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Abstract A new subgrid scale (SGS) modelling concept for large-eddy simulation (LES) of incompressible
flow is proposed based on the three-dimensional spatial velocity increment δui . The new model is inspired by
the structure function formulation developed by Métais and Lesieur [39] and applied in the context of the scale
similarity type formulation. First, the similarity between the SGS stress tensor τi j and the velocity increment
tensor Qi j = δuiδu j is analyzed analytically and numerically using a priori tests of fully developed pipe
flow at Reτ = 180. Both forward and backward energy transfers between resolved and unresolved scales of
the flow are well predicted with a SGS model based on Qi j . Secondly, a posteriori tests are performed for
two families of turbulent shear flows. LES of fully developed pipe flow up to Reτ = 520 and LES of round
turbulent jet at ReD = 25000 carried out with a dynamic version of the model provide promising results that
confirm the power of this approach for wall-bounded and free shear flows.

Keywords SGS modelling · LES · A priori tests · Velocity increments

1 Introduction

We consider high Reynolds number incompressible flows for which direct numerical simulations (DNS) are
too expensive. In such cases, solving the Navier–Stokes equations on low resolution grids yields a truncation
of the information contained at high wave numbers. The unresolved scales are, however, crucial to the dy-
namics of the flow. On one hand they drain energy from large to small scales if the flow is fully turbulent, and
on the other they are responsible for the growth of instabilities in the phase of transition to turbulence which
entails backward energy transfer from small to large scales [31]. The modelling of such unresolved scales is
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introduced into the formalism of the Navier–Stokes equations by applying a low-pass filter to these equations
and hence to the velocity and pressure fields. One obtains the resolved quantities vi = ui for the velocity and
q = p for the pressure. An extra unknown term appears in the filtered Navier–Stokes equations which are the
basic equations for large-eddy simulation (LES):

∂vi

∂t
+ v j

∂vi

∂x j
= − 1

ρ

∂q
∂xi

− ∂τi j

∂x j
+ ν

∂2vi

∂x j∂x j
; ∂vi

∂xi
= 0 (1)

The subgrid scale (SGS) stress tensor τi j = ui u j −ui u j has to be modelled to close the system of Eq. (1).
The classical approach is based on the eddy-viscosity concept, in which the SGS stress tensor is aligned with
the strain rate tensor Si j = 1

2 ( ∂vi
∂x j

+ ∂v j
∂xi

),

τi j − 1

3
τkk δi j = −2 νt Si j (2)

where νt is the eddy-viscosity. For example, in the so-called filtered structure function model (FSF),

νt = C f s f � 〈‖ ∇6v(x + r) − ∇6v(x) ‖2〉1/2
‖r‖=�

(3)C f s f = 0.0014C−3/2
K CK = 1.4

where ∇6 is a three-times iterated Laplacian filter [11] and � is the mesh size of the simulation. Since νt > 0,
this scalar approach yields only dissipation of the SGS kinetic energy and no backward energy transfer and
therefore it is hardly able to deal with wall-bounded or transitional flows in a reliable manner, unless important
modifications are performed, e.g., wall damping [42, 51], dynamical determination of the eddy-viscosity
[14, 18, 33] or spectral dynamic modelling [28, 30].

A less classical approach consists in modelling the SGS stress tensor on the basis of a tensor which
possesses a higher level of correlation with τi j than the strain rate tensor Si j . Such models are developed on
the basis of scale invariance properties of turbulent flows [38]. The original scale similarity formulation is
related to the Leonard stress tensor L i j = v̂i v j − v̂i v̂ j [2, 34]. The only limitation of this approach lies in
the necessity of an explicit filtering procedure. Indeed, the use of a specific filter yields specific effects of the
SGS model. This is clearly demonstrated in a priori tests with more or less local filters [7, 34, 46]. The recon-
struction of L i j based on Taylor expansions yields the gradient diffusion model [29, 56], Gi j = �x2

k
∂vi
∂xk

∂v j
∂xk

,
when a symmetric separable filter is used (a(k) = 0, b(kl) = b δkl in Eq. (46) of this paper), or more general
formulations like the one described by Borue and Orszag [5]. Another scale similarity formulation is related
to the Reynolds type stress tensor Ri j = v′′

i v′′
j based on the statistical velocity fluctuation v′′

i = vi −〈vi 〉 [19].
One notes that 〈Ri j 〉 = 〈viv j 〉 − 〈vi 〉〈v j 〉 is formally similar to the Leonard term, although it only contains
statistical information.

The purpose of the present paper is to provide a local and instantaneous alternative to the above formula-
tion Ri j to characterize the velocity fluctuation and thus does not require homogeneous directions in order to
apply an averaging procedure. We therefore focus on the velocity increment δvi which has been intensively
used as a tool to analyze turbulent flows. Analytical and experimental aspects of this quantity have been and
are still studied through the nth order structure function and are related to the energy transfer of the flow at
high wave numbers [3, 9, 13, 31]. Concerning numerical applications of the velocity increment, Métais and
Lesieur [39] have transposed the spectral eddy-viscosity concept to physical space on the basis of the sec-
ond order velocity structure function which represents the energy of the flow stored at the mesh size � (see
Eq. (3)). The dimension of an eddy-viscosity requires two scales, a lengthscale l = � and a velocity scale
δv = v(x + l) − v(x). The dimension of an SGS stress tensor requires only one velocity scale combined in
the following non-linear form, [τi j ] = δv δv [38]. This constitutes the basis for the increment tensor which is
used in the present work to develop a new SGS concept:

Qi j = δvi δv j (4)

In the present model formulation, there is no need to define a unique local lengthscale l = �, since the
anisotropy of the mesh is implicitly accounted for in the definition of the three-dimensional velocity increment
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δvi . This fact removes the ambiguity of many other formulations in which the local filter size � is used in the
model definition [2, 7].

We first analyze the specific properties of the increment tensor Qi j based on the velocity increment and
show its analogy with τi j (Sect. 2). A priori tests performed with DNS data of a fully developed pipe flow at
Reτ = 180 [24] reveal that Qi j constitutes a promising candidate for SGS modelling. Section 3 deals with
the application of the dynamic increment model (INC),

τi j = f Qi j (5)

in which f is a dynamically calculated coefficient, for LES of fully developed pipe flow up to Reτ = 520.
In Sect. 4, LES of a round turbulent jet computed with the INC model is compared with results obtained with
up to date eddy-viscosity models based on the velocity structure function [47] to show the ability of the new
model to describe turbulent free shear flows.

In Sects. 2 and 3, when needed, the superscript + will refer to normalized parameters with respect to wall
characteristics, that is to say u+ = u/uτ , z+ = z uτ/ν and t+ = t u2

τ /ν, where uτ is the pipe friction velocity
and z the wall normal direction. x and y will be the streamwise and spanwise directions of the pipe flow,
respectively.

2 The velocity increment as a tool for SGS modelling

2.1 Definition of the velocity increment

We consider the filtered velocity field vi = ui and define the velocity increment δvi as the velocity difference
[3, 25]

vi (x + r, t + τ) − vi (x, t) = δvi (x, r, t, τ ) (6)

where r is an arbitrary vector (lengthscale and direction) and τ is an arbitrary timescale to be defined later.
Actually (r,τ ) constitutes the main parameter set of the SGS model presently proposed, including a timescale
τ , a lengthscale r = ||r|| and a direction r

r . Similarly, the eddy viscosity concept is based on two parameters
namely a lengthscale and a velocity scale to be prescribed to fully define the SGS model. The velocity field
and velocity increments are decomposed in Fourier space [3] (p. 31 & p. 119):

vi (x, t) =
∫ ∫

v̆i (k, ω) e jk.x e jωt dk dω (7)

δvi (x, r, t, τ ) =
∫ ∫

(e jk.r − 1)(e jωτ − 1)v̆i (k, ω) e jk.x e jωt dk dω (8)

where k is the wave number vector, ω is the angular frequency and j2 = −1. The terms involving k.r and
ωτ in Eq. (8) define the direction in which and the scale at which the spacetime flow variations should be
considered to prescribe the expected energy transfer from resolved to unresolved scales promoted by a SGS
model. In order to represent some of the main anisotropic aspects of the flow it is necessary to account for
principal directions in the definition of r.

2.1.1 Direction of r

In the context of homogeneous isotropic turbulence, the velocity increment is introduced and one usually
separates between longitudinal and transverse increments [31, 40]. For axisymmetric or plane turbulence [13],
increments are determined with respect to the flow direction. For example, Van de Water and Herweijer [55]
and Benzi et al. [4] consider velocity increments in a turbulent jet and a turbulent channel flow, respectively.
They define a local longitudinal increment δvl

i (x, rl) and a local transverse increment δvt
i (x, rt ) with respect

to the velocity direction v
v

. In the present model we choose to prescribe r in relation to the principal flow
direction. For any turbulent shear flow such as those presently considered, three generic quantities can be
determined which are the flow advection velocity Uo, another reference flow velocity Uref necessary to induce
a shear, and a specific vectorial lengthscale Lref related to the shear thickness to be chosen so that Lref×(Uo−
Uref) �= 0. These vectors are used to determine three principal flow directions:
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– the relative mean flow direction el = rl
rl

= Uo−Uref√
(Uo−Uref)2

(Galilean invariance is thus verified) which is

defined with respect to velocity vectors suggested by the problem to be solved. It is used to determine a
longitudinal increment.

– the mean shear direction es = rs
rs

= Lref−(Lref.el)el√
Lref

2−(Lref.el)2
which is defined based on the projection of Lref onto

the plane perpendicular to el. It is used to determine one of the transverse increments.
– the remaining transverse direction is obtained from the two independent vectors above el and es: et =

rt
rt

= el × es

For canonical 2D or axisymmetric turbulent shear flows such as plane or round jet, plane mixing layer,
boundary layer, plane channel or pipe flow, wake behind a cylinder or a sphere (. . . ), these three directions
correspond to the streamwise, cross-stream and spanwise directions of the flow, respectively. The resulting
orthogonal flow reference system of three independent vectors [el, es, et] is then used to build the vectorial
lengthscale

r = rl el + rses + rtet (9)

where (rl , rs, rt) have to be determined to close the SGS problem. The resulting increment δvi (x, r) is at-
tached to the flow reference system and not to the coordinate system on which the filtered Navier–Stokes
equations are solved. Certainly an alternative procedure would exist for more complex flow (e.g., with spa-
tially evolving mean flow direction) or for simpler flow (e.g., isotropic homogeneous turbulence where no
specific direction must be prescribed). This issue would have to be addressed in future applications of the
present model. The question is specially of interest in deriving a version of the increment model for unstruc-
tured grids [21].

2.1.2 Amplitudes of r and τ

The concept of the LES method implies that the mesh size � and the time step �t of the simulation have to lie
in the inertial subrange between the energy containing scales (integral lengthscales and integral timescales)
and the Kolmogorov scale of the flow. Therefore it is convenient to have the lengthscale r and the timescale
τ lie in the inertial zone as well. When r is small compared to the energy containing wave numbers one gets
k.r 	 1 [3] (p 119) and e jk.r = j k.r+O(r2). Similarly, when τ is small, ωτ 	 1 and e jωτ = j ωτ+O(τ 2).
Accounting for these approximations in Eq. (8), velocity increments and velocity derivatives conform to the
following relations:

δvi (x, r) = r.∇∇∇vi + O(r2) (10)

δvi (t, τ ) = τ
∂vi

∂t
+ O(τ 2) (11)

The result is a bridge between the increment tensor Qi j (Eq. (4)) and the gradient diffusion tensor Gi j [29, 56]
in which r is chosen as a scalar lengthscale related to the mesh size of the simulation.

Finally, the quantity Qi j (r) = δviδv j is a second-order tensor with all the usual properties. In the fol-
lowing section, we show that the local velocity increment formulation as presently defined does not violate
any invariance rules. We later give an estimate of the velocity increment based on the representation of the
velocity field in the reference frame in which the Navier–Stokes equations are derived and solved and which
does not necessarily coincide with the flow reference frame in which increments are theoretically defined.

2.2 Invariance properties of the increment tensor

We consider the increment tensor defined in Eqs. (4), (6) and (9). In matrix notation, this tensor reads

Q = δv δvT (12)

with

δv =



δv1

δv2

δv3




δvT = (δv1 δv2 δv3)
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2.2.1 Coordinate invariance by rotation

We apply the following change of reference frame based on the rotation matrix A [41, 54],

t ′ = t

x′ = A.x (13)

v′ = A.v

where A
−1 = A

T
and |A| = 1. In the rotated reference frame, the direction of the increment with respect to

the flow reference system and the velocity increment write, respectively:

r′ = A.r
(14)

δv′ = A.δv

The transformed increment tensor then reads:

Q
′ = δv′ δv′T

= (A.δv)(A.δv)T

= A.δv δvT .A
T

= A.Q.A
−1

(15)

which confirms that Q satisfies invariance by rotation.

2.2.2 Galilean invariance

The transformation related to a translation of the reference frame with a constant velocity U writes,

t ′′ = t
x′′ = x − Ut
v′′ = v − U (16)

Since the velocity U is independent of space and time, the direction of the increment with respect to the flow
reference system and the velocity increment are:

r′′ = r
δv′′ = δv (17)

The transformed increment tensor then reads:

Q
′′ = δv′′ δv′′T

= δv δvT

= Q (18)

Hence Q satisfies Galilean invariance.
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2.2.3 Realizability conditions

The tensor Qi j is called realizable [52] if it satisfies the inequalities:

Qαα ≥ 0 for α ∈ {1, 2, 3}
Q2

αβ ≤ Qαα Qββ for α, β ∈ {1, 2, 3} (19)

det(Qαβ) ≥ 0

(the summation convention is adopted for latin, but not for greek symbols). Relations (19) imply that the three
principal invariants I, II, III of Qi j and its eigenvalues λi are nonnegative [44]:

I = Qi i = tr(Q) = λ1 + λ2 + λ3 ≥ 0

I I = 1

2
(Qi i Q j j − Qi j Qi j ) = λ1λ2 + λ2λ3 + λ1λ3 ≥ 0 (20)

I I I = det (Qi j ) = λ1λ2λ3 ≥ 0

The cubic characteristic equation for λi provides the following eigenvalues

λ1 = λ2 = 0, λ3 = δv2
1 + δv2

2 + δv2
3 ≥ 0, (21)

and thus the following principal invariants

I = δv2
1 + δv2

2 + δv2
3 ≥ 0, I I = 0, I I I = 0, (22)

which confirms that Q satisfies the realizability conditions (19).

2.3 Estimate of the increment tensor Qi j

2.3.1 Present application

In the present study, we conduct a priori and a posteriori tests to assess the performance of the resulting SGS
model. In a priori tests (explicitly filtered DNS) we separately consider time increments δvi (t, τ ) and space
increments δvi (x, r). τ and r are prescribed to have the same order of magnitude (from 2 to 32 times larger) as
the time step and the mesh size of the simulation, respectively. In a posteriori tests (real LES computations)
we consider increments δvl

i (x, rl) = δvi (x, rlel), δvs
i (x, rs) = δvi (x, rses) and δvt

i (x, rt ) = δvi (x, rt et ),
related to the flow reference frame [el, es, et], and formulate a local increment which conforms to the Taylor
expansion of the increment vector (Eq. (10))

δvi (x, r) = �3
j=1δvi (x, r j e j ) = δvl

i (x, rl) + δvs
i (x, rs) + δvt

i (x, rt ) (23)

where rl , rs and rt are set separately to account for the anisotropy of the flow. For most of the cases, we
model ri (x) = 2�xi (x) where �xi (x) is the grid interval at position x. This applies without approximation
to the flow in a circular pipe, with x = l the axial and mean flow direction el, z = s the radial and mean
shear direction es, θ = t the circumferential and remaining transverse direction et, Uo = Ubulk the mean
bulk velocity, Uref = 0 the velocity at the wall, and L ref = D the diameter of the pipe. For the spatially
growing round jet, x = l is still the mean flow direction el, while a polar transformation must be performed to
determine the increments in the 2D flow reference frame [es, et] before solving the Navier–Stokes equations
in a cartesian reference frame. This is done in spectral space (Eq. (8)) based on a 2D Fourier decomposition
in the flow transverse direction (Chap. 4). We will set Uo the maximum jet velocity at the inflow, Uref = Ucof
the outer coflow velocity, and L ref = D the diameter of the jet.
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2.3.2 1D increments

One-dimensional increments can be estimated in space or in time. They will be used to describe the behavior
of the SGS model in a priori tests. In the wall normal z-direction, for example, the SGS stress tensor writes,

τ 1D
i j = ui u j

1D − ui
1Du j

1D (24)

vi = ui
1D (25)

and the increment tensor is estimated as,

Q1D
i j = δzvi δzv j (26)

δzvi = vi

(
z + 1

2
rz

)
− vi

(
z − 1

2
rz

)
(27)

where the transverse wall normal lengthscale rs = rz is modelled based on the size �z of the filter (.)
1D

.
Time increments yield the following formulation, commonly used for experimental one point measurements,

τ 1T
i j = ũi u j

1T − ũi
1T ũ j

1T (28)

wi = ũi
1T (29)

and

Q1T
i j = δtwi δtw j (30)

δtwi = wi (t + τ) − wi (t) (31)

where the timescale τ is modelled based on the size �̃t of the filter (̃.)
1T

.

2.3.3 2D and 3D increments

In two and three directions, we estimate the velociy increment based on its projection onto the reference frame
(orthonormal coordinate system). In the x- and y-directions, for example, the 2D SGS stress tensor and the
2D increment tensor write, respectively

τ 2D
i j = ui u j

2D − ui
2Du j

2D (32)

vi = ui
2D (33)

and

Q2D
i j = δ2Dvi δ2Dv j (34)

δ2Dvi = δxvi + δyvi = �2
k=1

[
vi

(
x + 1

2
rkek

)
− vi

(
x − 1

2
rkek

)]
(35)

where the longitudinal lengthscale rl = rx and the transverse lengthscale rt = ry are modelled based on the
filter size �x and �y respectively.

τ 3D
i j = ui u j

3D − ui
3Du j

3D (36)

vi = ui
3D (37)

and the 3D increment tensor is estimated as,

Q3D
i j = δ3Dvi δ3Dv j (38)

δ3Dvi = δxvi + δyvi + δzvi = �3
k=1

[
vi

(
x + 1

2
rkek

)
− vi

(
x − 1

2
rkek

)]
(39)

where each lengthscale rk is modelled based on the corresponding filter size �xk .
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Fig. 1 Frequency spectra for the increment and SGS stress tensors. Explicit filtering with �̃t = 32�t = τ , where �t is the time
step of the simulation, was applied on time samples extracted in the buffer layer (z+ = 14) of a pipe flow at Reτ = 180. —— ,
τ 1T

kk sharp cutoff filter; + , Q1T
kk , — · — , τ 1T

kk tophat filter. ∗ , Q1T
kk

2.4 Non-linearity properties of the increment tensor

Figure 1 shows the frequency spectra of the trace of both the increment tensor and the ‘real’ SGS stress
tensor. In the present section, a priori tests are performed on time samples extracted from DNS data of a fully
developed pipe flow at Reτ = 180, in the buffer layer, z+ = 14 [24]. Explicit filtering based on a tophat and
a sharp cutoff filter with �̃t = 32�t , where �t is the time step of the simulation, was applied. Time velocity
increments were estimated based on τ = 32�t as well. When a tophat filter is considered the increment
tensor has a similar frequency distribution as the SGS stress tensor. At the cutoff frequency f + = f +

c , where
the increment δui has no contribution (the filter kernel function vanishes at f +

c ), Qkk reaches values similar
to those of τkk . Filtering with a sharp cutoff filter yields a SGS stress tensor the shape of which is similar to
the typical plateau cusp shape of the eddy-viscosity in the spectral framework [31, 39]. The increment tensor
does not yield the same frequency distribution at large scales compared to τkk . This is explained by the fact
that the velocity increment is a local parameter in physical space thus nonlocal in spectral space, whereas the
sharp cutoff filter is local in spectral space.

Both Qkk and τkk contain information at unresolved scales f + > f +
c . This is due to the non-linearity

of both tensors with respect to the velocity. It has often been argued that a priori tests should be performed
on truncated data sets only, to mimic correctly the effect of LES [34, 38]. Nevertheless, Fig. 1 suggests that
there exists important information contained in scales smaller than the filter lengthscale which may take part
in the energy transfer from large to small scales and vice versa. Domaradzki and Loh [10] showed that these
nonlinear interactions between scales have to be accounted for when modelling correctly the SGS dynamics.
In order to capture these subgrid scales, a separation between filter lengthscale and grid lengthscale is required
[45]. This issue will be addressed in more detail in Sect. 3 which deals with the decoupling between model
and numerical scheme effects in the physical frame.

2.5 Transport equations for τkk and Qkk

The trace of τi j defines a SGS kinetic energy ksgs = 1
2 τkk which involves interactions between unresolved

and resolved scales [48]. Its budget equation has often been given in such a way as to provide an advective
term [43]. It is rearranged here in a ‘non-convective’ form,

∂ksgs

∂t
= − 1

ρ

∂

∂x j
(pu j − p u j )

︸ ︷︷ ︸
I

−(ui u j Ai j − ui u j Ai j )︸ ︷︷ ︸
I I

+ ν
∂2ksgs

∂x j∂x j︸ ︷︷ ︸
I I I

−ν(Ai j Ai j − Ai j Ai j )︸ ︷︷ ︸
I V

(40)



A non-linear SGS model based on the spatial velocity increment

Fig. 2 SGS kinetic energy budget (symbols) and increment energy budget (lines) in a pipe flow at Reτ = 180. An explicit tophat
filter with �xk = 4 �xk = rk , where �xk is the mesh size of the simulation, was applied in the two homogeneous directions of
the flow. · · · I, � , V, transport by pressure-velocity correlation; —— II, + , VI, SGS transfer by strain-velocity correlation;
- - - III, ∗ , VII, molecular diffusion; — — IV, × , VIII, molecular dissipation

where Ai j = ∂ui
∂x j

is the velocity gradient tensor. All the non-linear transfer terms (advection, SGS diffusion,
SGS production) are merged in the transport term II which e.g., provides production of Ksgs (Fig. 2). The
trace of Qi j defines a resolved kinetic energy related to the second order structure function kinc = 1

2 Qkk =
1
2δvkδvk . The increment is a linear operator. The budget equation for kinc is therefore easily derived from
Eq. (1) in a similarly rigorous way as the ksgs budget equation. It is presently rearranged in a ‘non-convective’
form as well:

∂kinc

∂t
= − 1

ρ

∂

∂x j
(δ p δu j )

︸ ︷︷ ︸
V

−δui δu j Ai j︸ ︷︷ ︸
V I

+ ν
∂2kinc

∂x j∂x j︸ ︷︷ ︸
V I I

−ν δAi j δAi j︸ ︷︷ ︸
V I I I

(41)

Comparing Eqs. (40) and (41), one can immediately see that there is an analogy of the type BC − B C →
δB δC between each corresponding term in both equations.

In the present section, a priori tests were performed in physical space. Figure 2 shows the mean contribu-
tions to the budgets for ksgs and kinc in the wall normal direction of a fully developed pipe flow at Reτ = 180
[24]. Solving for the Navier–Stokes equations in physical space implies the use of filters localized in physical
space like tophat or Gaussian filters [52]. Here, explicit filtering based on a tophat filter with �xk = 4 �xk ,
where �xk is the mesh size of the simulation, was applied in the two homogeneous directions of the flow. 2D
space velocity increments were estimated based on rk = 4 �xk as well.

As can be seen in Fig. 2, ‘real’ and modelled terms in Eqs. (40) and (41) agree very well, both qualita-
tively and quantitatively. This strong similarity demonstrates the potential of a modelling approach based on
increment quantities. Molecular dissipation (IV and VIII) balances the SGS transfer (II and VI) in the core
of the pipe while molecular diffusion (III and VII) balances dissipation in the near-wall region, reaching an
important level at the wall as known from the turbulent kinetic energy budget. The shift between the two
molecular dissipation terms near the boundary is certainly due to the lack of precision in determining second
order derivatives terms at the wall.

2.6 Anisotropy properties of the increment tensor

In the two sections above we focused on the similarity between the traces of the two tensors τi j and Qi j
which represent the SGS kinetic energy, an information which is not available for eddy-viscosity type SGS
models. A more detailed analysis is now given based on the anisotropy tensors ai j = (τi j − 1

3δi jτkk)/τll ,
qi j = (Qi j − 1

3δi j Qkk)/Qll and si j = −2 νt Si j/τll which correspond to the ‘real’ SGS tensor, the increment
tensor and an eddy-viscosity type SGS tensor, respectively.
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Fig. 3 Probability density function of the SGS anisotropy tensor. An explicit tophat filter with �̃t = 32�t = τ , where �t is the
time step of the simulation, was applied on time samples extracted in the buffer layer (z+ = 14) of a pipe flow at Reτ = 180.
+ , a1T

i j ; —— , q1T
i j

As this is often done in experimental studies, a priori tests are first performed on temporal samples
recorded in the buffer zone of the pipe flow, at z+ = 14. This would be equivalent to a procedure applied in
a homogeneous-like direction for advected flows. The filtered velocity field wi = ũi

1T is obtained with an
explicit filtering based on a tophat filter with �̃t = 32�t , where �t is the time step of the simulation. We
determine both the temporal SGS stress tensor τ 1T

i j (Eq. (28)) explicitly from the DNS data and the time incr-
ement tensor Q1T

i j based on τ = 32�t (Eqs. (30) and (31)). Figure 3 shows the probability density function

(pdf) of each local anisotropy tensor, a1T
i j and q1T

i j , respectively. The results suggest a high correlation be-
tween the two tensors, for any component considered. Good agreement is obtained both in the mean and in
the tails of the distribution although the samples were filtered at a large scale (�̃t = 32�t).

We now concentrate on the non-homogeneous direction of fully developed pipe flow to validate the in-
crement concept in physical space. We consider a one-dimensional tophat filter the width of which is varied
in the range 2�z ≤ �z ≤ 10�z, where �z is the DNS mesh size in the wall normal (i.e. radial) direction
of the pipe, and apply the filtering procedure. We determine both the one-dimensional SGS stress tensor τ 1D

i j

(Eqs. (24) and (25)) and the one-dimensional increment tensor Q1D
i j based on rz = �z (Eqs. (26) and (27)),

where vi = ui
1D . The second and third invariants of the SGS anisotropy tensor read I2 = − 1

2 a1D
i j a1D

ji and

I3 = 1
3 a1D

i j a1D
jk a1D

ki , respectively. Figure 4a shows the Anisotropy Invariant Map (AIM) of the SGS tensor.
The increment tensor does conserve the anisotropy of the original SGS stress tensor. At the wall the results
indicate the predominance of one-component stress, related to the one-dimensional wall-normal filtering. One
notes that the increment formulation provides the expected near-wall scaling for the SGS stress tensor (imply-
ing τ+

xz ∝ z+3). In the center of the pipe the results tend to indicate isotropic contributions of the stress tensor
which meets the isotropic turbulence situation typical of the zone around the pipe axis. This shows the ability
of an approach based on spatial increments of the velocity to deal with non-homogeneities as encountered in
wall bounded flows.

Finally, we consider a priori tests performed with an explicit 3D tophat filter of size �xi = 4�xi , where
�xi is the mesh size of the DNS. 3D space velocity increments are estimated based on ri = �xi as well.
Figure 4b shows that the resulting AIM-plot for the 3D SGS stress tensor a3D

i j is correctly described with

a 3D increment tensor q3D
i j everywhere in the pipe. Filtering in the homogeneous directions of the flow in

addition to filtering in the wall normal direction moves the curve closer to the axisymmetric limit. Results
are compared with the anisotropy tensor s3D

i j determined for both a dynamic eddy-viscosity model [33] and
a structure function based eddy-viscosity model [11]. In the center of the pipe flow, where the ‘real’ SGS
stress tensor is nearly isotropic, all the models coincide. Closer to the pipe wall (z+ ≤ 50), the eddy-viscosity
based SGS stress is known to correlate badly with the original SGS stress tensor, because of the misalignment
between τi j and Si j [38]. Indeed, Fig. 4b clearly shows that the eddy-viscosity SGS models presently tested
cannot properly capture the anisotropy of the flow in the boundary layer. The FSF model behaves better than
the dynamic model to reproduce the second invariant I2 but does not describe at all the evolution of the third
invariant I3 in the pipe flow. This trend might be due to the fact that the structure function type models are
based on the second order structure function which correlates well with the second invariant I2.
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Fig. 4 (a) Anisotropy invariant map of τi j (symbols) and Qi j (lines), subject to one-dimensional filtering, for a pipe flow at
Reτ = 180. An explicit tophat filter with 2�z ≤ �z = rz ≤ 10�z, where �z is the mesh size of the simulation in the non-
homogeneous wall-normal direction and (b) Anisotropy SGS invariant map for a pipe flow at Reτ = 180. An explicit tophat
filter with �xk = 4 �xk = rk , where �xk is the mesh size of the simulation, was applied in all the 3 directions of the flow.
- - - , ‘real’ SGS stress tensor a3D

i j ; © , increment tensor q3D
i j ; × , filtered structure function model s f s f

i j [11]; + , dynamic

eddy-viscosity model sdyn
i j [33] (all the points are concentrated in the isotropic zone)

2.7 Backscatter properties of the increment model

The correlation between the SGS stress tensor and the strain rate tensor expresses the local energy flux be-
tween resolved and subgrid scales [5, 38]:

∏
= −τi j Si j (42)

In the present section, a priori tests are performed with an explicit tophat filter of size �xi = 4�xi . The
filtering is applied first in the two homogeneous directions of the flow (Fig. 5a), second in all the three
directions including the wall-normal direction (Fig. 5b). Space velocity increments were estimated based on
ri = 4�xi as well. Figure 5a shows the pdf of  in the buffer layer of the pipe flow (z+ = 15) for the

Fig. 5 (a) Probability density function of the subgrid energy flux (in wall units) in the buffer layer (z+ = 15) of a pipe flow at
Reτ = 180. An explicit tophat filter with �xk = 4 �xk = rk , where �xk is the mesh size of the simulation, was applied in
the two homogeneous directions of the flow. + , DNS data; —— , increment model; — · — , dynamic Smagorinsky model
[33] and (b) Radial profiles of the main normal and cross-component of the SGS kinetic energy production by fluctuating shear,
−〈τ ′′

i j Si j
′′〉, for the increment model and filtered DNS data. An explicit tophat filter with �xk = 4 �xk = rk , where �xk is

the mesh size of the simulation, was applied in all the three directions of the flow. increment model: + , × , � . Production
determined by explicitly filtered DNS data: —— , - - - , · · ·
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increment model, an eddy-viscosity type dynamic model [33] and the ‘real’ SGS tensor. In contrast to eddy-
viscosity models which are purely dissipative for positive eddy-viscosity,

∏
= 2νt Si j Si j > 0 (43)

the increment model predicts both forward and backward energy transfer, depending on the alignment between
the increment tensor and the strain rate tensor,

∏
= − f Qi j Si j . (44)

Figure 5b shows the radial profiles of the main contributions to the SGS kinetic energy production by fluc-
tuating shear −〈τ ′′

i j Si j
′′〉. In the buffer zone of the pipe flow, backward energy transfer is predicted both

globally for the mean xz-component of the production term [6, 20] and locally for the total SGS energy flux
(Fig. 5a). In the viscous sublayer the wall normal zz-component of the SGS production also exhibits a mean
contribution to the backward energy transfer. These transfers of energy which are related to the intermittency
phenomena taking place in the near wall region of wall bounded flows [20, 43] appear to be well described
by the three-dimensional formulation of the increment model.

2.8 Approximation of the SGS stress tensor based on Taylor expansion

One can associate with each continuous filtered velocity field a Taylor expansion with respect to the original
velocity field [29, 34, 56]. Frisch [13] and Borue and Orszag [5], however, argued that such an expansion
does not hold in the context of the LES approach, when turbulent samples are used which may not be dif-
ferentiable. Because of such restrictions, the expansions below are only given for comparison purposes. Brun
and Friedrich [6, 7] proposed a general three-dimensional formulation of such an expansion valid for any
filter with a support in physical space and uniform filter size. We recall here the main step of the derivation of
the approximation. We consider a three-dimensional low-pass filter with the characteristics [�xk, a(k), b(kl)],
where �xk is the filter width, a(k)�xk and b(kl)�xk�xl are the 1st and 2nd moments of the filter, respectively.
Applying such a filtering procedure explicitly to a Taylor expansion for any field variable h at M(x, t) yields
an expansion of the filtered variable,

h(x, t) = h(x, t) + a(k) �xk
∂h
∂xk

(x, t) + b(kl) �xk�xl
∂2h

∂xk∂xl
(x, t) + o

(
�x2

k
)

(45)

where o(�x2
k ) is small compared with �x2

k . Expanding both ui and ui u j according to Eq. (45) leads to the
following approximation for the SGS stress tensor [6, 7],

τi j = (
2b(kl) − a(k)a(l)

)
�xk �xl

∂ui

∂xk

∂u j

∂xl
+ o

(
�x2

k
)

(46)

The estimate of the three-dimensional velocity increment involves velocity increments in all three directions
(Eq. (39)). Approximation (45) is applied to the Taylor expansion of the velocity increment to derive the
increment of the filtered quantity ui . Combined with Eq. (38) for r = �x it yields an approximation of the
increment tensor of the form:

Qi j = �xk �xl
∂ui

∂xk

∂u j

∂xl
+ o

(
�x2

k
)

(47)

Relations (46) and (47) involve similar leading order terms of approximation. For an isotropic set of param-
eters (a(k) = a, b(kl) = b), the two expressions are proportional to each other. They are exact in the limit
�xk → 0 which is the case for a DNS. The use of a coarse grid as it is common in LES would increase the
contribution of the higher order terms. It confirms the need for evaluating a coefficient of proportionality f
(Eq. (5)) in order to model correctly the effect of the implicit filter in the simulation.
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Fig. 6 2D Energy spectra of the traces of SGS stress tensors in the fully turbulent region (z+ = 50) of a pipe flow at Reτ = 180.
A sharp cut-off filter (a) and a top-hat filter (b), with �xk = 4�xk and �̂xk = α�xk (α = 2), where �xk is the mesh size of
the simulation, were applied in the two homogeneous directions of the flow. —— , τi j ; + , τ̂i j ; - - - , Ti j (α); × , L i j (α)

2.9 An alternative dynamic procedure to determine the coefficient f

In order to provide the coefficient of a given SGS model dynamically on the basis of scale invariance properties
of turbulent flows [38], a test filter v̂i with a filter width �̂xk = α�xk (α > 1) is introduced. Two extra
SGS stress tensors are then defined, which must be modelled to determine f . The generalized Leonard term
L i j (α) = ûi u j −ûi û j = v̂iv j −v̂i v̂ j represents a SGS tensor related to the filter width �̂xk resulting from the
test filter. The test SGS tensor resulting from the combination of the two filters writes Ti j (α) = ûi u j − ûi û j .

For filters localized in physical space, �̂xk = √
α2 + 1 �xk is an accurate approximation of the resulting

lengthscale [7] and is exact for a Gaussian filter. Each of the three SGS stress tensors τi j , L i j (α) and Ti j (α)
is related to a different filter width [15]. All of them have a similar leading order of approximation in a 3D
expansion (Eq. (46)) [7],

L i j (α) = (
2b(kl) − a(k)a(l)

)
α2 �xk �xl

∂ui

∂xk

∂u j

∂xl
+ o

(
�x2

k
)

(48)

Ti j (α) = (
2b(kl) − a(k)a(l)

)
(1 + α2) �xk �xl

∂ui

∂xk

∂u j

∂xl
+ o

(
�x2

k
)

(49)

Figure 6 shows the 2D energy spectrum of each SGS stress tensor extracted from the fully turbulent region
z+ = 50 in a pipe flow at Reτ = 180. In the present section, a priori tests are performed with both tophat
and sharp cutoff filters of size �xi = 4�xi , �̂xi = 8�xi (α = 2) applied in the two homogeneous directions
of the flow. The same features are obtained both with a tophat filter in physical space (a) and a sharp cutoff
filter in spectral space (b). It appears that the contribution to energy fluxes between large and small scales
related to each SGS stress tensor is centered around the filter cut-off wave number, namely kc = π/�2D for

τi j , kc = π/�̂2D for L i j , and kc = π/�̂2D for Ti j . At high wave number k > kc, Ti j and L i j are practically
identical. Because of non-linearities, Ti j and L i j contain energy up to kc = π/�2D . Indeed, which of the two
SGS stress tensors must be modelled, is no longer an issue since they show a similar behavior. In the present
work, instead of considering the so-called ‘Germano Identity’ [14]

L i j (α) = T m
i j (α) − τ̂m

i j (50)

we derive the following alternative identity

L i j (α) = Lm
i j (α) (51)

The rhs of each of the two Eqs. (50) and (51) is modelled, while the lhs is explicitly determined. Obviously,
the choice of a single model (51) leads to a simpler formulation than the choice of the standard two-terms
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model (50). In our view, the alternative approach should also be less prone to errors since it needs only one
level of closure Lm

i j (α) instead of two, T m
i j (α) and τm

i j . The main interest in relation (51) lies in the fact that one

does not need to determine any filter size �̂xi [7]. The main difficulty in relation (50) lies in the determination
of the last term τ̂m

i j for which an exact computation [18] is prohibitively time consuming and may not be
feasible in a real LES. A general assumption consists in considering the coefficient of the model constant in
homogeneous (or homogeneous-like) directions of the flow into which Eq. (50) is averaged [14, 33, 37]. Such
a procedure provides a coefficient, the high wave number (or frequency) properties of which are reduced in
space (or time). A part of the small scale dynamics that it is expected to reproduce, is therefore lost.

The increment concept is applied to the Leonard SGS stress tensor involved in the rhs of identity (51).
Accounting for the similarity between expansions (46), (47) and (48), e.g., yields

Lm
i j (α) = f α2 Qi j (52)

Contraction with δi j provides a local trace formulation of the scale similarity equation used to determine
the coefficient f in the present work:

f (α, x, t) = 1

α2

v̂k vk − v̂k v̂k

δvl δvl
= 1

α2

Lkk(α)

Qll
(53)

3 LES of fully developed pipe flow at 180 < Reτ < 520

We study the case of a fully developed pipe flow for which a reference DNS at Reτ = 180 is provided [24].
The LES data have been produced with a finite volume method on staggered grids in a cylindrical coordinate
system. Second order central schemes in space and time are used. The computational domain is a pipe section
of length Lx = 10R, R being the radius of the pipe. For the DNS, the mesh was equidistant in all directions
with the center of the wall-nearest cell being at z+ = 0.94. For the LES, a grid stretching was applied in the
near-wall region following the distribution z+(i) = Reτ (1 − tanh(γ i)/tanh(γ nz)) (Table 1). At the wall,
no-slip boundary conditions hold. In the circumferential and axial directions periodic boundary conditions are
used.

3.1 Decoupling numerical from model effects

The interaction between numerical scheme and SGS model is an important issue in LES [16, 17]. A usual way
adopted to decouple the effect of the scheme from the one of the model is to increase the number of modes
(when spectral resolution is considered) by a factor of 3/2 in each direction when applying the SGS model
only at the cut-off [26]. This dealiasing procedure is usually used to compute the non-linear convective term in
Eq. (1). It is also necessary for an accurate determination of the SGS term, the non-linear properties of which
were demonstrated (Sect. 2). Moreover, for second order central schemes (present case) such a procedure
appears to be an efficient tool to reduce dispersive errors which are expected to contaminate wave numbers
higher than half the cut-off wave number [32]. Following [35, 53] we expand the resolution in physical space
while explicitly filtering the resolved scales at a given lengthscale and applying the SGS model on a coarser
grid (Table 1). Filtering is performed based on an explicit fifth order compact filter [32, 36], the cutoff of
which is located around 2/3kc. This constitutes a good approximation of a sharp cutoff filter since it does not

Table 1 Characteristics of the pipe flow simulations for 180 < Reτ < 520. For each case both explicitly filtered coarse ‘DNS’
and LES (with the increment model) have been performed

nx nϕ nz �x+(r+
l /2) R�ϕ+(r+

t /2) �z+
wall(r

+
swall

/2) �z+
axis (r+

saxis
/2) γ Reτ Rebulk

DNS 256 128 96 7.0 8.8 1.88 1.88 − 180 5200
DNS0 32 64 48 56.3 17.7 1.03 6.44 0.033 180 4860
DNS3/INC3 64 128 48 28.1 8.8 1.06 6.43 0.033 180 6370/5100
DNS3/INC3 96 192 48 31.3 10.3 1.02 13.60 0.042 315 10950/9850
DNS3/INC3 128 256 48 40.6 12.7 1.09 25.20 0.048 520 18890/17850
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Fig. 7 Axial mean velocity profiles for pipe flow at 180 < Reτ < 520. × , Experiment [49]; + , DNS [24]; · · · , no model
(DNS0); — · — , 3D compact filter (DNS3); —— , increment model (INC3)

Fig. 8 RMS velocity profiles for pipe flow at 180 < Reτ < 520. × , Experiment, axial and radial components [49]; + , DNS
[24]; · · · , no model (DNS0); — · — , 3D compact filter (DNS3); —— , increment model (INC3)

affect the low wave number range and allows to deal with non-homogeneous directions of the flow. A specific
version of the increment model Eqs. (4) and (5) was implemented with an increment taken at rk = 2�xk
(Eq. (39)),

δvi = �3
k=1 [vi (xk + �xk) − vi (xk − �xk)] (54)

The coefficient f is determined via the dynamic procedure described in chapter 2.9. (Eq. (53)). It is based on
a three-dimensional tophat test filter the size of which is 2rk = 4�xk (α = 2).

Figures 7a and 8a show the axial mean and RMS velocity profiles in the wall normal direction of the pipe
at Reτ = 180. They reveal the interesting aspect of such a decoupling procedure applied in the three directions
including the wall normal non-homogeneous direction. We compare a ‘DNS’ on a coarse grid (DNS0) with a
‘DNS’ performed on a finer grid and projected onto the original coarse grid using the compact filter (DNS3).
‘DNS’ is an insufficiently resolved simulation without model. Indeed, the numerical scheme plays a role
similar to an SGS model in terms of dispersion errors. This yields satisfactory results for the mean velocity
profile (DNS0). The use of explicit filtering (DNS3) removes high wave number dispersive errors and leads to
an overprediction of the mean and axial RMS velocity profiles on the one hand, and an underprediction of the
circumferential and wall normal RMS velocity profiles on the other hand. Kravchenko and Moin [26] obtained
similar results in a channel flow simulation. Without decoupling numerical from model effects, a computation
without model (DNS0) can provide better results. Improvement is obtained when model and scheme act at
separate scales, rk and �xk respectively. The use of a fully three-dimensional decoupling procedure (INC3)
yields accurate statistical results for all components.

3.2 Results at higher Reynolds number

The LES data are compared with DNS data at low Reynolds number Reτ = 180 [20, 24] and with experi-
mental data at Reynolds numbers up to Reτ = 520 [49]. For each Reynolds number, the mean velocity profile
determined with the model meets the experimental and DNS data well (Fig. 7). The slope of the logarithmic
profile is correct. Near the center of the pipe the wake effect is slightly underpredicted. The profiles of each
RMS velocity component are well predicted by the LES for all cases considered (Fig. 8). One notes the proper
damping effect of the model on the streamwise component in the buffer layer in contrast to the too high value
obtained without model (DNS3). The slight underprediction obtained in the core of the pipe is related to the
fact that the mesh is strongly anisotropic in this region due to the cylindrical coordinate system.
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Table 2 Characteristics of the round jet simulations for ReD = 25000. LES with the increment model and with the filtered
structure function model have been performed

nx ny nz Lx/D L y/D L z/D ReD D/2�

LES 201 96 96 12 6 6 25000 10

4 LES of turbulent round jet at ReD = 25000

This section analyses the results obtained with the increment model in an LES of a round jet at ReD = 25000.
This simulation is compared with results of da Silva and Métais [47] using the filtered structure function model
[30] in the same configuration and with the experimental data of Zaman and Hussain [57] at ReD = 32000,
Crow and Champagne [8] at ReD = 62000 and Hussein, Capp and George [23] at ReD = 95000. The
LES data have been produced with a high resolution code on cartesian coordinates using a pseudo-spectral
method in the two transverse directions and sixth-order compact schemes in the longitudinal direction [48].
A third-order low-storage Runge Kutta scheme is used for time-advancement. The computational domain is
a rectangular box of length Lx = 12D and width L y = L z = 6D, D being the diameter of the jet. The
mesh � = 0.06D was quasi equidistant in all directions (Table 2). The increment model was implemented
in the same way as described in Sect. 3 (Eqs. (53) and (54)) with an increment taken at twice the mesh size
r = 2� = 0.12D. Inflow velocity conditions were constructed from a hyperbolic tangent profile with a
momentum thickness R/� = 20. A temporal white noise was superimposed on the mean velocity profile
to mimic the inlet turbulent fluctuations of the jet. Non-reflective outflow conditions were used to correctly
advect the intense vorticity structures out of the computational domain.

4.1 Statistical results

Figure 9 shows the centerline velocity decay and root-mean square (RMS) velocity fluctuation in stream-
wise direction for both simulations. In the potential core of the jet, which extends six diameters downstream,
the RMS velocity fluctuation slowly increases with the FSF model while it remains nearly constant with
the INC model. A similar qualitative behavior was obtained experimentally at ReD = 62000 by Crow and
Champagne [8] and at ReD = 32000 by Zaman and Hussain [57], respectively. Once the annular mix-
ing layer reaches the axis, the potential core disappears, yielding both a decrease in the axial mean ve-
locity verifying the experimental slope [23] Uo/uaxis = β (x − xo)/D with β ≈ 5.8 and an increase in
the turbulence intensity urms/Uo up to about 15%. The lack of backward energy transfer associated with
the eddy-viscosity formulation might explain why the two computations (using the FSF and the INC model)
provide a relatively different statistical behavior in the core zone of the jet. The regularization effect associated

Fig. 9 Axial evolution of the mean (left) and RMS velocity (right) along the round jet axis with the FSF and the INC model.
� Experiment [8], © Experiment [57] (the origin of the jet for this set of experimental data has been artificially shifted in the
axial direction for xo = 2D to fit the core length with other results), - - - Experimental slope β = 5.8 [23], —— LES with
INC model, — — LES with FSF model
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Fig. 10 Mean velocity profile in the self-similar regime of the round jet with the FSF model (left), and the INC model (right).
—— Experiment [23], + LES in x = 10D, × LES in x = 10.5D, ∗ LES in x = 11D, � LES in x = 11.5D

Fig. 11 Axial RMS velocity profile in the self-similar regime of the round jet with the FSF model (left), and the INC model
(right). —— Experiment [23], + LES in x = 10D, × LES in x = 10.5D, ∗ LES in x = 11D, � LES in x = 11.5D

with the compact filtering procedure presently performed [36] might also affect the increment model behavior
in the initial stage of the transition to turbulence. The gap between the two models vanishes at the outlet part of
the computational box between x = 10D and x = 12D, while the flow velocity fluctuations reach a non-linear
saturation.

At x = 12D, the flow should not have yet reached the self-similar regime. Nevertheless, the mean axial
velocity profile (Fig. 10) fits already very well the experiment of Hussein, Capp and George [23] for both SGS
formulations. The axial RMS profile (Fig. 11) and the turbulent shear stress profile (Fig. 12) reflect a fairly
good agreement with the experiment too.

4.2 Coherent structures

Figure 13 shows isosurfaces of positive Q-values (dark grey) in the simulation performed with the increment
model. The quantity Q is that defined by Hunt et al. [22],

Q = 1

2
(�i j�i j − Si j Si j ). (55)

with the rotation tensor �i j = 1
2 ( ∂vi

∂x j
− ∂v j

∂xi
). The characteristic primary ring shaped vortices appear at the end

of the potential core region followed by pairs of streamwise vortices, as described in the transition scenario for
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Fig. 12 Profile of the cross velocity correlation in the self-similar regime of the round jet with the FSF model (left), and the INC
model (right). —— Experiment [23], + LES in x = 10D, × LES in x = 10.5D, ∗ LES in x = 11D, � LES in x = 11.5D

Fig. 13 3D Isosurface of the Q-criterion (dark grey) and of SGS energy production due to the increment tensor −Qi j Si j (forward
transfer in light grey and backscatter in black), in a round jet at ReD = 25000 with the increment model

the round jet [47, 50]. The figure also shows isosurfaces of regions of strong kinetic energy transfer between
resolved and unresolved scales −Qi j Si j . Positive values are indicated in light grey and represent forward
energy transfer from resolved to unresolved scales whereas negative values (black) represent inverse transfer.
As argued by many authors (e.g. [20]), the correct prediction of the energy transfer between resolved and
unresolved scales, is one of the most important tests a SGS model should pass. In particular, an accurate
representation of (x, t) (Eq. (42)) is crucial in the transition region where this quantity largely dominates
the flow [48]. For eddy-viscosity models (Eq. (2)) this term of production is by definition positive and yields
always forward scatter (Eq. (43)). However, the increment model formulation can provide both forward and
backward energy transfers, depending on how the increment tensor Qi j and the strain rate tensor are correlated
(Eq. (44)). Figure 13 shows that in the initial stages of transition (5D < x < 8D) the regions of strong
| ∏(x, t)| appear to be connected to the presence of the coherent vortices but this feature seems to be lost
as the flow evolves towards fully developed turbulence (10D < x < 12D). The same trend was observed
by da Silva and Métais [48] in the case of a turbulent plane jet. Finally, the high intensity of these transfers
demonstrates once more the need to properly account for backscatter effects in transitional flows such as in
the present round jet.
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Fig. 14 Mean and RMS radial profiles of the f coefficient for a fully developed pipe flow at Reτ = 180 and a turbulent round
jet at ReD = 25000 for x = 12D computed with the increment model. + , pipe flow 〈 f 〉 >; × , pipe flow fRMS; —— , round
jet 〈 f 〉; — — , round jet fRMS

Fig. 15 Anisotropy invariant map for a fully developed pipe flow at 180 ≤ Reτ ≤ 520 (a) and a turbulent round jet at ReD =
25000 (b) computed with the increment model. + , pipe flow Reτ = 180; © , pipe flow Reτ = 360; × , pipe flow Reτ = 520;
× , round jet x = 6D; © , round jet x = 9D; � , round jet x = 12D

4.3 Comparison between two axisymmetric flows

Figure 14 shows the INC model coefficient for the two axisymmetric flows presently studied. Although both
the flow configuration and the computational method differ, the f coefficient reaches similar values of about
〈 f 〉 = 0.15, a value that one would obtain analytically for the case of a symmetric top-hat filter (Eq. (46),
[6]), and fRMS = 0.03. Figure 15 shows the Anisotropy Invariant Map (AIM) for the Reynolds tensor. In the
case of the pipe flow the results are similar to the DNS results from Eggels et al. [12] at Rebulk = 5300 and
experimental results from Krogstad and Torbergsen [27] at Rebulk = 22000. In the core region of the pipe
the second and third velocity invariants follow the axisymmetric line (’disk like’ turbulence). At the wall the
invariants follow the two components line (‘rod like’ turbulence) as expected for wall bounded flow [1]. At the
outer part of the logarithmic law region the invariants go distinctly away from the axisymmetric line and the
curve reaches a point of inflection at about z+ = 100. This behavior is more and more visible for increasing
Reynolds number [27]. The round jet behaves as an axisymmetric turbulent flow in the core zone of the jet as
well. Away from the axis, in the quasi-fully developed region, the invariants tend to the 2D turbulence limit
expected for a jet [47]. For both cases the structure of the turbulence seems to be only affected by axisymmetry
in a relatively thin zone close to the axis.

5 Conclusions

A new non-linear SGS model concept is proposed based on the similarity between τi j and the velocity in-
crement tensor Qi j . Increments are determined with respect to the principal direction of the flow presently
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studied. They are based on prescribed lengthscales slightly larger than the mesh size of the simulation. The
similarity is demonstrated both analytically and numerically using a priori tests of a fully developed pipe flow
at low Reynolds number Reτ = 180. All kinds of filtering, in homogeneous as well as non-homogeneous di-
rections of the flow in 1, 2 and all 3 directions of the coordinate system and in time confirm the power of an
approach based on the local velocity increment. In order to account for the non-linear properties of the model,
a filtering procedure based on explicit compact filters has been adopted, which aims at decoupling the effect
of the model from the one of the numerics. Thanks to that necessary high wave number regularization, LES
carried out for fully developed pipe flow at Reynolds number up to Reτ = 520 reveal a stable numerical be-
havior of the increment model without supplementing it by an extra dissipative term generally used in mixed
models that blend scale similarity and eddy-viscosity concepts. Good agreement is obtained both with respect
to low-Reynolds number DNS and moderate-Reynolds number experimental data of pipe flow. Validations
are performed in a round turbulent jet at ReD = 25000 as well . In the fully turbulent region similar results
are obtained in comparison with valuable more classical models. In the transitional zone of the jet, however,
the flow dynamics is modified when the increment model is used, an effect that may be related to the inverse
energy transfer enhanced by the present SGS formulation.
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