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The cross-dipole antenna 
 
 

A. Introduction 

The turnstile antenna, also known as a cross-dipole antenna, consists of two 

perpendicularly oriented dipole antennas fed with currents in quadrature [1, 2]. Due to 

this reason, the polarization of the emitted wave in the direction perpendicular to the 

dipoles is circular, which is useful, for example, in satellite communication through 

the ionosphere. Furthermore, when the turnstile antenna is oriented parallel to the 

ground, its radiation pattern is omnidirectional with horizontal polarization. Since 

noise near the Earth’s surface is mainly vertically polarized, horizontally polarized 

signals are less susceptible to noise. For this reason, turnstile antennas are commonly 

used in TV broadcasting. 

 

Fig. 1  Left: Cross-dipole antenna. Right: Detailed geometry. 

In our model, the turnstile consists of two dipoles, oriented along x and z respectively. 

The length of the dipoles is L  and their radius is a. Furthermore, the input voltages 

across the dipole terminals are denoted by 0xV  and 0zV , and the input currents are 0xI  

and 0zI . The unknown current distributions along the wires are  xI x  and  zI z . 
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B. Method of Moments 

The radiation properties of the turnstile can be characterized using the Method of 

Moments (MoM) [3]. As shown in the Appendix, the current distributions  xI x  and 

 zI z  need to satisfy the system of coupled equations [Eq. A9]: 
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In the above, 0 0 0k     is the free-space wave number, 0 0 0/    is the free-

space impedance, and  xw x  and  zw z  are two independent arbitrary test functions. 

Furthermore, we have, 
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where b  denotes the distance between the cross-dipoles along the y-direction. The 

distance b is small (negligible for most purposes) but it is taken as non-zero to avoid 

that the dipoles overlap each other at the feeding point. 

The unknown current distributions  xI x  and  zI z  can be approximated as a 

linear combination of elements of some basis of functions n  (n=1,2,...N): 
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In the above, ,x nI  and ,z nI  are the unknown coefficients of the expansion. Substituting 

(2) into (1a) one obtains: 
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The above formula should be satisfied for an arbitrary test function  x xw w x . In 

particular, we can take the test functions identical to the expansion functions, i.e. such 

that    x mw x x   (m=1,2,...N). In this way, we obtain a linear system for the 

unknown current coefficients: 
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Proceeding similarly with Eq. (1b), we can find that: 
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The linear system can be written in compact form as follows: 

xx xz x x
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Here, ij ij
mnZ   Z  are N×N matrices (i,j=x,z) with elements defined by Eqs. (3b) and 

(4b), ,
j

j nI   I  (j=x,z) is a column vector with the currents in the j-dipole, and iV  is 

a column vector with the structure, 

 
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 

  
  

V ,  i=x,z. 

The matrices ijZ  are referred to as the impedance matrices. By numerically solving 

the system (5), one can determine the unknowns ,x nI  and ,z nI  and, using (2), the 

unknown current distributions.  

For dipoles with the same length and radius, it is simple to check that: 

zz xxZ Z ,   Tzx xzZ Z ,       (6) 

where T denotes the matrix transpose operation (more generally we have 

 Tij jiZ Z ). Thus, in practice it is enough to evaluate xxZ  and xzZ , as the other 

matrices can be obtained from these. 

C.  Expansion functions 

We choose the expansion functions n  to be of the triangular type. Specifically, 

suppose we divide the domain of integration ( / 2 / 2L x L   ) into N+1 intervals 

with equally spaced nodes 1 2, ,..., Nx x x  defined by (see Fig. 2): 

2n

L
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The nth triangle function n  can be explicitly written as (see Fig. 2): 
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Note that as  n m nmx   , it follows from Eq. (2) that   ,x n x nI x I , i.e. the unknown 

,x nI  is precisely the current at the nth node.  

 

Fig. 2 Expansion functions of the current. 

From Eq. (8), 
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where  sgn 1u   when 0u   and  sgn 1u    when 0u  . By substituting (8) and 

(9) into (3b), the impedance matrix elements can be written explicitly as follows1: 
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In the above formulas, 
2n

L
z n     , (n=1, ..., N). 

The double integrals can be computed numerically, using the trapezoidal rule or 

other quadrature rule; see [4]. 

It is possible to speed up the computation of the impedance matrix xxZ , using the 

following property: 

, 1,1
xx xx
m n m nZ Z   .        (11) 

Therefore, to determine this specific matrix, it is sufficient to compute the elements of 

the first column (or of the first row), as the elements of the remaining columns can be 

obtained from those of the first. 

D.  Report and delivery of the work 

Using the procedure delineated in the previous sections, implement a numerical code 

that numerically solves Eq. (5) (you can use your favorite numerical platform: Matlab, 

Mathematica, C,...). The work should be done in groups of two or individually. 

A report with the results and answers to the questions must be submitted through 

Fenix by the end of 15th June 2026. I will not accept reports delivered after the 

deadline. 

The report should contain the answers to the following questions (in all the 

questions suppose that 1m  ,  0.005a  , 2b a ,  0 0,   1 x zV j V V  , except if 

explicitly mentioned otherwise): 

 Q1- Plot of the current ,x zI I  (absolute value and phase) for a cross-dipole 

antenna with arms of length 0.47L  , calculated for the number of 

expansion functions  N=5, 15, 21. What is the relation between the two 

currents? 
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 Q2- Calculate the driving point impedance of each dipole for 0.47L   and 

N=5, 15, 21. Specifically, evaluate 0
,

0

x
a x

x

V
Z

I
  and 0

,
0

z
a z

z

V
Z

I
 , where 0 0,x zI I  

are the feeding currents (note that 0xI  is the  1 / 2N   element of the current 

vector, etc). 

 Q3- In order to quantify the interaction between the two dipoles in this 

question, we wish to calculate the mutual admittance. Specifically, in general, 

the voltages and currents at the dipole terminals are related by an admittance 

matrix ijY    as: 

0 0 0

0 0 0

x xx x xz z

z zx x zz z

I Y V Y V

I Y V Y V

 
 

 

Calculate numerically, the elements ijY  for 0.47L   and N=15. You should 

find that up to numerical precision 0xz zxY Y  , indicating that the 

perpendicular dipoles do not interact! Explain physically why that is the case. 

Hint 1: To calculate xxY , you need to excite the dipoles with 0 01,   0x zV V  , 

etc. 

Hint 2: To explain the lack of interaction, consider the field lines radiated by 

one of the dipoles (for simplicity, you can treat it as an Hertz dipole) and show 

that the relevant field component vanishes on the arms of the other dipole. 

Due to the lack of interaction between the two dipoles, in the remainder of the 

project you can take the matrices ,zx xzZ Z  identical to zero in Eq.  (5), as they 

do not influence the results in any way. This speeds up the numerical 

calculations. 
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 Q4- Plot the driving point impedance ,a xZ  of the dipole oriented along x as a 

function of /L   calculated with N=15, for 0.1 / 1.6L   . Compare with the 

theoretical curve for a single dipole. 

 Q5- Based on the results derived in the theoretical class, the far-field of the 

cross-dipole in the direction ,   is given by 

 
0

0 0 ˆ ˆ,
4

jk re
j k

r
  





    E f r r  

         0 0

/ 2 / 2
ˆ ˆˆ ˆ

/ 2 / 2

ˆ ˆ,
L L

jk x jk z
x z

L L

I x e dx I z e dz    

 

     r x r zf x z  

where  ˆ cos sin ,sin sin ,cos    r  is the observation direction. Represent 

the radiation pattern of E  (normalized to arbitrary units) in the planes xoy 

( / 2  ), xoz ( 0  ) and yoz ( / 2  ). Consider 0.47L   and N=15. 

 Q6- Plot the directivity of the cross-dipole as a function of /L  . Use N=15, 

and consider the range 0.1 / 1.1L   . 

Hint: You can find the radiated power with the help of the driving 

impedances. 

 Q7- Next, consider that  0 0,   1 j
x zV e V V  , where   determines the 

phase difference of the input voltages. We wish now to study the impact of   

on the polarization of the field radiated along the maximum direction (+y 

axis). We can characterize the field polarization by computing the spin 

angular momentum of the field: 

 *

*

ˆj


  




E E r

E E
 

The spin angular momentum is a real number in the range 1 1   . The 

value 1   indicates a RCP wave, the value 1    an LCP wave, and 0   
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indicates a linearly polarized wave. Other values of   correspond to elliptical 

polarization states. Evaluate numerically   as a function of    for ˆ ˆ r y  

and 0.47L   and N=15. 

 Q8- Annex with the numerical implementation (matlab or mathematica code). 
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Appendix (reading is optional) 

 
This appendix describes the variational formulation used in the Method of Moments 

[3]. A wire-type antenna with arbitrary geometry (not necessarily linear) is considered 

(see Fig. A1). 

 

 

 

 

 

 

Fig. A1. Geometry of an arbitrarily shaped wire-type antenna (the generator is not shown in the 

figure). 

The relationship between the vector potential A  and the induced electric current 

 I s  in the wire antenna is: 

     
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A r t
r - r

,    (A1) 

where s  represents the distance measured along the wire,  s  r r  represents the 

position of a generic point of the wire, t̂  is the tangent vector, and  , ,x y zr  is a 

generic observation point (see Fig. A1). The integration is carried out over all points 

along the wire, i.e., it corresponds to a line integral. 

The electric field is related to the vector potential through the formula (valid in the 

air region): 

 2

0 0 0 0

1 1

j j   
    E A A A ,   (A2) 
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Substituting (A1) in (A2) it can be shown that: 

       
0 0

20
0

0 wire wire

ˆ
4 4

jk jkdI e e
s ds k I s s ds
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E r t
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where 0 0 0k     is the wave number and 0 0 0/    is the vacuum impedance. 

Equation (A3) gives the radiated electric field as a function of the current  I s  

induced in the antenna.  

Formula (A3) is valid in the air region, and in particular for an observation point 

arbitrarily close to the surface of the antenna. In what follows, we obtain an integral 

equation that allows the determination of the current distribution  I s  imposed by 

the generator on the surface of the antenna. 

Consider an arbitrary function  w w s  defined along the wire (note that each 

value of s  corresponds to a specific point on the wire). Taking the inner product of 

both sides of Eq. (A3) with the vector    ˆw s st , one obtains: 
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
 

   
           

 
r-r r-r

t E t t
r - r r - r

  

(A4) 

Integrating (with respect to the variable s) both sides of the equation, it follows that: 

                 
0

20
0

0 wire wire wire

ˆ ˆ ˆ
4

jkjk dw dI e
w s s s ds s s k w s I s s s dsds

ds ds 

             
r-r

t E t t
r - r

  (A5) 

Here,  sr r  and  s  r r  represent points on the axis of the antenna indexed by s 

and s , respectively. 

The tangential component of the electric field vanishes on the metallic wire 

(perfect conductor),    ˆ 0s s t E , except at the position of the generator ( 0s s ). 
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Assuming that the distance between the generator terminals is infinitesimal, it follows 

that: 

     0
ˆ s s V s s   t E , (over the wire).    (A6) 

Substituting this result into (A5) it is finally found that: 

             
0

2
0 0 0

0axis axis

ˆ ˆ
4

jkdw dI e V
s s k w s I s s s dsds jk w s

ds ds  

            
r-r

t t
r - r

  (A7) 

The above relation is valid for an arbitrary test function  w w s .  

In the case of the crossed-dipole (see Fig. 1), the axis consists of two line 

segments, one oriented along x and another along z. Then, if the test function is on the 

dipole oriented along x,      ˆ ˆxw s s w xt x , Eq. (A7) becomes: 

           
0

/ 2
2 0
0 0
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ˆˆ 0
4

x x
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x x
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
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r -r

x t
r - r

 

(A8a) 

whereas, if it is on the dipole oriented along z,      ˆ ˆzw s s w zt z , we have: 

           
0

/ 2
2 0
0 0
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4

z z
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Vdw dI e
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


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r -r

z t
r - r

 

(A8b) 

Here, 0 0,x zV V  are the voltages across each dipole terminals, assumed to be at 0x   or 

0z  , respectively. Furthermore, ,x zL L  denote the lengths of the dipoles along x and 

z, respectively, which for generality are admitted different in the appendix. Note that 

there are two independent test functions  xw x  and  zw z . Breaking the integration 

along the wire axis as 

/ 2 / 2

axis / 2 / 2

x z

x z

L L

L L

ds dx dz
 

      , 



Tecnologia e Projecto de Antenas: The cross-dipole antenna 

Técnico - 2026 
 

the same equations take the form: 

       
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 
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  (A9a) 

   
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 
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 
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r -r
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 (A9b) 

In above formulas, ,z zr r  are points on the dipole along z, whereas ,x xr r  are points on 

the dipole along x. Within the thin wire approximation, the observation point 

(unprimed) is assumed to lie on the dipole axis, whereas the source point is assumed 

to lie on the dipole surface. This leads to: 

 

 

22

22

2 2 2

2 2 2

x x

z z

x z

z x

a x x

a z z

b x z

b x z
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   

   

   

r - r

r - r

r - r

r - r

 

where a is the dipoles radius and b is the separation between the dipoles along the y-

direction. 
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