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Abstract

This thesis addresses the challenges of State Estimation (SE) for linear systems under diverse noise
conditions, using both single and multi-sensor architectures. Traditional SE methods often assume
Gaussian noise, which can limit accuracy when this assumption does not hold. This work explores novel
filtering methods, leveraging Characteristic Functions (CFs) to handle non-Gaussian noise effectively.
We also investigate the Wasserstein Barycenter (WB) method. The WB-based approach addresses
challenges in integrating sensor data with diverse and inconsistent noise patterns, providing a more

reliable solution for SE.

We propose and analyze two hybrid approaches for SE, combining the strengths of CF filtering
and particle-based methods to address limitations of traditional Gaussian assumptions. The first uses
a Dirac-based approximation to discretize the CF, while the second employs Gaussian mixtures to
approximate the CF. Both approaches are evaluated under various noise scenarios, including Gaus-
sian, Gaussian mixture, and exponential noise, for single-sensor configurations. The proposed methods
are benchmarked against classical techniques such as the Kalman Filter (KF) and Particle Filter (PF).
Simulation results demonstrate that the hybrid CF-based filters offer robustness and accuracy in non-

Gaussian environments.

The second part of this thesis explores using WB for sensor fusion in multi-sensor systems. The
WB approach improves SE accuracy and reliability by integrating data from sensors with diverse noise
characteristics. This method provides a robust way to combine measurements while minimizing the im-

pact of inconsistent noise. The efficacy of the WB-based approach is demonstrated through simulations,



highlighting its advantages in scenarios with heterogeneous sensor noise.
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Resumo

A presente dissertagao aborda os desafios da estimacao de estado para sistemas lineares sob diversas
condicoes de ruido, utilizando arquiteturas de um Gnico sensor e multi-sensor. Os métodos tradicionais
de estimacao de estado frequentemente assumem ruido Gaussiano, o que pode limitar a precisao
quando essa suposigao falha. Este trabalho explora novos métodos de filtragem, usando fungoes car-
acteristicas para lidar de forma eficaz com ruidos nao-Gaussianos. Também foi investigado um método
baseado no baricentro de Wasserstein. Esta abordagem pretende resolver desafios na integracéo de
dados de sensores com padroes de ruido diversos e inconsistentes, proporcionando uma solugao mais

confiavel para estimagao de estado.

Propomos e analisamos duas abordagens hibridas para estimagao de estado, combinando as van-
tagens da filtragem por fungao caracteristica e métodos de particulas para abordar as limitagcdes das
suposicoes Gaussianas tradicionais. A primeira utiliza uma aproximagao baseada em Diracs para dis-
cretizar a fungao caracteristica, enquanto a segunda emprega misturas de Gaussianas para aproximar a
funcao caracteristica. Ambas as abordagens sao avaliadas em varios cenarios de ruido, incluindo ruido
Gaussiano, mistura Gaussiana e ruido exponencial, em configuracdes de sensor Unico. Os métodos
propostos sdo comparados com técnicas classicas, como o filtro de Kalman e o filtro de particulas.
Os resultados das simulagées demonstram que os filtros hibridos baseados em fungbes caracteristicas

oferecem robustez e precisdo em ambientes com ruido ndo-Gaussiano.

A segunda parte desta tese explora o uso do baricentro de Wasserstein para fusdo de sensores
em sistemas multi-sensores. A abordagem baseada no baricentro de Wasserstein melhora a precisao
e confiabilidade da estimagao de estado ao integrar dados de sensores com caracteristicas de ruido

diversas, minimizando as inconsisténcias. As simulagdes validam a eficacia desta abordagem, desta-



cando suas vantagens em cenarios com ruido heterogéneo.
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Multi-Agente; Filtro de Kalman; Filtro de Fungao Caracteristica.
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1.1 Motivation

State Estimation (SE) is a fundamental concept with broad applications across various engineering disci-
plines. In control systems, it is pivotal for feedback mechanisms that ensure system stability and optimal
performance. In robotics, SE is integral for critical tasks such as localization, mapping, and navigation.
Similarly, in signal processing, SE plays an essential role in noise filtering and the reconstruction of
signals from partial or corrupted data. While the concept is well-established, the increasing complexity
of modern systems, alongside advancements in big data and the Internet of Things, has elevated the
importance of SE. The growing proliferation of sensors has further amplified the demand for robust
and precise SE algorithms. For these algorithms to be applicable in real-time systems, they must also
demonstrate computational efficiency.

Traditional SE methods often rest on assumptions that may not hold in practical scenarios. For in-
stance, many established techniques assume Gaussian noise for mathematical tractability, even though
this assumption may not accurately reflect the actual noise characteristics. The Kalman Filter (KF) [1]
and its variants have long been the bedrock for SE in linear systems, offering optimal solutions under the
Gaussian noise assumption. However, these methods can experience significant degradation in estima-
tion accuracy under non-Gaussian noise conditions. The Extended Kalman Filter (EKF) and Unscented
Kalman Filter (UKF) [2, 3] were introduced to extend the applicability to nonlinear systems, but they still
depend on Gaussian noise assumptions, which might limit their efficacy in non-Gaussian environments.

Particle Filters (PFs) [4], which explicitly model non-Gaussian and nonlinear systems through sam-
pling, have emerged as powerful alternatives. Nevertheless, PFs encounter significant issues, such as
the curse of dimensionality and substantial computational costs, limiting their use in real-time applica-
tions with constrained resources.

Furthermore, most traditional methods are primarily designed for single-sensor systems and are of-
ten extended to centralized architectures where multiple sensors are integrated into a unified data source
for SE. However, centralized architectures are prone to single points of failure and may be impractical
in settings where sensors are geographically distributed. Distributed and decentralized sensor networks
provide a more resilient and scalable solution, but they introduce additional challenges in data fusion
and consensus algorithms.

The primary objective of this thesis is to explore the complexities and challenges of SE in linear
systems. This research problem is multifaceted and can be categorized based on two critical dimen-
sions: the type of noise affecting the system and the architecture used for SE. Specifically, the ar-
chitecture can be classified as either a Single Agent (SA) system, which typically involves a single
sensor, or a Multi-Agent (MA) system, which incorporates a network of sensors. The noise can be
Gaussian or non-Gaussian, resulting in four categories: Single Agent Gaussian Assumption (SA-GA),

Single Agent Non-Gaussian Assumption (SA-NGA), Multi-Agent Gaussian Assumption (MA-GA), and



Multi-Agent Non-Gaussian Assumption (MA-NGA).

In scenarios involving a single sensor with Gaussian noise (SA-GA), techniques such as the Kalman
Filter [1] have historically been the preferred approach. However, these techniques may not be robust
against deviations from Gaussian noise, leading to performance degradation when the noise charac-
teristics significantly diverge from Gaussian. When dealing with non-Gaussian noise in single-sensor
systems (SA-NGA), alternative approaches such as PFs [4], Characteristic Function (CF) Filters [5-7],
among others [8], are employed. While these methods can handle non-Gaussian noise, they tend to be
computationally demanding and may not be feasible for real-time applications.

Moving from single-sensor to multi-sensor systems adds new layers of complexity. In multi-sensor
systems with Gaussian noise (MA-GA), the problem extends beyond SE to include the challenge of
fusing data from multiple sensors. Centralized methods can be applied in these scenarios, but they may
lack efficiency and robustness, particularly in distributed or decentralized architectures ( [9—13]). Finally,
in multi-sensor systems with non-Gaussian noise (MA-NGA), the SE problem becomes substantially
more complex. The challenge of fusing data from multiple sensors is further worsened by the presence

of non-Gaussian noise characteristics [14—16].

1.2 Obijectives

The primary objectives of this thesis are to address key challenges in SE by:

» Characteristic Functions in Filters: Investigate the potential of CFs to enhance the performance
and robustness of filtering algorithms, particularly in scenarios where traditional assumptions, such

as Gaussian noise, do not hold.

+ Wasserstein Barycenter for Sensor Fusion: Explore the use of the Wasserstein Barycen-
ter (WB) as an innovative approach for sensor fusion, with the aim of improving the accuracy
and reliability of SE in multi-sensor systems, especially when sensors exhibit diverse noise char-

acteristics.

1.3 Thesis Outline

The remainder of this thesis is structured as follows:

» Chapter 2: This chapter addresses the challenge of SE in linear systems using a single sensor,
with a focus on both Gaussian and non-Gaussian noise assumptions. The chapter explores foun-
dational filtering techniques such as the KF, PF, and CF Filter. Special emphasis is placed on

the theoretical derivations of these methods, covering the prediction and update steps essential



for Bayesian filtering frameworks. Lastly, a novel Hybrid Filter is derived and simulation results are
presented to evaluate its performance under various noise distributions, including Gaussian and

non-Gaussian scenarios;

Chapter 3: This chapter focuses on the challenges and methodologies associated with state
estimation using a network of multiple sensors. It begins by examining multi-sensor SE under the
Gaussian noise assumption, introducing distributed sensor fusion techniques based on average
consensus and distributed Kalman filtering (DKF). Furthermore, it explores state estimation under
non-Gaussian noise assumptions, with methods such as Distributed State Estimation based on the
Kullback—Leibler (KL) average. Finally, the chapter delves into advanced sensor fusion techniques

using the WB framework, emphasizing its applicability in centralized sensor networks;

Chapter 4: The final chapter summarizes the key contributions of the thesis and proposes direc-

tions for future research.



Single Sensor State Estimation

Contents
21 RelatedWork . . . . . . . o o o e e e e e e e e 6
2.2 Single Sensor Problem . . . . . . ... . ... e e e e e 10
2.3 Background Technical Details . . . . . ... ... ... ... 11
2.4 Proposed Approach . . . . . . . v v i ittt e e e e e s 18
2.5 Experimental Resultsand Discussion . ... ... .. ... ... . ... 27




Chapter 2 provides an in-depth exploration of the challenges and methodologies associated with SE
in linear systems utilizing a single sensor. The primary objective is to estimate the system state based
on noisy observations, considering both Gaussian and non-Gaussian noise environments. Various fil-
tering techniques, such as the KF, PF, and the CF Filter, are thoroughly examined. The efficacy of these
approaches is demonstrated through rigorous theoretical formulations complemented by simulation re-

sults.

2.1 Related Work

This section aims to provide a comprehensive overview of the existing literature and methodologies in

the field of single sensor SE. It also investigates the practical applications of CFs in filtering.

2.1.1 Bayes Filter

To address the problem of SE within linear systems, it is essential to first discuss the fundamental
framework that enables optimal filtering: the Bayes Filter. This filter forms the foundational basis for both
SA and MA state estimation under Gaussian and non-Gaussian noise assumptions.

Bayesian filtering revolves around the probabilistic interpretation of states based on the available
data. Given a system model and a sequence of observations, the objective is to estimate the sequence
of states that is most likely to have produced the observed data. The Bayes Filter's formulation is

structured around two fundamental steps: prediction and update.

* Prediction Step: In this step, the current belief regarding the system’s state is extended into the
future based on the system model. It involves forecasting the state at the next time step, taking

into account the known dynamics of the system as well as prior knowledge of the state.

» Update Step: This step incorporates new observational data into the predicted state, refining the
estimate based on actual measurements. The state estimate is adjusted by comparing the newly

observed data to the predicted values, thereby improving the accuracy of the state estimate.

The Bayes Filter is inherently recursive, continually refining predictions and updates as new infor-
mation becomes available. It is also crucial to emphasize the Markov assumption, which serves as a
foundational premise for the filter's operation. According to this assumption, the state at any given time ¢
depends solely on the state at the previous time ¢ — 1, and is conditionally independent of all preceding

states.



2.1.2 Single Sensor Gaussian Assumption

In this subsection, we examine the problem of Single Sensor SE under the Gaussian Assumption

(SA-GA), presenting one of the major contributions to this field.

2.1.2.A Kalman Filter

The KF [1] represents a seminal contribution to the field. Introduced by R.E. Kalman in 1960, the
KF serves as the cornerstone for SE in linear systems affected by Gaussian noise. The algorithm
provides an optimal solution under the assumptions of system linearity and Gaussian noise, balancing
computational efficiency with estimation accuracy.

Like the Bayes Filter, the KF employs a two-step process: prediction and update. However, the KF
leverages the linearity and Gaussian noise assumptions to simplify these steps into matrix operations,

thereby significantly enhancing computational efficiency.

 Prediction Step: This step propagates the current state estimate forward in time using the sys-
tem’s model. This propagation accounts for any known control input and incorporates uncertainty
in the process via the process noise covariance matrix. The outcome is an a priori estimate of the

state at the next time step.

» Update Step: In this step, the a priori estimate is refined by incorporating the new measurement.
This involves adjusting the predicted state based on the residual, which quantifies the difference
between the predicted and observed values. The residual is then used to update the state es-
timate, with the Kalman Gain serving as a key component that determines the relative weight

assigned to the new measurement versus the prediction.

The matrix operations used in the KF not only reduce computational complexity but also provide an
optimal solution under the Gaussian noise assumption. However, it is important to note that while the
KF delivers optimal solutions under conditions of linearity and Gaussian noise, it becomes vulnerable
when these assumptions are violated. Extensions such as the EKF and UKF [2,3] have been developed

to address nonlinearities while maintaining the Gaussian noise assumption.

2.1.3 Single Sensor Non-Gaussian Assumption

In the domain of SE for linear systems, the SA-NGA presents a unique set of challenges that are not
adequately addressed by conventional Gaussian-based methods. Consequently, this subsection aims

to explore advanced methodologies that effectively tackle these challenges.



2.1.3.A Particle Filter

The PF [4] offers a powerful approach for state estimation in systems characterized by nonlinear dy-
namics and non-Gaussian noise distributions. It approximates the posterior Probability Density Func-
tion (PDF) through a collection of weighted samples, commonly referred to as particles.

The filter operates through a sequence of well-defined steps, each contributing to the overall state

estimation process:

+ Initialization: The initial step involves generating a set of particles (samples) that represent possi-
ble states of the system. Each particle is considered a hypothesis of the true state and is initialized
based on the prior distribution, which reflects the initial knowledge or belief about the system’s

state before any measurements are obtained.

» Prediction: Each particle is propagated forward in time according to the system model. This
prediction step incorporates the system’s process model, including any control inputs and the

inherent uncertainties, leading to a diverse set of predicted states.

» Weight Update and Normalization: In this step, each particle is assigned a weight that quantifies
how well it aligns with the newly acquired measurement data. The weight represents the likelihood
of the observed data given the state hypothesis represented by the particle. These weights are

then normalized to ensure that their sum equals one.

+ Resampling: Resampling is a critical step to mitigate particle degeneracy, a situation where many
particles acquire negligible weights over time. During resampling, particles with higher weights
are more likely to be selected to form the next generation, while particles with lower weights are

discarded.

Although PFs are highly versatile and capable of managing complex nonlinear and non-Gaussian
systems, they come with substantial computational costs. Thus, there is an inherent trade-off between

estimation accuracy and computational efficiency.

2.1.3.B Gaussian Mixture Filter

The Gaussian Mixture Filter (GMF) [8] extends Bayesian estimation principles to state-space systems
operating under non-Gaussian noise conditions by utilizing Gaussian Mixture Models (GMMs).

The GMF operates through the familiar two-step prediction and update process. During the prediction
step, the GMF estimates the state at the subsequent time step by applying system dynamics, while the
update step refines this prediction based on the latest sensor measurements.

A fundamental aspect of the GMF is the Gaussian mixture reduction technique [17], which employs

KL divergence to efficiently merge components of the Gaussian mixtures. This method ensures the



integrity of the statistical model while addressing computational challenges arising from the exponential
growth of mixture components during the estimation process.

The prediction and update steps in GMF are conceptually analogous to those of the KF, but here
they are applied to each component of the GMM. Following each prediction or update, a GMM reduction
algorithm is employed to maintain computational tractability. This algorithm deterministically combines
pairs of mixture components to form a reduced mixture, continuing iteratively until a predefined KL
divergence threshold is surpassed, which signifies an acceptable level of information loss. This ensures

that the essential features of the PDF are preserved while reducing the computational complexity.

2.1.3.C Characteristic Function Filter

In the context of SE for linear systems, CFs emerge as a compelling tool due to their ability to simplify
complex operations, such as convolution, by transforming them into straightforward multiplications in the
frequency domain.

CFs are essentially the Fourier transform of PDFs, providing a representation in the frequency do-
main that encapsulates all the integral properties of the distribution. Their utility in filtering is particularly
advantageous under non-Gaussian noise conditions, as CFs provide an alternative and more tractable
representation of PDFs, enabling efficient execution of critical filtering operations like convolution.

The CF Filter employs the same two-step recursive process as the Bayesian framework, but with
a key distinction: the use of CFs instead of PDFs. Foundational work on this method is documented
in [5, 6], with a comprehensive formulation provided in [5]. In the prediction step within this transformed
domain, the process is reduced to a multiplication of the CF representing the current belief (prior) and
the CF characterizing the transition model. The transition model's CF arises solely from the disturbances
acting on the system.

Conversely, the update step takes the form of a convolution, suggesting that the CF Filter is concep-
tually similar to the Bayes Filter, with the convolution operation occurring in the update step rather than
in the prediction step as in the Bayes Filter.

The application presented in [6] addresses scenarios where only state propagation via the transition
model is necessary, i.e., only the prediction step is performed. This approach is beneficial in cases where
there are no observational data available, as the prediction step is merely a multiplication operation in
the frequency domain.

To manage the convolution during the update step, the framework introduced in [7] is employed.
Following the prediction step, the inverse fast Fourier transform is used to revert back to the time do-
main, facilitating the update step. Subsequently, the fast Fourier transform is reapplied to return to the
frequency domain for the subsequent prediction. This iterative process allows the CF Filter to perform

recursive state estimation with enhanced computational efficiency.



2.2 Single Sensor Problem

The purpose of this section is to present a rigorous mathematical formulation of the state estimation

problem addressed in this work from the perspective of a single sensor.

The task of SE in a single-sensor context, here termed the single sensor problem, involves estimating
the state of a dynamic system based on observations collected by a solitary sensor. Specifically, the
objective is to accurately infer the system state, denoted as x;, at each time step given a sequence of
observations z1, zs, ..., 2z obtained from the sensor. The fundamental aim is to construct an estimator
that can effectively handle noisy, and potentially incomplete, observations to yield the most accurate

estimate, i, of the true system state.

This problem is formulated using the following state-space model, which comprises two fundamental

equations: the state equation and the observation equation.

+ State Equation: Equation 2.1 describes the temporal evolution of the state. Here, x; € R™ repre-
sents the state vector at time ¢, encapsulating the true underlying state of the system. The matrix
A € R™*" is the state transition matrix that governs the evolution of the state between consecutive
time steps. The matrix B € R"*¢ is the control input matrix, which maps the control input w; to
the state space. The control input vector u; € R? represents any external influences at time .
Lastly, d; ~ D(«) denotes the process noise vector, where D(«) represents a general distribution
D parameterized by «.

ry = Axy_q1 + Buy + d; (2.1)

» Observation Equation: Equation 2.2 relates the state of the system to the measurements col-
lected by the sensor. In this equation, z; € RP represents the observation or measurement vector
at time ¢, encapsulating the information obtained by the sensor. The matrix H € RP*™ is the ob-
servation matrix, which maps the state space to the observation space. The measurement noise
vector v; ~ D(#), analogous to the process noise, is drawn from a distribution D parameterized by
6.

2zt = Hxy + vy (2.2)

The problem setup operates under several key assumptions. First, linearity is assumed in both the
state and observation equations, ensuring that each equation is linear with respect to its respective
variables. Second, the system is assumed to be time-invariant, meaning that the matrices A, B, and
H are constant over time. Additionally, these matrices are assumed to be known a priori, and the pair
(A, H) is considered to be observable. Lastly, the noise vectors d; and v; are presumed to be mutually

independent and drawn from known distributions.
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2.3 Background Technical Details

Section 2.3 delves into the technical specifics and mathematical formulations underpinning the method-

ologies discussed in Section 2.1.

2.3.1 Bayes Filter

As previously introduced, the Bayesian Filter is formulated around two fundamental steps: prediction

and update.

 Prediction Step: This step propagates the prior belief about the system’s state forward in time,
integrating the system’s dynamics and the associated uncertainties. Mathematically, it is repre-

sented as:

p($t|21:t71) = /P(l't\xtq) 'p(xt71|21:t71)d$t71 (2-3)

Here, x; denotes the state at time ¢, z1.;_1 represents the sequence of observations up to time
t—1, p(a¢|x:—1) is the transition model that describes the system’s dynamics, and p(z;—1|21.t—1) iS

the prior state estimate at time ¢ — 1.

» Update Step: This step refines the prediction by incorporating the latest observation at time ¢. It
adjusts the state probability based on the likelihood of the new observation given the predicted

state:

(ze|my) - p(xe]21:0—1) (2.4)
p(zt|zl:t—1)

p(ivt\zht) = b

In this expression, z; is the new observation at time ¢, p(z:|z;) represents the likelihood of the
observation given the current state, and p(z:|z1.:—1) serves as the normalization factor, ensuring

that the posterior distribution remains a valid probability distribution.

The Markov assumption, previously discussed as a key premise, can be expressed mathematically
as:
p(l‘t\l‘t—la Ty 9,...,20) = p($t|$t—1) (2.5)
where x; denotes the state at time ¢.
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2.3.2 Single Sensor Gaussian Assumption
2.3.2.A Kalman Filter

The KF operates on the principle of recursive Bayesian estimation, employing a two-step process: pre-

diction and update. The mathematical formulation of these steps is as follows:

« Prediction Step: Let #,,_; € R™ denote the a priori state estimate at time ¢, based on all available
information up to time ¢ — 1. The matrix A € R"*" is the state transition matrix, and Z,_;;_; € R"
is the a posteriori state estimate at time ¢t — 1. The matrix B € R"*™ is the control input matrix,
and u; € R? represents the control input at time ¢. Furthermore, P,y € R"*" is the a priori error
covariance matrix, and @ € R"*" is the process noise covariance matrix. The prediction equations

are given by:

Zypo1 = A%y _qp1 + Buy (2.6)

Py :Apt—l\t—lAT +Q. (2.7)

These equations propagate the current state estimate and its associated uncertainty forward in

time, incorporating system dynamics and the effects of control inputs.

+ Update Step: Define the following variables: #,, € R" as the a posteriori state estimate at time
t, K; € R"*P as the Kalman gain, z; € RP as the measurement at time ¢, and H € RP*™ as
the observation model matrix. The measurement noise covariance is denoted by R € RP*P, and

P, € R™*" is the a posteriori error covariance matrix. The update equations are:

Byp = Tejp—1 + Ki(ze — Hiye—1) (2.8)
Ky =Py H (HPy_H' +R)™" (2.9)
Pt‘t == (I — KtH)Ptltfl (210)

The Kalman gain K; determines the weight given to the new measurement in updating the state
estimate. The equations adjust the predicted state estimate and error covariance to refine the

estimate based on the latest available measurement.

In these equations, n represents the state dimension, m denotes the dimensionality of the control

input, p is the dimensionality of the measurement, and I is the identity matrix of appropriate dimensions.
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2.3.3 Single Sensor Non-Gaussian Assumption
2.3.3.A Particle Filter

The PF provides an effective solution for state estimation in non-Gaussian and nonlinear contexts by
employing a sequence of steps, each contributing uniquely to the estimation process. Let x§i> e R"”
represent the state of particle i at time ¢, v, € R? the control input at time ¢, z, € R? the measurement at
time ¢, and wt“) € R the weights reflecting the importance of each particle in representing the posterior

distribution.

- Initialization: Initialize N particles {xff)} from the prior distribution p(xy). Each particle xgi) is

assigned an initial weight wf)i), typically set to +:

2~ p(wg), i=1,...,N 2.11)

* Prediction: Predict the next state for each particle using the process model:

L,EL) Np(xt|x§i)1,ut) (2.12)

This step advances each particle according to the system’s dynamics, incorporating control inputs

and process noise.

- Weight Update and Normalization: Upon receiving a new measurement z, the weight w!” of
each particle is updated based on the likelihood p(zt|x§i)). Weights are subsequently normalized

such that their sum equals one:

wt(.,it)mnorm = wgi_)1p(2t|$§i)) (2.13)
‘ ()
wil) _ wt,unnorm (2.14)

N ()
Zj:l Wi unnorm

This step evaluates how well each particle explains the observed data and adjusts the weights

accordingly.

* Resampling: Resample N particles {xf)/} based on the normalized weights {wt(i)}:

N
xz(f) ~ Zwt(j)ﬂxy) —argj)) (2.15)
=1

where 4(-) is the Dirac delta function.
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Resampling addresses particle degeneracy by favoring particles with higher weights, thereby en-

suring an adequate representation of the posterior distribution.

2.3.3.B Gaussian Mixture Filter

The GMF leverages GMMs to estimate the state of a system from noisy observations. This estimation
process is executed through iterative prediction and update steps, applied to each component of the
GMM.

Considering the Bayesian filtering framework and state-space systems represented by a GMM, the

prior distribution can be described as follows:

Za/\/ o3 b, Py Zaz—l (2.16)

i=1

The process model is expressed in the form:

N Ng
ploc| @) =D BN (v dwe +d, Q) D8 =1. (2.17)
j=1 Jj=1
The measurement model is similarly represented as:
N, N.
pla|2) =Y AN (25 Cae +0f RE) . Y Ak =1 (2.18)
k=1 k=1

In the above equations, N (x; i, P) denotes a standard multivariate Gaussian distribution. The mean
offset terms ! and v} facilitate the inclusion of input signals, such as control inputs or noise.

Assuming we have a predicted mixture available, it can be expressed as:

Nijt—1
¢ ~0 ‘
Pl za1) = Y wi N (It%xt|t—1vpt|t—1) ;
2.19
Nijt—1 ( )
¢
Z wtltfl =1.
=1

Note that the prior distribution in Equation 2.16 is already in this form at ¢t = 1. Now, considering the
measurement update step given in Equation 2.4, this can be extended into the current GMM context as

follows:

Nijt-1 N,

p (2t | 21:¢) E E wt‘t 1%

=1 k=1

zt;Cxt +vf,Rf)
P (2| 21:4—1)

N (xt;ff‘tfl,Pf‘tfl) . (2.20)
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Due to the linear Gaussian structure, this expression can be reformulated as:

Nyt Nyje
) s s _
(x| z1:4) g wtlt (mt,xt‘t,Pﬂt) , g wy), =1, (2.21)
s=1

where foreach k =1,...,N;and £ =1,..., Ny,_4, it holds that:

Nijp = Nyjp—1 N, (2.22)
SEN(—1)+k (2.23)
Ty, = Ty + Kl (2.24)
ef =z — Oy, — vf (2.25)
S =CPf,_,(C)" +Rf (2.26)
K; =Pf,_,C ()™ (2.27)
= Pl — K% (k)" (2.28)
wi), = ZNzltwm (2.29)
Wy = Wiy Ve (2.30)

With this filtering distribution established, we can proceed to the prediction step as described in
Equation 2.3, which is expressed in the GMM context as:
Nyt N,
Pl z) =3 wi, B /N we; Az —|—ut7Qt) (xt@;t,P;,t) dz, (2.31)

s=1 j=1

again, due to the linear Gaussian densities involved, we can express this predicted mixture via

Nijape Nipae
p(xe | 21) Z wt+1|t (xt;ft+ 1] t£7Pt+ 1] te) ’ Z wf—&-l\t =1, (2.32)
where foreachs=1,..., N,y and j =1,..., N,, we have:
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Nyt = Nyt Na, (2.33)

(2 N(s—1)+7, (2.34)

Tt+ 1|t = AZt | t° +ud, (2.35)
Pt£+1\t =A ts\tAT +Q7, (2.36)
Wiy = w551 (2.37)

Thus, we return to the initial assumption given in Equation 2.19, now at one time step ahead, enabling
the recursive procedure to continue.

Upon completing the prediction and update steps, the GMM reduction algorithm is employed to
merge components and maintain manageable model complexity. The main goal of this reduction process

is to reduce a GMM of the form:

N N
m(x) = Zwm(x), m =N (z; i, ), Zwi =1, (2.38)
i=1 i=1

to a new mixture model with fewer components. This is achieved by defining a merging function that

combines different components:

f(mi(@), mj(2)) = wiiN (z; pij, Pij) (2.39)

Here, f represents the merging function for two components ;(z) and =;(z), where w;; is the com-
bined weight, p;; is the combined mean, and P;; is the combined covariance. These parameters are

computed as follows:

wiy = wi + w; (2.40)
w
frij = ——pi + —Lp; (2.41)
ij Wij
Pyj= =Pt Py o (s — pag) (i = 1) | (2.42)
ij i ij

The GMM reduction process proceeds by iteratively merging pairs of components. To guide the
merging, a bound on the KL divergence is used to quantify the information loss that occurs when two
components are merged. This bound is denoted as B(i, j) and is defined for the merging of the i-th and

j-th components as:

. 1
B(i,j) & 5 [wij log | Pij| — w; log | P;| — w; log | P|] (2.43)
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Here, | - | represents the determinant of a matrix. The primary purpose of B(i, j) is to identify the
pair of components whose merging results in the smallest increase in the KL divergence value, thereby
minimizing the overall information loss in the mixture. For a full derivation of this bound, refer to Section
Vlof [17].

It is worth noting that B(i,j) = B(j,i) and B(i,i) = 0, which simplifies the search for the optimal pair
of components to merge by reducing the evaluations to 2N (N — 1) combinations, where N represents

the number of components in the mixture prior to reduction.

2.3.3.C Characteristic Function Filter

Characteristic functions (CFs) are essential tools for analyzing the behavior of random variables and their
associated probability distributions. They are particularly advantageous in state estimation problems for
systems influenced by non-Gaussian noise. The CF of a random variable X, denoted as ¢x (v), provides
a complete characterization of its probability distribution and is defined as the expected value of eV’ x,
where i represents the imaginary unit, v is a vector in R", and fx(x) is the probability density function
(PDF) of the random variable X:

E[ei’;x] = /n e“’Txfx(x)dx. (2.44)

The CF filter operates in two main phases: the prediction step and the update step.

 Prediction Step: In the prediction step, given the characteristic function of the un-normalized
posterior PDF after the measurement update, denoted as 95XH\ZH (v), the aim is to compute its
propagated version, ¢, |z, , (v), after applying the time propagation model described by Equation
2.45:

= Axy 1 + dy (2.45)

bx,12, (V) =bx, 7., (ATV) ép (V) (2.46)

This equation demonstrates how the characteristic function is updated to account for the influence

of the system dynamics and process noise.

» Update Step: For the update step, given the measurement model as described in Equation 2.47:

Zt = Hl‘t =+ v (247)
the updated characteristic function can be expressed as:
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bz (V) = ﬁ /E Gz, (v — HTE) by (&) =g (2.48)

This integral represents the fusion of the propagated state estimate with the new measurement,

while appropriately incorporating the measurement noise through its characteristic function.

In the above equations, =, € R™ represents the system state vector at time ¢, and z; € RP? is the cor-
responding measurement vector. The matrices A € R"*"™ and H € RP*" are known system parameters
that describe the state transition and observation models, respectively. The vector-valued process noise
d; € R" is characterized by its characteristic function ¢p (v4), where v4; € R™. Similarly, the measure-
ment noise v; € RP is described by its characteristic function ¢y (v,), with v, € RP. The variable £ € R?

serves as an integration variable in the update step.

2.4 Proposed Approach

This section aims to present two novel approaches to address the single sensor state estimation problem

outlined in Section 2.2.

2.4.1 Hybrid Filter

To motivate the need for a Hybrid Filter, we begin by examining the computational challenges inherent in
Bayesian filtering frameworks. As previously discussed, the Bayes Filter operates via two fundamental
steps: prediction and update. Where the prediction step involves evaluating a convolution integral, which
can become computationally demanding, particularly for real-time applications. One potential solution
to mitigate this challenge is to employ the CF filter framework. Here, by transitioning to the frequency
domain, the convolution integral in the prediction step simplifies to a multiplication operation, as per the
convolution theorem.

However, while the CF framework alleviates computational difficulties in the prediction step, it intro-
duces a convolution operation in the update step, effectively shifting the computational burden from the
prediction to the update. This highlights the trade-offs associated with filtering operations in the time
versus frequency domains.

To address these challenges, we propose a Hybrid Filter that capitalizes on the strengths of both
the Bayesian and CF filtering frameworks. The goal is to circumvent the computational limitations of
each individual approach by selectively transitioning between the time and frequency domains, while
avoiding the overhead associated with repeatedly calculating Fourier transforms and their inverses at
every time step. Consequently, the Hybrid Filter provides a balanced solution for SE, particularly in

situations involving non-Gaussian noise.
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The Hybrid Filter serves as the foundation for the two proposed approaches that will be discussed
subsequently. It is therefore essential to first introduce the Hybrid Filter concept before delving into
specific details of those methods. Similar to conventional filtering frameworks, the Hybrid Filter operates
in two main phases: prediction and update.

To leverage the advantages of the CF Filter, the Hybrid Filter adopts the prediction step of the CF Fil-
ter. This approach is motivated by the ease of handling convolution operations in the frequency domain,
where these operations become straightforward multiplications of characteristic functions. However, for
the update step, the Hybrid Filter employs the update procedure from the PF. The motivation behind this
choice will be clarified in subsequent sections, but it primarily relates to the PF’s robustness in managing
non-Gaussian noise.

The innovation of the Hybrid Filter lies in its ability to transition efficiently between the frequency
and time domains. This transition step is designed to approximate the actual CF using a known CF,
thereby simplifying the conversion back to the time domain. For instance, given an arbitrary CF, it can
be approximated using the CF of a Gaussian distribution. Since the CF of a Gaussian has a well-known
functional form, this reduces the complexity to solving an optimization problem aimed at identifying the
parameters of the Gaussian distribution that best approximate the original CF.

Once these parameters are determined, both the characteristic function in the frequency domain and
the corresponding PDF in the time domain can be obtained. Mathematically, this approximation can be

expressed as follows:

mein /M,(y) — dapprox. (¥, 9)|2 dv (2.49)
s.t

constraints dependent on known CF

where ¢ and ¢approx. are the actual and approximated (known) characteristic functions, respectively, v
is a vector in R™, and @ is the parameter vector whose dimension depends on the specific form of the
approximating CF.

This optimization problem is flexible, particularly in terms of its constraints, which depend on the

nature of the known CF.

2.4.2 Hybrid Filter via Dirac Approximation

The Hybrid Filter via Dirac Approximation extends the Hybrid Filter concept by incorporating a discrete
approximation of PDFs, derived from their corresponding CFs. Recalling Equation 2.44, the CF of
a probability distribution is expressed as an expected value over kernel functions of the form eiv'x,
This representation implies that the CF can be viewed as a weighted sum of these exponential kernel

functions. Consequently, the integral defining the CF can be discretized as:
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N
sv) =Y pre™ X (2.50)
k=1

where there are N points xy, representing discretized values of the variable X, and p;, are weights cor-
responding to the probabilities at these points. This approximation transforms the integral into a finite
sum, thereby facilitating numerical computation. Here, e ' *x corresponds to the CF of a Dirac distribu-
tion centered at xy, effectively approximating the original PDF by a weighted sum of Dirac distributions,
resulting in a discretized PDF.

To derive the discretized PDF, we establish an optimization problem that aims to align the discrete
approximation of the CF with the actual CF. The objective is to minimize the squared L2-norm of the

difference between the actual CF and its approximation, formulated as follows:

2
dv

N
min [ o) = 3 e
Pk 1
N

s.t. Zpk =1
k=1

pr>0 forallk=1,...,N.

(2.51)

This minimization problem adjusts the weights p; to ensure that the approximation closely matches
the actual CF. Constraints are imposed to guarantee that the weights p, form a valid probability distri-
bution.

From a computational perspective, this optimization problem can be effectively solved by discretizing
the integral over a grid of points v, converting the continuous integral into a summation over these grid
points (Equation 2.52). This transformation reduces the problem to a constrained linear least squares
problem, where the objective is to determine the weights p, that best fit the discrete version of the
CF approximation to the actual CF at these grid points. The constraints are critical to preserving the

probabilistic interpretation of the PDF.

M 2

N
T
min E o(vy) — E prerr X
Pk
k=1

=1

N
st. Y pe=1
k=1

pr >0 foralk=1,...,N.

(2.52)

When solving this problem, careful consideration must be given to the intervals over which the dis-
cretizations are made, a challenge common to both the time and frequency domains. To address this,

we first introduce the concept of moments.

In statistical analysis and probability theory, moments are critical quantitative measures that describe
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the shape characteristics of a probability distribution. While the first and second moments (mean and
variance, respectively) are commonly used to characterize central tendency and dispersion, higher-order
moments, such as skewness and kurtosis, provide deeper insights into the asymmetry and tail behavior
of the distribution. Here, we demonstrate how to compute the mean p and covariance matrix 3 of a

random vector X from the CF ¢x (v):

= i doxv) (2.53)
v |,_,

Y= % —pp’ (2.54)
v v=0

To determine the interval of discretization over X, we utilize the moment information contained in
the original CF. Specifically, we extract the first and second moments using Equations 2.53 and 2.54,

respectively. Then, we calculate the interval I; for each dimension j of the grid as follows:

I = [uj — 3557 i+ 3.52@] : (2.55)

B

The discretization intervals over v are determined using an approximation based on the CF of a zero-
mean Gaussian distribution. Given that the significant portion of the CF is within the range where its
magnitude is non-negligible, we set a threshold ¢ to define this effective range. Assuming a zero-mean

v sy

Gaussian CF, the magnitude decays as e~ 2 , where X is the covariance matrix. The threshold is set

where the magnitude of the CF approximates zero:

vy

e” 2 <e (2.56)

Taking the logarithm of both sides and solving for v, we obtain:

€

1
v Yv > 2log ( ) (2.57)
For each dimension j, we approximate the range of v; by considering only the diagonal elements ; ;,

simplifying the expression to:

(2.58)

This approximation provides a practical means of selecting discretization intervals over v that are ex-
pected to capture the essential behavior of the CF for the purpose of estimating the PDF. Once these
intervals are determined, uniform random sampling is employed to generate the N points x, and the M
points v;.

Following this approximation, we obtain a discretized representation of the PDF, which corresponds
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to particles within the PF framework. This is where the PF update step becomes particularly useful,
as it can now operate on these particles. After completing this step, it is possible to transition back
to the frequency domain by incorporating the updated particles and their associated weights into the
CF expression, as shown in Equation 2.50, substituting the x,. and p; values accordingly. Thus, a full

iteration of the Hybrid Filter via Dirac Approximation is completed.

2.4.2.A Examples

Some examples of the results obtained for the approximations of different PDFs by their CFs, using the

method described in the previous Sub-section, are presented below.
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Figure 2.1: Gaussian PDF, approximation on the left and real PDF on the right.
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Figure 2.3: Gaussian Mixture PDF, approximation on the left and real PDF on the right.
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Figure 2.5: Exponential PDF, approximation on the left and real PDF on the right.
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Real Part of the CF of 2D Exponential Distribution and its Approximation

Imaginary Part of the CF of 2D Exponential Distribution and its Approximation

Figure 2.6: Real and approximated CF’s of exponential random variable.

2.4.3 Hybrid Filter via Gaussian Mixture Approximation

Building on the foundational concept of the Hybrid Filter, this method introduces an approximation utiliz-
ing Gaussian kernels rather than Dirac kernels. The resulting approach approximates the PDF through
a mixture of Gaussian components, which corresponds to the characteristic function (CF) of a Gaussian
Mixture Model (GMM).

The CF of a Gaussian distribution centered at p with covariance X is given by:

PGaussian (V) = e He—%u B, (2.59)

Thus, the CF of a GMM can be expressed as a weighted sum of the individual CFs of its Gaussian
components. Given that any arbitrary distribution can be effectively approximated by a GMM with a
sufficient number of Gaussian components, the approximation of the original CF can be represented as

follows:

N

ov) ~ ) pre Brem i B (2.60)
k=1

where N is the number of Gaussian components, ;. and ¥ are the mean vector and covariance
matrix of the k-th Gaussian, and p, are the corresponding weights.

To approximate the PDF, we formulate a minimization problem akin to the Dirac approximation ap-

25



proach. Here, the objective is to minimize the squared L2-norm of the difference between the actual CF

and its Gaussian mixture approximation:

2

N
min / ¢(V) o ZpkeiUTﬂk 6_%VT21€U dv
Pl My, Sk pt
N
st. > pr=1 (2.61)
k=1

pr >0 forallk=1,...,N,

3p>=0 forallk=1,...,N.

The constraints ensure that the weights p;, form a valid GMM and that the covariance matrices X
are positive definite. This optimization problem is inherently more challenging than the Dirac-based
approach, as it requires solving for not only the weights py, but also the parameters u,, and 3. for each
Gaussian component.

In practice, solving this optimization problem involves discretizing the domain v into grid points and
transforming the continuous integral into a finite summation over these points (see Equation 2.62). This
transformation reduces the problem to a constrained non-linear optimization, which can be addressed

using standard numerical methods, such as gradient-based approaches.

2

M N
. iv T _1l, T o
min v)) — eVt Prem 2V kM
N TR o
N
st. > pr=1 (2.62)
k=1

pe >0 forallk=1,...,N,

¥p =0 forallk=1,...,N.

Furthermore, we can leverage the moments of the CF to guide the initialization of the Gaussian
parameters. The mean vector p and covariance matrix X of the underlying distribution can be directly

derived from the CF using Equations 2.53 and 2.54.

Similar to the Dirac-based approach, these moments can be used to define the discretization inter-
vals (Equations 2.55 and 2.58), providing the ranges needed to generate the N points x, and the M
points v; via uniform random sampling.

Once the Gaussian mixture approximation is established, we proceed by sampling from it to obtain a
discretized representation of the PDF. This discretized representation is then utilized in the PF update
step. Following the update, we transition back to the frequency domain using the same procedure as in
the Dirac-based approach, thereby completing a full iteration of the Hybrid Filter via Gaussian Mixture

Approximation.
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2.5 Experimental Results and Discussion

This section presents the results of simulations conducted to evaluate the single sensor problem, focus-
ing on the application of the Hybrid Filter. The simulations are detailed in Subsection 2.5.1, followed by

a discussion of the results in Subsection 2.5.2.

2.5.1 Simulation

This subsection outlines the simulations conducted to evaluate the performance of the proposed Hybrid
Filter in the single-sensor problem context. The primary objective is to estimate the position of a vehicle
undergoing a random walk, modeled using discrete double integrator dynamics with a sampling time of
Ts = 0.1s. These simulations are designed to assess the filter’s effectiveness under various assumptions
regarding the input and observation noise distributions.

In all simulations, the state-space model used aligns with that defined in the problem formulation
(Equations 2.1 and 2.2), with one notable difference: no external disturbance d; is considered. Instead,
at each time step, the control input u; is sampled from either a Gaussian distribution or a GMM with
two or three components. The observation model remains consistent across all simulations, with the

observation matrix H defined as:

1 0 00
01 00
HiOOlO
00 01

The observation noise v; is sampled from one of three distributions: a Gaussian distribution, a Gaus-
sian mixture, or an exponential distribution. These variations in both process and observation noise
provide a comprehensive testbed for evaluating the Hybrid Filter under diverse noise scenarios.

The aim of each simulation is to estimate the position of the vehicle as it undergoes a random walk.
Since the initial state of the vehicle is not precisely known, it is modeled as a zero-mean Gaussian
distribution. Both the Dirac-based and Gaussian Mixture approaches of the Hybrid Filter were tested
across all combinations of random walks (Gaussian or GMM) and observation noise types (Gaussian,

GMM, and exponential). Consequently, nine distinct scenarios were evaluated:

+ Gaussian walk with Gaussian noise. + GMM (2 peaks) walk with GMM noise.

» Gaussian walk with exponential noise.
P + GMM (8 peaks) walk with Gaussian noise.

« Gaussian walk with GMM noise.

) ) ) + GMM (3 peaks) walk with exponential noise.
+ GMM (2 peaks) walk with Gaussian noise.

+ GMM (2 peaks) walk with exponential noise. + GMM (3 peaks) walk with GMM noise.
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For each of these scenarios, the Dirac approach was tested with different numbers of particles, while
the Gaussian Mixture approach varied the number of Gaussian components in the mixture, keeping the
particle count fixed at 256.

To provide a benchmark, both the KF and PF were used as comparative methods. The KF represents
an optimal solution under the Gaussian assumption, while the PF was configured with the same number
of particles as the Hybrid Filter to ensure a fair comparison.

The filters were evaluated over 50 independent runs, each consisting of 150 time steps. In each run,
the vehicle’s initial velocity was setto [ 0 0 ]T, while its initial position was uniformly sampled within
the square defined by vertices at (-8, —8), (-8, —10), (—10,—10), and (—10, —8). During each run, the
type of random walk and observation noise remained fixed, allowing for a controlled assessment of filter
performance under specific conditions.

The performance of each filter was evaluated using two key metrics: cumulative Root Mean Square
Error (RMSE) over the 150 time steps to assess estimation accuracy, and the trace of the covariance
matrix to evaluate the uncertainty associated with the estimates at each time step.

These simulations provide a rigorous framework for assessing the Hybrid Filter’s capabilities under
varying noise conditions. By comparing the performance of the Hybrid Filter with that of the KF and PF,
the robustness of the proposed approach in both Gaussian and non-Gaussian noise environments is
demonstrated. The results, presented in the following subsection, provide insights into the effectiveness

of both the Dirac and Gaussian Mixture approaches.

2.5.2 Results

In this subsection, we present and discuss the results obtained for the Hybrid Filter using both the Dirac

and Gaussian Mixture approaches. For simplicity, we refer to the Hybrid Filter as the CF Filter.

2.5.2.A Hybrid Filter via Dirac Approximation

For the Dirac approximation approach, the nine distinct scenarios were tested with different numbers of
particles—specifically, 256, 625, and 1296—resulting in a total of 27 simulations. Here, we present and
discuss only the most pertinent results.

The performance of the CF Filter in the Gaussian walk with Gaussian noise scenario is illustrated in
Figure 2.7. The first three plots show the cumulative RMSE of each filter across all 50 runs (represented
by gray lines). These plots also indicate the upper and lower performance bounds for each filter, denoted
by the maximum and minimum lines. The 75! percentile of the RMSE is represented in green to provide
further insight into the overall performance. Finally, for ease of comparison, Figure 2.7(d) shows the

average cumulative RMSE at each time step, averaged over the 50 runs.
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The CF Filter demonstrates strong performance, closely following the KF, which is expected to yield
optimal results in this linear Gaussian setting. This outcome is particularly noteworthy as it highlights the
capability of the CF Filter to remain competitive even in scenarios where the KF benefits from assump-
tions that perfectly align with its design. Given that the CF Filter is also capable of handling non-Gaussian
noise distributions, its close performance to the KF in this Gaussian scenario suggests robustness and
adaptability across a wide range of noise types. Moreover, the CF Filter exhibits consistent behavior
across the 50 runs, as evidenced by the tight clustering of error bounds in Figure 2.7(a). This consis-

tency implies that the CF Filter maintains reliability and robustness even under varying conditions.
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Figure 2.7: Cumulative RMSE of the position of Gaussian walk with Gaussian noise: a) CF Filter with 256 particles;
b) Kalman Filter; c) Particle Filter with 256 particles; d) Average of the cumulative RMSE over the 50
runs.

In contrast, the PF demonstrates relatively weaker performance. While the PF theoretically has
the capability to manage non-Gaussian noise and nonlinearities, its effectiveness in this scenario is
limited by the relatively small particle count (256). This constraint likely results in higher variance in

the estimation results and a greater overall RMSE, as evidenced in Figure 2.7(c). The reliance of the
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PF on a sufficiently large number of particles for accurate state estimation thus becomes a significant
bottleneck, especially when compared to the CF Filter, which demonstrates superior performance under
the same conditions.

Figure 2.7(d) provides a direct comparison of the average cumulative RMSE for each filter across 50
runs. While the KF yields the best performance, the CF Filter achieves results that are nearly indistin-
guishable from those of the KF, further validating its applicability as a viable alternative, particularly in
environments where the Gaussian noise assumption might not hold. The PF, on the other hand, falls sig-
nificantly behind, underscoring the limitations of particle-based methods when computational resources
are constrained.

The covariance trace results in Figures 2.8(a), 2.8(b), and 2.8(c) illustrate key differences in how

each filter manages estimation uncertainty.
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Figure 2.8: Covariance Matrix trace of the position estimate uncertainty in the Gaussian walk with Gaussian noise:
a) CF Filter with 256 particles; b) Kalman Filter; c) Particle Filter with 256 particles.

The CF Filter, while effective in state estimation, does not prioritize minimizing estimation uncertainty
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to the same degree as the KF. The KF, designed specifically for linear systems with Gaussian noise,
optimizes its approach to reduce uncertainty rapidly, leading to consistently low covariance trace values.
In contrast, the broader design focus of the CF Filter results in a less aggressive reduction in uncertainty,
which translates to greater variability across runs.

Although the PF displays greater variability compared to the KF, its overall uncertainty remains rela-
tively low. This can be attributed to the inherent nature of particle filters, which represent state distribu-
tions by sampling a large number of particles. However, the limited particle count introduces fluctuations
in the covariance trace, indicating the need for more particles to achieve smoother, more reliable perfor-
mance.

To evaluate the impact of increasing the particle count, we turn to Figures 2.9 and 2.10. These
figures demonstrate improved performance for both the CF Filter and the PF. Notably, the cumulative
RMSE is reduced, and the error bounds in Figures 2.9(a) and 2.9(b) are narrower, indicating increased

consistency across runs.
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Figure 2.9: Cumulative RMSE of the position of Gaussian walk with Gaussian noise: a) CF Filter with 1296 parti-
cles; b) Particle Filter with 1296 particles; c) Average of the cumulative RMSE over the 50 runs.
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A similar trend is observed in Figures 2.10(a) and 2.10(b), where the average covariance trace de-
creases slightly and the uncertainty bounds become tighter, further highlighting the benefits of increasing

the particle count.
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Figure 2.10: Covariance Matrix trace of the position estimate uncertainty in the Gaussian walk with Gaussian noise:
a) CF Filter with 1296 particles; b) Particle Filter with 1296 particles.

In the scenario where the CF Filter is tested with a Gaussian mixture walk and exponential noise
using 1296 particles, the results indicate a marked shift in performance compared to the Gaussian
noise setting. The cumulative RMSE results, presented in Figures 2.11(a), 2.11(b), and 2.11(c), offer a
comprehensive view of each filter’'s behavior over 50 runs.

The CF Filter exhibits strong performance, now surpassing the KF, which is no longer in its opti-
mal operating environment due to the introduction of non-Gaussian, exponential noise. The inherent
adaptability of the CF Filter becomes more evident in this scenario, where its capability to handle non-
Gaussian noise allows it to outperform the KF. The tighter error bounds and reduced variability across
runs (as observed in Figure 2.11(a)) underscore the robustness of the CF Filter, which manages to
maintain consistent accuracy across a more complex noise distribution.

In comparison, the KF, which is designed primarily for Gaussian noise environments, exhibits a
decline in relative performance. This outcome is consistent with theoretical expectations, as the KF
struggles under non-Gaussian conditions where its underlying noise assumptions are no longer valid.

The PF, despite being theoretically suitable for handling non-Gaussian noise, continues to show
relatively weaker performance. This can be attributed to the number of particles (1296), which still seems
insufficient for accurately capturing the underlying noise characteristics and system dynamics. The
higher variance and broader error bounds (as depicted in Figure 2.11(c)) suggest that the PF struggles
to consistently match the performance of the CF Filter.

The overall comparison of the average cumulative RMSE in Figure 2.11(d) reinforces the superiority
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of the CF Filter in this context. Its ability to outperform both the KF and the PF underscores the strength
of its Dirac approximation, enabling efficient handling of non-Gaussian noise distributions. While the KF
remains competitive under simpler noise structures, it is less effective in this more complex setting, and

the PF remains constrained by the limitations imposed by particle count.
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Figure 2.11: Cumulative RMSE of the position of Gaussian Mixture walk with Exponential noise: a) CF Filter with
1296 particles; b) Kalman Filter; ¢) Particle Filter with 1296 particles; d) Average of the cumulative
RMSE over the 50 runs.

To finalize the analysis of the results from the Dirac approach, we refer to Table 2.1, which provides
a summary of the performance of each filter across different scenarios. The table reports both the mean
RMSE and its standard deviation over the 50 runs, with the best results for each scenario highlighted in
bold.

From the table, it is evident that the CF Filter consistently achieves the best performance in scenar-
ios involving exponential noise. This is further underscored by its low standard deviation, suggesting
that the filter maintains robust performance across different runs. Such consistency can be attributed

to the inherent flexibility of the CF Filter, which is well-adapted to handle non-Gaussian noise types.
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Additionally, the results illustrate the beneficial impact of increasing the particle count on the CF Filter’s
performance. As the number of particles grows, the RMSE decreases, indicating an improved capacity
of the filter to approximate the underlying system dynamics more accurately.

One notable observation from the table is that, in Gaussian mixture noise scenarios, the KF continues
to outperform the CF Filter. This outcome can be explained by the fact that the Gaussian mixture
noise used in these simulations is not highly complex and can be effectively approximated by a zero-
mean Gaussian distribution. As such, the KF performs optimally under these conditions, leveraging its
inherent strengths in Gaussian noise environments. While the performance gap is not particularly large,
it nonetheless underscores the KF’s advantage when operating under conditions that closely align with
its assumptions.

The PF, on the other hand, continues to exhibit weaker performance across most scenarios. Al-
though the PF is theoretically well-suited to handle non-Gaussian noise and complex system dynamics,
its effectiveness here is constrained by the relatively low particle count. Even with an increased number
of particles, the PF fails to match the performance of either the CF Filter or the KF, suggesting that it
struggles to capture the full spectrum of system behaviors under these conditions. The higher variance
in RMSE across the runs further highlights the limitations of the PF, as it requires a significantly larger

particle count to achieve a more consistent and accurate estimate.
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Simulation
Scenario

CF Filter
w/ 256
particles

CF Filter
w/ 625
particles

CF Filter
w/ 1296
particles

KF

PF
w/ 256
particles

PF
w/ 625
particles

PF
w/ 1296
particles

Mean
RMSE

Average

over 50

simula-
tions

G. Walk w/
G. Noise

1.3635

1.3155

1.2808

1.0579

2.5559

2.4408

2.3117

G. Walk w/
GM Noise

1.3643

1.3262

1.2915

1.0871

2.5236

2.4160

2.2951

G. Walk w/
Exp. Noise

1.2754

1.2395

1.2263

1.4449

3.4771

3.2391

3.0742

GM w/ 2
peaks Walk
w/ G. Noise

1.3635

1.3081

1.2729

1.0410

2.5611

2.4158

2.2951

GMw/ 2
peaks Walk
w/ GM Noise

1.3712

1.3182

1.2789

1.0940

2.5742

2.3881

2.3176

GM w/ 2
peaks Walk
w/ Exp.
Noise

1.2917

1.2400

1.2210

1.3831

3.4365

3.1862

3.0585

GMw/ 3
peaks Walk
w/ G. Noise

1.3626

1.3166

1.2885

1.0488

2.5717

2.3875

2.2942

GMw/ 3
peaks Walk
w/ GM Noise

1.3763

1.3213

1.2875

1.0934

2.5918

2.4245

2.3195

GMw/ 3
peaks Walk
w/ Exp.
Noise

1.2868

1.2464

1.2284

1.4446

3.4472

3.2467

3.0810

Standard
deviation
over 50
simula-
tions

G. Walk w/
G. Noise

0.0400

0.0348

0.0344

0.0418

0.1572

0.1125

0.1225

G. Walk w/
GM Noise

0.0360

0.0404

0.0373

0.0358

0.1555

0.1487

0.1312

G. Walk w/
Exp. Noise

0.0471

0.0352

0.0362

0.0454

0.2897

0.2810

0.2048

GM w/ 2
peaks Walk
w/ G. Noise

0.0462

0.0376

0.0356

0.0361

0.1927

0.1397

0.1238

GM w/ 2
peaks Walk
w/ GM Noise

0.0405

0.0408

0.0311

0.0422

0.1248

0.1433

0.0935

GMw/ 2
peaks Walk
w/ Exp.
Noise

0.0417

0.0420

0.0395

0.0474

0.2594

0.2451

0.1845

GMw/ 3
peaks Walk
w/ G. Noise

0.0451

0.0389

0.0296

0.0380

0.1490

0.1338

0.1143

GMw/ 3
peaks Walk
w/ GM Noise

0.0337

0.0328

0.0298

0.0485

0.1575

0.1295

0.1108

GMw/ 3
peaks Walk
w/ Exp.
Noise

0.0470

0.0350

0.0394

0.0400

0.2687

0.2353

0.2083

Table 2.1: RMSE of all filters along different simulation scenarios, Dirac approach.
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2.5.2.B Hybrid Filter via Gaussian Mixture Approximation

For the Gaussian mixture approach, nine distinct scenarios were tested with the number of Gaussians
used in the approximation varying between three and four, resulting in a total of 18 simulations. Here,
we present and discuss only the most pertinent results.

The results of the CF Filter via the Gaussian mixture approximation with three Gaussians, tested in a
scenario involving both a Gaussian mixture walk and Gaussian mixture noise, are illustrated in Figures
2.12(a), 2.12(b), 2.12(c), and 2.12(d). The focus here is on assessing how the CF Filter, based on the
Gaussian mixture approximation, performs relative to the KF and PF across these 50 simulation runs.

As seen in Figure 2.12(a), the CF Filter employing the Gaussian mixture approximation with three
Gaussians demonstrates a more erratic performance compared to the results obtained using the Dirac
approach. The cumulative RMSE reveals fluctuations across different runs, as indicated by the larger
spread between maximum and minimum error bounds. These variations in performance can be at-
tributed to the inherent challenges of the Gaussian mixture approximation itself. Specifically, the non-
convex nature of the optimization problem involved in determining the Gaussian mixture may lead to
convergence to local minima, thereby preventing the optimal representation of the system state. Ad-
ditionally, it may reflect that the selected number of Gaussian components is insufficient to accurately
capture the complexity of the state.

Despite these fluctuations, the CF Filter still demonstrates a strong average performance, as high-
lighted by the comparison in Figure 2.12(d). The average cumulative RMSE for the CF Filter remains
competitive, particularly in comparison to the PF. This indicates that while individual runs may exhibit
some instability due to the complexity of the Gaussian mixture approximation, the filter still approximates
the state effectively over the 50 simulations.

In contrast, the KF, as shown in Figure 2.12(b), maintains a more stable performance. This is ex-
pected given that the Gaussian mixture noise used in these simulations can still be reasonably approx-
imated by a zero-mean Gaussian distribution. The KF excels in these conditions, where its underlying
assumptions about the noise model remain largely valid, resulting in smoother convergence and lower
overall RMSE compared to the CF Filter. This performance reflects the KF’s inherent design advantage,
which enables it to handle Gaussian-like noise optimally, even when the noise model exhibits some
additional complexity, as seen in the Gaussian mixture case.

The PF, however, continues to lag behind in terms of performance. As depicted in Figure 2.12(c), the
PF shows slower convergence and a higher overall RMSE. The performance of the particle filter in this
scenario may be hindered by the relatively low number of particles (256). The broader spread of error
bounds observed in the PF results further reinforces its difficulty in effectively managing this scenario.

When comparing the average cumulative RMSE across all filters in Figure 2.12(d), the CF Filter,

despite exhibiting fluctuations, still performs competitively with the KF. This suggests that while the
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Gaussian mixture approximation introduces additional complexity, the CF Filter retains a solid overall

performance.
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Figure 2.12: Cumulative RMSE of the position of Gaussian Mixture w/ 2 peaks walk with Gaussian Mixture noise:
a) CF Filter with 3 Gaussians; b) Kalman Filter; c) Particle Filter with 256 particles; d) Average of the
cumulative RMSE over the 50 runs.

Increasing the number of Gaussians in the approximation from 3 to 4, as shown in Figures 2.13(a)
and 2.13(b), results in a noticeable improvement in the stability of the CF Filter. The spread between the
maximum and minimum error bounds tightens, and the overall convergence behavior becomes smoother
compared to the 3-Gaussian case. This suggests that increasing the number of Gaussian components
enhances the filter's ability to capture the underlying complexity of the system dynamics and noise
distributions, leading to more consistent state estimates.

In terms of the average cumulative RMSE, the CF Filter with 4 Gaussians shows a modest reduction
in error relative to the 3-Gaussian scenario, as illustrated in Figure 2.13(b). This improvement helps to
narrow the performance gap between the CF Filter and the KF, further emphasizing the value of a more

refined Gaussian mixture approximation for accurately capturing the underlying noise characteristics.
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Figure 2.13: Cumulative RMSE of the position of Gaussian Mixture w/ 2 peaks walk with Gaussian Mixture noise:
a) CF Filter with 4 Gaussians; b) Average of the cumulative RMSE over the 50 runs.

Figures 2.14(a) and 2.14(b) present the covariance matrix trace for the CF Filter with 3 and 4 Gaus-
sians, respectively.

In the 3-Gaussian case, significant spikes in the covariance trace indicate periods of elevated uncer-
tainty. Although the 75" percentile remains stable, the pronounced peaks in the maximum trace suggest
that the filter occasionally struggles to accurately capture all modes of the noise distribution, resulting in
increased uncertainty at specific time steps.

With 4 Gaussians, these spikes are less frequent and less pronounced. The overall maximum co-
variance trace is reduced, and the filter's uncertainty is more consistently controlled. This reduction
in uncertainty and the more consistent performance suggest that increasing the number of Gaussian

components improves the filter’s ability to handle noise complexity effectively.
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Figure 2.14: Covariance Matrix trace of the position estimate uncertainty in the Gaussian Mixture w/ 2 peaks walk
with Gaussian Mixture noise: a) CF Filter with 3 Gaussians; b) CF Filter with 4 Gaussians.
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To conclude the analysis of the Gaussian mixture approach, Table 2.2 provides a summary of the
performance of each filter across the different simulation scenarios.

As shown in the table, the KF consistently outperforms the CF Filter across all noise scenarios,
including those with exponential noise. Although the CF Filter demonstrates competitive performance,
particularly when the number of Gaussian components is increased from 3 to 4, it still falls short of
surpassing the KF. The observed variability in the CF Filter’s performance can likely be attributed to
the non-convex nature of the optimization problem inherent in the Gaussian mixture approximation,
which may lead to convergence at local minima and suboptimal approximations of the system state.
Furthermore, the number of Gaussian components employed may still be insufficient to fully capture the
complexity of the state distribution, especially in cases involving intricate noise types such as exponential
noise. This limitation is reflected in the higher RMSE values and greater variability compared to the KF.

In summary, while increasing the number of Gaussian components from 3 to 4 results in noticeable
improvements in the CF Filter's performance, challenges remain in consistently matching the perfor-
mance of the KF. The results suggest that incorporating more Gaussian components or employing a
more sophisticated optimization approach may be necessary to achieve better state approximations and
further reduce the RMSE, particularly in non-Gaussian noise environments. Nonetheless, the CF Filter
offers notable flexibility and remains competitive, especially as the number of Gaussian components

increases.
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CF Filter CF Filter PF
Simulation w/ 3 Gaussian | w/ 4 Gaussian KF w/ 256
Scenario peaks peaks particles

G. Walk w/
G. Noise

Average G. Walk w/
over 50 GM Noise

sl | . alk wi

Exp. Noise
Mean GMw/2 1.9336 1.8633 1.0522 2.5832
RMSE peaks ngk
w/ G. Noise

GM w/ 2
peaks Walk
w/ GM Noise

GM w/ 2
peaks Walk
w/ Exp.
Noise

GMw/ 3
peaks Walk
w/ G. Noise

GMw/ 3
peaks Walk
w/ GM Noise

GMw/ 3
peaks Walk
w/ Exp.
Noise

G. Walk w/
G. Noise

1.9380 1.8374 1.0595 2.5732

1.9860 1.8288 1.1021 2.5816

2.5700 2.6360 1.4468 3.3789

2.0531 1.9073 1.0907 2.5199

2.5323 2.4467 1.3974 3.4502

1.9284 1.8785 1.0572 2.5621

2.0566 1.9670 1.0913 2.5201

2.6267 2.4170 1.4407 3.8082

0.1905 0.2026 0.0450 0.1712

Standard
deviation G. Walk w/

over 50 GM Noise

simula- G. Walk w/
tions Exp. Noise

GM w/ 2
peaks Walk
w/ G. Noise

GM w/ 2
peaks Walk
w/ GM Noise

GM w/ 2
peaks Walk
w/ Exp.
Noise

GMw/ 3
peaks Walk
w/ G. Noise

GMw/ 3
peaks Walk
w/ GM Noise

0.2991 0.1551 0.0427 0.1573

0.4495 0.8652 0.0488 0.2524

0.1473 0.1929 0.0423 0.1609

0.4822 0.2389 0.0386 0.1531

0.4619 0.4532 0.0480 0.2143

0.1880 0.1878 0.0457 0.1836

0.2693 0.4473 0.0448 0.1809

GMw/ 3
peaks Walk
w/ Exp.
Noise

0.4756 0.3312 0.0512 0.3872

Table 2.2: RMSE of all filters along different simulation scenarios, Gaussian Mixture approach.
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2.5.2.C Approaches Comparison

When comparing the Dirac approach and the Gaussian mixture approach for hybrid filtering, it becomes
clear that the Dirac method consistently yields superior and more stable results across the tested sce-
narios. The Dirac approach demonstrates robustness and adaptability, performing competitively with the
KF in Gaussian noise settings and even surpassing it in non-Gaussian scenarios, such as those involv-
ing exponential noise. In contrast, the Gaussian mixture approach, while theoretically flexible, suffers
from performance variability, particularly in more complex noise environments.

Beyond performance, the Dirac approach also offers significant computational efficiency. This is
primarily due to the nature of the optimization problem solved during the prediction step. In the Dirac
approach, the prediction involves approximating the CF using a finite sum of Dirac distributions, which
reduces to a constrained linear least squares problem. Such problems are computationally simpler
and faster to solve compared to the Gaussian mixture approach, which requires optimizing both the
weights and parameters (means and covariances) of the Gaussian components. The non-convexity of
the Gaussian mixture optimization problem further adds computational complexity, as it involves solving
for multiple parameters and can become trapped in local minima. As the number of Gaussian compo-
nents increases, the computational burden grows significantly, making the Dirac approach more efficient,
particularly in resource-constrained environments.

In summary, the Dirac approach not only provides superior and more consistent results across var-
ious noise scenarios but also achieves this at a lower computational cost. This makes it a more prac-
tical choice for real-world applications where both accuracy and computational efficiency are critical.
Conversely, while the Gaussian mixture approach offers theoretical flexibility, it may require more so-
phisticated optimization techniques or a larger number of Gaussian components to achieve comparable

reliability and performance.
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Chapter 3 addresses the problem of SE in scenarios involving multiple sensors. Unlike single-sensor
SE, the multi-sensor approach capitalizes on a network of sensors working collaboratively to estimate
the state of a dynamic system, thereby improving robustness, accuracy, and resilience. This chapter
delves into the complexities of fusing information from multiple sensors, particularly under both Gaussian
and non-Gaussian noise assumptions. Methods such as Distributed Sensor Fusion based on Average
Consensus and the WB framework for sensor fusion are examined through detailed theoretical analysis

and simulations.

3.1 Related Work

This section provides a comprehensive review of the existing literature and methodologies in the domain

of multi-sensor SE, along with an exploration of practical applications of WB in SE techniques.

3.1.1  Multi-Sensor Gaussian Assumption

In the field of SE for linear systems, addressing the MA-GA presents unique challenges. This subsection
focuses on scenarios where multiple sensors operate under Gaussian noise assumptions. Traditional
single-sensor methods like the KF, while effective under Gaussian conditions, face significant complexi-
ties when extended to multi-sensor systems. This section examines advanced methodologies designed
to efficiently integrate data from multiple sensors and addresses the unique challenges associated with
MA-GA in SE.

3.1.1.A Distributed Sensor Fusion Based on Average Consensus

To understand the implementation of distributed sensor fusion based on average consensus, it is es-
sential to first grasp the concept of average consensus, as it underpins the algorithm’s operation. The
principle of average consensus is a process by which a network of agents, or sensor nodes, reaches
agreement on the average value of their individual measurements or states without centralized control.
Essentially, each node iteratively updates its current value by incorporating the values of its immediate
neighbors. The convergence of this iterative process ensures that all nodes in the network ultimately
agree on the average value of the collective initial states. This method is particularly advantageous in
distributed systems, as it enables nodes to arrive at a collective decision using only local information,
thereby enhancing both robustness and scalability.

The distributed sensor fusion algorithm based on average consensus presented in [12] addresses the
challenges inherent in networks of distributed sensors, where each sensor takes linear measurements

of unknown parameters under independent Gaussian noise conditions. The focus is on a distributed
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iterative scheme that does not require direct point-to-point message passing. Instead, it leverages the
principle of average consensus across the network, enabling the computation of the maximume-likelihood
estimate of parameters in a robust and efficient manner.

Each sensor node maintains a fixed and small storage memory, utilizing the same data structure
across all nodes, and exchanges information with its neighbors in a uniform and simple manner. This
exchange involves updating each node’s data with a weighted average of its neighbors’ data. Conse-
quently, each node can compute a local weighted least-squares estimate of parameters, which, over
time, converges to the global maximum-likelihood solution.

This scheme is particularly well-suited for networks with dynamically changing topologies and unre-
liable communication links. It functions effectively even when communication links are intermittent, as
long as the network remains connected over the long term. This robustness to communication failures
and network topology changes makes it ideal for real-world applications, where such challenges are
commonplace.

From a practical standpoint, each sensor node maintains a local composite information matrix and a
local composite information state. Throughout the iterative process, nodes achieve average consensus
by adjusting their local composite information matrix and state based on data received from neighboring
nodes. This process does not require complex message routing but relies instead on the simple diffu-
sion of information through average consensus. As a result, each node independently and accurately
computes the maximum-likelihood estimate, thereby contributing to the overall robustness and efficiency

of the sensor network.

3.1.1.B Distributed Kalman Filtering

In [11] and [13], the authors explore the problem of DKF in sensor networks, addressing various aspects
and implementations of this method. Both papers utilize the information filter form of the KF to formulate
the DKF scheme. The first paper, [11], introduces an approach that incorporates embedded filters
of consensus-based fusion of sensory data, proposing low-pass and band-pass consensus filters for
implementing the DKF.

The second paper, [13], extends this exploration by proposing a high-pass consensus filter. How-
ever, the key contribution lies in presenting an algorithm where the consensus mechanism is based
on estimates derived from local Kalman filtering (LKF). This subsection primarily focuses on this latter
algorithm.

The author in [13] presents the Kalman-Consensus Filter, which integrates the principles of the KF
with a consensus mechanism. This integration is essential for ensuring consistent state estimates across
a distributed sensor network.

The algorithm builds upon the concept of LKF, where each sensor node uses only its own measure-
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ments and those from its immediate neighbors for state estimation. While LKF provides a foundational
level of distributed state estimation, it lacks an explicit mechanism for achieving consensus across all
nodes in the network, potentially leading to divergence in state estimates and inaccurate or unreliable
system-level state estimation.

The Kalman-Consensus Filter addresses these shortcomings by incorporating a consensus term into
the state estimation process of each sensor node. This term plays a crucial role in aligning the individual
estimates of each sensor with those of its neighbors, thus ensuring a more unified and accurate state
estimation across the entire network.

One of the defining features of the Kalman-Consensus Filter is its capacity to ensure cohesion and
stability in the state estimation process. By effectively reducing the discrepancies among sensor esti-
mates, the filter guarantees that all sensors within the network asymptotically converge to a consistent

and accurate estimate of the target state.

3.1.2 Multi-Sensor Non-Gaussian Assumption

In the context of SE for linear systems, the MA-NGA introduces distinct complexities. This subsection
focuses on scenarios where sensor networks are subject to non-Gaussian noise, thereby challenging
traditional sensor data fusion and estimation paradigms. Here, we explore methodologies specifically
tailored to address the challenges inherent in MA-NGA within the SE framework. These techniques aim
to effectively combine data from a network of sensors, each potentially exhibiting unique non-Gaussian

noise characteristics, to achieve accurate and reliable state estimation.

3.1.2.A Distributed State Estimation Based on Kullback-Leibler Average

The authors in [16] introduce a novel approach to state estimation in sensor networks. In this framework,
each node within the network, equipped with processing, communication, and sensing capabilities, en-
gages in fusing local information with data acquired from neighboring nodes. This process is embedded
within a Bayesian framework, where the fusion of information is guided by an information-theoretic per-
spective, specifically focusing on the KL average of local PDFs.

The core concept of this methodology is to define the average PDF as the one that minimizes the
sum of information gains, quantified by KL divergences from the original sensor PDFs. This results in
the KL average PDF being essentially the geometric mean of the sensor PDFs. The aim is to develop
a consensus algorithm that allows all nodes within the network to reach agreement regarding the PDF
of the estimated state. This consensus algorithm consists of two main components: the exchange of
information between a node (sensor) and its neighbors, and the mechanism for updating the local PDF

based on received information. The problem is formulated to determine a consensus algorithm such
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that the PDF at each node asymptotically converges to a uniform KL average of the initial PDFs of all

nodes.

3.2 Multi-Sensor Problem

The objective of this section is to formulate the state estimation problem from a multi-sensor perspective,

providing a rigorous mathematical framework for the analysis conducted in this work.

SE in a multi-sensor scenario involves leveraging a network of distributed sensors, each indepen-
dently collecting observations, to collaboratively estimate the state of a dynamic system. The overarch-
ing goal is to integrate the collective data from all sensors to achieve a more robust and accurate state

estimate than that which could be attained by any individual sensor alone.

The problem is represented by an interconnected network of sensors, each acquiring observations
over time. The network is modeled as a graph G = (V, &), where V = {v1,va,...,v,,} denotes the set

of m sensor nodes, and £ C V x V represents the communication links among them.

+ State Equation: The state equation remains identical to equation 2.1 from the single sensor

scenario.

+ Observation Equation for Sensor i: The observation model for sensor i at time ¢ is given by:
zt(i) = HDz, + vii) (3.1)

where th') € RPi is the observation vector for sensor i, H(®) ¢ RPi*" is the observation matrix, and

vt(i) ~ D(#D) represents the measurement noise for sensor i.

This multi-sensor problem builds upon assumptions analogous to those in the single sensor case,
such as system linearity, time invariance of system matrices, known parameters, and independent noise
vectors. However, a distinctive feature of the multi-sensor context is the consideration of network topol-
ogy. The sensor network is represented as a connected graph G, ensuring that communication pathways
exist among all sensor nodes. The analysis includes two observability conditions: individual sensor ob-
servability (i.e., each sensor’s matrix pair (4, H") is observable) and collective observability of the
entire network. The latter condition is generally less restrictive and preferred for ensuring overall system
observability. The ultimate aim is to integrate the observations zt“) from all sensors to generate a more

precise global state estimate %, than any individual sensor could achieve.
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3.3 Background Technical Details

Section 3.3 delves into the technical details and mathematical formulations underlying the methodolo-
gies introduced in Section 3.1, with a focus on distributed sensor fusion and consensus-based estima-

tion.

3.3.1 Multi-Sensor Gaussian Assumption
3.3.1.A Distributed Sensor Fusion Based on Average Consensus

In distributed sensor fusion based on average consensus, the goal is to estimate the maximum likelihood

state, #,,,, € R", given the measurements zt(i) € RP from m sensors observing the state z; € R™:

zt(i) :H(i)wt+v§i), i=1,...,m (3.2)

Here, H(") ¢ RP:*" denotes the measurement matrix for sensor i, and vt(i) € RPi is the measurement
noise, assumed to be Gaussian with zero mean and covariance matrix R(*) ¢ Rpi*P:,
The algorithm initializes the local information matrix Ut(” € R™*™ and the local information state

)

q,S" € R” for sensor i at time ¢ = 0 as follows:

-1

U = g RO g (3.3)

i AENO RN
a5 = HO R 2 (3.4)

The initial state captures each sensor's own measurement information and its uncertainty via the
inverse of the measurement noise covariance.
The fusion process is carried out iteratively, updating Ut(i) and qﬁ“ using the average consensus

protocol. At each iteration ¢, the update rules are as follows:

Uy =wivl + T wiud? (3.5)
jeNS

g =wig + Y wie? (3.6)
jeN

Here, Nt(i) represents the set of neighboring nodes for sensor 7 at time ¢, and ij are the weights
assigned either using the maximum-degree or Metropolis weighting strategy, here the superscripts ij in

W refer to the entries in the weight matrix 17. The weights W7 are defined as follows:
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| gy MEbes
Wi=q1- ZkeNf“ Wik, ifi= (3.7)
0, otherwise

In these definitions, df) represents the degree of node i at time ¢, and &; represents the set of edges
at time ¢. The maximum-degree weights require knowledge of the total number of nodes, whereas

Metropolis weights require only local degree information.

Through iterative updates, each node’s local estimate converges to the global maximum-likelihood
estimate, ,,,, without the need for centralized coordination. The distributed nature of this approach
ensures robustness to link failures and dynamic changes in network topology, provided the network
remains connected. Intermediate state estimates are available at node i as soon as Ut(i) becomes

invertible:

3.3.1.B Distributed Kalman Filtering

The Kalman-Consensus Filter is an extension designed for distributed state estimation in sensor net-
works, where each sensor node collaboratively contributes to the estimation process. The state-space

model employed in this approach is as follows:

Consider a state z; € R™ that evolves over time according to the linear state-space model:

xp = Axy_1 + dy, (3.9)

where A € R"*"™ represents the state transition matrix, and d; € R™ denotes the process noise,

which is assumed to be Gaussian with zero mean and covariance matrix Q € R"*",

Each sensor i in the network makes a measurement z,fi) € RPi of the state ., given by:

zt(i):H(i)mt—Fvgi), i1=1,...,m, (3.10)

where H(") € RPi*" is the measurement matrix, and vﬁ“ € RP: represents the measurement noise,
assumed to be Gaussian with zero mean and covariance matrix Rf) € RPixpi,
The Kalman-Consensus Filter updates the state estimate and error covariance for each sensor node

1 by computing the consensus information state qt”) and information matrix Ut(j) for each neighboring

sensor j as follows:
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, , N1
ng]) :H(j)TRIEJ) ZgJ)7 Vi€ J;, (3.11)

. . N —1 .
Utm:H(y)TRgJ) HD, vjeJ, (3.12)

where J; is the set consisting of sensor i and its neighbors. Sensor i then aggregates the information

state yt(’) and the information matrix St(i) from its own measurements and those of its neighbors:

w’ =20, (3.13)
JE€J;

s =" v (3.14)
Jj€Ji

Sensor i then updates its state estimate :%gi) using the Kalman gain Mt(i) and a consensus term:

, =1 .
Mt(l) _ (Pt(L) + St(b))fl’ (3.15)
i) =2 + MO - 507 v e Y (@) - a)), (3.16)

jeND

where N9 denotes the set of neighbors of sensor 1, a*:f) is the prior state estimate of node ¢, and ¢
is a small positive constant representing the consensus strength.

The state estimate and error covariance matrix are then updated for the next time step:

PO =AM AT +Q, (3.17)
) = Az, (3.18)

3.3.2 Multi-Sensor Non-Gaussian Assumption
3.3.2.A Distributed State Estimation Based on Kullback-Leibler Average

The distributed state estimation approach based on the KL Average in sensor networks utilizes a con-
sensus mechanism where each node in the network, equipped with a local PDF of the state estimate,
collaborates to achieve a unified estimate of the state. At the core of this process is the weighted KL
Average, which is defined as follows:

The weighted KL Average is represented as the normalized geometric mean of the sensor PDFs
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p@ (). Itis formulated by the following equation:

= HieN[p(i) (m)]w(i)
[ ien @ (2)]*" dz

where p(¥)(z) denotes the local PDFs at each sensor node, w(¥ are the corresponding weights, and N

p(x) (3.19)

represents the set of nodes in the network.
For the distributed consensus algorithm, two fundamental operators that act on PDFs are defined:
More specifically, given two PDFs p(-) and ¢(-), their addition is defined as:

p(e) @ qle) = W (3.20)

For a given positive scalar w and a PDF p(z), the scalar multiplication operator is defined as:

wop(r) = (3.21)

where [-]“ represents exponentiation of - to the power w.
The consensus algorithm updates the PDF at each node i in the network, denoted as pﬁl(x), by

integrating information from its neighbors. The update rule is given by:

pgil(x) = @ (wij @ptgj)(aj)) , YieN (3.22)
JEN®

where N () represents the set of neighbors of node i, w%/ are the non-negative weights that sum to 1
for each node i, with the superscripts ij in w referring to entries in the weight matrix w, and ¢ represents
the iteration of the consensus algorithm.

As the number of consensus steps increases, each local PDF gradually converges to the collective
KL Average. Convergence is guaranteed when the consensus weights w® ensure that the consensus
matrix is both primitive and doubly stochastic, thereby leading to a uniform distribution of weights across

the network in the limit.

3.3.3 Wasserstein Barycenter

The WB is a concept from optimal transport theory that provides a systematic approach to aggregate
multiple probability distributions into a single representative distribution. Analogous to the classical mean
in Euclidean space, the WB can be interpreted as the ‘mean’ of probability distributions in the space of
probability measures, while inherently accounting for the underlying geometry of those distributions.

In a more general sense, the WB aims to identify a central distribution that minimizes divergence from

a set of given distributions in the Wasserstein metric sense. This objective resembles that of computing
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an average, but instead of averaging scalar values, the WB averages distributions, considering the
'distance’ between them.
Consider a set of probability distributions {;;}}¥_,. The objective is to find a barycenter distribution v

that minimizes the sum of Wasserstein distances to each p;, which is mathematically defined as follows:

N

v =argmin » \®2(us,v), (3.23)
2
veP(R™) i—1

where P(R™) denotes the space of probability measures on R™, ®5(u;, v) represents the Wasserstein-
2 distance between distributions p; and v, and \; are the weights associated with each distribution,

satisfying Zfil A; =1 and \; > 0. The Wasserstein-2 distance is given by:

Buiv) = inf / Iz — gl (z,5), (3.24)
YED (14,v) JRn xR7

where T'(u;, v) is the set of all probability measures on R™ x R™ that have marginals n; and v, and
||z — y||, denotes the Euclidean norm in R™.

The WB framework provides a powerful method for data fusion and state estimation in multi-sensor
systems, particularly under non-Gaussian noise conditions, as it enables aggregation while respecting

the intrinsic geometries of the distributions involved.

3.4 Proposed Approach

This section outlines our proposed solution to the multi-sensor state estimation problem defined in Sec-
tion 3.2.

3.4.1 Wasserstein Barycenter for Sensor Fusion

The motivation for employing the WB in sensor fusion arises from the intrinsic complexity of integrat-
ing data from multiple sensors, each characterized by distinct probability distributions. Conventional
fusion methods often assume homogeneity among these distributions, which can lead to suboptimal
performance, especially when sensor data exhibit diverse, non-Gaussian characteristics.

The WB provides a robust solution by offering a mechanism for merging heterogeneous distributions
into a unified representative distribution. This approach is particularly beneficial in scenarios involving
sensor data with varied noise profiles, as it respects the underlying geometry of the distributions rather
than relying on simplistic averaging techniques.

The central premise of this approach is to combine information from each sensor in a way that

minimizes the overall divergence between the fused distribution and the individual sensor distributions.
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Unlike traditional methods that aggregate scalar values, the WB framework aggregates the entire distri-
butions, ensuring that the final estimate captures the geometric relationships between the sensor data.

By leveraging the WB for sensor fusion, we can effectively aggregate data from multiple sources
while preserving the fundamental characteristics of each individual distribution. This ensures that the
fused result is not simply an aggregate, but a well-balanced representation that minimizes discrepancies
among the original distributions. The optimization inherent in the WB computation also provides flexi-
bility in weighting each sensor’s contribution, thereby ensuring that the resulting distribution reflects the
relative importance of each sensor’s data.

Consider a scenario involving N state estimates, each generated by a distinct sensor. These sensors
may be positioned in different locations or exposed to varying noise conditions, leading to different
probability distributions for their respective state estimates. In such circumstances, directly combining
these estimates using conventional methods could yield inaccurate results, as these methods do not

account for the individual characteristics of each distribution.

Instead, each sensor transmits its local probability distribution or state estimate to a central computa-
tional unit. This unit, using the WB framework, fuses the received distributions by determining a central
distribution that best represents the combined information from all sensors. The resulting PDF, derived
through the WB, minimizes the Wasserstein distance between the central estimate and the individual
sensor distributions, thereby ensuring that the fused result appropriately balances the contributions from

each sensor.

Once the fused PDF is derived, the central unit communicates this updated distribution back to each
sensor, allowing each sensor to refine its own state estimate based on the fused information. This
process ensures that each sensor benefits from the collective data of the entire network, ultimately

enhancing individual estimates.

Beyond the centralized approach, the WB can also be computed in a distributed manner [18], thereby
improving both scalability and robustness, particularly in large sensor networks. A fully centralized
approach, while effective, can become a bottleneck in large-scale systems due to its reliance on a single

processing unit for computation and information dissemination.

In contrast, a distributed computation of the WB allows each sensor, or groups of sensors, to locally
compute partial updates. These updates are then exchanged with neighboring nodes or segments of
the network, thus reducing communication overhead and distributing the computational burden across
the network. This decentralized approach not only scales more efficiently as the number of sensors

grows but also enhances the network’s resilience by removing single points of failure.

In a distributed framework, sensors collaborate by exchanging intermediate estimates, progressively
refining the fused PDF without requiring centralized coordination. Over several iterations, the network

converges to a global WB that encapsulates the collective information from all sensors. This makes the
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WB framework particularly suitable for real-time applications in dynamic environments where scalability,
robustness, and efficiency are paramount.

To further illustrate this approach, consider the emergence of the WB when the state estimates from
two distinct sensors correspond to two different Gaussian distributions. As the algorithm for calculat-
ing the WB iterates, with iterations increasing from Sub-figure 3.1(a) to Sub-figure 3.1(c) in Figure 3.1,
we observe the gradual formation of a barycenter distribution that effectively represents the WB. This
example highlights the WB’s capability to merge disparate distributions while preserving essential char-

acteristics, thereby yielding a meaningful and balanced fused distribution.
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Figure 3.1: Wasserstein Barycenter along increasing iterations.

3.5 Experimental Results and Discussion

This section presents the results of the simulations conducted to address the multi-sensor problem, with
a particular emphasis on the application of the WB framework. Details of the simulations are provided

in Subsection 3.5.1, followed by an analysis of the corresponding results in Subsection 3.5.2.
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3.5.1 Simulation

The simulations were designed to evaluate two distinct scenarios: one where the sensor measurement
noise is Gaussian, and another where different sensors are affected by heterogeneous noise types.
To simplify the analysis, both simulations were performed on a network comprising three sensors with
mutual communication capabilities. Each sensor was capable of executing local filtering operations,
and the resulting local estimates were subsequently communicated to a centralized unit, which fused all
the information using the WB framework (see Figures 3.2 and 3.3). Thus, the implemented algorithm
functions in a centralized manner.

In all simulations, the system followed discrete double integrator dynamics with a sampling time of
T, = 0.1 s. The model equations are analogous to equations 2.1 and 3.1, with the key difference being
that the disturbance term d; is omitted in these simulations. Regarding the observation model, the

observation matrices H() are assumed to be identical for all sensors:

H“):[é (1) 8 8], VieV (3.25)

In both scenarios, the objective is to estimate the position of a vehicle following a two-dimensional
trajectory in the shape of a figure-eight. The initial position of the vehicle is not precisely known and is
assumedtobe [ 0 0 ]T with some associated uncertainty, allowing for the estimation of an initial PDF.

The simulations operate under several additional assumptions. In the second scenario, where each
sensor is affected by distinct types of noise, the local filters are configured based on the individual
assumptions each sensor makes about the noise affecting its measurements. Specifically, the first
sensor assumes GMM noise, the second sensor assumes Gaussian noise, and the third sensor is
affected by uniform noise. Accordingly, the first sensor employs a Gaussian mixture filter, the second
sensor utilizes a KF, and the third sensor implements an interval observer. In the first scenario, where
the noise affecting all sensors is Gaussian, all sensors employ local KFs.

Once the local filtering operations are completed, the WB is applied to fuse the information and
produce a final state estimate. To provide a thorough comparison, three additional algorithms were
implemented: a centralized KF, the average consensus algorithm described in Section 3.1.1.A, and
a straightforward algorithm that averages the position estimates from each individual sensor. The first
scenario, involving Gaussian noise, serves as a baseline since the centralized KF operates under optimal
conditions in this context.

Both scenarios were simulated 30 times, with each simulation comprising 250 iterations (time steps).
In each of these 30 runs, the initial noise distributions were generated randomly. To evaluate perfor-
mance, the following metrics were used: the RMSE, calculated over each of the 30 runs; the ¢#2-norm of

the position error vector at each time step, defined as e; = z; — &4, for a representative simulation; and
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the trace of the covariance matrix, used to quantify the uncertainty of the estimate for a representative

simulation.
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Figure 3.2: Sensor network example.
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Figure 3.3: Information fusion diagram.
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3.5.2 Results

In this subsection, we present a detailed analysis of the simulation results discussed previously. The
results are illustrated in Figures 3.4 and 3.5, where Figures 3.4(a), 3.4(b), 3.5(a), and 3.5(b) display their

y-axes on a logarithmic scale to highlight variability across orders of magnitude.

3.5.2.A Gaussian Noises Simulation

Figures 3.4(a) and 3.4(b) demonstrate that while the WB fusion method achieves highly accurate state

estimates, it does so with noticeably higher uncertainty compared to the centralized KF.

In Figure 3.4(b), the covariance trace for the WB fusion does not exhibit the consistent downward
trend seen with the centralized KF. This discrepancy can be explained by the fundamental differences

between the two fusion methodologies.

The WB algorithm aggregates probability distributions from multiple sensors, yielding an optimal
central estimate in the Wasserstein sense. However, unlike the KF, the WB does not explicitly aim to
iteratively minimize uncertainty. The KF achieves a systematic reduction in uncertainty over time through
repeated measurement incorporation and update using an optimal gain (Kalman Gain), which ensures

a gradual reduction in the covariance trace as confidence in the estimate grows.

In contrast, the WB fusion process aggregates sensor distributions based on their geometric rela-
tionships in Wasserstein space rather than following a recursive uncertainty reduction strategy. Con-
sequently, fluctuations in uncertainty arise due to discrepancies between individual sensor estimates,

particularly when sensors are subject to differing noise realizations or varying degrees of confidence.

Moreover, the WB fusion process tends to be more sensitive to inconsistencies among sensor dis-
tributions. When individual sensor estimates deviate significantly due to random noise, the resulting
fused distribution can exhibit increased uncertainty. This sensitivity explains the irregular behavior of
the covariance trace over time, as the WB continuously merges these disparate estimates rather than

converging to a single optimal solution like the KF.

As depicted in Figure 3.4(c) and Table 3.1, the centralized KF achieves the lowest overall RMSE,
operating optimally under Gaussian noise conditions. However, the WB fusion demonstrates comparable

accuracy, closely matching both the centralized KF and the simple averaging of local filter outputs.

It is noteworthy that although the WB fusion does not outperform the centralized KF in accuracy, its
performance remains within an acceptable range, highlighting its capability for reliable state estimation
in a centralized fusion context. The greater variability in RMSE observed for the WB relative to the KF
underscores its nature as a general-purpose fusion method—one not specifically optimized for Gaussian

noise, yet still effective in such contexts.
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Figure 3.4: Gaussian noises simulation: a) #2-norm of the position error; b) Covariance matrix trace of the position
uncertainty; c) RMSE over multiple simulations.

WB Filters average | Centralized KF | Consensus average
Mean RMSE [m] 0.8288 0.8261 0.8220 0.9819
RMSE Standard Deviation [m] | 0.0084 0.0079 0.0076 0.0491

Table 3.1: RMSE of Gaussian noise simulation.
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3.5.2.B Different Noises Simulation

In the second scenario, where sensors are subject to different types of noise, the WB fusion method
demonstrates significant adaptability to more complex conditions. The heterogeneous noise across
the sensor network presents challenges that traditional methods, such as the centralized KF, are less
equipped to handle, as evidenced by the superior performance metrics of the WB fusion.

Figure 3.5(a) shows that the WB fusion exhibits a clear advantage in terms of position error, partic-
ularly during early iterations. Although the centralized KF maintains reasonable accuracy, it struggles
with the variability in noise across sensors, resulting in increased errors. In contrast, the WB effectively
aggregates sensor data in the Wasserstein sense, leading to a consistently lower error profile.

The simple averaging approach for filter outputs also achieves competitive position error results;
however, it is fundamentally limited in that it provides only a single state estimate vector, representing
the mean of individual sensor estimates. This approach lacks crucial information about the uncertainty
or probabilistic characteristics of the estimate. Thus, despite achieving relatively low error, the averaging
method is less practical in situations where an understanding of uncertainty or the probabilistic nature
of the state estimate is critical.

Figure 3.5(b) illustrates that the trace of the covariance matrix for the WB fusion remains consis-
tently higher than that of the centralized KF. Similar to the Gaussian noise scenario, the WB fusion
demonstrates greater uncertainty due to its distribution-averaging approach, whereas the KF follows a
recursive process designed to minimize uncertainty via the Kalman Gain. Although the KF achieves a
lower covariance trace, its accuracy is compromised by the non-Gaussian nature of the noise, which the
WB is better equipped to manage—albeit at the expense of increased uncertainty.

The results in Table 3.2 and Figure 3.5(c) highlight the superior performance and robustness of the
WB fusion in scenarios involving heterogeneous noise. Both the table and the figure indicate that the
WB fusion consistently achieves lower RMSE compared to the centralized KF, consensus algorithm,
and averaging approach. The lower RMSE and reduced variability across simulations suggest that the
WB method is well-suited for managing the diverse noise profiles encountered by the sensors.

Notably, the reduced variability of the WB fusion across multiple simulations, as indicated by the
standard deviation in Table 3.2, aligns with the stability observed in Figure 3.5(c). The WB consis-
tently performs well despite differing noise realizations, whereas both the consensus algorithm and the
centralized KF exhibit larger fluctuations, indicating their sensitivity to noise heterogeneity.

Although the averaging approach yields competitive RMSE values, its inability to convey information
regarding the uncertainty or the PDF of the estimate remains a significant limitation.

Overall, the WB fusion demonstrates superior adaptability and robustness in environments charac-
terized by heterogeneous noise. While the centralized KF is optimal under Gaussian noise assumptions,

it becomes less effective when noise deviates from these assumptions. In contrast, the WB method, with
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its general-purpose fusion capability, successfully handles both non-Gaussian and varying noise condi-
tions without requiring specific assumptions about the noise distribution. This versatility makes the WB

a powerful tool for sensor fusion in complex and dynamic environments.
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Figure 3.5: Different noises simulation: a) ¢?>-norm of the position error; b) Covariance matrix trace of the position
uncertainty; c) RMSE over multiple simulations.

WB Filters average | Centralized KF | Consensus average
Mean RMSE [m] 1.1473 1.3462 1.9733 2.0569
RMSE Standard Deviation [m] | 0.2802 0.4304 0.8658 0.8505

Table 3.2: RMSE of different noises simulation.

59



Conclusion

Contents
41 SUMMAIY . . . .ttt ot it e e e e e e e e e e e e e e e e 61
4.2 Future Work . . . . i o i i i it it e e e e s e e et s e e e e e e e 61

60



4.1 Summary

This thesis has examined state estimation (SE) in linear systems, with particular emphasis on addressing
both Gaussian and non-Gaussian noise assumptions within single-agent and multi-agent architectures.
The primary objective of this work was to enhance estimation accuracy and robustness, especially in
scenarios where traditional approaches, such as the KF, prove inadequate due to their reliance on
Gaussian noise assumptions. To this end, we introduced novel methodologies leveraging advanced
filtering techniques, including the CF filter, to extend the capabilities of state-space models for managing
more complex noise distributions.

For single-agent systems, we revisited foundational filtering techniques such as the KF and the
PF, highlighting their inherent limitations in addressing non-Gaussian noise. To overcome these limi-
tations, we developed and evaluated an efficient hybrid filtering approach that combines the strengths
of Bayesian frameworks with characteristic function filtering, thus optimizing performance under non-
Gaussian noise conditions. Our results demonstrated that the hybrid filter substantially outperforms
traditional methods in terms of accuracy, particularly in scenarios involving non-Gaussian disturbances.

For multi-agent architectures, we investigated distributed SE and proposed sensor fusion techniques
based on the WB. These methods showed significant promise in settings where sensors experienced
heterogeneous noise characteristics. The WB-based fusion approach was found to enhance both ac-
curacy and robustness in multi-sensor environments, providing reliable state estimates despite non-
Gaussian noise and sensor diversity.

Extensive simulations and experimental evaluations were conducted to validate the proposed meth-
ods. The results revealed substantial improvements in estimation accuracy across a range of noise
conditions and sensor architectures. The proposed approaches not only outperformed traditional SE
techniques but also demonstrated practical applicability, thereby contributing valuable advancements to

the field of state estimation.

4.2 Future Work

While the contributions of this thesis have addressed several critical aspects of SE in linear systems,
there remain numerous open challenges and promising directions for further research. Specifically, the

following areas could be pursued to extend and refine the methodologies proposed:

» Refinement of the Hybrid Filter via Gaussian Mixture Approximation: A crucial component
of the Hybrid Filter presented in this thesis is the optimization involved in the Gaussian Mixture
Approximation. Future research could focus on refining this optimization process to further en-

hance both accuracy and computational efficiency. In particular, developing more sophisticated
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algorithms to improve the approximation of characteristic functions while managing the complex-
ity of the mixture components represents a promising direction for advancing the hybrid filter's

performance.

Testing the WB Fusion Algorithm in Distributed Settings: The WB-based sensor fusion al-
gorithm developed in this thesis has demonstrated significant potential for enhancing estimation
accuracy in multi-agent systems. However, its implementation thus far has been limited to central-
ized settings. An important next step would be to implement and evaluate the WB fusion algorithm
in a distributed sensor network. Such a distributed implementation would enable more robust and
scalable SE, particularly in scenarios where sensors are geographically dispersed and central-
ized processing is impractical. Key challenges in this direction include ensuring consensus among
distributed agents, mitigating communication delays, and overcoming other inherent difficulties in

decentralized networks.
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