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Abstract

Support notes for the MMAC course “Modules and Representations”
of IST in the academic year 2024,/2025.

Although categorical coproducts of modules coincide with products, this is
only true for finitary products and coproducts. Given a set I, finite or finite,
the categorical product of a family of modules (M;);c; is their cartesian
product equipped with componentwise action and group structure. Each
element of [[,., M; is a family (m;);c; where for each i € I we have m; € M;.
Such a family can be regarded as a function f : I — [, , M; that to each
1 € [ assigns an element of M;. If f if finitely supported we say that the
family (m;)ier is finitely supported. Then we define:

§1. DEFINITION. The coproduct @,.; M; is the submodule of [ [, M; that
consists of all the finitely supported elements.

§2. EXAMPLE. &, ; R is isomorphic to the free module F(I), whereas
[1,c; R is isomorphic to the function module R’ that consists of all the R-
valued functions on I with pointwise module operations. In particular,

Rp---®&R=R"
—_—

n times

§3. THEOREM. The tensor product of modules distributes over direct sums,
up to isomorphisms. More precisely, given an (R,S)-bimodule M and a

family (N;)ier of (S,T)-bimodules, @,.; N; is an (S,T)-bimodule and we
have an isomorphism of (R, T)-bimodules

M@s PN = P MesN;
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which to each simple tensor m ® (n;) assigns Y ,.; m ® n,.



Proof. Sketched in the lecture. N

§4. COROLLARY. M ®@g(N@®P)= (M N)® (M ® P).

§5. EXERCISE. Describe the universal properties of ||

Mi and @iel Mz
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§6. EXERCISES. Let R and S be rings.

1.

2.

Let M be an (S, R)-bimodule. Prove that there is a an isomorphism of
(S, R)-bimodules
M ®r R" = M".

Show that this generalizes to an isomorphism of (S, R)-bimodules
M ® Fr(I) = @ M.
Prove that there is an isomorphism of (R, R)-bimodules
R"®@pr R = R™
and, more generally, an isomorphism

FR(A) XRpr FR<B) = FR(A X B)

§7. EXERCISES. Prove the following isomorphisms:

1.
2.
3.
4.

C ®g C = C? (isomorphism of complex vector spaces)

Q ®z Q = Q (isomorphism of rational vector spaces)

Q ®z A =0 for any finite abelian group A

Give an example showing that we may have N C M but

N®rP ¢ M ®gP.

- Q/Z2®,Q/Z=0
. (R/I)®r N = N/IN (isomorphism of abelian groups) for all ideals I

of R, where N is a left R-module and

IN:{Zami|ai€A, niEN}.
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