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The present study focuses on uncertainties existing in porous media parameters and in the inlet reactant
mixture conditions of solid oxide fuel cell off-gas combustion. Propagation of uncertainty from the model
input parameters to the output stochastic variables is quantified using a non-intrusive spectral projection
method based on polynomial chaos expansion. The non-intrusive nature of this method allows the solu-
tion of the stochastic problem to be obtained directly from the deterministic model without requiring
modification of the governing equations. Quantification of uncertainty is investigated in a one-dimen-
sional model for premixed combustion within inert porous media. The model includes detailed chemistry
and solves the gas- and solid-phase energy balances coupled by convective heat exchange, including radi-
ative heat transfer in the solid-phase. The results denote that the uncertainties in the porous media heat
transfer parameters are relevant and originate a relatively high error bar on the CO emission and burning
velocity. When the inlet reactant mixture uncertain conditions is also accounted for, it overcomes the
influence of the other uncertain parameters on the gas- and solid-phase temperatures error bar. Both
types of parametric uncertainty sources (inlet conditions and porous media parameters) are important
in order to establish the error bar on the CO emission and burning velocity predictions.

� 2010 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
1. Introduction

The quantification of the reliability of computer simulations and
their predictions has received considerable interest by the numeri-
cal community and, therefore, standard procedures have been
established for verification and validation, see, e.g. [1–3]. However,
there is another problem of utmost relevance for engineering appli-
cations. Uncertainty exists in any scientific application involving
simulations and, in general, uncertainties in computational results
can arise due to several sources, such as: model structure; modeling
assumptions; constitutive laws; model parameters; domain geom-
etry; initial and boundary conditions; etc. Quantification of para-
metric uncertainty can be applied to all the uncertainty sources
referred above, as long as they can be parameterized [4]. The man-
ner in which these uncertainties influence the final outcome of the
simulation is nontrivial since the governing equations are typically
non-linear. The present investigation deals with model parametric
uncertainty quantification, more specifically it explores the quanti-
fication of parametric uncertainty in the particular problem of solid
oxide fuel cell (SOFC) off-gas/air premixed combustion within inert
porous media (IPM). The objective is to predict an error bar in the
solution, originated by several parametric uncertainties.
ion Institute. Published by Elsevier

Mendes).
Stable premixed combustion of diluted fuel mixtures, like the
unreacted off-gas originated from a SOFC, is very challenging in
conventional free flame burners, due to the restricting modulation
ranges of such combustion systems [5]. A potentially more attrac-
tive solution for this requirement is the premixed combustion
within IPM, which benefits from the higher heat recirculation from
hot products to reactants provided by the solid matrix [6]. This im-
proves the process characteristics, such as: combustion efficiency,
flame stability, flammability limits or pollutant emission [7]. Re-
views on IPM combustion can be found in [8–10].

In general, models for premixed combustion within IPM include
detailed chemistry and, additionally, the solid-phase energy balance
is solved taking into account radiative heat transfer, see, e.g. [5,6,11–
13]. This results in a coupled system of non-linear differential and
integro-differential equations where a non-intrusive approach is
more appropriate for parametric uncertainty quantification.

The main source of parametric uncertainty in IPM combustion
problems is typically related with the conductive, convective and
radiative heat transfer phenomena taking place in the solid-phase.
Most of the inherent heat transfer correlations and coefficients
present large uncertainty levels [14–17], and usually depend on
the inherent uncertainties in the porous material composition
and fabrication process [18]. Furthermore, in the particular case
of SOFC off-gas/air premixed combustion, uncertainties can also
exist on the conditions of the reactants entering the IPM reactor
Inc. All rights reserved.
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Nomenclature

hs IPM surface convective heat transfer coefficient (W/
m2 K)

I radiation intensity (W/m2)
Ib black body radiation intensity (W/m2)
L half-circle Beta distribution limits
B Beta distribution
MWk molar weight of k species (kmol/kg)
x axial coordinate (m)
u axial mean velocity of gas-phase (m/s)
Yk mass fraction of k species
vk diffusion velocity of k species (m/s)
Cp specific heat capacity at constant pressure (J/kg K)
T temperature (K)
k thermal conductivity (W/m K)
hk enthalpy of k species (J/kmol)
Hv volumetric convective heat transfer coefficient (W/

m3 K)
Qr radiative heat flux (W/m2)
Nu Nusselt number
Pr Prandtl number
Re Reynolds number
dp characteristic pore structure dimension (m)
av surface area to volume ratio (m�1)
FUf SOFC fuel utilization factor
UFi multiplicative uncertainty factor associated to Xi

Xi uncertain parameter number i; molar fraction of species
i

f stochastic model solution
fd deterministic model solution
cX

k mode coefficient number k in the X variable expansion
In uni-dimensional orthogonal polynomial of order n
N number of independent random variables
p maximum polynomial order in the PC expansion
P number of terms in the PC expansion minus one

W,w weighting functions
Si number of sampling points on the random variable ni

SL laminar burning velocity (m/s)
S number of sampling points on the random vector ~n
q Gauss quadrature weight
cv coefficient of variation
l direction angle cosine
s optical depth
a shape parameter of Beta distribution
U scattering phase function
Uj multi-dimensional orthogonal polynomial number j
ni random variable number i
g half-circle Beta-distributed random variable
~n vector of random variables
/ IPM porosity
k mass ratio of air to fuel
q mass density (kg/m3)
_xk production rate of k species (kmol/m3 s)
l dynamic viscosity (kg/m s)
b IPM extinction coefficient (m�1); shape parameter of

Beta distribution
x IPM scattering albedo
r Stefan–Boltzmann constant 5.6696 � 10�8 (W/m2 K4);

standard deviation
dij Kronecker delta function
g gas-phase
s solid-phase
eff effective
offgas SOFC off-gas stream
syngas SOFC synthesis-gas stream
air air stream
in inlet of the domain
out outlet of the domain
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(e.g. mixture composition or temperature) due to variabilities in
the SOFC operation or SOFC fuel origin [19,20].

There are several stochastic approaches available nowadays to
quantify the uncertainty propagation of the input parameters into
the model outputs. Monte Carlo (MC) methods are generic and ro-
bust but they are also computationally expensive and they do not
provide direct information regarding the uncertainty propagation
through the model, see, e.g. [25]. There are more sophisticated
and efficient methods as an alternative to MC methods. For large
degree of parametric uncertainty, spectral projection (SP) methods,
based on polynomial chaos (PC) expansion [21–24] are more
appropriate and more suitable than other methods limited to small
uncertainty levels, see, e.g. [25,26]. In SP methods, the parametric
uncertainties are dependent on additional stochastic dimensions
along with time and space and stochastic variables are projected
on these stochastic dimensions using appropriate PC expansions.
The objective of SP methods is to calculate the PC expansion mode
coefficients, which are then used to extract probabilistic informa-
tion about the stochastic solution, such as: statistics, Confidence
Intervals (CIs), Probability Density Functions (PDFs) or sensitivity
to parametric uncertainty.

The SP methods may be formulated using an intrusive or non-
intrusive approach [4,24]. The intrusive SP (ISP) approach requires
reformulation of the governing equations in order to propagate the
uncertainty through the model, see, e.g. [27]. Although this ap-
proach is effective, it may not be practically suitable for general
purpose, such as CFD software or complex codes. The non-intrusive
SP (NISP) approach calculates the PC expansion mode coefficients
of the stochastic model solution a posteriori, based on samples of
the deterministic solution space. This approach shares with MC
methods the advantage of using the original deterministic code
as a black box. Furthermore, even when the number of uncertain
model parameters increases, the NISP approach can be potentially
competitive with the ISP approach if sophisticated sampling meth-
ods are used [24,28,29].

There are several studies reported in the literature that apply SP
methods, or other related methods based on PC, to parametric
uncertainty quantification in reactive and combustion flow prob-
lems, see, e.g. [30–35]. Some of these studies give particular atten-
tion to the non-intrusive approach [30–33]. Phenix et al. [30]
addressed the problem of homogeneous ignition of an hydrogen
oxidation mechanism in supercritical water, and quantified the
propagation of existing uncertainties in the mechanism reaction
rate constants and thermodynamic properties. They have applied
a non-intrusive method based on PC, named deterministic equiva-
lent modeling [25], and a MC method, with quasi-random sam-
pling. Both methods produced identical predictions, however, the
required number of calls to the deterministic model was reduced
by two orders of magnitude with the deterministic equivalent
modeling method. Uncertainty quantification for the same oxida-
tion mechanism was further studied by Reagan et al. [31], where
the NISP approach was applied to homogeneous ignition and
one-dimensional premixed combustion in supercritical water.
Their NISP method employed Wiener–Hermite PC with Latin-
Hypercube sampling on the deterministic model in order to calcu-
late the PC expansion mode coefficients. The quantification of



Fig. 1. Schematic of the computational domain with a representative temperature
profile of a submerged flame (reaction zone� L = 1 m).
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these coefficients allowed them to identify the significance of indi-
vidual uncertainty parameters and to locate its influence on the
system evolution. Parametric uncertainty quantification in pre-
mixed combustion within IPM is, to the authors knowledge, very
scarce.

The objective of the present study is to quantify the propagation
of parametric uncertainty through a model of SOFC off-gas/air pre-
mixed combustion within IPM by applying the NISP approach.
Uncertainty is assumed to exist simultaneously in several model
input parameters, such as parameters related with the IPM proper-
ties and inlet reactant mixture conditions, that are treated as inde-
pendent random inputs. The deterministic numerical simulations
include detailed chemistry and the gas- and solid-phase energy
balances coupled by convective heat exchange, including radiative
heat transfer in the solid-phase. Stochastic solutions are calculated
for gas- and solid-phase temperatures, CO emission and laminar
burning velocity, in order to obtain CIs (or error bars) and PDFs
for these solutions and to identify dominant sources of parametric
uncertainty.

This paper is organized in the following manner: in the next
section the problem formulation is presented, including an outline
of the IPM combustion model, the parametric uncertainty sources
and the NISP procedure. Numerical results are discussed in Section
3, and summary conclusions are presented in Section 4.

2. Problem formulation

2.1. Model equations

This section describes the IPM premixed combustion model
used to simulate the SOFC off-gas/air combustion. The air (at ambi-
ent conditions) is assumed to be premixed with a representative
off-gas mixture originated from a SOFC fueled with synthesis-gas
obtained from methane Thermal Partial Oxidation.

The SOFC off-gas/air premixed combustion within IPM was sim-
ulated with a modified version of the PREMIX code [36] that incor-
porates the solid-phase energy balance (including radiative heat
transfer) and the heat exchange between gas- and solid-phases.
This numerical model was previously validated with excellent
agreement against experimental results [5,11].

The model assumes one-dimensional geometry, laminar com-
bustion, inert homogeneous porous material, constant pressure
and negligible catalytic effects. With these assumptions, the mass
and gas-phase species balances are given by Eqs. (1) and (2),
respectively.
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@x
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� / _xkMWk ¼ 0 ð2Þ

where /qgu is the mass flow rate per unit area. The energy balances
for the gas- and solid-phase are given by Eqs. (3) and (4), respec-
tively, which are coupled by the convective heat exchange term
Hv(Tg � Ts).
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where keff = (1 � /)ks is the effective IPM conductivity given by the
parallel arrangement model (assuming ks� kg) [38].

The IPM was assumed to be a 10 ppi SiC ceramic foam. The ther-
mal conductivity of the SiC material (ks) was estimated as function
of temperature using Eq. (5) that fits the experimental data from
[39]:

ksðW=m KÞ ¼ 117:5� 0:159 TsðKÞ þ 1:00� 10�4 TsðKÞ2

� 2:31� 10�8 TsðKÞ3 ð5Þ

The volumetric convective heat transfer coefficient (Hv) was ob-
tained from the following correlation [40]:

Nu ¼ 0:3þ 0:664Pr1=3Re1=2 Nu ¼ Hvdp

kgav
Re ¼

/qgudp

lg
ð6Þ

The SOFC off-gas/air combustion process was modeled by the
H2/CO detailed reaction mechanism from Davis et al. [41]. For radi-
ation purposes, the solid-phase was treated as a diffuse gray body
together with a non-participating gas-phase. The radiation heat
transport term @Qr/@x, appearing in Eq. (4), was obtained from the
solution of the one-dimensional radiative heat transfer equations,
Eqs. (7) and (8), which were numerically solved using the Dis-
crete-Ordinates method (S2 approximation), see, e.g. [42].

l
dI
ds ¼ ð1�xÞIb � I þx

2

Z 1

�1
Iðs;liÞUðl;liÞdli ð7Þ

dQr

dx
¼ bð1�xÞ 4pIb � 2p

Z 1

�1
Iðs;lÞdl

� �
ð8Þ

where s = bx is the optical depth and Ib ¼ rT4
s =p is the black body

radiation intensity. One has considered the isotropic scattering sim-
plification, which implies that U(l,li) = 1.

The IPM inlet and outlet surfaces were considered coincident
with the boundaries of the computational domain, see Fig. 1. These
boundaries were extended in the upstream and downstream direc-
tions far from the reaction front region in order to ensure that the
submerged flames were ‘blind’ to them.

The boundary conditions (b.c.) imposed for the gas-phase spe-
cies and gas-phase energy balances are given by Eqs. (9) and (10)
at the inlet and Eqs. (11) and (12) at the outlet of the computa-
tional domain, respectively.

inletðx ¼ 0Þ : Yk ¼ Yk;in ð9Þ
Tg ¼ Tin ð10Þ

outletðx ¼ LÞ :
@Yk

@x
¼ 0 ð11Þ

@Tg

@x
¼ 0 ð12Þ

The b.c. for the mass conservation Eq. (1) was implicitly imposed by
fixing the flame location. This is done by prescribing the gas-phase
temperature at one point close to the flame front region and, on that
point, Eq. (3) is used to calculate the mass flow rate per unit area
since Tg is know there, see [36]. For the solid-phase energy balance,
Eq. 4, the inlet and outlet b.c. are given by Eqs. (13) and (14), in a
similar way to [37]:
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inletðx ¼ 0Þ : �ks
@Ts

@x
� hsðTg � TsÞ þ r T4

s � T4
in

� �
¼ 0 ð13Þ

outletðx ¼ LÞ : ks
@Ts

@x
� hsðTg � TsÞ þ r T4

s � T4
out

� �
¼ 0 ð14Þ

where hs = Hv/av and Tout is assumed to be equal to the gas-phase
temperature at the outlet boundary. The radiative heat transfer
equations b.c., Eqs. (15) and (16), were specified assuming that
the inlet and outlet boundaries of the computational domain be-
have as black surfaces with a temperature equal to the gas-phase
temperature at each boundary [42]:

inletðs ¼ 0Þ : Iðs;lÞ ¼ IbðTinÞ; 0 < l < 1 ð15Þ

inletðs ¼ bLÞ : Iðs;lÞ ¼ IbðToutÞ; �1 < l < 0 ð16Þ
2.2. Parametric uncertainty sources

The macroscopic one-dimensional modeling approach pre-
sented above have been widely used to simulate IPM combustion
processes and it can provide accurate results for practical prob-
lems, see, e.g. [5,6,11–13]. Nevertheless, uncertainties always arise
when prescribing the values for the input parameters required by
the model for each particular problem. The model input parame-
ters, for which uncertainty propagation through the model was
quantified, are of two different sources: the IPM properties and
the inlet reactant mixture conditions. For the IPM properties,
uncertainty was investigated in six different parameters: charac-
teristic dimension of the pore structure (dp); IPM surface area per
unit volume (av); IPM porosity (/); solid ceramic conductivity
(ks); radiative extinction coefficient (b); and radiative scattering al-
bedo (x). Uncertainties in the two first parameters, dp and av, have
a direct influence on the solid-phase energy balance, Eq. (4),
through Hv, see Eq. (6). The uncertain parameter / affects the mod-
el through Hv and keff in Eq. (4), as well as, through the balances of
mass, species and gas-phase energy. The uncertain parameter ks

has a direct influence on Eq. (4) through keff. The b and x uncertain
parameters directly influence the term @Qr/ @x, in Eq. (4), through
the solution of the one-dimensional radiative heat transfer equa-
tion system.

Regarding the SOFC off-gas/air inlet mixture conditions, two
uncertain parameters were assumed: the off-gas temperature
(Toffgas) that affects the inlet gas mixture temperature (Tin), see
Eq. (17); and the SOFC fuel utilization factor (FUf), given by Eq.
(18), that has a direct influence on the inlet reactant mixture com-
position, as well as, on the air–fuel ratio (k) (since the air stream
mass flow is assumed to be fixed). The effect of FUf on Tin is negli-
gible and, therefore, it was not considered in this analysis:

Tin ¼
Cp;airTair þ

_moffgas
_mair

Cp;offgasToffgas

1þ _moffgas
_mair

� �
Cp;in

ð17Þ

FUf ¼ 1� XH2 ;offgas

XH2 ;syngas
¼ 1� XCO;offgas

XCO;syngas
ð18Þ

where the FUf is assumed to be the same for both H2 and CO species.
In general, uncertain parameters may be correlated, which re-

sults in a joint PDF on the parameters. However, there is not suffi-
cient information regarding underlying correlations. Therefore, the
present study neglects any correlation that may exist among the
uncertain input parameters and presumes that these parameters
are independent, with each one being exclusively specified in
terms of its own stochastic information.

All uncertain parameters Xi were modeled as a half-circle Beta
distribution, in order to avoid unrealistic values that could occur
if a Normal distribution was used. These uncertainty distribu-
tions were parameterized by multiplying an uncertainty factor
UFi to each parameter mean value, see Eq. (19). Each UFi pre-
sents a half circle Beta PDF centered in 1, and the respective dis-
tribution limits ±L were estimated based on realistic information
obtained from material producers or experimental sources, see
Eq. (20).

Xi ¼ hXiiUFi ð19Þ
UFi ¼ 2Lðg� 1=2Þ þ 1 ð20Þ

where g � B(a,b) is a Beta-distributed random variable with shape
parameters a = b = 3/2. For some parameters (ks,b and x), a safety
coefficient of 2 was applied in the definition of these limits in order
to tolerate possible lacks of probabilistic information about the
parameter. The uncertain parameters mean value and respective
UFi random variable PDF limits and coefficient of variation (cv) are
listed in Table 1, together with the respective sources.

The present simulations were carried out assuming the follow-
ing mean values for the SOFC off-gas/air mixture conditions: k = 2
and Xoffgas = (H2 = 0.0622; CO = 0.0377; H2O = 0.2707; CO2 =
0.1287; N2 = 0.5007).

2.3. Non-intrusive spectral projection procedure

In order to quantify the propagation of parametric uncertainty
through the IPM combustion model, described in Section 2.1, a
NISP approach was used that has similarities with the one used
in [31]. In the NISP approach, the deterministic model solution is
evaluated for different samples of the uncertain parameters, and
the stochastic model solution is further post-processed in order
to obtain information about the propagation of uncertainty
through the model.

The present NISP procedure can be summarized as follows:
Let us consider f to be a solution variable of the physical model.

One also consider N independent model uncertain parameters
(X1, . . . ,XN), with each one being associated to a standard random
variable ni, i = 1, . . . ,N, forming a multi-dimensional random vector
~n ¼ ðn1; . . . ; nNÞ. One can represent each Xi using a PC expansion gi-
ven by Eq. (21) in terms of ni as:

XiðniÞ ¼
Xp

j¼0

cXi
n InðniÞ ð21Þ

with known expansion mode coefficients cXi
n , and where In,

n = 0, . . . ,p are orthogonal polynomials of order n. Depending upon
the PDF of Xi, "i 2 {1, . . . ,N} there exists an optimal set of orthogonal
polynomials In, associated to a random variable ni, which minimizes
the required number of terms in the expansion. In the present case,
a Beta PDF is used for each Xi, therefore Jacobi polynomials associ-
ated to a standard Beta random variable ni are preferred; a complete
description of PC basis can be found in [23].

The stochastic solution variable f ð~nÞ can be represented by a
multi-dimensional polynomial chaos (PC) expansion, given as:

f ð~nÞ ¼
XP

j¼0

cf
j Ujð~nÞ ð22Þ

where cf
j are the unknown expansion mode coefficients of f ð~nÞ, and

P + 1 = (N + p)!/(N!p!) is the total number of terms in the PC expan-
sion (with p being equal to the maximum polynomial order of the
expansion), and Uj are orthogonal multi-dimensional polynomials.
These multi-dimensional polynomials can be generated from the
uni-dimensional polynomials In using tensor products.

The polynomials Uj are orthogonal to each other with respect to
the following inner product:

hUiUji ¼
Z

UiUjWð~nÞd~n ¼ hU2
j idij ð23Þ



Table 1
Uncertain parameters information.

Uncertain parameter, Xi Mean value, hXii UFi Ref.

Limits, 1 ± L cv (%)

dp 6 � 10�4 m 1 ± 0.25 12.5 [43]
av 500 m�1 1 ± 0.40 20 [43]
/ 0.88 1 ± 0.06 3 [43]
ks f(Ts) 1 ± 0.16 8 [39]
b 115 m�1 1 ± 0.18 9 [14,16]
x 0.77 1 ± 0.18 9 [14,16]
Toffgas 1023 K 1 ± 0.05 2.5 [19,44,45]
FUf 0.75 1 ± 0.07 3.5 [19,44,45]
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where dij is the Kronecker delta function; Wð~nÞ ¼ wðn1Þ; . . . ;wðnNÞ is
the weighting function of the corresponding PC basis {Uj}, and w(ni),
"i 2 {1, . . . ,N} takes the same form of the PDF of ni, see, e.g. [23].

By performing a Galerkin projection of the PC expansion in Eq.
(22) onto the complete PC basis {Uk}, i.e., starting with the PC
expansion in Eq. (22), multiplying both sides by Uk and taking
expectations h�Uki using the orthogonality relation in Eq. (23),
the coefficients cf

k can be obtained as:

cf
k ¼
hf ð~nÞUki
hU2

ki
; k ¼ 0; . . . ; P ð24Þ

In the NISP approach the deterministic model solution fd is evalu-
ated for different values of (X1(n1), . . . ,XN(nN)). Further, by using
Eq. (24), the coefficients cf

k can then be calculated from the deter-
ministic solution set and thereby the PC expansion of f ð~nÞ can be
easily reconstructed from Eq. (22).

The integral in the numerator of Eq. (24) is here approximated
by a Gauss quadrature [4,24,25,28]. This implies that each random
variable ni, "i 2 {1, . . . ,N}, in the vector ~n, must be sampled on Si

different collocation points (Gauss–Jacobi quadrature points),
which are the roots of the uni-dimensional orthogonal polynomial
Ij(ni) of order j = Si. The required number of multidimensional sam-
ples S ¼

QN
i¼1Si depends upon the smoothness of the stochastic

solution f ð~nÞ. Nevertheless, since the integrand in the numerator
of Eq. (24) is the product f ð~nÞUkð~nÞ, and assuming that f ð~nÞ is well
approximated by a PC expansion with maximum polynomial de-
gree p on each ni, then the integrand has at most degree 2p. There-
fore, considering the fact that a Gauss quadrature rule with Si

points on each dimension is sufficient for exact evaluation of an
integral whose integrand has a degree up to 2Si � 1, one can con-
clude that p and Si can be related. Once p degree PC is found to
be sufficient to approximate f ð~nÞ, then Si � p + 1/2 should be also
enough for accuracy.

Using the samples of~n; f~nsgS
s¼1, the corresponding samples of the

input parameters set, fðX1; . . . ;XNÞsgS
s¼1, are further calculated

using Eq. (21). By applying the Gauss quadrature in order to com-
pute the integral in the numerator of Eq. (24), the coefficients cf

k are
numerically approximated as:

cf
k �

PS1 ;...;SN
j1 ;...;jN¼1fdðXj1 ; . . . ;XjN ÞUkðnj1 ; . . . ; njN Þ

QN
i¼1qji

U2
k

D E ; k ¼ 0; . . . ; P

ð25Þ

where ðnji ; qji
Þ; j ¼ 1; . . . ; Si, are the Gauss–Jacobi quadrature points

and corresponding weights, sampled on the random variable
ni,"i 2 {1, . . . ,N}.

The post-processing of information about the stochastic solu-
tions is performed using the coefficients cf

k calculated previously.
The solution statistics (mean and standard deviation) are easily ob-
tained by applying the properties of orthogonal polynomials to the
definition of each statistic. The solution variables PDFs are approx-
imated by employing Kernel Density Estimation techniques [46],
and the CIs are further calculated from the respective Cumulative
Density Functions (CDFs).
3. Results and discussion

This section presents the results for the model parametric
uncertainty quantification of SOFC off-gas/air premixed combus-
tion within IPM. Propagation of uncertainty through the model
was first quantified only taking into account the six IPM uncertain
parameters (dp,av,/,ks,b and x) in order to better explore their
influence. Further, the two additional uncertain parameters related
with the inlet reactant mixture conditions (Toffgas and FUf) were also
included in the parametric uncertainty quantification.

The PC expansion mode coefficients of the stochastic solutions
for gas- and solid-phase temperatures, CO molar fraction and lam-
inar burning velocity were estimated using the NISP procedure de-
scribed in Section 2.3. Preliminary calculations showed that using
second-order PC expansions to approximate the stochastic solu-
tions was sufficient in order to obtain accurate results. Regarding
the number of collocation points used for sampling the determin-
istic solution space it was found that Si = 3 sampling points in each
uncertain parameter was enough for accuracy in calculating the PC
expansion mode coefficients, which can be explained by the prop-
erties of the Gauss quadrature rule, see Section 2.3.
3.1. Uncertainty in the IPM parameters

The uncertainty quantification analysis, for the six IPM uncer-
tain parameters, required 36 = 729 deterministic model runs to ob-
tain the PC expansion mode coefficients of the stochastic solutions.
The deterministic solutions calculation took �40 min, and the
post-processing of the PC expansion coefficients, statistics, PDFs
and CIs consumed �5 min, in a P4 1.7 GHz/ 1024 MB machine.

Figure 2a–c presents the stochastic mean solution profiles for
the gas-phase temperature (Tg), solid-phase temperature (Ts) and
CO molar fraction (XCO), respectively, along with the 50% and 95%
CIs and standard deviation (r). One can observe from the r profile,
in Fig. 2a and b, that the uncertainty in Tg and Ts is higher at the
flame front region, where the temperature gradients are higher
and the heat recirculation is promoted. Nevertheless, r falls to zero
close to the x-location where the flame front is fixed, because the Tg

value is there imposed in order to implicitly prescribe the b.c. for
the mass conservation equation. Furthermore, the uncertainty le-
vel for the solid-phase temperature is higher than that for the
gas-phase temperature, because the uncertain parameters related
with the IPM properties (except /) introduce uncertainty in the
model directly through the solid-phase energy balance. The 95%
CI envelope for Ts assumes values up to �60 K and for Tg up to
�30 K. Far upstream and downstream from the flame front region,
the uncertainty in the Tg and Ts profiles falls to zero because there



Fig. 2. Stochastic mean solution profiles, along with the 50% and 95% CIs and standard deviation, assuming uncertainty only in the six IPM parameters: (a) gas-phase
temperature; (b) solid-phase temperature; (c) CO molar fraction (showing also the coefficient of variation).
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is negligible heat transfer taking place and the solution tends to
equilibrium.

In Fig. 2c, the evolution of the CIs and r profiles show that the
total uncertainty in XCO decreases together with its mean value
along the post-flame region. However, the cv profile (defined as
r/Mean) reveals that the relative uncertainty level in predicting
the CO emission increases up to �25%, and further tends to de-
crease slowly as equilibrium is reached.

Figure 3 presents the PDF of the stochastic laminar burning
velocity (SL), along with the 50% and 95% CIs, mean value and r.
The PDF of SL presents a small asymmetry (skewness of 0.06), as
well as positive and negative tails, in opposition to the half circle
Beta PDF prescribed for the uncertain input parameters. This can
be explained by the non-linearities in the governing equations that
affect the uncertainty propagation through the model.

The uncertainties in the model input parameters are found to
have a stronger influence on XCO and SL than on Tg or Ts. This can
be concluded by comparing the relative uncertainty level (quanti-
fied by cv) in predicting these solutions. The cv value for SL and XCO

is found to be �9% and up to �25%, respectively, and for Tg or Ts the
cv value is always lower than �2%.

Figure 4a–d shows the PC expansion coefficients that represent
the first-order contribution of the six IPM uncertain parameters to
the total uncertainty in the stochastic solutions for Tg,Ts,XCO and SL,
respectively. Moreover, one also present the second-order contri-
butions of av and / for comparison. Note that the value of the av
and / coefficients decreases as their order increase, showing that
the PC expansions converge to the stochastic solutions. The same
was found for the PC coefficients of the other uncertain
parameters.

From the first-order contributions in Fig. 4a–d, it is possible to
identify the dominant sources of parametric uncertainty. Note that
the relative first-order contribution of each parameter to the total
uncertainty in the stochastic solution is not the same for all the
solution variables and varies along the axial coordinate. However,
in general, av and / have the strongest contribution, followed by dp



Fig. 3. PDF for the stochastic laminar burning velocity, along with the 50% and 95%
CIs, mean value and standard deviation, assuming uncertainty only in the six IPM
parameters (the PDF skewness is 0.06).
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Fig. 4. Spectral decomposition of the stochastic solution, showing the PC expansion
parameters to the total uncertainty, as well as, the second-order contributions of av and
molar fraction; (d) burning velocity.
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and ks, and the weakest influence is displayed by b and x. The
strong influence of av to the total uncertainty can be attributed
to its prescribed high level of uncertainty, see Table 1. However,
the strong contribution of / is rather explained by the way it dee-
ply affects the model governing equations, despite of its low uncer-
tainty level, see Table 1. Therefore, one can easily conclude that the
most effective way to reduce the propagation of parametric uncer-
tainty onto the model solution is to decrease the uncertainty in
evaluating av and /.

Although the first-order contribution of each uncertain parame-
ter in Fig. 4a–d is evidently dominant, the contribution of the sec-
ond-order terms may also be non-negligible. Note that the second-
order contributions of av and / can overcome the first-order contri-
bution of some other uncertain parameters, see, e.g. Fig. 4b. This re-
veals that uncertainty quantification methods limited to first-order
contributions (e.g. perturbation methods [25,26]) or sensitivity anal-
ysis may not suffice for accurate results. Moreover, one must note
that, while the NISP approach provides sensitivity information, it
goes beyond sensitivity analysis in that it quantifies the uncertainty
propagation from the input parameters to the output stochastic vari-
ables and, the contribution of each input parameter depends on its
specific uncertainty, in opposition to sensitivity analysis [31].
φ
φ

φ

φ φφ

coefficients that represent the first-order contribution of the six IPM uncertain
/ for comparison: (a) gas-phase temperature; (b) solid-phase temperature; (c) CO
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3.2. Uncertainty in both IPM parameters and inlet mixture conditions

The addition of the two inlet mixture uncertain conditions
(Toffgas and FUf) to the previous analysis, leads to an eight uncertain
parameters analysis, being necessary to increase the number of
runs with the deterministic model up to 38 = 6561. Consequently,
the required computational time also increased to �6 h:40 min
for the deterministic solution calculation, and the post-processing
of the PC expansion coefficients of the stochastic solutions, as well
as, statistics, PDFs and CIs increased to �1 h:25 min.

Figure 5a–c shows the stochastic mean solution profiles for Tg,Ts

and XCO, respectively, along with the 50% and 95% CIs and r. By
comparing the CIs of the actual Tg and Ts profiles with the previous
ones, presented in Fig. 2a and b, one can observe that the addi-
tional effect of uncertainties in Toffgas and FUf on these solutions
overwhelms the previous effect of the six uncertain parameters re-
lated with the IPM properties in the flame front region. Further-
more, the influence of Toffgas and FUf is not restricted to the flame
Fig. 5. Stochastic mean solution profiles, along with the 50% and 95% CIs and standard d
IPM parameters): (a) gas-phase temperature; (b) solid-phase temperature; (c) CO molar
front region, but affects the solutions in all the domain. This can
be explained by the direct influence of Toffgas and FUf on the b.c.
of the model governing equations, as demonstrated further by ana-
lyzing the PC expansion coefficients. As a consequence, uncertainty
is introduced in the thermal and chemical equilibrium of the solu-
tion, particularly affecting the adiabatic temperature and composi-
tion of the products, in opposition to the previous case of Section
3.1. Therefore, far upstream and downstream from the flame front
region, the uncertainty level is equal for both Tg and Ts, since ther-
mal equilibrium is respected, although it is uncertain.

Figure 5c shows that the inclusion of Toffgas and FUf does not dee-
ply affects the evolution of the actual CIs and r profiles for XCO,
when compared with the previous XCO profiles presented in
Fig. 2c. However, the uncertainty level in the CO emission has in-
creased, as expected, since additional uncertainty sources exist.
In the post-flame region, the relative uncertainty level quantified
by the cv profile increases above �30% and further continues to
increase far downstream, in opposition to the previous case of
eviation, including all eight uncertain parameters (two inlet mixture conditions; six
fraction (showing also the coefficient of variation).



Fig. 6. PDF for the stochastic laminar burning velocity, along with the 50% and 95%
CIs, mean value and standard deviation, including all eight uncertain parameters:
two inlet mixture conditions and six IPM parameters; (the PDF skewness is 0.25).

φ

φ

Fig. 7. Spectral decomposition of the stochastic solution, showing the PC expansion co
mixture uncertain conditions (Toffgas and FUf) to the total uncertainty, as well as, the fir
temperature; (b) solid-phase temperature; (c) CO molar fraction; (d) burning velocity.
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Section 3.1, since the actual thermal and chemical equilibrium of
the solution has uncertainty, as referred above. Note that, up-
stream from the reaction front region there is also uncertainty in
XCO, which is justified by the direct effect of Toffgas and FUf on the
b.c. of the model equations, as explained further.

Figure 6 presents the PDF of SL, along with the 50% and 95% CIs,
mean value and r. When comparing this PDF with the previous one
(see Fig. 3), it can be observed that the inclusion of uncertainties in
Toffgas and FUf has a strong effect on SL. On the other hand, the shape
of the actual SL PDF is very similar to the previous one (although
the skewness has increased to 0.25), also showing the effect of
the governing equations non-linearities on the uncertainty propa-
gation through the model. Note that the relative uncertainty level
in predicting SL, given by cv, more than doubled from �9% to �22%.

Figure 7a–d presents the PC expansion coefficients that repre-
sent the first and second-order contributions of Toffgas and FUf to
the total uncertainty, together with the first-order contribution
of / as reference, for Tg,Ts,XCO and SL, respectively. The value of
the Toffgas and FUf coefficients decreases as their order increase,
revealing the convergence of the PC expansions to the stochastic
solutions, as previously observed for the PC coefficients of the
uncertain parameters related with the IPM properties.

By comparing the first-order coefficients of Toffgas and FUf with the
first-order coefficient of /, one can examine the relative contribution
φ

φ

efficients that represent the first and second-order contributions of the two inlet
st-order contribution of the solid-phase porosity (/) for comparison: (a) gas-phase
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of Toffgas and FUf on the four stochastic solutions. Regarding Fig. 7a
and b, one can observe that Toffgas and FUf are the major contributors
for the total uncertainty in Tg and Ts. The dominant influence of FUf in
the post-flame region is related to its direct influence on the b.c. of
the gas-phase species balance, which affect the fuel concentration
and the heat released and, consequently, Tg and Ts. Far upstream
from the flame front region, where no heat release takes place, the
effect of FUf is negligible. However, Toffgas has a dominant influence
on Tg and Ts, since it affects directly the b.c. of the gas-phase energy
balance equation, which in its turn is coupled with the b.c. of the
solid-phase energy balance equation.

Figure 7c shows that, in the post-flame region, the additional
influence of Toffgas and FUf on XCO is comparable to the effect of
the six IPM uncertain parameters, using / as reference. However,
upstream from the reaction front, the uncertainty in XCO is only af-
fected by FUf. This happens because, although no reaction occurs,
FUf directly affect the b.c. of the gas-phase species balance equa-
tions and, therefore, the species concentration.

Figure 7d shows that the influence of Toffgas and FUf on SL dom-
inates over the influence of the other uncertain parameters related
with the IPM properties, using / as reference. Note that the effect
of FUf is slightly stronger than the effect of Toffgas.

The NISP based method used for the previous analysis is shown
to be effective on quantifying the propagation of uncertainty
through the model. The required number of deterministic model
runs increases exponentially with the number of uncertain input
parameters. Therefore, more sophisticated sampling techniques,
such as sparse grid collocation methods [24,28,29], could be ap-
plied instead of using the traditional Gauss quadrature sampling
points. However, the present deterministic governing equations
were solved using the efficient Newton–Raphson method, whose
convergence is very sensitive to the prescribed initial condition,
see, e.g. [36]. Consequently, using the Gauss quadrature points pro-
vides a means of restarting the solver with a previous deterministic
solution not far from the next one, therefore, increasing the prob-
ability of convergence and decreasing the computation time.
Although other sampling techniques would drastically reduce the
number of deterministic runs, the computational time is not guar-
anteed to be reduced in the same manner and convergence prob-
lems are more likely to appear. Therefore, further investigations
could provide important information about this matter.
4. Conclusions

In the present study the propagation of parametric uncertainty
through a physical model has been investigated for the problem of
SOFC off-gas/air premixed combustion within IPM. The model in-
cludes detailed chemistry and solves the gas- and solid-phase en-
ergy balances coupled by convective heat transfer, including
radiative heat transfer in the solid-phase. The stochastic problem
has been addressed using non-intrusive spectral projection, which
allows one to use the deterministic model without requiring mod-
ifications in the source code. Uncertainty was simultaneously pre-
scribed in six parameters related with the IPM properties (dp,av,
/,ks,b and x), as well as, in two additional parameters related with
the inlet reactant mixture conditions (Toffgas and FUf). The uncertain
parameters were considered to have a half-circle Beta distribution
and their probabilistic information was realistically estimated
based on producers or experimental sources. In order to evaluate
the PC expansion mode coefficients of the stochastic solution vari-
ables, sampling of the uncertain parameters has been carried out
by using the Gauss–Jacobi quadrature points and the respective
set of deterministic solutions has been calculated. Statistics (mean
and standard deviation), CIs and PDFs were obtained from the PC
expansion coefficients for the gas- and solid-phase temperatures,
CO molar fraction and laminar burning velocity. The uncertainty
quantification analysis was first performed including the six IPM
uncertain parameters. Further, the two additional inlet reactant
mixture uncertain conditions were also included in the analysis.

From the present study the following conclusions can be drawn
regarding the influence of the six IPM uncertain parameters:

1. Uncertainty in the solid-phase temperature, Ts, is higher than in
the gas-phase temperature, Tg, since the uncertain parameters
are directly related to the solid-phase heat transfer. However
the relative uncertainty level induced on both stochastic solu-
tions was found to be low (cv 6 2%) and restricted to the flame
front region;

2. For the CO molar fraction, XCO, the relative uncertainty level in
the post-flame region presents values that can be relevant for
the confidence in the pollutant emission prediction (cv � 25%);

3. The relative uncertainty level obtained in the laminar burning
velocity, SL, was also found to be non-negligible (cv � 9%);

4. The comparison of the first-order PC expansion coefficients
showed that the IPM specific surface area, av, and the IPM
porosity, /, are the main contributors for the uncertainty in
the stochastic solutions. However, the other IPM uncertain
parameters also have a non-negligible contribution; Taking into
account the inclusion of the inlet reactant mixture uncertain
conditions on the uncertainty quantification analysis, additional
conclusions can be extracted from this study:

5. The contribution of both the SOFC off-gas temperature, Toffgas,
and the fuel utilization factor, FUf, to the total uncertainty in
the Tg and Ts solutions, overcomes the influence of the IPM
uncertain parameters;

6. For the uncertainty in the CO emission, Toffgas and FUf have a
contribution comparable to the one of the IPM uncertain
parameters. In the post-flame region, the relative uncertainty
level in XCO was found to be an important factor for the confi-
dence of its prediction (cv in the range of �30–40%);

7. Regarding SL, the Toffgas and FUf parameters have a stronger
influence on the total uncertainty than the IPM uncertain
parameters. The relative uncertainty level in the SL prediction
was found to be relevant (cv � 22%).
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