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P1. Difference equations. Find y(k) for any k for the following difference equations with the
indicated initial conditions.

a) y(k+1)—-08y(k) =0, y(0) =1
b) y(k+2)+02y(k+1)—0,63y(k) =0 y(0) =1 y@)=1

Suggestion: assume that there are constants A such that A¥ verifies the difference equation.

Since the equation is linear, a linear combination of these solutions is also a solution. The
coefficients of the linear combination are obtained from the initial conditions. Your answer
must be given in the form of a linear combination of powers k. An alternative to this
procedure is to use the Z-transform, that, of-course, yields the same result. You may try both
methods.

M
P2. Difference equations. Compute the response of the system (i. e., Find y(k) for any k)
y(k+1) —08y(k) = u(k)

with y(0) = 0 and the input u a unit step function, (k) = 1 for all k = 0, using the technique
suggested in problem P1.

Suggestion: assume that the signal u is generated by a system (which one?) and compute the

response of the series of both systems.
O T~
P3. Difference equations. Consider the system
y(k+1)—0,5y(k) =0

where k =0, 1, 2, ...is discrete time. Find the initial condition, y(0) given that y(3) = 0,1.

O Y T~

P4. Difference equations. Consider an asymptotically stable, causal, discrete time system

described by the transfer function

N(2)

‘@ =00

Show that coefficients hg, hq, hs, ... of the expansion in series of powers of z~1 are the samples
of the impulse response with zero initial conditions of G(z). Observe that that these
coefficients can be obtained by long division of N(z) by D (2).

Apply this result to compute the first 4 samples of the impulse response of

6(z) = z—0,5
z T 22 -14z+04
OO~
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P5. Controllability and observability. For the open-loop unstable linear time invariant system,

in discrete time, described by the digital transfer function
1
Gp(Z) = m

In this problem, we study what happens when we try to stabilize the system with a series
controller (with no feedback) that cancels the zero. It is assumed that the cancellation is exact.
The transfer function of the controller is

z—2

z+ 0.5

Ge(2) =

a) Figure P5-1 shows a series of G; and G,,. Obtain a state model for the series with the
state variables indicated.

b) Study the controllability and the observability of the state model you obtained in a).

c) Based on the state model, discuss the stability of the series association.

d) Repeat a) and b) when the order of the blocks is interchanged.

+ -
u 25 X, 1 X7y

z+05 - z-2

Figure P5-1 Series association of systems (l)

u 1 Xy 2,5 X, y
z-2 z+0,5 -

Figure P5-2 Series association of systems (l1)

OO T~

P6. Optimization methods. Consider the problem of minimizing with respect to x € R™ the real
function f(x), where f is continuous and differentiable. Numerical methods to find the
minimum proceed in an iterative way bay computing a sequence of points x4, x,, X3, X4, ...
that converge to the minimum. In many methods, given a point x, the following point is
obtained by performing two steps:

IST - Estimacdo e Controlo Preditivo Distribuido - Problems for self-study Page 3



e Choose a direction;
e Along the chosen direction, find the point that minimize f along that direction.

In this problem we consider two possibilities to choose the direction namely, the steepest
direction and the Newton direction.

The steepest descent direction is the symmetric of the direction of the gradient, being defined

by the vector

of

a_xl |x=x(k)

of
a |x=x(k)

The Newton direction is the steepest descent multiplied by the inverse of the Hessian matrix
(the matrix od second derivatives)

1

o*f *f 1 of
o2 ox0x, o, |e=x(k)
- : : |x=x(k) .
9% f 9% f of
0x,0xq G_xTZL E et
10 ' r : v - T r 1 v

-10 - - A ' ' 2 s A 1 — -
-10 -8 -6 -4 -2 0 2 4 6 8 10
Xy

Figure P6-1. Level curves of the function f(x,x;) = x7 + 10x3.

IST - Estimacgdo e Controlo Preditivo Distribuido - Problems for self-study Page 4



Figure P6-1 shows the level curves of the function f(x;,x,) = x# 4+ 10x2. In this plot, two
points are indicate: The minimum, x; =0, x, = 0, and the point denominated A, with
coordinates x; = —8, x, = —1.

a) At point A plot vectors indicating the steepest descent and Newton directions.
b) From the plots in a), compare the expected speed of convergence, in this function,
when using each of the directions.

OO T~

P7. Constrained optimization. Using the method of Lagrange multipliers, solve the constrained

optimization problem
minimize 3x; + 4x,
subject to x? + x2 = 100
Provide a graphical interpretation.

OO~

P8. Constrained optimization. Using the method of Lagrange multipliers, solve the constrained
optimization problem

minimize x? + x3
subjecttoxy =1

OO~

P9. Constrained optimization. The spectral norm of a matrix A (matrix norm induced by the

Euclidian norm of vectors) is defined by

A ll= max || Ax ||
lxli=1

Above, |I']l denotes the Euclidian norm for vectors (the square-root of the sum of the square of
the entries) and the spectral norm for matrices. For instance, || x || is the Euclidian norm of
vector x, || Ax || is the Euclidian norm of vector Ax, while || A || is the spectral norm of matrix
A.

In geometric terms, the spectral norm reflects the maximum amplification caused by the
matrix to vectors with the same length, when considering all possible directions. The spectral
norm is useful because of properties like

I Ax I<IF AN x I
Using the definition above, compute the spectral norm of the matrix

[0 0

A‘1 0
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Remark 1: The definition is not the most practical way to compute the spectral norm of a

matrix. It can be shown that

I All= \//lmax(ATA) = \/Amax (AAT)

where A4 denotes the maximum eigenvalue of either ATA or AAT. This formula provides a
much straightforward way to compute the spectral norm.

Remark 2: The square root of the sum of the squares of the entries of 4 is also a norm, known

as the Frobenius norm

The Frobenius norm is also important in problems like least-squares, but does not “match” the
Euclidian norm of vectors and, thus, the property relating the norm of matrices and vectors is
not valid.

O~

P10. MPC. Consider the plant described by the linear state model in discrete time
x(k + 1) = Ax(k) + bu(k)

y(k) = Cx(k)

In order to simplify, it is assumed that, in addition to the output y, we have also access to the
state x at each instant of discrete time k (k = 0,1, 2,3, ...). Both u and y are scalar.

Associated to this

H
Ju(k), .., u(k + H — 1)) = Z(y(k ) —r(k+ D)2+ Ru2(k +i—1)

=1

where 1 is a reference to track.

a) Explain how you can include a series integrator.

b) Show that the inclusion of the integrator allows to perfectly track, in steady-state, a
constant reference.

c) What can you say about a constant disturbance in the two cases where it is added to
the input or to the output?

O T~

P16. MIPC. Consider the linear, time invariant system described by the state model x(k + 1) =
Ax(k) + bu(k), y(k) = Cx(k), in which,

A=[) ool »=[0) =t n
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a) Assuming that there are no constraints, find the numerical value of the vector of gains
F in the state feedback law

u(k) = =Fx(k)
that results from minimizing, in a receding horizon sense, the cost
J=Y2 y2(k+i) +ul(k +i—1).

In your answer, in addition to the numerical valuers of F, you must indicate the matrices W
and IT in the predictive model

Y =WU + lix(k)
in which

Y= Bg ; g v= [a(i(?l)]

as well as the analytical expression for F in terms of W and II.
In this Alinea and the next, assume that you have access to the state.
b) Compute the poles of the resulting closed-loop system.

Help: Gradients of the quadratic and linear form

2 T Ax = 2xTA 9 pTy = pT
ox ox
— End of document -

(e
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