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Abstract

Although machine learning models are now ubiquitous in high-stakes decision-making scenarios,
full automation is prevented by these model’s limitations: their performance is often constrained
by their training data, making them ineffective in the face of distribution shifts, and their lack of
transparency undermines human trust in these systems. Human-AI collaboration (HAIC) has been
proposed as a solution to these issues, leveraging the complementary strengths of human experts to
mitigate the models’ limitations. Despite its promise, the leading framework for HAIC, learning to
defer (L2D), has a critical shortcoming: it struggles in dynamic environments where machine learning
models fail to generalize to out-of-distribution data, often producing inaccurate predictions. Therefore,
estimating model uncertainty correctly and leveraging humans’ adaptability becomes essential in
these scenarios. In this thesis, we propose two uncertainty-aware methods to enhance HAIC systems
in dynamic environments. The first enhances L2D by employing distance-aware models, combining
machine learning outputs with a density function to enhance robustness, thus providing reliable
uncertainty estimates. The second method uses density-based conformal prediction to assess epistemic
uncertainty, deciding whether an instance should be processed through L2D or deferred directly
to human experts via rejection learning. We further extend both methods to handle cost-sensitive
scenarios, limited human predictions, and capacity constraints. Using constraint programming, we
optimize the assignments to ensure each decision-maker, human or machine, handles the instances
they are most likely to classify correctly. Our results demonstrate that both approaches outperform

state-of-the-art baselines, particularly in dynamic environments, while also improving calibration.
Keywords: human-ai collaboration, learning to defer, uncertainty estimation

1 Introduction

In recent years, advances in artificial intelligence
(AI) and machine learning (ML) have led to mod-
els that match or surpass human accuracy in tasks
across various sectors, including finance [2, 25],
criminal justice [13], and healthcare [10, 15, 35].
These models demonstrate remarkable speed and
scalability. However, despite their strengths, ML
models face limitations in high-stakes scenarios due
to their reliance on training data, struggles with
generalization in dynamic environments, and lack
of transparency [30, 33]. As a result, their applica-
bility in fully automated decision-making systems
remains constrained.

To mitigate these limitations, human-AT collabo-
ration (HAIC) systems have been developed, com-
bining the strengths of both Al and human experts
[7, 8]. AI models excel at processing large datasets
efficiently, while humans offer flexibility, adaptabil-
ity, and the ability to engage in causal reasoning
[14]. A key challenge in these systems is deciding
when to defer decisions to humans: rejection learn-
ing addresses this by deferring uncertain cases to
humans [6], while learning to defer (L.2D) improves

upon this approach by estimating both AI and hu-
man confidence, allowing for better allocation of in-
stances between the decision-makers [27, 29].

Despite its promise, L2D faces significant chal-
lenges in dynamic environments, where evolving
data distributions can render previous model as-
sumptions inaccurate [11]. Additionally, L2D meth-
ods often require human predictions for every in-
stance, which are often unavailable due to pro-
hibitive data acquisition costs. Most L2D systems
also overlook human capacity constraints and fail
to account for the varied costs of misclassifications,
which can result in suboptimal decision-making in
cost-sensitive applications [26].

To advance human-Al collaboration systems in
dynamic environments, we introduce three main
contributions. First, a distance-aware L2D system
is proposed, designed to enhance robustness when
data distributions change. This approach com-
bines traditional L2D with density-aware models
[3], leveraging density-based adjustments to better
estimate confidence levels in unfamiliar regions of
the feature space, thereby reducing overconfidence
and improving calibration.



The second contribution is a hybrid system that
integrates density-based conformal prediction [16,
28] to complement L2D with rejection learning in
dynamic environments. By using conformal predic-
tion, the system identifies instances that lie outside
the training data distribution and defers these di-
rectly to human experts, applying a rejection learn-
ing strategy. For in-distribution data, the sys-
tem utilizes L2D to make optimal assignment deci-
sions based on reliable correctness estimates. Both
these proposed systems support cost-sensitive sce-
narios, where different errors may have different
costs. They also consider human work-capacity
constraints, by leveraging constraint programming
to calculate the optimal assignment of instances.

Finally, we conduct an experimental study in a
cost-sensitive fraud detection context to validate
the effectiveness of these systems. We perform
tests under a wide array of conditions, comparing
the performance of the proposed methods against
a state-of-the-art L2D method, as well as against
rejection learning and random deferral baselines,
demonstrating that our approaches outperform the
baselines across a set of diverse, realistic settings.

2 Background

2.1 Rejection Learning and Uncertainty Es-
timation

The simplest deferral approach in the literature is
rejection learning [5, 6, 12]. In a HAIC setting, re-
jection learning defers to humans those instances
the model rejects to predict. This technique of-
ten involves abstaining from predicting in cases of
high uncertainty, allowing human experts to han-
dle uncertain instances [20]. Hendrickx et al. [19]
categorize rejection into two types: ambiguity rejec-
tion, which enables the model to abstain in scenar-
ios where the target values are inherently ambigu-
ous, and novelty rejection, where the model refrains
from predicting instances that deviate significantly
from the training data.

These types of rejection align with distinct
types of uncertainty: aleatoric uncertainty, which
stems from irreducible randomness within the data
(such as class overlap) and leads to ambiguity re-
jection, and epistemic uncertainty, which arises
from incomplete knowledge—whether due to out-of-
distribution (OOD) data or uncertainty about the
correct model to fit the data, leading to novelty re-
jection [21]. Several studies have proposed methods
for distinguishing these types of uncertainty to im-
prove applications like rejection learning [34] and
active learning [31].

Density estimation methods are effective for iden-
tifying epistemic uncertainty by assessing where the
feature space is sparsely populated. Bui and Liu
[3] propose the density-softmax model, which uses

a classifier that incorporates density scores in the
softmax layer, thereby improving uncertainty esti-
mation, particularly in the presence of distribution
shifts. Similarly, Hechtlinger et al. [16] propose a
conformal prediction approach that combines den-
sity estimation with set-valued predictions, provid-
ing empty set predictions for instances in regions
of high epistemic uncertainty and multi-class pre-
dictions where aleatoric uncertainty is detected. In
our work, we will leverage these density-based tech-
niques to enhance the robustness and adaptability
of our HAIC systems.

2.2 Current L2D Methods

The L2D framework was introduced by Madras et
al. [27] to address the shortcomings of confidence-
based rejection learning, which does not account for
the human decision-maker’s performance. By train-
ing a main classifier and a deferral mechanism, L2D
considers both model and human errors, optimizing
deferral decisions accordingly. Mozannar and Son-
tag [29] extended this by highlighting that Madras
et al.’s [27] approach is not consistent, proposing
a consistent surrogate loss that includes a separate
class for deferral. Verma and Nalisnick [37] critique
the L2D surrogate loss developed by Mozannar and
Sontag [29] for miscalibration issues, introducing a
one-vs-all (OvA) approach that improves calibra-
tion by training the classifier and deferral model in-
dependently. In the multi-expert setting, Keswani
et al. [24] extend L2D to assign instances to multi-
ple experts, while Verma et al. [38] propose a new
consistent and calibrated loss, generalizing the loss
from [37] to handle multi-expert scenarios.

However, L2D methods face several limitations
in practical deployment. They struggle to adapt to
evolving data distributions, which can cause model
performance to degrade over time [26, 32]. More-
over, these frameworks rely heavily on labeled data
from all experts, making them impractical in real-
world scenarios due to high labeling costs. Most ex-
isting L2D methods also focus on minimizing zero-
one loss, which overlooks cost-sensitive scenarios
where misclassification costs can vary. Finally, they
often do not consider human work capacity con-
straints when deciding who predicts on a given in-
stance.

Recent advancements in L2D research have aimed
to address some of these practical constraints, par-
ticularly the challenge of learning with limited ex-
pert data. Charusaie et al. [4], Hemmer et al.
[18], and Tailor et al. [36] explore active learn-
ing, semi-supervised learning, and meta-learning,
respectively, to reduce the need for extensive hu-
man annotations. On the other hand, Alves et al.
[1] focus on cost and capacity constraints, which are
crucial for real-world applications.



3 Density-Softmax

Existing L2D systems struggle in dynamic environ-
ments where data distributions shift over time. To
address this, we incorporate density-aware model-
ing using the density-softmax approach [3] to de-
velop an L2D system that is more robust against
distribution shifts, ensuring improved calibration,
reduced overconfidence on OOD data, and more
detailed expert modeling in scenarios with limited
data.

The density-softmax model, proposed by Bui and
Liu [3], consists of a feature extractor, a normalizing
flows-based density estimator, and a classifier. The
feature extractor maps inputs into a latent space,
which the density model uses to estimate the likeli-
hood of observing each instance under the training
distribution. Specifically, we use a RealNVP model
to calculate the log-likelihood for each data point
x. This is done by transforming x into a latent
representation z = f (a:; a), where a represents the
parameters of the RealNVP model. The transfor-
mation maps the input space into a simpler dis-
tribution, usually a standard Gaussian, where the
log-likelihood is computed. The resulting likelihood
p(f(z; @)) is then combined with the classifier log-
its to adjust predictions. For a classifier with logits
xTﬁgk for each class k, the predictive probability is
computed as:

exp(p(f(z;0)) - (z"6,,))
i exp(p(f(@;a)) - (276,,))

This integration ensures that for OOD instances
(low-density regions), the classifier’s output prob-
abilities are scaled down, reflecting higher uncer-
tainty. As a result, the model is less likely to make
overconfident predictions in unseen regions of the
feature space.

These distance-aware classifiers are used in our
L2D system, which is built using the one-vs-all
(OvA) framework developed by Verma et al. [38].
The OvA approach constructs a classifier h : X —
Y and a rejector r : X — {0,1,...,J}. When
r(x;) = 0, the classifier h makes the decision, while
for r(x;) = 7, the decision is deferred to the jth hu-
man expert. The classifier itself consists of K func-
tions g : X — R, where each function g estimates
the probability of the instance belonging to class k.
Similarly, the rejector has J functions g; ; : X =+ R
to estimate the likelihood of each expert making
the correct decision. Each binary classifier can be
trained independently by minimizing a proper bi-
nary loss (e.g., log-loss), allowing us to train these
models even when expert data is limited (e.g. hav-
ing one expert prediction per instance). Each of the
K + J binary classifiers is combined with a density
function, as described in the density-softmax ap-
proach, to improve uncertainty estimation and en-
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sure reliable correctness estimates for each decision-
maker. Since the decision to assign an instance to
a particular decision-maker relies on these correct-
ness estimates, they must provide calibrated scores
and reflect the uncertainty of each instance.

To handle epistemic uncertainty, particularly in
low-density regions, we adjust the model’s estimate
of expert correctness. Specifically, for any given
expert, we blend the model’s predicted logits with
a value that reflects the expert’s historical average
performance when faced with high epistemic uncer-
tainty. The adjusted logits are given by:

p(f(z50))g1; + (1= p(f(z:0)))0 ™" (Bjave), (2)

where o~ ! represents the inverse sigmoid function,
§1,; represents the logit score of the binary classi-
fier for expert j, and pj; ave is the expert’s average
correctness on the training set. This adjustment
ensures that the model reflects a more realistic esti-
mate of expert accuracy in high-uncertainty situa-
tions, balancing between the model’s own estimates
and historical expert performance.

4 Conformal Prediction for HAIC

In this section, we introduce a different approach
to enhancing HAIC systems by integrating uncer-
tainty estimation mechanisms. We hypothesize that
while L2D methods perform well on familiar, in-
distribution cases, they should avoid handling in-
stances that lie outside the training distribution.
For such OOD cases, the model’s probability esti-
mates can be poorly calibrated, resulting in subop-
timal decisions. In these scenarios, human experts
are better suited to generalize and adapt due to
their ability to leverage broader contextual knowl-
edge and handle novel situations. Furthermore, in
high-stakes environments, it may be preferable—or
required—that OOD instances be reviewed by hu-
man experts to ensure accountability and explain-
ability. To meet these requirements, we propose a
system that defers OOD instances to human experts
through rejection learning, while relying on L2D for
in-distribution cases.

To implement this system, we utilize density-
based conformal prediction [16, 28] to assess epis-
temic uncertainty on a per-instance basis. This
method allows us to determine when an instance is
likely to be OOD, signaling the need for expert in-
tervention, and when it is preferable to proceed with
L2D for decision assignment. Density-based confor-
mal prediction uses a two-step training process in-
volving a proper training set D' = (X" V") and
a calibration set D = (X y<al) First, a class-
conditional density estimator p(z|y) is built using
D', The calibration set is then used to determine
the empirical 1 — o quantile g, of the density values



for each class,

1
G, =sup {t: — I(p(zly) >t) >1—a b,
Gy =supy e > Ipwly) > ) >1-a
ZiEDgal
(3)

where n, is the number of elements belonging to
class y in DU z; = (x;,9:), I(p(xily) > t) equals
1 when the estimated probability p(z;|y) is greater
than or equal to ¢, and 0 otherwise, and D;“l =
{2z € D : y; = y} is the subset of calibration
examples in class y. This quantile effectively acts
as a threshold, allowing the model to define, for any
new observation x,1, a prediction set

Coz(xn+l> = {y € y : ﬁ(xn+l|y) Z (jy}v (4)

which includes all classes y for which the observed
density is above the threshold. Instances that devi-
ate significantly from the training distribution are
predicted as the empty set and consequently de-
ferred to human experts. Conversely, non-null pre-
dictions allow the L2D system to make optimal as-
signments based on the estimated correctness of
both model and human experts.

The training and prediction algorithms are de-
fined in Algorithms 1 and 2.

Algorithm 1: Training algorithm

Input: Training data
Z = (x4,9;),1=1...n, Class list ),
Confidence level o, Ratio p
OUtPUt: ﬁlista qlist
Initialize: pysy = list, Gusy = list
for y € Y do
X", X ol SubsetData(Z, YV, p)
py + LearnDensityEstimator(X /")
Gy + Quantile (ﬁy(Xgal), a)
Prist-append (py )
Grist-append(gy )
end for
return ﬁlish ‘jlist

Algorithm 2: Prediction algorithm

Input: Input to be predicted x, Trained
Dlist» Glist, Class list

Output: C
Initialize: C = list
for y € Y do

if p,(x) > g, then

C.append(y)

end if
end for
return C

Despite the challenges of density estimation in
high dimensions, this approach has proven effective

in previous work [16, 28]. The intuitive reason for
this success is that we do not need the density esti-
mates p(x|y) to be close to the actual density values
p(z|y), we only need the ordering imposed by p(x|y)
to approximate the ordering defined by p(z|y).

Hechtlinger et al.  [16] show that |P(y €
Co(znt1)) — (1 — )] — 0 as minyn, — oo, ensuring
the asymptotic validity of the model.

In conclusion, if a new instance results in a null
set from conformal prediction, indicating high epis-
temic uncertainty, the system defers the instance
to human experts using a rejection learning strat-
egy. This strategy involves assigning the instance
to the expert with the highest average correctness
from the training data, while respecting capacity
constraints. Conversely, when the prediction set is
non-null, we employ the OvA L2D framework de-
scribed above, assigning the instance to the most
suitable decision-maker. Note that, in this system,
the binary classifiers from the OvA approach are
not combined with density models.

5 Cost and Capacity Constraints

To enhance the applicability of our HAIC systems
in real-world scenarios, we outline how our ap-
proaches deal with cost-sensitive scenarios and how
they manage assignments while respecting human
work capacity constraints and limited data avail-
ability. We assume each instance ¢ is represented
by a feature vector x; and a label y; € Y = {0,1}.
The feature vector may have additional information
available to experts, such as the ML model’s score.
In cost-sensitive settings, each instance has an asso-
ciated misclassification cost ¢;, representing the cost
of an incorrect classification, while correct classifica-
tions incur no cost. Reflecting realistic conditions,
we assume that not all experts provide predictions
for every instance; rather, each expert j’s predic-
tion m; ; for an instance ¢ is treated as a separate
instance within the training set. This setup allows
flexibility, treating predictions from different ex-
perts for the same instance as distinct data points:
{2, yi,mij, ¢} and {z;, ys, M4 g, ¢;}. Our training
set, therefore, is § = {xi,yi7mi7j70i}£\il‘f7jzl, and
our objective is to estimate the probability of cor-
rectness when deferring an instance to an expert or
ML model, ultimately maximizing correctness un-
der work capacity constraints.

5.1
We adapt our methods to cost-sensitive scenarios,
where each instance incurs a different error cost
(e.g. FP and FN errors may have different costs).
We follow the approach proposed by Zadrozny et
al. [40], Elkan [9], and used by Alves et al. [1] in an
L2D setting. This approach redefines the training
distribution by weighting each instance according to
its misclassification cost. In cost-sensitive settings,

Cost-Sensitive Learning



our objective is no longer simply to minimize the er-
ror rate, but to minimize the total misclassification
cost.

In standard learning setups, we typically min-
imize the expected error rate, represented by
E(z,y)~D[In(2)y], Where D is the data distribution
and h(x) is the predicted label. However, in cost-
sensitive contexts, each instance x; carries an as-
sociated cost ¢;, which we wish to incorporate into
the objective. The objective then shifts to mini-
mizing the expected misclassification cost, defined
as By y cnplC- Tn(ayy]-

To achieve this, Zadrozny et al. [40] show that
we can redefine the data distribution as

~ C

D(z,y) = mD(%y,C),

(5)
and under this modified distribution, the expected
error rate is

1
E, ,oplh@)zy] = mﬁm,y,m/}[c'ﬂh(z#y]- (6)

Thus, minimizing the error rate under D is equiv-
alent to minimizing the expected misclassification
cost under the original distribution D. In practi-
cal terms, this entails adjusting the weight of each
instance during training according to its associated
cost [9, 40]. To implement this approach in our
OvA framework, we modify the standard log-loss
functions, used for training both the classifier and
the expert-correctness functions, by incorporating
the misclassification costs as instance weights.

5.2 Capacity Constraints

To address the capacity constraints limitation, we
propose a solution for incorporating human capac-
ity constraints into both of our assignment systems.
For the density-softmax approach, which functions
as a purely L2D system, we apply the strategy pro-
posed by Alves et al. [1], optimizing assignments
under capacity constraints. For the conformal pre-
diction approach, we extend this framework by cre-
ating a method that dynamically balances L2D with
rejection learning while respecting capacity limita-
tions.

Rather than processing the entire dataset at once,
we impose constraints over batches of instances.
This approach aligns with practical scenarios where
data is processed in batches and allows the system
to adapt dynamically to varying workload demands.
We define a batch vector b that assigns each in-
stance ¢ to a batch b containing n; instances, and a
human capacity matrix H that sets the maximum
workload each expert can handle per batch. Specif-
ically, Hy ; denotes the capacity for expert j within
batch b.

In binary classification, each instance 7 is assigned
a decision-maker a; from {1,...,J +2}: if a; =y +

1, the ML model predicts class y for the instance,
while a; = j+2 defers the decision to the jth human
expert. We then frame the assignment optimization
as

ny J+2

arg max Z Z P(correct|z;, a;) A a,,

Ae{0,1}mpx G+ Ty
(7)

subject to two constraints: (1) Y7 A; o, = Hpa,
ensuring each expert meets his capacity, and (2)
Zifjl A;q; = 1 to ensure each instance has a
unique assignment.

For the conformal prediction approach, balancing
between L2D and RL is necessary. We introduce a
binary function f,(x;), which indicates whether an
instance will be assigned through L2D or RL, based
on the coverage level « for the conformal prediction
method. We then optimize this balance alongside
the assignment matrix A, with the objective defined
in Equation 8 below. This optimization is subject
to the same constraints mentioned above, and an
additional constraint ensuring that when rejection
learning is applied (f,(z;) = 0), the instance is
deferred to a human expert, preventing OOD in-
stances from being handled by the model. Here, we
also downweigh instances (through w;) based on the
coverage level a at which they fall into the null set,
and if the proportion of null set predictions exceeds
the expected rate from training data. This adap-
tation allows the system to respond to distribution
shifts effectively, prioritizing expert work capacity
for OOD instances when required.

A" =

6 Experimental Setup

6.1 Dataset

The bank-account-fraud (BAF) tabular dataset, de-
veloped by Jesus et al. [22], is a synthetic ver-
sion of a real-world fraud detection dataset created
with CTGAN [39]. It contains one million records
spanning eight months, with each row representing
a bank account application labeled as fraudulent
(1) or legitimate (0). Fraudulent applications con-
stitute only about 1% of the dataset, reflecting a
significant class imbalance. The dataset includes
30 features (19 numeric, 6 binary, and 5 categori-
cal) detailing applicant and application characteris-
tics. A positive prediction indicates fraud, leading
to application rejection, while a negative prediction
suggests legitimacy, resulting in account opening.
Misclassification costs differ: false positives (reject-
ing legitimate applications) lead to customer loss,
whereas false negatives (accepting fraudulent appli-
cations) result in financial losses for the bank.

6.2 Misclassification Costs

Fraud detection is a cost-sensitive task that requires
balancing the costs of false positives (cpp) and false
negatives (cpy ), making standard metrics like accu-



ny J+2
(A% o) = arg max
A€{071}nbx(2+J)’o‘ i=1a;=1

racy inadequate. Jesus et al. [22] apply a Neyman-
Pearson criterion, aiming to maximize recall at a
fixed 5% false positive rate, which aligns with in-
dustry goals to detect fraud while minimizing cus-
tomer attrition. Although this criterion suits fraud
detection’s class imbalance and error trade-offs, it
doesn’t provide direct values for cpp and cpy nec-
essary for cost-sensitive learning.

In cost-sensitive tasks, assuming no cost for cor-
rect classifications, the objective is to minimize the
expected misclassification cost:

N
1 . N
NZP\]I[%:OA%:1]+H[yi:1/\yi:0]],

i=1
(9)
where A = cpp/cpy. We derive this cost trade-off
parameter based on the Neyman-Pearson criterion,
allowing us to set cpp = X and cpy = 1 for our
misclassification cost re-weighting approach.

Elkan [9] shows that we can relate a binary clas-
sifier’s optimal threshold ¢ to cgp and cpy. The
positive class is predicted if (1 — p)cpp < p cpn,
where p is the probability of fraud. At equality, we

have:
t

1—t¢
which provides a theoretical basis to set cpp = ¢
and cpny = 1 based on the Neyman-Pearson crite-
rion’s optimal threshold. We use the alert model
described in the following section to determine the
value of A\; through its optimal threshold, which
yields A; = 0.056.

6.3 Alert Setup

To create a realistic HAIC scenario, we incorpo-
rate an alert model, as used in practical settings
like fraud detection, to screen and flag suspicious
instances for human review. This setup allows hu-
man experts to focus on a critical subset of the fea-
ture space, optimizing their work capacity. Our as-
signment systems will function alongside an alert
model, which will screen instances and raise alerts;
our systems will then be trained and tested on these
flagged instances.

The alert model is trained on data from the first
three months of the data, validated on the fourth
month, and deployed over months 4 to 8 (see Fig-
ure 1). We employ Light GBM for the alert model
due to its high performance with tabular data and
computational efficiency on large datasets [23]. The
model minimizes the binary cross-entropy loss dur-
ing training.

At (10)

Z (fa(:zzi)wiiﬂa’(corr. | z;,a;) + (1 - fa(:ci))]f"(corr. | Xtrain,ai))Ami

(8)
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Figure 1: Training, validation, and deployment

splits for the alert model and assignment systems.

On the validation set, the alert model achieved a
recall of 58.48% at a 5% false positive rate (FPR),
using a threshold of ¢ = 0.0526. During the deploy-
ment phase, it achieved a recall of 50.93% with a
4.2% FPR on flagged instances and a ROC-AUC of
0.9. Over the deployment period, the model flagged
about 29,000 instances, maintaining a fraud preva-
lence of 12%, which provides the data for training
and testing our assignment systems.

6.4 Noise injection

To evaluate our system’s ability to handle data drift
and detect OOD instances, we introduce noise into
the test set, which comprises alerts from the eighth
month. This approach creates a known subset of
modified data, enabling targeted assessment of our
systems on these altered instances.

We generate five test set variants, each with a
unique noise configuration: low, medium, and high
noise settings, where all features are modified with
progressively increasing noise levels; a categorical
noise setting, where only categorical features are
affected; and a numerical noise setting, where only
numerical features are altered. For numerical fea-
tures, data is standardized (mean of 0, unit vari-
ance), then modified by adding zero-mean Gaus-
sian noise with standard deviations of 1.0 (low),
1.5 (medium and numerical), and 2.0 (high), and
finally transformed back to the original scale. Dis-
crete values are rounded, and values in bounded
features are clipped to stay within their limits. For
categorical and binary features, we randomly switch
values with probabilities of 0.3 (low), 0.4 (medium
and categorical), and 0.5 (high).

Each modified test set comprises 80% original
and 20% noisy data. To account for statistical vari-
ation, we repeat the noise injection five times per
setting with different random seeds and report av-
erage performance across these iterations.

6.5 Synthetic Experts

To address the lack of datasets with human pre-
dictions, we generate synthetic expert decisions by



simulating human error based on input features and
the alert model score, a more realistic approach
than solely relying on label noise. Following Alves
et al.’s [1] approach, we define each expert’s proba-
bility of error using instance-dependent label noise.
Specifically, for a given instance x; with label y;, the
probability of error is influenced by the normalized
features Z; and the alert model’s score M (z;). The
expert’s error probabilities are given by:

P(m;; = 1ly; = 0, ;) = J(BO - agw%ﬁfgﬁ(;))

w-Ei+wn M(xi)

(11)
where By, 1, a, w, and wy; control the base er-
ror rate and the influence of the features and alert
model score.

We align the expected cost of an expert’s deci-
sions with the main classifier’s training misclassi-
fication cost E[C],. We sample each expert’s tar-
get cost E[C]; from Tg(c), ~ N(E[C]n,0.2E[C]p).
Based on the target misclassification cost, we first
sample each expert’s FPR randomly and then cal-
culate the corresponding FNR required to achieve
Tgjc);- We then adjust Sy and 8; to match the
sampled FPR and FNR. Our experiments consider
1 to 5 experts, sampling from a pool of 15 synthetic
experts with different properties across trials to en-
hance robustness.

P(mj; =0ly; = 1,x;) = 0(51 + o

6.6 Data Availability and Capacity Con-
straints

To reflect the practical constraints of expert label
availability, we simulate realistic scenarios of lim-
ited expert labels across four data availability condi-
tions. The first condition assumes expert labels are
available for all training instances, a common but
unrealistic assumption in previous L2D approaches
[17, 38]. The remaining three conditions reflect lim-
ited data availability, where each expert labels only
a fraction of the dataset: either 1/5, 1/20, or 1/40
of the total instances. Each subset of training data
is randomly assigned to experts across five seeds for
each data availability scenario to introduce variabil-
ity. In the density-softmax approach, the density
models are trained on the same subsets used for
training the expert models.

In addition to data availability constraints, we
impose uniform capacity constraints on experts, as-
suming all experts have similar work capacities, and
we experiment with different deferral rates (the per-
centage of flagged instances assigned to human ex-
perts) from 10% to 50%. This way we can assess
the system’s ability to identify and defer OOD in-
stances effectively, even under low deferral rates.

Our experiments explore these scenarios under
four main variables: noise, which includes five lev-
els and types as detailed in Section 6.4; number of

experts, which ranges from 1 to 5 experts; deferral
rate, which varies from 10% to 50% in 10% incre-
ments; and data availability, which includes varying
levels of expert-labeled training data as outlined
above. These combinations result in 500 unique
testing scenarios. Given this extensive number,
results will often focus on representative settings
within this range.

6.7 Baselines

Learning to Defer: For the L2D baseline, we im-
plement the OvA L2D algorithm by Verma et al.

- [38], using a standard Light GBM model for each bi-

nary classifier instead of our distance-aware models.
This setup mirrors our density-softmax approach
but without the distance-awareness feature, allow-
ing us to isolate the impact of our contributions. It
also serves as a baseline for the conformal predic-
tion approach, as the same L2D method is applied
to instances not classified as OOD.

Rejection Learning: In this approach, we use
density-based conformal prediction to measure un-
certainty and determine which instances should be
deferred to a human expert. Instances predicted
as the empty set are randomly deferred, while the
rest are assigned to the ML model. The coverage
level, «, is chosen to align the number of null set
predictions with expert work capacity.

Random Assignment: As a simple baseline, we
assign a randomly selected subset of test instances
to the experts, ensuring the number matches the
experts’ work capacity.

6.8 System Training

Density-Based Conformal Prediction: To im-
plement density-based conformal prediction, we
split our data into a proper training set (alert data
from months 4 to 6) and a calibration set (month 7).
Following the method by Messoudi et al. [28], we
train an MLP to minimize the weighted log-loss and
use its penultimate dense layer as a feature extrac-
tor. These feature vectors are then used to perform
Gaussian kernel density estimation (KDE) with a
bandwidth of 0.5. KDE models are trained sepa-
rately for each class on the proper training data.
Next, we determine the empirical 1 — o quantiles g,
using the calibration set, which allows us to gener-
ate prediction sets as outlined in our algorithms.
Density-Softmax: For the density-softmax ap-
proach, we employ the same MLP feature vec-
tors from the penultimate layer as inputs for Real-
NVP models, which estimate the likelihood for each
instance. We train a separate RealNVP density
model for each expert and data availability scenario
using the training and validation subsets labeled by
each respective expert. These density models are
then integrated with binary classifiers, as described
in our density-softmax methodology. The training



of these binary classifiers is described below.

Learning to Defer: We use Light GBM mod-
els to train both the primary ML classifier h and
the expert-specific models that estimate their cor-
rectness. These models are trained on alerts from
months 4 to 6 and validated on month 7. The
primary classifier is trained to predict true labels,
while the expert models are trained to predict a la-
bel of 1 if the expert’s prediction is correct and 0
otherwise. Both the primary classifier and expert
models are optimized to minimize the weighted log-
loss, following the cost-sensitive learning method
described in Section 5.1.

7 Results
7.1 Density-Softmax Approach
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Figure 2: Mean ROC-AUC for the binary classi-
fiers that estimate the correctness of the experts.
On the bottom plot, the binary classifiers are com-
bined with the density models. Values are calcu-
lated for each model and averaged, with error bars
representing the 95% confidence intervals for the
mean, accounting for randomness in the injection
of noise and selection of training data.

In the density-softmax approach, we evaluate
the classifier h and the expert models, both with
and without the density models. The results for
models without density-based adjustments are used
directly in the L2D algorithm for the conformal

prediction method and the L2D baseline. The
distance-aware models are used in the density-
softmax L2D method.

Incorporating density models enhances calibra-
tion and performance under conditions of distri-
bution shift. Figure 2) show that performance
improvements are substantial for the expert mod-
els. Without density models, noise negatively im-
pacts ROC-AUC in most scenarios except categori-
cal noise. However, with density models, the differ-
ences between ROC-AUC values in noisy and no-
noise settings become negligible. Moreover, the Ex-
pected Calibration Error (ECE) improves consis-
tently with density models across different levels of
labeled data. Notably, using the full set or one-
fifth does not affect calibration when the density-
softmax method is employed, indicating robust cal-
ibration performance. For the classifier h, adding
density models also reduces the ECE across differ-
ent noise scenarios.

To illustrate the system’s ability to detect OOD
data, we use t-SNE to visualize the density scores
under the high-noise setting. As shown in Figure
3, density scores in regions with high noise are sig-
nificantly lower (close to 0), reflecting the method’s
capacity to identify OOD data. On the other hand,
they remain close to 1 in in-distribution areas.
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Figure 3: t-SNE visualization of the density scores
on the test set in the high noise setting.



7.2 Conformal Prediction Approach

In the conformal prediction approach, our goal is
to assess how effectively the method identifies noisy
and OOD data by classifying these instances as
empty sets. As shown in Figure 4, in higher noise
settings, the conformal prediction method predicts
nearly all noisy data as empty sets, even at low «
values. This indicates that the model effectively
deals with data drift by deferring uncertain predic-
tions to experts. Note that at low «a values, we ex-
pect very little empty set predictions, while higher
« values gradually decrease increase the number of
empty set predictions until all instances are classi-
fied as empty sets at a = 1.
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Figure 4: Effectiveness of the conformal prediction
method in identifying OOD data. The plot shows
the proportion of noisy data predicted as the null
set for each coverage level.

Additionally, as more OOD data is deferred to
experts, calibration improves for non-null set pre-
dictions. By filtering out these OOD instances, the
conformal prediction method leaves the L2D sys-
tem to operate on data where calibration estimates
are more reliable. This rejection learning approach
ensures that the remaining in-distribution data is
more representative of the training set, allowing
L2D to provide consistent and accurate estimates.

7.3 Misclassification Cost Analysis

Finally, we analyze the misclassification cost for dif-
ferent deferral strategies under varying noise condi-
tions. Table 1 compares five strategies: density-
softmax (DS), conformal prediction (CP), L2D, re-
jection learning (RL), and random assignment. For
the 5 settings shown, we fix the deferral rate at 40%,
the number of experts at 5, and data availability at
one-fifth (one expert prediction per instance). The
deferral rate is set at 40% so that expert work ca-
pacity is enough to handle the noisy data (20%)
along with in-distribution instances. Each setting
is run 5 times, where in each run we select 5 ex-
perts out of a pool of 15 and use different random
seeds for training data selection and noise introduc-

tion. Across all noise settings, the proposed DS and
CP methods consistently outperform the baseline
strategies. In particular, DS and CP exhibit lower
misclassification costs in low-noise scenarios, while
in medium to high-noise settings, CP emerges as
the best-performing strategy. This is due to the
fact that as the noise levels get higher, having a
hard cutoff and just sending OOD samples to hu-
mans leads to better results than having a model
score “fade” caused by the density model, where
OOD instances may sometimes still be assigned to
the classifier.

The baseline methods (L2D, RL, and random as-
signment) perform less effectively, with the random
assignment approach consistently yielding the high-
est misclassification costs. Interestingly, in the ex-
tended experiments where we test the 500 scenar-
ios described in Section 6.6, L2D outperforms RL
around 94% of the time in lower noise settings (cat-
egorical, numerical, and low noise) with higher de-
ferral rates (40% and 50%), while RL outperforms
L2D in higher noise conditions (medium and high
noise) around 78% of the time. These results high-
light L2D’s effectiveness in scenarios where data
drift is minimal and it can reliably model decision-
maker correctness. In contrast, rejection learning
proves advantageous when data that deviates from
the training distribution is identifiable and can be
deferred to human experts. This also justifies the
conformal prediction method’s advantage in high
noise settings.

In Figure 5 we analyze the misclassification cost
per 100 instances as we vary the deferral rate and
the number of experts. This analysis reveals three
key points. First, misclassification cost decreases
as more instances are deferred to human experts,
which aligns with the better performance of experts
compared to the classifier h in cases of distribution
shift. Second, increasing the deferral rate amplifies
the advantage of having more experts, as shown by
the wider gaps between the lines at high deferral
rates. At low deferral rates, the system primarily
defers noisy and OOD instances to human experts,
but once the deferral rate exceeds 20% —matching
the proportion of noisy data—experts also handle
in-distribution cases, making a larger expert team
beneficial for instance assignment, as we can assign
instances to the expert based on their predicted per-
formance. Lastly, in the high-noise setting, the con-
formal prediction method shows a sharper reduction
in misclassification cost at low deferral rates com-
pared to the density-softmax approach. This differ-
ence arises from the way each method handles OOD
instances: the conformal prediction approach defers
all instances predicted as empty sets directly to hu-
man experts, while the density-softmax approach
may still assign certain OOD instances to the clas-



Table 1: Comparison of deferral strategies under different noise settings. The reported values are the
expected misclassification cost per 100 instances with 95% confidence intervals for the mean across five
runs. For each noise setting, the best-performing strategy is in bold, and the second-best is underlined.

Setting Deferral Strategy
Noise CPp DS L2D RL Random
numerical  5.06 + 0.28 4.93 £ 0.39 5.07 £ 046 5.36 + 0.32 5.25 + 0.06
categorical 4.81 + 0.13 4.80 + 0.07 5.07 £0.21 5.23 +£ 0.10 5.31 + 0.23
low 5.18 + 0.13 5.17 +£0.10 5.55 £ 0.27 5.39 £0.22 5.70 £+ 0.19
medium 5.25 +0.14 541 +0.17 584 +0.15 5.71 £0.22 6.04 £ 0.18
high 4.83 + 0.21 548 +£0.09 5.89+0.18 5.75+0.12 6.08 + 0.07
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Figure 5: Misclassification Cost per 100 instances
vs Deferral Rate. On top, we have the results for
the conformal prediction approach, and below for
the density-softmax approach. Error bars represent
95% confidence intervals for the mean across 5 runs.
The results are shown for the high noise setting and
the full data availability setting but are generaliz-
able to other settings.

sifier if the optimization deems it advantageous.

8 Conclusions and Future Work

Machine learning (ML) models are increasingly
used in high-stakes decisions due to their speed,
scalability, and strong performance. However, these
models often lack transparency and adaptability

10

in dynamic contexts, especially when data distri-
butions shift over time. Human-Al collaboration
(HAIC) addresses these limitations by combining
the strengths of both ML models and human ex-
perts. The learning to defer (L2D) framework
builds on this collaboration by modeling human
decision-making and deferring uncertain cases to
experts. Yet, L2D systems face key challenges
in dynamic environments, where distribution shifts
can reduce model reliability and affect the assign-
ment process. Additionally, L2D must handle hu-
man work capacity constraints, limited data avail-
ability, and varying error costs. To address these
limitations, we introduced two new HAIC methods
designed to improve robustness in dynamic environ-
ments and enhance the applicability of these sys-
tems.

The first, a distance-aware L2D approach, com-
bines classifiers with density functions to detect dis-
tribution shifts. This method showed improvements
in misclassification cost and calibration, indicating
that density-aware adjustments help the model to
better detect instances that differ from the training
data. The second approach employs density-based
conformal prediction to balance rejection learning
with L2D, identifying instances that do not conform
to the training data distribution and deferring them
directly to human experts. This strategy achieved
the lowest misclassification cost in high-noise set-
tings, effectively deferring challenging cases to hu-
man experts, while also improving calibration on
instances where L2D is employed.

Future work could focus on refining the density-
softmax approach by allowing the classifier h’s
probability of correctness to approach zero un-
der high uncertainty, aligning it more closely with
conformal prediction. Additionally, exploring the
system’s performance under varying cost ratios
for false positives and negatives would enhance
its adaptability. Incorporating fairness incentives
could also help mitigate biases in both human and
ML decision-makers, promoting more equitable out-
comes in high-stakes scenarios.
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