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ABSTRACT. In laser surface treatment of materials it is a matter of practical 
importance to determine relations combining the various processing parameters. For a 
particular laser setup and for a certain practical requirement, such a relation is quite 
useful for the purpose of process optimisation. For instance, in pulsed laser irradiation, 
when the requirement is that a definite value of temperature is attained at the surface 
(e.g. the melting temperature), a relation between power density and pulse duration 
should be looked for. If heat conduction is one-dimensional and the material properties 
are considered as temperature independent, a first estimate can be done by using a 
simple analytical model, which gives a temperature rise at the surface proportional to 
t½. Considering the effect of the various properties on the thermal field, the absorptivity 
plays a special role, because it controls directly the heat input to the sample, while being 
itself a function of surface temperature. In order to take this dependence into account, 
the one-dimensional heat conduction equation was solved for a semi-infinite geometry 
using variable absorptivity given by Hagen-Rubens equation and assuming constant 
thermal conductivity and thermal diffusivity. It is shown that the surface temperature 
satisfies an Abel integral equation with an approximate analytical solution that gives a 
temperature rise at the surface linear with t. Comparison is made between analytical 
approximate expressions, numerical solutions, previous models and experimental 
results. 

1. Introduction 

During the last three decades, lasers have been widely used for materials processing. 
Since many applications rely on the thermal effects of laser-material interaction, it 
becomes very important to obtain information about the temperature field as a function 
of processing parameters and materials properties. For that purpose, several models 
have been proposed, both analytical and numerical. Despite the fact that extremely 
sophisticated numerical models have become available, analytical expressions continue 
to be used. This is often due to simplicity and also because they allow to obtain simple 
relations between the process parameters that give a better insight on the phenomena 
involved.  
 In some cases, analytical models can take into account the fact that parameters 
affecting the thermal field depend themselves on temperature. For instance, the Kirchoff 
Transform [1] is performed to account for the dependence of thermal conductivity on 
temperature. Nevertheless, for many materials, the variable which more strongly affects 
the final result is the absorptivity, because it controls directly the amount of energy that 
is transferred into the material. Considering that the absorptivity varies linearly with 
temperature, a one-dimensional model was proposed by Sparks and Loh [2]. 
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 However, the dependence of absorptivity on temperature can be expressed in a 
different way by means of Hagen-Rubens equation [3, 4], in which A is expressed as a 
function of the wavelength of radiation and the electrical resistivity of the material. The 
main goal of the present paper is to present an analytical expression for the surface 
temperature of a laser irradiated material in which the variation of absorptivity with 
temperature follows Hagen-Rubens equation. The heat conduction regime will be 
considered as one-dimensional, an approximation that is valid when the characteristic 
heat conduction distance is negligible as compared to the diameter of the laser beam. 
Moreover, we will apply the present analysis to the estimation of pulse duration leading 
to melting on the surface of a laser irradiated material, for constant power density. 

2. Assumptions 

We will develop our model based on the following assumptions: 
 a) tr α2>>  ⇒ one-dimensional heat conduction. 

 b) tL α2>> ⇒ semi-infinite solid. 

 c) ptαδ << , ⇒ surface heating. 

 d) The surface is polished and clean. 
 e) The thermal conductivity and thermal diffusivity are taken as constants. 
 f) The electrical resistivity varies linearly with temperature. 
 g) The absorptivity varies with temperature according to Hagen-Rubens 
equation. 
 h) The laser pulse shape is square. 

3. Starting equations 

For one-dimensional heat conduction with constant thermal properties and semi-infinite 
geometry we write: 
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The initial and boundary conditions are: 
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We consider the Hagen-Rubens law [3] (which gives good agreement with 
experimental values for the absorptivity of various metals when λ > 5 µm [4]): 
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which is the first term of Bramson's equation [4]. We assume that the electrical 
resistivity varies linearly with temperature: 
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4. Solutions 

The solution for the surface temperature can be obtained by applying the Duhamel 
theorem [1]. The result is: 
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which is an integral Abel equation. An exact solution for the case χ = 0 and finite η can 
be found: 

    ttTo µ=)(  (9) 
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which we will refer to as the linear solution. 

4.1 ADIMENSIONAL VARIABLES 

We introduce now a characteristic time: 
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Adimensional temperature and time can be defined, respectively, as: 
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By doing so, we obtain an Abel equation independent on materials properties: 
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The linear approximate solution can now be written as: 

  ττϕ =)(o  (15) 
 
By introducing this expression into the RHS of Abel equation, a more accurate 
analytical solution is obtained, still in a closed form: 

  ( ) ( )[ ]τττ
π

τϕ arctgo   ++= 12)(  (16) 

 
which will be referred to as the approximate analytical solution. Note that this 
expression tends to the linear solution (15) when τ >>1. Also, for τ << 1, equation 16 
can be written as: 
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which is the well known Carslaw and Jaeger solution [1] for constant materials 
properties, with absorptivity taken at room temperature. 

5. Results and discussion 

Calculations were made to obtain the adimensional surface temperature as a function of 
adimensional time for laser irradiation of copper (figure 1) and aluminum (figure 2). In 
both figures we display the results for: 
 a) equation 15 (linear solution); 
 b) equation 16 (approximate analytical solution); 
 c) numerical solution of Abel equation (14);  
 d) numerical solution of the heat conduction equation taking K, α and A as 
temperature dependent; 
 e) Carslaw and Jaeger solution (equation 17); 
 f) Sparks and Loh equation [2]; 
 g) experimental value of melting threshold energy density for a 100 ns pulse of 
10.6 µm laser radiation [2, 5]. An adimensional pulse duration was calculated as: 
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 h) adimensional melting temperature. 
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Figure 1. Results for copper. Data from references [2, 6, 7]. Curves a-g: see text. 
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Figure 2. Results for aluminum. Data from references [2, 6, 7]. Curves a-g: see text. 
 
 The experimental values for adimensional melting temperature and adimensional 
pulse duration are represented by horizontal and vertical lines, respectively, for better 
comparison with the results obtained by the models a-f.  
 
 We see that the approximate (a) and the linear (b) solutions match well the 
experimental results (g), in contrast to Carslaw and Jaeger expression (e). Solutions (a) 
and (b) predict values for the pulse duration similar to those obtained by numerical 
calculations (c) and (d) and also to the results of Sparks and Loh (f), yet showing 
greater simplicity. 
 We see in both cases that temperature dependence of the thermal properties also 
influence the results, but not as much as the absorptivity. So, the linear solution gives a 
particularly simple way of estimating melting thresholds, avoiding large errors that 
usually arise using the constant absorptivity approximation. 

6. Conclusions 

1. An integral Abel-type equation independent on material properties was derived. Its 
numerical solution can be used to obtain the surface temperature of a laser irradiated 
material with temperature dependent absorptivity following Hagen-Rubens equation, in 
good agreement with experimental results. 
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2. Simple analytical solutions were obtained, giving also a reasonable estimation of 
melting thresholds. 
 
3. The analytical formulae give results which are similar to Sparks and Loh's, yet 
showing the following advantages: 
 a) simplicity 
 b) electrical resistivity data is widely available. 

7.  Nomenclature 

α: thermal diffusivity, m2 s-1. 
χ: temperature coefficient of electrical resistivity, K. 
δ: optical absorption depth of laser radiation, m. 
εo: permittivity of vacuum, C2 N-1 m-2. 
λ: wavelength of laser radiation, m. 
ρ: electrical resistivity, Ω m. 
ρo: electrical resistivity at room temperature, Ω m. 
A: absorptivity (A = 1 - R, R: reflectivity). 
c: velocity of light in vacuum, m s-1. 
I: power density, W m-2. 
Jm: energy density (melting threshold), J m-2. 
K: thermal conductivity, W m-1 K-1. 
L: thickness of sample, m. 
r: beam radius, m. 
T: temperature, K. 
To: surface temperature, K. 
t: time, s. 
tp: pulse duration, s. 
x: distance to surface, m. 
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