filter. The

same is true when using high order interpolating methods to
compute this integral.

A more correct way of using a true filter widthD=2Dx
would be using the actual values off at two nodes,

f̄i
2Dx =

1

2Dx
E

−Dx

+Dx

fsx8ddx8

=
1

2Dx
ffi+1Dx + fiDxg =

fi+1 + fi

2
. sA4d

This method is equivalent to the computation of a mean
value between two nodes involving one control volume each.
This makes for a total control volume width of 2Dx. This is
the correct way to apply a box filter with a filter width equal
to 2Dx, but unfortunately the resulting value should be
placed at a nonexistingi −1/2 node location. This does not
suit the purpose of the present work, because in practice we
are interested in analyzing the exact location of some vari-
ables.

To overcome this problem three control volumes were
used according to the formula,

f̄i
3Dx =

1

3Dx
E

−Dx

+Dx

fsx8ddx8

=
1

3Dx
ffi+1Dx + fiDx + fi−1Dxg

=
fi+1 + fi + fi−1

3
. sA5d

This formula represents an exact box filter centered on node
i. The filter width corresponding to this formula isD=3Dx,
because it involves three control volumes with widthDx,
each.
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