Tecnologia e Projecto de Antenas: The cross-dipole antenna

The cross-dipole antenna

A. Introduction

The turnstile antenna, also known as a cross-dipole antenna, consists of two
perpendicularly oriented dipole antennas fed with currents in quadrature [1, 2]. Due to
this reason, the polarization of the emitted wave in the direction perpendicular to the
dipoles is circular, which is useful, for example, in satellite communication through
the ionosphere. Furthermore, when the turnstile antenna is oriented parallel to the
ground, its radiation pattern is omnidirectional with horizontal polarization. Since
noise near the Earth’s surface is mainly vertically polarized, horizontally polarized
signals are less susceptible to noise. For this reason, turnstile antennas are commonly

used in TV broadcasting.

Fig. 1 Left: Cross-dipole antenna. Right: Detailed geometry.

In our model, the turnstile consists of two dipoles, oriented along x and z respectively.
The length of the dipoles is L and their radius is a. Furthermore, the input voltages

across the dipole terminals are denoted by V,, and V

»; » and the input currents are |,

and |,,. The unknown current distributions along the wires are I, (X') and 1,(Z').
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B. Method of Moments

The radiation properties of the turnstile can be characterized using the Method of

Moments (MoM) [3]. As shown in the Appendix, the current distributions [, (X') and

I, (2') need to satisfy the system of coupled equations [Eq. A9]:

L2 L2 = ko[-
I dx_[ dx'[—dwx(x)ﬂ(x’)+kij(x)lx(x’)je—
L2 -l dx dx’ 47Z'|l‘x-l’;|
(1a)
L2 L2 dw dl g Jolrer] vV
f ] o dz’(— < (x) z,(z')j—,:_jkowx(o) i
-L/2 -L/2 dx dz 47[|rx -r 0
L2 L2 = Ikolr |
o ] o -2 in00) i
h s dz dx 4z, -x}] (1b)

L2 L2 dw dI ol - v
d dz'| ——=2 2(z")+k? | (2') | ———=—jk 0)—
+_[f/2 z_[f/z z[ " (Z)dz'(z)+ oW, (2) Z(Z)j47r|rz-rz’| jkow, ( )770

In the above, Kk, = ®\/&,4, is the free-space wave number, 7, =./4, /&, is the free-

space impedance, and w, (x) and w, (z) are two independent arbitrary test functions.

Furthermore, we have,

I, -r)|=+/a* +(x-x')", Ir,-r]|=ya’ +(z-2')’, (10
=vb* + x> +27, Ir,-r| 2 Vb + X7 + 27,

where b denotes the distance between the cross-dipoles along the y-direction. The

1
|rx T,

distance b is small (negligible for most purposes) but it is taken as non-zero to avoid

that the dipoles overlap each other at the feeding point.

The unknown current distributions 1, (x') and 1,(z") can be approximated as a

linear combination of elements of some basis of functions A, (n=1,2,...N):

Ix(x’)zZN:IX,nAn(x’), 1L (2')~ D 1,.A,(2) (2)

N
n=1 n=1
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In the above, |, and |, are the unknown coefficients of the expansion. Substituting

n n

(2) into (1a) one obtains:

- jkﬂ‘rx 'r>l<‘

N L2 L2 [ dw, dA. e
S, [ ax [ dx (_ e (2, (x)+k02WX(x)An(x)j

1
n=1 L2 -Li2 47r|rx T,

N L2 L2 [ dw,
+n§|“’z J. de. dz (— i

-L/2 -L/2

dA. ) et V.
()% () | = (0)*

! !
dz 4xlr, -, o

The above formula should be satisfied for an arbitrary test function w, =W, (X). In

particular, we can take the test functions identical to the expansion functions, i.e. such

that w, (x)=A, (x) (m=1,2,..N). In this way, we obtain a linear system for the

unknown current coefficients:

N N
Dz A 20 = AL (0)Vyy (m=1,....N) (3a)
n=1 n=1
L/2 L/2 ~ ko[ -1y
2= o [ o -SSR ) n 0m, ()
o LN g dx dx 477|rx 'rx|
L/2 L/2 dA dA e—Jko\rx-rz’\ (3b)
- 2 [ o [ e -De iy
Kol Zin dx dz 47[|rx -rz|
Proceeding similarly with Eq. (1b), we can find that:
N N
DZEl A+ Zal  =AL(0)V,,, (m=1,...,N) (4a)
n=1 n=1
L2 L2 — jkolr, 1y
w_ [a ] le,(_d/\m(z)d/\’n (X)j e '
—IKo L i dz dx 477|rz -
L/2 L/2 dA dA e*Jko\rz-rz’\ (4b)
Zon = _i [ dz | dz'(— o (2) & (Z')+k§/\m(z)/\n(z')j4—,
Kol Zin z z 7T|rz 'rz|

The linear system can be written in compact form as follows:

ZXX ZXZ IX VX
A EEM 8
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Here, Z" = [Z” ] are NxN matrices (i,j=x,z) with elements defined by Egs. (3b) and

(4b), I’ = [ I j,n] (j=x,z) is a column vector with the currents in the j-dipole, and V' is

a column vector with the structure,

Vi=|.. V,., i=X,z.

The matrices Z" are referred to as the impedance matrices. By numerically solving

the system (5), one can determine the unknowns I and 1, and, using (2), the

unknown current distributions.

For dipoles with the same length and radius, it is simple to check that:

77 =7, 2> =(z*), (6)
where T denotes the matrix transpose operation (more generally we have
VAR (Z“)T ). Thus, in practice it is enough to evaluate Z™ and Z*, as the other
matrices can be obtained from these.

C. Expansion functions

We choose the expansion functions A, to be of the triangular type. Specifically,

suppose we divide the domain of integration (—L/2<x<L/2) into N+1 intervals

with equally spaced nodes X, X,,..., X, defined by (see Fig. 2):

X, = —£+ nA (n=1, ..., N), where A= L . (7)
2 N +1
The nth triangle function A, can be explicitly written as (see Fig. 2):
1 =% X, SX<X
A, (X) = A T T (n=1, .., N) (8)
0, otherwise
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Note thatas A, (X, ) =4,

nm?

it follows from Eq. (2) that 1, (x,)=1,,, i.e. the unknown

|, is precisely the current at the nth node.

From Eq. (8),

dA —lsgn(x—x) X, SX<X
(x)={ A n)r Tt 202 e (=1, ..,N) (9)

0, otherwise
where sgn(u)=1 when u>0 and sgn(u)=—1 when u<0. By substituting (8) and

(9) into (3b), the impedance matrix elements can be written explicitly as follows':

X1 Xn 1 — ko[ -ry]
22 = jo [ dx [ dxg? (X, X)———
wdig el oo o
e o (10a)
) 770 Xm41 d ZTI d . ( ) ’Jko‘rx'rz‘
Zy= ] | dx | dz'g,, (X, 2')———
mn J ko X:!'] g gmn 47Z'|1'X _rz,
with
O (X, X") = —Lzsgn(x—xm)sgn(x’—x;)+kj [1— |X_Xm|j[1_ [x _Xn|j
XZ ! 1 ’ ’
O (X,2') = —Esgn(X—Xm)Sgn(Z -1,)
I As the functions 98n are discontinuous, it is recommended to break the integral XTI __dx as follows
dx

Xm-1
Xms1 X —0"

X . . . .
J‘ Cdx = J’ dxa+ J‘ I __dx» Where 0" represents a small positive number. A similar comment applies
Xm-1

X1 X +0"

. Xns1
to the integral -[ X
X

-1
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In the above formulas, z; = —%+ nA, (n=1, ..., N).

The double integrals can be computed numerically, using the trapezoidal rule or
other quadrature rule; see [4].

It is possible to speed up the computation of the impedance matrix Z, using the
following property:

Zf)T:Xn = Z\X—nh—l,l . (1 1)

Therefore, to determine this specific matrix, it is sufficient to compute the elements of
the first column (or of the first row), as the elements of the remaining columns can be

obtained from those of the first.

D. Report and delivery of the work

Using the procedure delineated in the previous sections, implement a numerical code
that numerically solves Eq. (5) (you can use your favorite numerical platform: Matlab,

Mathematica, C,...). The work should be done in groups of two or individually.

A report with the results and answers to the questions must be submitted through

Fenix by the end of 15th June 2026. 1 will not accept reports delivered after the
deadline.

The report should contain the answers to the following questions (in all the
questions suppose that A=1m, a=0.0054, b=2a, V, =], V,, =1 [V], except if

explicitly mentioned otherwise):

e Ql1- Plot of the current | (absolute value and phase) for a cross-dipole

X2 IZ
antenna with arms of length L=0.474, calculated for the number of

expansion functions N=5, 15, 21. What is the relation between the two

currents?
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Q2- Calculate the driving point impedance of each dipole for L =0.474 and

) V V
N=5, 15, 21. Specifically, evaluate Z,, =% and Z,, =—%, where I,

o 0x 0z
are the feeding currents (note that I, is the (N +1)/2 element of the current
vector, etc).
Q3- In order to quantify the interaction between the two dipoles in this

question, we wish to calculate the mutual admittance. Specifically, in general,

the voltages and currents at the dipole terminals are related by an admittance
matrix [Yij] as:

IOx = YxxVOX +szVOz
I0z = szV0x +YszOz

Calculate numerically, the elements Y;; for L =0.474 and N=15. You should

find that up to numerical precision Y,, =Y, ~0, indicating that the
perpendicular dipoles do not interact! Explain physically why that is the case.
Hint 1: To calculate Y, , you need to excite the dipoles with V,, =1, V,, =0,
etc.

Hint 2: To explain the lack of interaction, consider the field lines radiated by

one of the dipoles (for simplicity, you can treat it as an Hertz dipole) and show

that the relevant field component vanishes on the arms of the other dipole.

Due to the lack of interaction between the two dipoles, in the remainder of the
project you can take the matrices Z*,Z* identical to zero in Eq. (5), as they

do not influence the results in any way. This speeds up the numerical

calculations.

Técnico - 2026



Tecnologia e Projecto de Antenas: The cross-dipole antenna

Q4- Plot the driving point impedance Z_ of the dipole oriented along X as a

function of L/ A calculated with N=15, for 0.1< L/ A <1.6. Compare with the
theoretical curve for a single dipole.
Q5- Based on the results derived in the theoretical class, the far-field of the

cross-dipole in the direction @, ¢ is given by

. R . e’jkor
E = ik [ (0.0)xF |xf——
L/2 o L/2 o
f(H,gp):f; I |X(Xlﬁjkox(r-x)dxr+i j IZ (Z,)ejkoz(r.z)dZ,
-L/2 -L/2

where F = (cos@sind,sinsinf,cos ) is the observation direction. Represent

the radiation pattern of |E| (normalized to arbitrary units) in the planes xoy
(@=m/2),x0z(¢p=0)andyoz (¢ =7x/2). Consider L=0.474 and N=15.

QG6- Plot the directivity of the cross-dipole as a function of L/ A. Use N=15,
and consider the range 0.1<L/A<1.1.
Hint: You can find the radiated power with the help of the driving

impedances.

Q7- Next, consider that V,, =e', V,,=1[V], where ® determines the

phase difference of the input voltages. We wish now to study the impact of @
on the polarization of the field radiated along the maximum direction (+y
axis). We can characterize the field polarization by computing the spin
angular momentum of the field:

(—JEXE")-f

o= .
E-E

The spin angular momentum is a real number in the range —1<o <1. The

value o =1 indicates a RCP wave, the value o =—1 an LCP wave, and o =0
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indicates a linearly polarized wave. Other values of o correspond to elliptical
polarization states. Evaluate numerically o as a function of @ for r=+y
and L=0.474 and N=15.

¢ Q8- Annex with the numerical implementation (matlab or mathematica code).
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Appendix (reading is optional)

This appendix describes the variational formulation used in the Method of Moments
[3]. A wire-type antenna with arbitrary geometry (not necessarily linear) is considered

(see Fig. Al).

\ Wire-type

antenna

Fig. A1. Geometry of an arbitrarily shaped wire-type antenna (the generator is not shown in the
figure).
The relationship between the vector potential A and the induced electric current

I (S') in the wire antenna is:

A(r)=22 [ 1(s)i(s) a8’ (A1)

r-r|
where s’ represents the distance measured along the wire, r'=r'(s") represents the

position of a generic point of the wire, t is the tangent vector, and r = (X, Y, Z) s a

generic observation point (see Fig. Al). The integration is carried out over all points
along the wire, i.e., it corresponds to a line integral.
The electric field is related to the vector potential through the formula (valid in the

air region):

E=—L vxvxa=—1 (vv.A-va), (A2)
Jog, i, Joe
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Substituting (A1) in (A2) it can be shown that:

dl e*iko‘r"" e*jko"’"’"

E(r)=j’7—k°0 V [ o) sk [ 1(S)E(S)

47r|r-r’| as'). (A3)

47z|r-r’

wire wire

where K, = w,/¢,1, is the wave number and 77, =/, / €, is the vacuum impedance.

Equation (A3) gives the radiated electric field as a function of the current I(S')

induced in the antenna.
Formula (A3) is valid in the air region, and in particular for an observation point

arbitrarily close to the surface of the antenna. In what follows, we obtain an integral

equation that allows the determination of the current distribution I(s’) imposed by
the generator on the surface of the antenna.

Consider an arbitrary function w= W(S) defined along the wire (note that each
value of s corresponds to a specific point on the wire). Taking the inner product of

both sides of Eq. (A3) with the vector w(s)t(s), one obtains:

. 7, d dl . e*jko\r-r’\ , s . Nao e*jko“""" ,
t(s)-E(s)=-1" — | —(5')———ds"+k t(s) | I t d
) Ble) 2 (o) L) e u(ee) (i) £

(A4)
Integrating (with respect to the variable s) both sides of the equation, it follows that:

e JkoJr-r']

dsds’ (AS)

Ik J' w(s)t(s)-E(s)ds= J' _[(—Z—\;V(S)%(S')Jrkfw(s)'(S'ﬁ(s)'i(S’ﬂ

'70 wire wire wire 47[ |r - l‘l|
Here, r=r(s) and r'=r'(s') represent points on the axis of the antenna indexed by s

and s', respectively.

The tangential component of the electric field vanishes on the metallic wire

(perfect conductor), t(s)-E(s)=0, except at the position of the generator (s=s,).

Técnico - 2026



Tecnologia e Projecto de Antenas: The cross-dipole antenna

Assuming that the distance between the generator terminals is infinitesimal, it follows

that:
t(s)-E(s)~-V3(s—s,), (over the wire). (A6)

Substituting this result into (AS5) it is finally found that:

- jko ‘rr‘

J ][50 o) (o)1 (5)E(5) () | £ ——fiw(s,) - (A7)

axis axis 47Z:|r r | 770

The above relation is valid for an arbitrary test function w = W(S) .

In the case of the crossed-dipole (see Fig. 1), the axis consists of two line

segments, one oriented along X and another along z. Then, if the test function is on the

dipole oriented along X, W(s)t(s) - w, (X)X, Eq. (A7) becomes:

dx [ ds’ )L () +kowg, ()1 ())& (8" e oy Ve
LI/z Xa)J;s ; ds( )+kow, () 1(s)X-¢(s") m——l oW, ( )77—0
(A8a)

whereas, if it is on the dipole oriented along z, w(s)t(s) — w, (z)Z, we have:

L,/2 dw dl . g Jolr.-r] ) V
[ dzjds'[_ dzz(z)g(s')Jrkozwz(z)l(s’)i-t(s’)j—,z—Jkowz(O) o

s 47r|rZ -r | 7,
(A8Db)
Here, V,,.,V,, are the voltages across each dipole terminals, assumed to be at Xx=0 or
z =0, respectively. Furthermore, L ,L, denote the lengths of the dipoles along X and
z, respectively, which for generality are admitted different in the appendix. Note that

there are two independent test functions W, (X) and w, (Z) . Breaking the integration

along the wire axis as

L/2 L,/2
_[ds': I dx’ + I dz’,

axis -L,/2 -L,/2

Técnico - 2026



Tecnologia e Projecto de Antenas: The cross-dipole antenna

the same equations take the form:

L/2  LJ/2 dw dI e*jk(j‘rx'r;‘
J o [ oS o 0) i, o, )
-L/2 -2 dx dx 47Z'|1‘X -r,
X Lxx/z L,/2 dw dl o ko r | Y (A9a)
o] ] oS 0Se @) )l (0)
L2 -0 dx dz 477|rx 'rz| 7o
L/2 L/2 — ko[, -1y
o [ o[- S@e )
Chn o lh dz dx 47r|rz-rx|
’ " _ (A9b)
T e T a2 @y (211, 2) | 0, ()%
+ | dz | dz| ——F(2)=2(2')+ koW, (2)1,(Z") |-——=7=—JK,W, z
L-!/Z LJ:/Z dz dz 0 47z|rz-rz| 0 7,

In above formulas, r,,r, are points on the dipole along z, whereas r,,r, are points on

the dipole along X. Within the thin wire approximation, the observation point
(unprimed) is assumed to lie on the dipole axis, whereas the source point is assumed

to lie on the dipole surface. This leads to:

v -1 =,/a’ +(X—X’)2
Ir,-r/|=ya’+(z-2')’
|rz-rx'|z\/m

’
|rx -r,

where a is the dipoles radius and b is the separation between the dipoles along the y-

direction.
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