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Abstract

The energy-based learning framework can inherently be leveraged to handle missing values. With

Structured Prediction Energy Networks (SPENs), training is considerably simplified comparatively with

other energy-based approaches, since these models can be trained end-to-end for a large class of

energy functions. To generate missing data, we adapted SPENs to a framework that supports arbitrary

masks. We show that the proposed framework performs significantly better than an autoencoder base-

line in a font completion task, using a dataset that we prepared from online sources. In our framework,

due to the functional form of the considered energy networks, we directly model dependencies between

any of the components of the data, regardless of them being part of the input or the output. More-

over, unlike in previously reported experiments with SPENs, a separate initialization network was not

necessary in our application to obtain good results, and only one step of gradient-based inference was

needed. The developed code, which may be used for other data completion tasks, is available online.
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Resumo

Os modelos baseados em energia podem ser usados de forma natural para lidar com dados omis-

sos. Quando comparadas com outras abordagens baseadas em energia, as Structured Prediction

Energy Networks (SPENs) simplificam consideravelmente o treino. Isto deve-se ao facto de elas pode-

rem ser treinadas de maneira end-to-end para uma classe alargada de funções de energia. Nesta

dissertação, adaptamos as SPENs de forma a gerar dados em falta, numa abordagem que também

suporta máscaras arbitrárias. Mostramos que, numa tarefa de geração de letras em falta num con-

junto de dados de fontes tipográficas, que preparamos a partir de recursos disponı́veis online, este

algoritmo tem um desempenho significativamente melhor do que um algoritmo com estrutura de cod-

ificador automático. Nesta abordagem, devido à forma funcional das redes de energia consideradas,

modelamos directamente dependências entre qualquer componente dos dados, independentemente de

estes fazerem parte dos valores de entrada ou de saı́da. Para além disso, ao contrário de experiências

anteriores com SPENs, não foi necessário usar uma rede de inicialização separada, sendo apenas

necessário um passo de inferência para obter bons resultados. O código desenvolvido está disponı́vel

online e pode ser aplicado a outras tarefas de preenchimento de dados.

Palavras Chave

Deep Learning, Modelos Baseados em Energia, Structured Prediction Energy Networks, Preenchimento

de Imagens
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Deep learning has been very successful at many different machine learning tasks, including language

analysis and generation, computer vision, or control problems such as game playing. Many of the early

experiments applied neural networks to problems involving outputs with a simple structure. However,

we have also been increasingly seeing deep neural networks used as models for generating structured

outputs, referring to outputs with multiple interdependent components. This includes research aimed

at generating images [1, 2], video [3], or text [4]. In data completion, we wish to generate parts of the

input which are missing or have been corrupted. For example, we may seek to reconstruct a part of

an image that has been erased, estimate missing values in tabular data, or generate missing frames

in a video. Interest in this type of problems has surged in recent years due to the influence of self-

supervised learning, which leverages unlabeled data for use in pretext tasks similar to the ones involved

in data completion. The objective of employing these pretext tasks is to learn representations with good

generalization properties, in the sense that they may be useful for downstream tasks.

Feed-Forward
Model

Energy-Based
Model

Figure 1.1: Left: predictive feed-forward model. Right: predictive energy-based model.

Deep neural networks can be used to model the dependencies not only between components of

the input, but also between components of the output. Structured prediction handles the generation

of structured, interconnected outputs [5, 6]. Belanger and McCallum [7] consider two different classes

of models for structured prediction. Feed-forward models correspond to a class that includes many

successful neural network families in use today. These models only require a forward pass for prediction,

and we often train them in an end-to-end manner by directly optimizing the inference procedure by

stochastic gradient descent. Conversely, with a predictive energy-based model (EBM), for a certain

input x we try to output y corresponding to a minimum value of an energy function E(x, y). One of

the advantages of using these energy functions is that it may be possible to model the interactions

between any of the components of the observed data with just one energy function and, as we will see,

the treatment of missing values becomes very natural. The difference between predictive feed-forward

models and predictive energy-based models is illustrated in Figure 1.1.
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Within the predictive EBM framework, Belanger and McCallum introduced in 2016 the Structured

Prediction Energy Network (SPEN) [7]. In this formulation we shape an energy function defined by

a standard feed-forward neural network such that, at inference time, we may attain by gradient-based

optimization in the output space a minimizer corresponding to the desired output. As in the case of

other predictive EBMs, the energy function Eω(x, y) is a function of both inputs x and outputs y, the

latter defined to be continuous, and we wish to learn its parameters ω. Belanger and McCallum also

distinguish SPENs from factorized energy-based models, where the energy function is factored as a

sum of factors, i.e., terms that depend on a proper subset of the data components, which enables energy

minimization and thus prediction to be performed. In contrast to factorized energy-based models, with

SPENs we do not need to prescribe a hand-crafted factorization structure to the energy function for

learning to be possible. Moreover, contrary to feed-forward models, with SPENs we can encode the

interaction structure between output components with customly designed deep neural networks.

Leveraging SPENs, we can direct our attention to the identification of architectures that encode

appropriate priors for the type of data in consideration. This is the case because, if we can implement

the forward and back-propagation routines, the paradigm of SPENs will automatically provide us with

learning and prediction procedures.

1.1 Thesis Objectives

In this dissertation, we seek to demonstrate that SPENs, which were originally designed with a focus on

structured prediction problems that involve hard constraints between output elements, can be success-

fully ported to data completion tasks, particularly when dealing with the more loosely structured data of

image problems. In this case the outputs are similar to the inputs, in that they are just the parts of the

data that happen to be occluded. We believe EBMs are particularly well-suited for these types of prob-

lems, since the energy function can be constructed to not distinguish between visible and masked data.

This way, we can in fact use a deep neural network to model dependencies between any components

of the data, regardless of whether a component is hidden or not. We therefore modify the types of en-

ergy functions that were considered for SPENs by Belanger and McCallum [7] to take this into account.

Note that SPENs are not well suited to model uncertainty in the data, but have advantages over other

EBMs because of the relative simplicity of the inference and training procedure. Finally, we evaluate

the suitability of SPENs for data completion with the help of a dataset built for that purpose from free

online computer fonts (see Section 4.1). The data completion task, considering this dataset, consists

in generating missing letters according to the style of the ones that are provided, and it is depicted in

4



Figure 1.2: Data completion in the fonts dataset. The letters that are visible to the algorithm are depicted in blue,
and the generated letters are depicted in black.

Figure 1.2. Such an algorithm may help a font designer generate an entire font after having drawn only

some of its letters.

Our approach is even more appealing given the recent trend of deep learning frameworks supporting

higher order derivatives, including PyTorch [8], TensorFlow [9], and the recent JAX library [10]. These

implementations of higher order derivatives can simplify considerably the approach taken by Belanger

et al. [11], and also the one reported on this dissertation.

1.2 Contributions

In summary, the main contributions of this dissertation are as follows:

• We provide a framework for applying SPENs to a class of data completion problems that is often

tackled with feed-forward models or generative EBMs. This framework supports arbitrary input

masks, and enables the use of neural architectures similar to ones that are already very success-

fully deployed in discriminative tasks.

• We evaluated the proposed framework with a font completion task, using the aforementioned font

dataset. We showed that the SPEN-based algorithm performs significantly better than an autoen-

coder baseline that we have also implemented.

• We showed that, by training the model only with the energy function (i.e., without adding an ini-

tialization network, as in the work of Belanger and McCallum [7]), we could obtain similar results
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to those that use the autoencoder baseline for the initialization. This suggests that the energy

function can encode by itself the relevant dependencies between components of the data. In fact,

we tested different types of initialization routines, including alternatives that simply input random

values, and concluded that the initialization did not greatly influence the final outcome.

• We showed that using just one step of gradient-based inference performed almost as well as using

more steps, while significantly saving in test time computational requirements.

• We published our PyTorch implementation, including the code with which we created and prepro-

cessed the font dataset. By the very nature of the SPEN paradigm, it is now relatively simple to

adapt the code to other tasks and neural network architectures.

1.3 Structure of the Dissertation

The remainder of the dissertation is organized as follows. Chapter 2 details background information

on neural networks, energy-based models (including discriminative and generative ones), SPENs, and

other related work. Chapter 3 describes how we adapted the SPEN framework for the task of data

completion, also introducing some changes to the original procedure which have proven useful. Chap-

ter 4 gives a detailed presentation on the setting in which we evaluated the proposed approach. Finally,

Chapter 5 summarizes the main findings, and discusses possible avenues for future work.
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This chapter describes the essential ingredients to understand the SPEN approach introduced by

Belanger and McCallum [7], and some other aspects that are important for the model proposed in this

dissertation. We start with an overview of neural networks in the feed-forward approach, and proceed

with a general formulation of energy-based models, followed by a description of SPENs. The chapter

ends with a summary of previous work involving deep neural networks for data completion.

2.1 Feed-Forward Models

With a feed-forward model we are interested in a direct mapping fω(x) from the input x (like an image,

a text segment, or a graph with node signals) to an approximation of the desired output y or, if we are

dealing with discrete outputs, to soft predictions (in the form of modeled probabilities) of the correspond-

ing output classes. Learning in such a model consists in searching for parameter values ω such that

the predicted values are close to the desired output, as measured by a particular loss function. When

considering structured prediction problems, feed-forward models normally generate an output whose

elements are conditionally independent given the input, thus not modeling direct interactions between

those elements. However, a structure such as a Conditional Random Field (CRF) [6] can be added to

the end of a feed-forward model [12] to estimate interactions between different elements of the output.

2.1.1 Neural Networks

A neural network is a general name for a parameterized function that, at least in one section of its

structure, has multiple functions that compose serially, frequently involving linear operations with many

parameters, intercalated with nonlinear activations that enable the learning of more complex functions.

An example of a common nonlinear activation is the ReLU function [13] given by ReLU(x) = max(0, x).

A deep neural network is simply a neural network with many composed layers. In general, more complex

features are detected further away from the input and closer to the outputs.

We can train a neural network by randomly initializing its parameters, and change them so as to

minimize a loss score between the predicted and the ground-truth values L(fω(x), y). The loss function L

and the neural network should be differentiable so that we can compute the gradient∇ω L(fω(x), y) using

the backpropagation algorithm [14], which is an efficient way of obtaining gradients in a computational

graph of functions that are composed together. The gradient is important to perform stochastic gradient

descent [15, 16], a learning method in which we update the parameters ω of the neural network in the

opposite direction of an approximation to the expected value of ∇ωL(fω(x), y); that approximation is

8



estimated using only a minibatch of observations. For a minibatch of only one observation, the update

rule of the parameters is given by:

ωt+1 = ωt − η ∇ωt
L(fωt

(x), y) ,

in which η > 0 is the learning rate, with which we can fine-tune the speed of change of those parameters.

We could also train a neural network with another optimization algorithm, whether it is another variant of

the first-order gradient-based optimization class or not.

Several potential pitfalls may occur when using neural networks. Care must be taken to not use a

neural network with too much capacity that may overfit the training data, and to measure the gap be-

tween performance in the training data versus the validation data to look for signs that this is happening.

To counteract overfitting one may for example reduce the number of parameters of the model or intro-

duce a regularization technique, including dropout [17] and batch normalization [18]. Dropout works by

randomly removing some non-output units of the forward pass of the neural network while training, and

then using all available units at test time, thus promoting redundancy in the learned representations.

Batch normalization learns the parameters of a shifting and rescaling transformation of the values of

certain features across a minibatch of observations, with the result that the nonlinear activations receive

more predictable inputs.

Consider also the issue of vanishing or exploding gradients, which happens when the learning signal

is attenuated or amplified too much during the backward flow, especially if we are dealing with a deep

neural network. This results in a deregulation of the learning process because the parameters do not

change fast enough for learning to occur, or change too quickly so that what has been previously learned

is forgotten. Much research work addressed this problem, including the use of the ReLU activation

function that only saturates in one direction, and of residual networks, which allow gradient information

to skip some of the layers in a neural network instead of having to pass through all of them.

One should also use a neural network architecture that encodes an inductive bias that is appropriate

for the task at hand. For example, when handling image data, using a convolutional neural network

(which we review in the next section) is often appropriate, because those models ensure the property of

equivariance over translations of the input image.

9



2.1.2 Convolutional Neural Networks

Convolutional neural networks (CNNs) [19] correspond to a class of neural network architectures that is

particularly amenable to tasks that need to handle spatial information, by relying on a structure partly

inspired by the visual cortex in the brain. Differently from other types of networks, these models use a

convolutional layer with learnable filters having a relatively small size, resulting in multiple feature maps

that may be passed to other convolutional layers or other functions to operate on. Intercalated with the

convolutional layers, nonlinear functions (such as the aforementioned ReLU) are inserted, as well as

pooling operations that reduce the dimension of the feature maps by using aggregating operations such

as the maximum or the average of small square patches. It is common to apply a fully connected neural

network to the last feature map, which will yield the desired output.

Notable CNN architectures include AlexNet [20], that famously achieved a large jump in performance

at the 2012 ImageNet challenge. The VGGNet [21] is another popular model, which committed to use

a particular order of the different layers, as well as a fixed specification for the kernel sizes (which

were quite small) and corresponding stride values, inspiring multiple researchers to build on top of it.

The ResNet [22] is also a common architecture that, by employing residual connections, improves the

gradient flow and allows for higher depth to be used.

2.1.3 Autoencoders

An autoencoder is simply a model which passes the input through an encoder to build a compressed

representation, and then passes what results to a decoder that attempts to reconstruct the original input

using only the output of the encoder. It may seem pointless that the objective of an autoencoder is to

try to generate its own input. However, this model allows the learning, in an unsupervised manner, of a

lower-dimensional representation of the input that may be valuable for downstream tasks. Note also that

the information bottleneck prevents the autoencoder from simply learning the identity mapping [19].

In more detail, the encoder part f of the autoencoder takes the input x into the lower-dimensionality

space h, which we call the feature space or the latent space. We wish that the decoder g takes that

compressed representation f(x) and produces an output that resembles as much as possible the input

x. This is accomplished by computing a loss score between the input x and its reconstruction g(f(x)),

backpropagating its gradient with respect to the parameters in the encoder and decoder parts of the

autoencoder, and feeding it to an optimization algorithm to update those parameters. Because of its

function, the loss function of an autoencoder is often called the reconstruction loss.

In addition to their use in unsupervised learning, autoencoders may also be used directly in a varied
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range of settings, including image-denoising, anomaly detection and, using convolutional encoders and

decoders, for the generation of structured outputs like segmentation masks [23,24] or images, which we

review in the next subsection. For more information on other variants of autoencoders see [19].

2.1.4 Generative Models

In this section we describe feed-forward generative models that are commonly used to produce images.

Specifically, we cover generative adversarial networks and variational autoencoders, which are often

trained in a completely unsupervised manner. It is often not clear how to evaluate the performance

of these generative models and, sometimes, human evaluation is employed. Nonetheless, there exist

more objective measures that take into account both the quality as well as the diversity of the generated

images, sometimes using high-level features of discriminative CNNs [25].

In the generative adversarial network (GAN) [26] framework, a discriminator network assigns proba-

bilities that a certain image is from the training dataset or was produced by a generator network, which

in turn attempts to map a source of randomness z to realistic images that fool the discriminator. For that

reason, each network receives a payoff that decreases when the payoff of the other increases, and vice

versa. The idea is that, at the end of training, the generator network has learned to produce plausible

images that the discriminator network can not perceive as being artificial, in the sense that it assigns

them a probability approximately equal to 0.5.

GANs have evolved and are now capable of generating very realistic images. In spite of all the

advances, there is still ongoing research regarding the often occurring problem of mode collapse. This

issue manifests itself in the lack of diversity of the resulting images, as a result of a generator network

that has specialized its capacity into generating only a few different samples, which it knows can fool the

discriminator.

GANs use CNNs both in the discriminator and generator networks to deal with the image data.

DCGANs [27] added batch normalization, which helped stabilize the learning process, as well as an

entirely convolutional architecture. With those changes, the model was able to generate reasonable,

albeit small, color images. The authors of the DCGAN method also demonstrated the existence of a

semantic interpretation to some arithmetic operations in the latent space of z. The large-scale study

that originated BigGANs [28] resulted in the identification of factors that are important in training GANs,

which is often notoriously difficult. The authors also introduced other useful tricks and obtained good

results in generating pictures corresponding to ImageNet classes.

With the technique of progressive growing of GANs [29], we start the training process with low res-

olution images and, as training stabilizes, progressively add layers to the generator and discriminator
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networks to produce higher resolution images with finer details. The StyleGAN paper [30] introduced

a non-linear mapping from the input latent vector to a different intermediate latent vector, which helps

to disentangle factors of variation. Increasingly growing stages are also used and they are modulated

by different style vectors that are based in this intermediate latent space. This is in opposition to usual

GANs, which feed one source of noise, without previously transforming it, at the first layer of a feed-

forward neural network. This, together with some other changes introduced in the StyleGAN paper and

in the follow-up [1], made possible the generation of impressive high-resolution face pictures, which are

often hard to distinguish from real ones.

The variational autoencoder (VAE) [31, 32] is another framework that is successful at generating

images. It uses latent variables and generally employs complex neural networks, thus making the com-

putation of the data likelihood intractable. However, approximate likelihood maximization is performed in

a principled manner, helping alleviate the mode collapse problem with GANs. Differently from a regular

autoencoder, in a VAE the encoder network learns the parameters of a distribution p(z|x), relating a

set of latent variables z with the observation x. On the other hand, the decoder attempts to model the

distribution of the data given the latent variables, p(x|z). During training, sampling of latent variables z is

performed according to p(z|x), and a final instance is produced according to p(x|z). Similarly to regular

autoencoders, a reconstruction loss between the generated sample and the observation is computed,

and a regularization term over the latent variables is added to it. This last term encourages the distribu-

tions of p(z|x) to be similar to a prior distribution p(z), with the result that it discourages the encoder from

clustering each observation in its own place in the latent space (thus memorizing the data), in addition

to promoting a semantically meaningful latent space. After the model is trained, we may simply sample

from the prior distribution p(z) and generate a sample by leveraging the decoder network. The complete

loss can be optimized with respect to the parameters of the encoder and decoder of the VAE. When a

continuous stochastic sampling operation is used to generate examples from p(z|x) we need to use the

reparameterization trick [31] so that the learning gradient can propagate through the operation.

The quality of the images generated by VAEs was not on par with GANs, as they were often quite

blurry and not as high resolution. New models recently tried to overcome these problems. Instead of

using continuous latent variables, the VQ-VAE [33] model learns a fixed size vocabulary of learnable

embeddings. A PixelCNN [34, 35] autoregressive model is separately fit to learn a categorical prior

over the latent variables. When we wish to generate novel images, those tokens are sampled from the

learned distribution and passed to the VAE decoder. The subsequent VQ-VAE-2 model [2] added a

hierarchical configuration with two latent spaces, one of which encodes general features of the image,

and the other specializes in more local features like texture. This model could generate high quality
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high-resolution images and, moreover, it did not have a problem with lack of diversity of the generated

samples, for example covering more modes of the distribution of ImageNet pictures than BigGANs.

2.2 Energy-Based Models

In this dissertation, we consider energy-based models instead of feed-forward ones, and we therefore

lose the property that only a forward pass is needed for training and inference. However, using only the

structure of the neural network that defines an energy function, we can in principle model high-order

interactions among elements of the output, as they are not conditionally independent given the input.

In fact, we may even construct an energy function that models interactions among any elements of x

and y. This is valuable in our setting of data completion, given that we wish to model the dependencies

between any element of the data, and nothing distinguishes an input element from an output element

besides one of them being visible and the other one not.

2.2.1 Overview

There have been at least two different but related ways in which the term energy-based modeling has

previously been used. In this dissertation we cover both uses by defining an Energy-Based Model

(EBM) as a model which contains an energy function that scores different configurations, expressing

that a state with a lower energy has a more favorable configuration than one with a higher energy.

Note that we do not impose any more constraints to this energy function and, in general, it may be a

sophisticated multimodal function, such as a neural network.

Notice nonetheless that, if we read the previous definition in the widest sense, almost any machine

learning algorithm may be considered to be an EBM. For example, a classification algorithm will assign,

for any given input x and possible output value y, a probability p(y|x). If we refer to the energy as

E(x, y) = − log p(y|x) we will be situated directly in this paradigm of energy-based modeling, since the

prediction is ŷ = argmaxy p(y|x) = argminy E(x, y). In this dissertation, to exclude cases like this, we

will call a model an EBM only when the energy does not have normalization requirements. This definition

of EBMs still covers many different types of models, some of which use probabilistic modeling and have

been often used as generative models, and some others that do not and naturally fit in a discriminative

setting. Nonetheless, recent work [36] showed that, by interpreting a traditional classifier as an EBM,

one may leverage the same model to run discriminative and generative tasks and obtain good results in

both, which normally does not happen.
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In generative approaches that employ probabilistic modeling, the energy represents an unnormalized

negative log density and is therefore a vehicle for modeling, in an unsupervised manner, the probability

distribution of the data, which is done by way of the Gibbs distribution:

pω(x) =
exp(−Eω(x))

Zω
, (2.1)

in which pω(x) is the probability of the data under the model with parameters ω, and Zω is the normalizing

constant, often denoted in statistical physics as the partition function.

In contrast to these generative models, predictive EBM algorithms may also be considered, and they

correspond directly to the definition of an EBM in [37]. In those models, the energy is a function of both

the input x and output y, and therefore these models can naturally score joint configurations of both

input and output. The inference procedure is the approximate search for the y that minimizes the energy

Eω(x, y), i.e., it is an approximation of:

ŷ = argmin
y∈Y

Eω(x, y) . (2.2)

Training such a model consists in configuring the energy function so that this search yields a good

estimator ŷ. Note that, contrarily to feed-forward prediction, in energy-based prediction more than one

forward pass is in general necessary to perform this search, as we shall see in Section 2.3.

A data completion task may be seen, quite generally, as a prediction task of the hidden elements

y given the visible ones x. As such, the work in this dissertation was directly inspired by the energy-

based prediction expressed in Equation 2.2. However, in our setting, there are no qualitative differences

between the visible elements x and the hidden elements y that we wish to generate. Furthermore,

we wish to complete missing values without knowing a priori which elements of the data are hidden or

visible. Therefore, in our case, it is not sensible to have separate networks for encoding x and y, as was

often done with the model we will use, namely the Structured Prediction Energy Network (see [7, 11]

and the next section). Instead, the energy will be a function of a single object, which will also make our

approach substantially similar to that of generative EBMs. For this reason, we review generative EBMs

in the next subsection. Moreover, generative EBMs have previously been used in data completion tasks

like image inpainting [38], which consists in the generation of plausible missing image patches and is the

most relevant subclass of tasks to this dissertation. When we instead use SPENs, we do not enjoy the

probabilistic modeling of uncertainty of that paradigm. On the other hand, we do not have to deal with

the potential intractability or non-convergence of the normalization constant, or with sampling issues that

are difficult to mitigate.
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2.2.2 Generative Energy-Based Models

The EBMs that take into account the normalization constant of Equation 2.1 have often been applied

to learn the data distribution in generative tasks. In the particular task of image generation, it is natural

to consider an energy function that jointly scores all pixels in an image, and then sample from the

distribution that this energy function induces to generate new images.

Despite enjoying a great expressive power, training this type of EBM often is not done in an end-to-

end manner and can be notoriously challenging, since maximum likelihood training of pω(x) in Equation

2.1 is intractable for sufficiently complicated energy functions. However, in recent years, there has

been a flurry of research addressing different ways of training these models [39], showing that they can

achieve good results in practice. MCMC sampling with Langevin dynamics [40] is often used for training

these EBMs. Some work has focused in improving this process, managing to train an energy network

by MCMC sampling directly from random noise [41,42]. Aiming at lessening the computational burden,

other methods use contrastive divergence training [43], often in a persistent form [36,38], in which past

samples are used to initiate the Markov chain. Some other studies avoid MCMC sampling during training

altogether and use score matching instead [44, 45]. Most models that are already trained use MCMC

with Langevin dynamics to generate samples. Note that training or sampling with MCMC may inherently

entail mixing problems and difficulty in visiting different distribution modes.

A different recent method uses a diffusion process defined by a trainable stochastic differential equa-

tion, such that random noise can be gradually diffused to data [46]. This method also uses score

matching and has achieved impressive results generating high resolution 1024 ×1024 images. In differ-

ent work [36, 38, 47, 48], EBMs have also shown improved calibration, out-of-distribution detection, and

robustness to adversarial attacks without having explicitly been trained for them.

Some generative EBMs use implicit generation of the samples, in the sense that they are produced

using only the energy function, without the aid of a different network that proposes those samples. Since

in those models we do not employ separate discriminator and generator networks, as in GANs, redun-

dant features do not need to be learned [38]. As we will see later in Section 4.6, we consider both the

case where the modeling is done totally by the energy function, and the case where a separate network

generates the initial values for gradient-based inference. This last case has conceptual similarities to

the generation process in GANs [26], as well as to those EBMs that use a different trainable network to

generate samples [48–50], or the initial iterates for the MCMC sampler [51].

Departing briefly from the world of image generation, energy-based models have also been recently

used in conjunction with transformer architectures (such as BERT [52]) to define a joint probability dis-

tribution in natural language generation tasks [53]. Text generation is performed by sampling multiple
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sequences from the self-attention based language model and resampling those sequences according

to the probabilities attributed to them by an EBM. The whole system can be trained by noise contrastive

estimation [54]. By scoring the generated sequences with a global energy function, the method from [53]

enhanced coherency over long sequences.

There has also been substantial interest in exploring EBMs for reinforcement learning tasks. Energy-

based models can naturally represent multimodal policy distributions to achieve distinct behaviors. This

was explored in [55], in which different behaviours could be composed by first learning general-purpose

policies that could later be refined for more specific tasks. A recent work [56] in the model-based

reinforcement learning setting represents state dynamics without conditioning on the choice of action,

resulting in multimodal transition probabilities that an energy-based model can describe. This model

performed well in online learning settings, and effectively promoted exploration.

2.3 Structured Prediction Energy Networks

The model that we will use in this dissertation, namely the Structured Prediction Energy Network

(SPEN), was introduced by Belanger and McCallum [7]. For the most thorough treatment, refer to

the PhD dissertation of David Belanger [57]. A SPEN is a predictive EBM, in the sense that it employs

a gradient-based search procedure in output space to approximate the predictor in Equation 2.1. The

energy is used solely as a scoring function to indicate good configurations, but some modifications were

made to these models by David Belanger [57] so that they could also model uncertainty, in the sense

that, for a toy problem, a model could generate different outputs for the same input. SPENs are defined

for continuous outputs y, and therefore a convex relaxation of discrete outputs may be needed in some

tasks. The energy function E(x, y) is defined by a feed forward deep neural network. The authors in-

tended to model, with that deep neural network, interactions between any components of the output in

structured prediction problems. This is in opposition to factorized energy-based models like CRFs, that

can not tractably model high-arity interactions with deep features, needing to have a simple structure in

order for inference and training to be feasible.

The creators of SPENs found it valuable to further define Eω(x, y) to have a more specific form

which, besides having modeling advantages, also helped lessen processing requirements. First, they

introduced a feature network F (x) to encode a fixed representation of x that can be pre-trained and that

can also be cached so that computing is saved in the multiple iterations of gradient-based inference. All

of the terms of the energy function interact with x only through the feature network. Second, the energy
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function is subdivided into a global term and a sum of local terms:

E(x, y) = Eg(F (x), y) +
∑
i

El(F (x), yi) . (2.3)

Each local term scores independently only one component of y, and the global term can capture com-

plicated global dependencies in those components.

Even though SPENs are a class of EBMs, we can sidestep the difficulty of training those models

by doing so in an end-to-end manner, similarly to a feed-forward model. In fact, as we will see in

Subsection 2.3.2, the gradient-based procedure for generating predictions at test time is itself directly

trained by gradient descent.

2.3.1 Prediction Using SPENs

Figure 2.1: Computational graph of gradient-based prediction in SPENs. Reprinted from [57].

Prediction using SPENs is defined to be a gradient-based minimization in y of the energy function

Eω(x, y), which is differentiable in y. For each iteration t, this process is given by

yt = yt−1 − ηt∇y Eω(x, yt−1) , (2.4)

where ηt is a possibly variable learning rate. Gradient descent with momentum can also be used.

Belanger et al. [7] use a separate feed-forward network Init, based on the features F (x), to produce an
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initial estimate for y0. Note that we generally train Init(F (x)) beforehand to obtain a good initial iteration.

Unrolling this entire process over T inference iterations results in:

yT = Init(F (x))−
T∑
t=1

ηt∇y Ew(x, yt−1) .

The unrolling procedure is also depicted in Figure 2.1.

Prediction in SPENs derives from the approach in [58]. These models are also related to Input

Convex Neural Networks (ICNNs) [59], in the sense that they also use an energy minimization process

for inference. With ICNNs we further impose that the energy function is convex in the output space y,

so that global minimization with respect to y is feasible. Still, this constraint seemed to have a negative

impact in some tasks [11,59].

Prediction with SPENs should in general be slower than with feed-forward approaches, since more

steps are needed, including the backpropagation computation of ∇y Eω(x, yt−1). We will nonetheless

see that, in the application of Chapter 4, we can reduce the number of gradient-based inference steps

to just one, thus making the running time more similar to a feed-forward approach, and still maintaining

a good quality in the generated samples.

Because the inference procedure in SPENs is itself an iterative procedure based on taking gradient

steps in search of a minimum of the loss, to do gradient descent on such a model would require back-

propagation through that whole process. In the next section, after considering other possibilities, we will

indeed present a method that employs this approach.

2.3.2 End-to-End Learning for SPENs

To train SPENs, we may use the implicit function theorem to differentiate the loss with respect to the

parameters of the energy function. Still, this is not the method that was preferred [7], as prior experience

showed that it is computationally expensive [58]. We could also consider the method used by Belanger

and McCallum in the paper in which SPENs were first proposed [7], which used a SSVM loss for training

[5, 60]. In this approach, computing just one gradient requires exact energy minimization with respect

to y, and it is difficult to predict how much effect an error in this computation has on the overall learning

task. Belanger et al. found that this method often works worse than the one they proposed in a follow-up

paper [11], namely an end-to-end learning method for SPENs which, in addition, considerably simplifies

the implementation of SPENs. End-to-end learning of a gradient-based inference procedure had been

previously introduced in [58], but Belanger et al. introduced modifications to the aforementioned work for

faster prediction.
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Figure 2.2: Backpropagation through the unrolled computational graph of the gradient-based inference in SPENs,
which forms the basis of the end-to-end learning algorithm. Reprinted from [57].

To understand end-to-end learning of SPENs, consider first that we are dealing with a feed-forward

model fω. In this case, the loss for one observation is Lω = L(y, fω(x)). If fω is differentiable, we

can just propagate the gradient through the loss and the prediction back into the parameters of the

model, and use an optimization algorithm to search for parameters that minimize this loss. We would

like to train SPENs in such an end-to-end manner, which has proved itself to be very successful and it

is often not difficult to implement. Consider that instead of a feed-forward model, fω corresponds to an

indirect map, i.e., the minimizer with respect to y of an energy network Eω(x, y). The loss function would

then be Lω = L(y, argminy Eω(x, y)) and, if we had an Algorithmω(x) for approximately searching this

minimizer, the loss would be Lω = L(y,Algorithmω(x)). This process is in general not differentiable and

therefore we can not use gradient-based learning. However, suppose that Algorithmω(x) is the usual

gradient descent algorithm in y, i.e., the inference process for SPENs that we have already introduced

in the last subsection, unrolled over T iterations:

Algorithmω(x) = y0 −
T∑
t=1

ηt∇y Eω(x, yt−1) .

Suppose also that all the steps that are used by the algorithm are themselves differentiable. In this case,

the whole algorithm is itself also differentiable, and it is possible to perform backpropagation through the

entire unrolled computational graph (depicted in Figure 2.2).
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With end-to-end learnig for SPENs, we also need the components of the energy network to be twice

differentiable. That is the case since we need each step of the inference process (Equation 2.4) to be

differentiable with respect to ω, and we already include in each step the gradient of the energy function

with respect to y. For this reason, the authors of [11] did not use the ReLU nonlinear activation in their

energy networks. Instead, they used the Softplus function, given by:

Softplusβ(x) =
1

β
log(1 + exp (βx)) . (2.5)

This function acts as a twice differentiable approximation to the ReLU and, in fact, tends to that function

as β → ∞. Recently, this end-to-end training method became much simpler to implement, since we

can employ the automatic higher-order differentiation capabilities of modern neural network libraries like

PyTorch [8], instead of the finite difference method that Belanger et al. implemented [11].

During training, the loss function is defined as a sum of losses at each step of the iteration between

the inference iterates yt and the ground truth value y:

L =
1

T

T∑
t=1

wtL(yt, y) , (2.6)

using a weighting scheme such as wt = 1
T−t+1 that gives more weight to the last iterates, encouraging

the energy function to be shaped so as to give good predictions early.

In some cases, we need to change the optimization space. For instance, in the example given in [57],

one may assign one of D possible values to K labels, i.e., we wish to learn a mapping from the input

x to {0, . . . , D − 1}K . One could optimize SPENs in the constrained space of the probability simplex

on D elements CK,D = {y | y ∈ [0, 1]K×D, ∀i
∑
j yij = 1}. Belanger et al. considered multiple ways to

optimize within it, but it was simpler, and most of the time produced better results, to instead optimize in

the unconstrained space of the logits ` of y, such that y = Softmax(`). In this space, the gradient-based

inference step is:

`t = `t−1 − ηt∇`Eω(x, Softmax(`t−1)) , (2.7)

where the Softmax function has the form:

Softmax(y)i =
exp (yi)∑K
j=1 exp (yj)

, (2.8)

and it is applied separately to each of the D components of y (each with dimension K). We are now

working in the space (−∞,∞)K×D and we are free to train with many different common optimizers, such
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as Adam [61]. We naturally need to come back to the y output space and apply a discretizing function

to obtain the final class prediction.

It is worth emphasizing that when we use SPENs we have to concern ourselves with at least two

different learning rates. The first one, η, is the inner learning rate, which controls the speed at which the

gradient-based inference procedure proceeds. In this dissertation, we will impose that all of them have

the same value, but we might also have, as in the example above, different ηt for each inference step.

The second is the outer learning rate, which is the one we would normally call learning rate and that

actually changes the model. We provide it to the optimizer, such as the aforementioned Adam, and it

regulates the speed of change of the parameters of the energy function.

Because inference in SPENs is done by optimization in output space on a generally non-convex

energy surface, global energy minimization can not be guaranteed (unlike with some CRF models with

a simple structure), and no guarantees about the number of iterations until convergence can be made.

Normally, we fix the number of iterations to be low so that we are learning an energy function in which

the prediction process converges quickly and which, at the same time, consumes less computational

resources. Even though other criteria are possible [57], in this dissertation we will consider that the

number of iterations T of gradient-based inference is fixed, and that T takes the same value at both

training and inference time.

2.4 Related Work

There has been a considerable amount of research dedicated to the most relevant type of data com-

pletion problem to this dissertation, which is the inpainting problem. In this task, missing pixels in an

image are often given as a mask over the visible pixels. It is a difficult task that requires some level of

semantic understanding when the area of the image affected is large, in which case it is not enough to

fill the missing parts by directly adapting parts of the surrounding image. The most impressive work in

this area has been achieved with feed-forward approaches but, as we have previously explained, it is

natural to apply EBMs to data completion problems and some work has previously been done in this

area. We review both cases in the subsequent subsections.

2.4.1 Feed-Forward Models

Many image inpainting methods employ adversarial training since GANs have proved to be very suc-

cessful at unconditional image generation. The Context Encoder [62] employs a convolutional autoen-

coder architecture that accepts the masked input and tries to output the image with the holes filled in.
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A standard pixel-wise reconstruction loss is then computed, together with an adversarial loss that is the

result of a separate discriminator network attempting to indicate whether a sample is real or not. A later

paper [63] increased the quality of the completion of the Context Encoder by using the intermediate

features of a pre-trained VGG network [21] to add an additional loss term that penalized differences in

texture between the completed hole versus the visible part of the image. Other work [64] employed two

discriminator networks, a global one that is aware of the whole generated image, and a local discrimina-

tor centered around the completed region to emphasize it. It also used dilated convolutions to increase

the receptive field in the generator.

The DeepFill model [65], which includes two generator autoencoders and two discriminator networks,

was able to enhance the results of the previous studies by introducing a contextual attention mechanism

to model spatially distant dependencies in the generated image. Like other models, the first generator

network performs coarse reconstruction of general features of the missing patch. The second generator

is responsible for the refinement of it, and it is the one that employs the contextual attention mechanism.

This entirely differentiable procedure computes correlations between small background patches with

the foreground patch that we wish to reconstruct, and uses this information in the decoder part of that

generator. Another model [66] introduced partial convolutions, which distinguish between visible and

hidden input pixels, heuristically updating the mask to be applied in the next layer, and enabling the

model to effectively deal with irregular shaped masks. The model DeepFill v2 [67] introduced gated

convolutions, which are similar mechanisms to partial convolutions. However, they are differentiable and

function as learnable mechanisms for selecting features at different layers. These gated convolutions

also allow for user guidance of the inpainting process to be included. Many of the innovations that

we have previously mentioned were also incorporated, making this version of DeepFill one of the best

performing methods overall.

2.4.2 Energy-Based Models

As we have previously explained, it is natural to use EBMs in data completion tasks. There have been

experiments with times series data imputation [68], and image inpainting tasks have also been a frequent

testing ground for EBMs. These previous studies have for instance used Input Convex Neural Networks

(ICNNs) [59], which have a similar formulation to SPENs but are convex in the space of missing data,

which may limit its expressive power. Some of the probabilistic models we have previously mentioned

were also used for image completion tasks. Du and Mordatch [38] adapt the Langevin dynamics to only

modify the hidden pixels and maintain the visible ones fixed, and Song and Ermon [45] modify their

annealed Langevin dynamics in a similar way. Song et al. [46] modify the SDE they use to generate
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unconditional images to a conditional SDE of the hidden pixels based on the visible ones. Note that

those EBMs naturally allow for a diversity of possible completions to be generated.

2.5 Overview

In this chapter we reviewed the background information necessary to understand the algorithm that we

propose. This includes the fundamentals of feed-forward and energy-based approaches and a review of

the SPEN framework, which forms the foundation for the data completion algorithm that we propose in

the next section. Finally, we described other data completion algorithms that are applied to a task that

is similar to our own, namely, the task of image inpainting.
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Having described in the previous chapter the necessary background information on Structured Pre-

diction Energy Networks (SPENs), the question arises of how we can adapt the algorithm (originally

applied to problems such as multi-label classification or image-denoising) to the data completion setting.

Most models that are not energy-based, when used for data completion, have an architecture specific

for that task, as we have seen in Section 2.4. Similarly to other EBMs, with our model we can use

different architectures that may be already familiar to researchers for discriminative tasks. Dependencies

between any of the components of the data may be represented, whether those components happen

to be visible or not. This is possible without having to worry about the learning algorithm, as the SPEN

paradigm directly provides a learning procedure.

In this chapter, we discuss the modifications that we have made to the original SPEN model. This

includes the specification of the class of energy networks to employ, the use of different initialization

procedures, and some other alterations that were made to facilitate learning.

3.1 Energy Network Architectures

In our data completion setting we consider the separation of one sample into the multiple components

that constitute it. Some of those components are observed, and they constitute x. Others are absent

and we wish to generate good estimates for them. They constitute the hidden components y.

Many tasks can be seen as being part of this class of data completion problems. For example,

consider the very general problem of learning a mapping from input to output. We may simply consider

that the output is part of the original data but it is missing, and we wish to complete it. Therefore, in this

dissertation, we further constrain the class of data completion problems that we consider.

We assume that each component of one sample, regardless of being part of x or part of y, can be

represented by a vector with the same number of dimensions, i.e., it belongs to Rk, for fixed k. These

are the vectors that serve as input. Note that this requirement does not exclude textual representations

such as word embeddings. A task that is included in this paradigm is the generation of missing values

in tabular data consisting of features of the same type. Another one is image inpainting or image com-

pletion, in which we wish to generate plausible values for missing pixels. In this task each component is

given by a vector with 1 or 3 dimensions, corresponding to black and white or color images in the RGB

space.

Despite the focus of our dissertation not being this, there is no a priori reason why one cannot relax

the constraints that all elements can be represented by a vector with the same size. We could, for

example, complete tables with missing data that is either quantitative or qualitative – whose components
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are in general represented by vectors of different sizes. To accomplish this, we just need to adapt the

energy function so that it is able to interface in different ways with the features, depending on their type.

This framework also includes text, audio, or video completion but in this dissertation we do not consider

an explicit modeling of the sequence structure that may be needed to be able to execute those tasks

adequately. Moreover, we do not consider tasks in which the size of one observation varies.

By choosing this subclass of data completion problems, in which features can be represented by a

vector with the same size, we can explicitly consider only energy functions with an uniform architecture

across those features. This means that, in particular, the energy networks that we consider are indifferent

to whether a feature is visible or hidden. In other words, they can naturally be seen as a function of a

single input z, which contains both the visible elements x and the invisible ones y. This choice for the

type of energy functions is not the only possible one, but it is natural, since it suits the fact that we are

dealing with data that was originally aggregated, and we symbolically subdivide it in x and y to express

that only part of the original data is available to the algorithm. This choice also suits the fact that we

want to use neural networks to directly model dependencies between any of the components of the data,

regardless of them being part of the observed input x or the hidden output y. This is different from the

original experiments with SPENs in which the output elements y (which in this case always correspond

to the same variables) are scored independently of the values of x given the cached values of a feature

network F (x), as can be seen in Equation 2.3. This was chosen so that computing resources could

be saved, but the use of the feature network results in a loss of expressive power, in the sense that

direct relationships between members of x and y are not modeled explicitly. For our work we considered

a different architecture, without a feature network and not distinguishing between visible and hidden

elements of the data.

Moreover, to simplify the notation, we express the energy of x and y in their respective place in the

input as E(x, y). For example, in a problem with images, (x, y) might refer to a single image z with

size m×n, in which we distinguish pixels that are visible, constituting x, and pixels that are invisible,

constituting y. In practice, we mostly compute the energy function with elements that are different than

y, such as the iterative guesses that we will talk about in the next section. These iterative guesses have

as many components as y, and thus can be arranged in the corresponding place together with x.

Neural networks often use nonlinear functions as part of their architecture, and a common choice

is the ReLU [13]. Belanger et al. [11] used a Softplus function with a large value for β, such as 25, as

a twice differentiable approximation for the ReLU to be used in SPENs. Their choice was motivated

by a higher similarity with the ReLU function when this parameter has a higher value (see Figure 3.1).

However, in our case, this choice hindered learning. In order to differentiate the inference process, one
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Figure 3.1: (Left) Softplus functions for different values of β and ReLU. (Right) The second derivatives of the
Softplus functions. A higher value for β makes the Softplus function more similar to the ReLU, but their
second derivatives have a smaller range in which they are substantially different than zero. Note that,
since the derivative of the Softplus function with β = 1 is the Sigmoid, the red line in the right-hand plot
also denotes the first derivative of the Sigmoid function.

must differentiate ∇`Eω(x, f(`0) with respect to the parameters ω of the energy function. On the other

hand, this differentiation involves knowing the second derivative of the Softplus function and, as also

depicted in Figure 3.1, the second derivative is narrower as a result of a higher β, implying that a smaller

range of values in the domain produces second derivatives that are considerably different than zero.

This causes upstream gradients to not properly flow backwards into the parameters when the values of

the domain are outside that range. We chose to work with Softplus functions with β = 1 as the nonlinear

activations, but in other applications different values for β may be appropriate.

3.2 Inference and Learning

Performing the inference process with SPENs implies unrolling a computational graph of a gradient-

based search operation on a twice-differentiable energy network. Because that whole procedure is also

differentiable, we can use a regular stochastic optimization algorithm to train the energy network such

that we obtain the output we want in the end of it.

The basis of the algorithm is the inference step defined in Equation 2.4. The full gradient-based

inference, in which T of those steps are iterated, is given by:

yT = y0 −
T∑
t=1

ηt∇y Eω(x, yt−1) . (3.1)

The components of the data that we wish to complete often cannot take any value, but instead belong

to an interval I or, in case they are K-dimensional vectors, to the Cartesian product of K such sets, i.e.,
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IK . In this case we can apply the method of Belanger et al. [11], in which gradient descent was actually

realized in the unconstrained space of the logits of y (see Equation 2.7). More generally, with the right

choice of a mapping f : RK → IK (such as the softmax function in the aforementioned equation), we

can bring the iterate ` from the unbounded space RK (in which we can take gradient steps freely) to the

relevant set IK . A step in the unconstrained space is given by:

`t = `t−1 − ηt∇`Eω(x, f(`t−1)) , (3.2)

in which the transformation f is applied independently to each K-dimensional component of the logits,

and the full inference procedure is given by:

`T = `0 −
T∑
t=1

ηt∇`Eω(x, f(`t−1)) . (3.3)

The initial logits `0, as well as the initial y0 in Equation 3.1, are generated by an initialization routine that

depends on the visible data, Init(x), which we will describe shortly.

Another possibility corresponds to cases in which each component of the data that we wish to gen-

erate is discrete with N ordered values (e.g., a component of a color channel with values between 0 and

255). Similarly to what is done in other cases, we can normalize all the data to an interval I such as [0, 1]

and, for each component of y, we can relax the problem from a search for the minimum energy among N

values, to a search within that interval. To obtain discrete values, for example, when computing scores,

we can simply apply a discretizing function. The discretizing function should be increasing and it should

map each of the N subintervals of a handpicked partition of the interval I, to the N discrete values.

Being discontinuous and integer-valued, this function should not be part of the computational graph that

we must be able to differentiate.

If we have a problem in which we wish to classify each component of y into two classes, as will be the

case later in Chapter 4 when we generate black and white images, we can model, for each component,

a non-degenerate probability distribution that is fully identifiable by only one number p ∈ (0, 1), which is

the probability for one of the classes to occur. We can work with the logit instead by applying the trans-

formation ` = logit(p), and thus obtain an equivalent problem in an unconstrained space. Furthermore,

to convert back from logit space to the probability space of p, we just need to apply the inverse of the

logit, which is the Sigmoid function (also denoted by σ), given by:

σ(x) = Sigmoid(x) =
1

1 + exp(−x)
. (3.4)
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The complete inference algorithm is then given by:

`T = `0 −
T∑
t=1

ηt∇`Eω(x, σ(`t−1)) . (3.5)

We might also have chosen a different strictly increasing mapping f from R to the interval (0, 1), instead

of σ. A possible discretizing function for this problem, which is the one that will be used in our pratical

applications, is described later in Equation 4.1.

Coming back to the functioning of the algorithm, consider Equation 3.2 again. After computing f(`t),

those values will be assigned to their place in a tensor together with the observed data x before the

forward pass of the energy function. As we will see in Chapter 4, a fixed and quite low value for the

number of iterations T is used, in line with previous recommendations [11].

Similarly to Equation 2.6, the intermediate and final values f(`t) are compared with the ground truth

value y to compute a loss function, which is expressed by:

L =
1

T

T∑
t=1

wtL(f(`t), y) , (3.6)

using the same weighting scheme wt = 1
T−t+1 . We now wish to backpropagate the gradient of the

loss along the whole unrolled computational graph of the inference process in Equation 3.3. Our im-

plementation is assisted by a feature of PyTorch that allows the creation of the computational graph of

the backwards pass that produces ∇`Eω(x, f(`t−1)). Note that this gradient is part of the inference

process expressed in Equation 3.3. The computational graph is itself differentiable if all the operations

that define the energy function are twice differentiable. In this case, we can differentiate the whole in-

ference process and thus obtain the gradients with respect to the parameters ω of the energy function.

By feeding these gradients to a first order unconstrained optimization algorithm, we can then train the

energy function so that our algorithm performs as desired. During test time we avoid the overhead that

comes with the creation of the computational graph of the gradient of the energy function by turning off

the flag create graph of the automatic differentiation routine.1

Furthermore, we remark that the last layer of the energy network (which will often be a linear layer)

should not have a bias term. This is because the derivative of this energy function with respect to its

inputs ∇`Eω(x, σ(`t−1)) does not depend on this term and, in the process of differentiating the loss,

1A separate PyTorch package for higher-order differentiation, which is called higher [69], may simplify further the approach
taken here. Furthermore, as it supports differentiation with respect to internal parameters of many different PyTorch optimizers, it
may also enable an extension of our approach that uses different optimizers with learnable parameters in the inner loop, instead
of the standard gradient descent.
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PyTorch does not output a zero for the derivative of that gradient term with respect to the parameters ω,

but instead a None value.

Initialization of the Inference Iterates

Different initialization procedures Init(x) can be used for generating the initial inference iterates `0. Note

however that, as described earlier, we often need to pass them to a function like the Sigmoid before

integrating them together with the observed data. Only afterwards can the energy function be applied.

This effectively constrains the permissible range of values that the initialization routine can output. To

see why, take as an example the case with two classes described earlier, in which the Sigmoid was used

as the mapping from R to the interval (0, 1). Note that the derivative of that function is low for values that

deviate too much from zero. This is visible in the right side of Figure 3.1 in red, as the the first derivative

of the Sigmoid function is the second derivative of the Softplus with β = 1. If we do not place some

care into giving the Sigmoid inputs that are close to zero, the upstream gradients will not flow backwards

through the function properly. Therefore, in those cases, either we design the initialization procedure to

output values that already have a low modulus, or we should pass them through a function that maps

(−∞,+∞) to an interval around and close to zero, such as [−1, 1]. As will be described in Chapter 4,

we choose to use a function that compresses linearly the values around 0, dividing by the maximum of

the absolute value of the initial logits `0 with the Compress function given by:

Compress(x)i =
xi

maxi abs(xi)
. (3.7)

The different initialization routines that we have considered are:

• Initialization with an estimate: This is closer to what is suggested by Belanger et al. [11], which

used a feature network to initialize y0. In this case, we have a pre-trained initialization function that

depends on the visible data and suggests initial values for the iterates `0.

• Initialization to zeros: We simply initialize all the iterates `0 to zero.

• Random initialization: Another possibility is to initialize `0 by sampling random numbers from a

distribution concentrated near zero. This way, we require that a larger variety of gradient descent

paths is capable of generating good solutions. At test time, we may choose to initialize `0 with zero

instead. As we will see in Chapter 4, this seemed to work better.

It is important to emphasize that, with those last two initialization procedures, the job of the energy

function is not anymore to enhance an initial suggestion. Instead, we now expect the energy function to
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be sufficiently rich to do the entire job of modeling dependencies without any external help.

When the iterates are passed through the Sigmoid function in both the first and the last possibilities

for initialization, respectively (i.e., initialization with an estimate or at random), one may need to use the

Compress function to ensure that learning can proceed.

3.3 Overview

This chapter described how we have modified the SPEN algorithm so that it can handle a particular

class of data completion problems. We detailed which class of energy networks we are going to con-

sider, how the process of learning proceeds, and how we can implement it in PyTorch. We introduced

some changes that facilitate learning by promoting a better gradient flow. We also discussed different

initialization methods for the inference process. Moreover, we have seen how the learning algorithm can

be adapted to produce different types of data. In particular, we discussed how it applies to an example

in which there are only two classes from which we wish to generate values, which will be valuable help

for the practical application detailed in the next chapter.
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4
Experiments with Font Completion
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In the previous chapter we proposed a procedure to bring SPENs into the realm of data completion.

We can now specialize that algorithm for handling a dataset composed of fonts, with the letters that

constitute each font formatted as images. This is a subproblem of the data completion class of the last

chapter, with which we can employ energy functions with an uniform architecture across features.

We begin this chapter with a description of the font dataset, and with a definition of the data comple-

tion task, which consists of generating images for letters that are not visible in a font. We proceed with

a discussion about the choice of the loss function for training the energy networks, as well as the score

for evaluating the quality of the generated missing data. We then present different baseline models that

we have built for comparison. Subsequently, we discuss the architecture of the specific energy network

that we have employed in this problem, and provide practical considerations for applying our method.

Finally, we compare the results that we obtained with different configurations of the algorithm, and also

the results that we have obtained with SPENs versus those from the baseline models.

4.1 The Fonts Dataset

In order to build a model to test the capabilities of the algorithm proposed in the previous chapter, we

use a visual dataset through which experiments can quickly be iterated. We downloaded a dataset

containing open access ttf font files from the DaFont website [70]. The dataset is composed of 1076

bitmap fonts, each comprising the 26 letters of the English alphabet in their uppercase form. As usual,

we divided the data randomly into three datasets: the training dataset (with 716 fonts), the test dataset,

and an additional validation dataset for hyperparameter tuning (each with 180 fonts). A sample of the

fonts from the training dataset is depicted in Figure 4.1.

With this choice of dataset, we avoid introducing additional complexity that comes with performing

general image inpainting, which is a standard data completion task in image domains.

• As we will see in the next section, it is simple to define the data completion task in this font dataset

as the generation of missing letters of a given font, knowing only the provided letters. Therefore, we

avoid having to choose between different types of masks in image inpainting, or having to produce

these masks manually.

• If we wish to perform image inpainting with complex pictures, the choice of a customized loss

function can itself be a difficult process. By choosing the images to be small black and white fonts,

we are able to avoid this issue with a simple loss function and score for training and evaluation.
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Figure 4.1: Examples of fonts from the training dataset.

• Because the inputs are simple bitmap fonts, we can format them into very small black and white

pictures without a need for an anti-aliasing treatment. This has two benefits:

– We can reduce the memory that is needed to store the small pictures, as well as shorten the

time it takes to perform multiple experiments.

– Because we do not use gray values, we can encode each black and white pixel solely with

the values of 0 and 1, in a single channel. As a result, we can simply treat the generation

of the missing images as a binary classification problem for each pixel, using what we have

introduced in Section 3.2.

Note that a data completion task in this dataset, defined in this way, is part of the class of data

completion tasks specified in Section 3.1, since the components of the data are of the same data type,

and each component can be represented by a vector with the same number of dimensions.

Some minor resizing was made for each font so that all letters fit in a 32×32 picture. We have chosen

this exact size because it was the smallest which is a multiple of 2 (so that we could downsample the

pictures with max pooling layers of a CNN), that still keeps a reasonable image quality.

We use the PyTorch neural network library [8], and format an entire training example containing

a number of fonts equal to batch size as a (batch size, 26, 32, 32) 4-dimensional tensor. The

PyTorch default of using 32 bytes floating-point numbers for use in the GPU was kept. However, we

often take the primary unit to be the font, which is represented by a (26, 32, 32)-shaped tensor. This

3D arrangement of a font is depicted in Figure 4.2. Symbolically, we refer to the l-th letter of the f -th font

of the dataset as F (f)
l ∈ {0, 1}32×32.
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Figure 4.2: Example of a font, highlighting the packing of the letters into a 3-dimensional tensor

4.2 Data Completion in the Fonts Dataset

In this section we fully describe the learning task that we have introduced before. We have already

explained in Subsection 4.6 why the energy network formulation is natural in this problem.

The data completion task can be defined as the generation of missing letters in a font, given that

only some of the 26 letters that compose the font are presented to the algorithm. By establishing the

task like this, there is a well-defined application scenario corresponding to a font designer who wishes

to automatically generate an entire font, after having drawn only a few of its letters. The algorithm

must be able to recreate different levels of structure in the image data, i.e., the structure imposed by

the alphabetic ordering of the letters, and the structure which is inherent to the style of the font, which

should permeate all missing letters. We can evaluate both requirements visually and, moreover, we can

employ the quantitative measures described in the next section.

We can describe the task in the same way as in Section 3.1. To evaluate the algorithm, we have a

test set composed of fonts z = (x, y), of which we only know some of the letters x. We will call them

visible letters, in opposition to the hidden letters y. The algorithm does not have access to those letters

and will try to generate them. Therefore, the objective to generate a prediction ŷ for the images of the

hidden letters y, knowing only the images of the visible letters x.

In order to produce similar letters as the inputs x, the images we generate are also black and white,

i.e., they are composed only of 0 and 1 pixels. However, with SPENs, we always relax discrete problems

so that, instead of generating directly the letters in the space {0, 1}n hidden letters×32×32, we generate

matrices in the space [0, 1]n hidden letters×32×32, where n hidden letters is the number of letters that

are hidden in this font. As we have detailed in Section 3.2, we can use an intermediate soft guess

p̂i ∈ [0, 1] (a gray pixel) that, because of the domain that it belongs to, we may consider as a probability.
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In the end, we apply a discretizing function to obtain a 0 or 1, which is simply:

Discretizeτ (x) =


1, x ≥ τ

0, x < τ

, x ∈ [0, 1] , (4.1)

which is a shifted Heaviside function limited to the [0, 1] domain, applied pixel-wise. Unless indicated

differently, we will take τ = 0.5.

When we say that we hide certain letters and show others, we are in fact filling the matrix corre-

sponding to the hidden letter with zeros, i.e., we mask it. Therefore, we still present the algorithm with a

whole font represented as a (26, 32, 32) tensor, with each letter in its alphabetic order along the first

dimension if it is visible and, otherwise, we fill the corresponding (1, 32, 32) slice with zeros. We also

pass as input to the learning algorithm, for computing the loss function and scores, a mask tensor with

boolean values indicating which letters are visible and which ones are not.

Input Modes

Two different modes were created to choose which letters are shown to the algorithm, thus requiring that

the remaining ones are for the algorithm to generate:

• Fixed mode: From each font, a fixed number of letters, with value n visible letters between 1

and 25, are chosen randomly to be input to the algorithm, and the others are masked. We chose

this range because at least one letter has to be presented to the algorithm for it to be able to learn

anything, and we want it to have to generate at least one letter.

• Mixed mode: For each font a number random n visible letters is drawn randomly from the

integers between 1 and 25. Then, random n visible letters of the letters are chosen randomly

to be input to the algorithm, and the others are masked. This way every possible configuration of

visible letters can happen with a reasonable probability.

With these two different modes specified, we can then train the algorithms with a fixed number of

visible letters, or in a situation in which every possible configuration can be present. This is useful to test

the dependence of the performance of different algorithms on the information they are provided with.

As it is commonly done, the order by which different fonts are presented to the algorithm during

training is random. We have also configured the training procedure so that, in every new training epoch,
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Figure 4.3: The two different input modes regarding the choice of which letters from a given font are visible to the
algorithm, which then has to generate the other ones. (Left) Fixed mode: We always present 7 letters,
chosen randomly, as input for the algorithm (here n visible letters = 7). (Right) Mixed mode: The
number of letters presented to the algorithm is itself random, ranging from 1 to 25.

we make a different choice on which letters of each font are visible.1 This is the case for both input

modes. This way, instead of deciding for each font in advance which letters are shown or fixed, we

present a larger variety of situations during training. This can be seen as a type of dataset augmentation,

and it is comparable to the common procedure of drawing a random mask in image inpainting tasks.

However, for the validation set, we make that choice only when we set it up, so that each font has always

the same letters visible. For the test set we do the same, except that we repeat the testing process

100 times with different choices of the letters that are visible. This is made for the collection of statistics

regarding the final results. For a better comparison, the choice regarding which letters are visible over

the 100 trials is reproducible.

In order to train our models we used the GPUs of the Google Colab platform. This platform has

obvious advantages for training the energy networks since significant computing speed and memory are

required.

4.3 Loss Function and Metrics

A standard loss function that can be used to train font completion models is the Binary Cross-Entropy

(BCE). This pixel-wise loss independently penalizes guesses for the pixels which are far away from the

truth, and it corresponds to the average negative log likelihood of a Bernoulli model for each pixel. Recall

that the generation of a black and white image can be seen as multiple binary classification problems

and that it is enough to model, for its i-th pixel ŷ(i), the probability p̂(i) of being black. The loss between
1To make sure that every time we run the algorithm with the same configuration the same outcome is reached, we have used

seeds for the pseudo-random number generators of those choices. However, if the code is run in the CPU instead of the GPU this
will not happen, and neither is this guaranteed to happen when we use different PyTorch versions.
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one ground truth pixel y(i) and a generated pixel with modelled probability p̂(i) is given by:

BCE(y(i), p̂(i)) = −
[
y(i) log p̂(i) + (1− y(i)) log(1− p̂(i))

]
. (4.2)

The BCE loss between two different possibilities for the same set of letters is simply the average of the

BCE loss between the pixels of the individual letters.2

An objective score for evaluating the generated letters, that we deemed to correlate well with per-

ceived visual similarity, is the Intersection over Union (IoU) score. It is appied to the final generated

letters ŷ, i.e., after they have passed through the discretizing function. This score is often used to eval-

uate the similarity of bounding boxes in object detection problems, but we can adapt it to compute the

similarity of the letters. For a single letter, we define the IoU score as:

IoU =
|B ∩ B̂|
|B ∪ B̂|

, (4.3)

where we denote by B the set of pixels that are black in the ground truth letter, and by B̂ the set of

pixels that are black in the corresponding generated letter. In other words, this score favors letters that

resemble each other by computing the percentage of pixels that are black in both the ground truth letter

and the generated one, versus the total number of pixels which are black in at least one of the letters.

The final IoU score for a certain algorithm is simply the average of all the IoU scores for the letters that

count for the computation. Both in the computation of the BCE loss and the IoU scores, the letters that

are considered will depend on the chosen algorithm. This is discussed further ahead (see Subsections

4.5.1, 4.5.2, and Section 4.6).

We use the IoU metric to evaluate which version of the parameters of an algorithm to keep dur-

ing training, and to compare algorithms during the hyperparameter optimization phase. Both of these

choices are made based on the performance of the IoU metric in the validation dataset.

The Hamming Loss, which measures the percentage of pixels with the same color in both images, is

not a good choice for this problem since, for example, a good score might be obtained for small letters

that do not coincide at all.

2As we will see later, because both our models output the logits of the guesses, the PyTorch function that we use is in fact a
slight modification of this BCE loss, which accepts as inputs those logits. It has a different implementation than the general BCE
loss because it takes advantage of the log-sum-exp trick for numerical stability.
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4.4 Convolutional Blocks

We will use convolutional layers as the main constituent of the autoencoder baseline in Subsection

4.5.2, and the SPEN-based EBM in Section 4.6, thereby enforcing an appropriate inductive bias for a

task in which the spatial structure of the data is essential. We will base the architectures that we use

in the VGG16 [71] neural networks that were introduced in Section 2.1.2, which were also the basis for

previous encoder-decoder architectures such as SegNet [24].

We call a component that aggregates different operations that are commonly used together in these

networks a convolutional block. We define a convolutional block as a collection of intercalated convo-

lutional and non-linear operations, with an optional batch normalization layer in-between. Each convo-

lutional operation employs filters that span the whole depth of the input and the same odd kernel side

size s with padding p =
⌊
s
2

⌋
, chosen such that the spatial dimension of the resulting feature maps is the

same as the inputs. The softplus nonlinearity function is used instead of the ReLU that is used in the

VGG16 architecture because it is twice differentiable, which will be important with the energy networks.
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Figure 4.4: Example of two encoder convolutional blocks, separated by a max pooling operation. The batch nor-
malization layer is optional.

The free parameters of one of these blocks are the number of convolutional layers per block, the

kernel side size, and the number of output channels of a certain block, which we call out channels.

Depending on whether we are dealing with an encoder or decoder convolutional block, the value of

out channels will have a different effect. With encoder blocks, out channels defines the number of

output feature maps of the first convolutional layer, and the subsequent ones have that same number

of input and output channels. Conversely, with a decoder block (containing transposed convolutional

layers), the number of output feature maps of each layer stays the same as the number of input channels

for that block, until we reach the final layer, which yields out channels feature maps. The decoder blocks
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will be relevant in the following section, having to do with autoencoders. The energy networks in Section

4.6 will only use the encoder blocks.

As we will see in the next two sections, between convolutional blocks there will often be a down-

sampling or upsampling operation being performed, so that consecutive convolutional blocks deal with

feature maps of different shapes.

4.5 Baseline Models

We implement two baseline models for comparison with the EBM that we detail in the next section.

Specifically, we describe a very simple model in Subsection 4.5.1 that also serves as an initialization

procedure for the later EBM, and an an autoencoder-based model in Subsection 4.5.2 that makes use

of the convolutional blocks that we have introduced in the last section.

4.5.1 Average Baseline

A truly naive first approach to solve the font completion problem would be to guess a certain missing

letter by simply averaging all the images corresponding to the same letter in the training dataset, and

then applying the discretizing function in Equation 4.1, with τ = 0.5.

In a slightly more complicated way, we can search for the best performing threshold τ ∈ (0, 1) in the

validation set, i.e., the one which maximizes the IoU score between the resulting images and the fonts

in that set. The complete expression of this averaging and discretizing process is given by:

F avgl = Discretizeτ

 1

M

M∑
f=1

F
(f)
l

 , l = 1, ..., 26 , (4.4)

where F (f)
l ∈ {0, 1}32×32 is the l-th letter of the the f -th font in the train dataset, and M is the number

of elements of the train dataset. We found that the best threshold was τ = 0.27, which corresponded

an average IoU score in the validation set of 37.6%. Evaluating with that threshold in the test set, we

obtained an average IoU score of 36.3%.3

Having only 36.3% of the black pixels co-occuring between the true and generated images is not a

good result, and this can be confirmed by observing Figure 4.5, representing the average letters. In this
3To evaluate the estimates that we have generated by averaging, we just need to go through each font in the set and compute

the IoU between that whole font and the letters in Figure 4.5. Later on, a more complicated process of testing will itself be
dependent on which letters are visible and which ones are not, but here the guess that was made is completely indifferent to which
letters we present the algorithm with.
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Figure 4.5: Average of each letter in the training dataset, with threshold of the discretizing function τ = 0.27 chosen
so that it maximizes the IoU score in the validation set. Using these images we obtained a score in the
test dataset of IoU = 36.3%.

simple method we do not take into account at all the letters from the same font that are not hidden, which

usually have rich information that can help us generate the ones that are missing.

4.5.2 Convolutional Autoencoder Baseline

We can build much more sophisticated models that take into account information about letters of the

same font that are visible to the algorithm and generate images for the hidden letters accordingly, while

also imposing an appropriate inductive bias for the type of data that we are dealing with.

One way to do this is to build an autoencoder with convolutional neural networks, in which the task is

not solely to reconstruct the input images, but also to generate the ones that are not visible in the original

input. We might have chosen various different types of architectures here, but ultimately we decided that

the most important requirement was that we could build a model that was structurally similar to the

energy networks, so that the comparison between them was more meaningful. To that end, we have

decided to base both our autoencoder baseline and the SPEN-based algorithm in the classic VGG16

architecture, altough employing the convolutional blocks described in the previous section. To obtain a

baseline capable of generating the missing letters, we may adapt the SegNet architecture [24], which

has a convolutional encoder-decoder structure.

In the original design, SegNet performed pixel-wise semantic segmentation, in which each pixel is

assigned to a corresponding class. The model receives as input a whole image (with 3 color channels),

passes it through an encoder with multiple convolutional, batch normalization and ReLU layers, interca-

lating with downsampling procedures that use max pool operations. After the encoder part the features

are reduced to a much lower-dimensional space. In the decoder part, additional convolutional, batch
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Convolution + batch
normalization + softplus

Max pooling with 2×2 stride Max unpooling with 2×2 strideMax pooling indices

Sigmoid + Discretize0.5
Transposed convolution + batch
normalization + softplus

Figure 4.6: Architecture of the convolutional autoencoder baseline. It is similar to SegNet [24], but uses the convo-
lutional blocks defined in Section 4.4, besides other modifications. Note that the indices of the maxima
obtained during the max pooling downsampling layer are saved to be used by the max unpooling layer
in the upsampling process of the decoder part.

normalization, and ReLU layers are applied to the encoder representation, together with upsampling

operations (which we will describe shortly), resulting in images with the same size of the original. The

decoder does not output three channels in the end of the process, instead it outputs a number of output

channels equal to the number of classes in the segmentation task and, by applying a softmax function

across these channels, we model the probability that a certain pixel belongs to a certain class.

It is important to describe a feature that is particular to the SegNet architecture that we adopted,

which relates to how upsampling is done. In this architecture, the indices of the max pooling downsam-

pling operations in the encoder part are cached for later use by an upsampling operation. This procedure

is located symmetrically with respect to the middle of the autoencoder and has, in terms of the spatial

size of input and output feature maps, the opposite effect to the downsampling procedure. The max

pooling indices are the indices that indicate which element, between the four that are affected by one

max pool kernel, corresponds to the maximum value. In this upsampling operation, those indices define

which elements of the output are going to be equal to the input, and which ones are set to zero. In effect,

by using those indices, we remember some of the structural information of the original feature maps [72],

which helps the reconstruction work. These connections only slightly complicate the architecture, but

we noticed that they do help performance.

Notice that the objective of our task is not to perform semantic segmentation, neither does it involve

reconstructing an entire font after passing it through an informational bottleneck. Differently from a

standard autoencoder or from SegNet, the objective is still to reconstruct the whole 26 letters of the

font, but having now as input the masked version of the font, similarly to Context Encoders [62]. To that

end, we use an autoencoder architecture with 26 output channels, i.e., the same number as the input
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Table 4.1: Parameters of the architecture of the convolutional autoencoder baseline. Each block is composed of
multiple convolutional layers, the kernel side size is kept constant across an entire block, and between
two successive blocks a downsampling or upsampling operation is done, except between the last en-
coder block and the first decoder one. For more information on the constitution of the convolutional
blocks see Section 4.4. Note that, in terms of the parameters listed in this table, the encoder part is
symmetrical with respect to the decoder one.

Convolutional blocks

(with batch normalization and softplus activations)

Nr. layers Kernel side size Input×output channels

2 5 26×40

2 5 40×60

3 3 60×80

3 3 80×100

Transposed convolutional blocks

(with batch normalization and softplus activations)

Nr. layers Kernel side size Input×output channels

3 3 100×80

3 3 80×60

2 5 60×40

2 5 40×26

channels and corresponding to the number of letters, and a Sigmoid output layer defining the grayness

of the pixel, which can be discretized according to Equation 4.1 to generate the final predicted images.

During training, we also have the complete, unmasked, version of the font. Therefore, we can use

an autoencoder with an architecture similar to a SegNet, applied to the masked input, and in the end

compute the BCE loss between the complete font and the generated one, having then all the ingredients

to perform backpropagation as usual.

There were some other changes that we have made to the SegNet architecture, besides changing

the input/output channels. We did not employ the usual convolutional layers in the decoder part of

the network, but instead transposed convolutional ones, simply because those performed better in our

dataset. Moreover, the original SegNet architecture used, between the encoder and decoder parts of

the network, a max pooling operation right before an unpooling operation. We did not understand the

reasoning behind this, as it seems we are losing information without an evident purpose. By removing

those operations the network did perform better, so we have kept that change.

The convolutional blocks described in the previous section were used for this baseline. We used

batch normalization in each convolutional block, which did make a significant difference in the results.
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Moreover, we used the softplus function with β = 1 as the non-linearity instead of the more commonly

used ReLU because, after testing both, the results were almost indistinguishable, and this way we have

a more direct comparison with the energy networks which also use a softplus function with the same

value for β.

We searched for the architecture that scored as much as possible in the validation set, varying the

number of feature maps, number of layers per convolutional block, kernel sizes, number of feature maps,

and the learning rate for the Adam optimizer. During the training we employed early stopping, and made

sure that there was a difference of at least 8% between the maximum of all the observed IoU’s in the

training set and the maximum of all the observed IoU’s in the validation set. This indicated that we were

starting to overfit significantly to the training set, and the validation IoU score was decreasing at the

same time that the training one was increasing, the wide margin suggesting that the model probably

would not start performing better in the validation test anymore. In this process we adopted a safer

and wider gap than we selected during training with the energy networks (only 5%), since generally the

baseline trained significantly faster and we could afford to wait.

The best scoring architecture of this convolutional baseline, in the validation set, is depicted in Figure

4.6 and it is described in detail in Table 4.1. Both the encoder part (the left half in the figure) and the

decoder part (the right half) consist of 10 convolutional layers each, organized in 4 convolutional blocks.

In our energy-based model, we take the decoder of this autoencoder baseline as the basis for the first

part of the energy function.

In Figure 4.7 we depict the results corresponding to two different procedures for training and testing

the baseline, with the architecture given in Table 4.1. In the first procedure, the model was trained in

mixed input mode (in which all possible configurations of visible and hidden letters may happen), but

was then evaluated over the test dataset in the mode in which the number of visible letters is fixed. In

the second procedure, the baseline was trained in fixed input mode, specifically using the same number

of visible letters as the test dataset in which it would later be tested. As can be observed in Figure 4.7,

training one single model in mixed input mode was quite advantageous, since this model proved to be

well-performing across test datasets with different numbers of visible letters in fixed input mode. The

values were also quite stable across different numbers of visible letters. In the cases with few known

letters, training specifically for those situations yielded better results. In constrast, when each model

was both trained and tested in datasets with the same number of visible letters, the results were more

unstable across n visible letters. Some variations could be naturally expected but the drop for when

n visible letters is in the range 6-8 remains unexplained.
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Figure 4.7: The IoU score of the baseline convolutional autoencoder model evaluated in fixed input mode on the
test dataset, for different numbers of visible letters. Each dot shows the median of 100 evaluations
with different masks and the same number of visible letters. The error bars exhibit the full range of IoU
scores obtained with those 100 evaluations. They are shown slightly apart in those cases where both
bars would overlap. The red data points correspond to only one model, trained in mixed input mode (in
which all possible configurations of visible and hidden letters may happen), but evaluated on a test set
with a fixed number of visible letters. The blue data points encompass 25 different models, each one
trained with a fixed number of visible letters, corresponding to the number of visible letters of the test
set in which each model was evaluated.

We note that until now we have been computing the loss between the visible and hidden letters (x, y),

and a reconstruction of (x, y) that is based solely on the visible letters x. Therefore, it seemed plausible

to think that, by modifying the BCE loss so that it enhances the importance given to the generation of

those letters y that are hidden in the input, we could train our model to perform better at generating those

letters, at the expense perhaps of being moderately worse at reconstructing the letters x that are in fact

visible to the algorithm. For the same reasons, we also tested a variant in which the loss was computed

only between the generated letters and their ground truth, and no weight was given to the reconstruction

of the visible letters at all. Neither of these versions seemed to have a noteworthy effect however and,

to keep everything more similar to the subsequent energy networks, we decided not to use those losses

in the final baseline.
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4.6 Deep Energy Networks

In the font dataset, a font style is related to the dependencies that exist between components of different

letters, and we may not in fact know a priori which letters are going to be visible at test time. To shape

an energy function that does not distinguish in its structure between visible and invisible letters, and to

try to model directly (with deep neural networks) dependencies among any of the components of both

seems, a priori, to be a good approach to solve this problem.

The algorithm that we propose, which is based in SPENs, is fundamentally different from the autoen-

coder approach since here we are not trying to reconstruct the whole input, but trying to predict missing

values based on observed ones. Therefore, we only take into account in the BCE loss the generated

estimates to the logits of the missing letters. We recall however that, as was described in Chapter 3,

the loss function takes into account all the intermediate logits of y that are obtained as a result of the T

steps of gradient based inference, and weighs their contribution according to Equation 3.6.

As we have explained in Section 3.2, in our problem, (x, y) defines a font in which some of the letters

x are visible and some others y are hidden. Moreover, at each step of the inference algorithm, a forward

pass of the energy network must be computed for (x, yt). In the implementation this corresponds to as-

signing the intermediate soft estimates for the missing letters yt to the appropriate places within the font

tensor. In Figure 4.8, we depict the entire process for data completion in the font dataset. This includes

the assignement process we have just described, as well as the architecture of the energy network that

was used (described in Subsection 4.6.1), together with the available initialization routines (described

in Subsection 4.6.5). Furthermore, the figure includes the first step of gradient based inference, the

preparation of the data for the following step if applicable and, in alternative, the discretizing step that

concludes the inference process. As we have explained in Section 2.3.2, if we have a twice differentiable

energy function and all other operations are also differentiable, the whole process that we see in Figure

4.8 is itself differentiable with respect to the parameters of the energy function ω. Moreover, as we have

explained in Section 3.2, we can implement the training entirely in PyTorch with native tools.

In the following, we describe the implementation and results of SPENs for data completion (intro-

duced in Chapter 3) for the problem of completing missing letters in the fonts dataset. We start by

describing the energy network architecture that we used for this purpose.

4.6.1 Architecture of the Energy Network

As we have explained in Subsection 2.3.2, we may choose for the energy network any twice differen-

tiable energy function with an uniform architecture across different letters. Note that, in particular, such
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Figure 4.8: SPEN algorithm adapted for performing data completion in the font dataset: architecture of the energy
network, initialization routines, first gradient-based inference step, and generation of the missing letters.
As an example, we start the initial logits `0 by random initialization and, after a sigmoid transformation,
we set these random soft estimates y0 in their appropriate places next to the visible letters x. We repeat
that procedure each step of the algorithm, before the computation of the energy function. Gradient
based optimization of the inference process is performed in logit-space. The whole process resulting in
a soft prediction yT is differentiable with respect to the parameters of the energy function, since that is
also the case for every step along the way. Therefore, the gradient of a loss function may be computed
and propagated backwards into the parameters of the energy function.

architecture does not distinguish whether a letter is visible or not. As in the last section, we are going

to make use of convolutional neural networks, but only in the first part of the energy function. After that

convolutional part, the feature tensor corresponding to a single observation is flattened, and passed

through a fully connected part which allow all of the features that were learned by the convolutional part

to be combined to produce the final score, corresponding to the energy E.

To be more specific, we use the encoder of the previous autoencoder baseline as the convolutional

part (again with filters that extend depthwise), with the difference that batch normalization was not added.

We decided not to include batch normalization, since initial experiments showed that the model had

problem in learning the reconstruction when considering this feature. However, batch normalization

may be something to analyze in more detail in the future. The 4 convolutional blocks with a total of 10
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Table 4.2: Parameters of the architecture of the energy function. The convolutional part is similar to the encoder
part of the autoencoder baseline, but with added capacity that still resulted in better generalization ability.

Convolutional blocks (with softplus activations)

Nr. layers Kernel side size Input×output channels

2 5 26×120

2 5 120×140

3 3 150×180

3 3 180×220

Fully connected part

(with dropout and softplus activations)

Dropout probability Input×output channels

0.3 880×200

0.5 200×80

– 80×1

convolutional layers are structured in such a way as to increase the number of feature maps channels

at the same time that the spatial size reduces, as was the case with the autoencoder baseline. At the

end of the convolutional part, the feature maps are now reduced to have the spatial size (i.e., width and

height) equal to 2. The data is then flattened and fed into the fully connected part of the energy network.

This part consists of two linear layers that use dropout and the softplus activation functions with β = 1,

and a final linear layer without dropout or a softplus activation (so that the energy may take any value,

including a negative one). Furthermore, as we have explained in Section 3.2, this last linear layer does

not contain a bias term.

From the moment that we had a stable implementation, and in spite of the problem that we describe

in the next subsection, identifying an architecture that worked well was not problematic. Contrarily to

what happened with the autoencoder baselines, we could expand quite substantially the capacity of the

convolutional part (by increasing the number of feature maps of the convolutional part) and still improve

the performance. The whole energy network architecture that we arrived at, which was used in most

experiments (except when we change the dropout probabilities), is described in Table 4.2.

Concerning the two learning rates that are used in SPENs, the only issue with choosing the right

ones was the initial plateau in the scores (described in the previous subsection), which could take quite

long to disappear during training and which presented some difficulties to the discovery of combinations

of learning rates that would work well. We observed that adjusting properly the inner learning rate was
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Figure 4.9: Comparison of the IoU score and BCE in the validation set of a model trained with the default PyTorch
parameters, and another in which some of the parameters of the model were multiplied by a factor of
two. The problem in which both scores do not improve for almost 80 epochs does not occur in the latter
case.

more important, and that the training process was less sensitive with respect to the learning rate of

the Adam optimizer. Moreover, the choice of the learning rates was quite dependent on the number of

iterations in the inference loop.

4.6.2 Training

Similarly to the training of the convolutional autoencoder baseline (see Subsection 4.5.2), we used early

stopping by enforcing a minimum gap, this time of 5%, between the maximum of all the observed IoU

scores in the training set and the maximum of all the observed IoU’s in the validation set. We observed

significantly longer running times than with the convolutional baseline, since attaining such a margin

was sometimes rather difficult. This happened specially when the number of visible letters was very low

and the number of iterations in the inference routine was one. Under those circumstances, the training

routine of the energy network could take very long, as much as 8 hours. As we will see later, those were

not the configurations for which the better results were attained and, if we chose the number of iterations

of the inference loop well, we could train quite faster.

A curious issue emerged in the beginning of training during most our experiments with font comple-

tion. As Figure 4.9 shows, both the training and validation BCE and IoU scores hardly moved in any

noticeable way around a fixed value, sometimes during more than 100 epochs. A sudden drop in the

IoU scores announced that learning would effectively start occurring soon, as after a few more epochs

the IoU would start raising and the BCE dropping, as would be expected during normal learning. This

problem complicated the hyperparameter optimization stage, because often we needed to wait for a few

hundred of epochs before we were confident that we could reject a combination of hyperparameters that
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did not enable learning to happen.

We decided to investigate this question and, suspecting an initialization issue (we were using the

default PyTorch initial values for the convolutional kernels), we decided to inspect how the parameters

of the neural network changed during training. We noticed that the weights and biases of the first two

convolutional blocks did change quite significantly, their distribution spreading out approximately by a

factor of two as the training progressed. Since it seemed that most of the work in these initial phases

was done to change the distribution of those parameters so that learning could occur, we decided to

simply change the distribution of the parameters of this convolutional block ourselves, multiplying them

by a factor of two. With this change we did succeed in eliminating the plateau – the IoU score now

started lower than before, almost at zero, but immediately started improving without a stagnation phase.

There were nonetheless still some problems in the beginning of training for different hyperparameter

settings, even after making these changes. The IoU would stay near zero sometimes for a while, and

only after some epochs would it start climbing up. As this procedure was not very reliable and ultimately

did not change much the final results, we did not apply it to any of the studies that we present next.

4.6.3 Number of Inference Iterations

Belanger et al. [11] reported that using a small value for the number of gradient-based inference itera-

tions T (such as T = 3) worked well with their experiments. We also decided to test the case where only

one gradient step is taken (T = 1) and, surprisingly, we only obtained slightly worse results (see Table

4.3). However, the training of the energy networks when T = 1 and when n visible letters was also

small took considerably longer than when T = 3.

Table 4.3: IoU scores (in percentage, average ± 2 × standard deviation) for different number of inference iterations
and different input modes – with mixed mode, in which every configuration of visible and hidden letters
is possible, and fixed mode, with different numbers of visible letters N .

Nr. of inference iterations T Mixed
Fixed

N = 1 N = 11 N = 21

T = 1 69.5± 1.7 60.7± 1.2 72.2± 0.4 74.6± 1.0

T = 3 70.2± 1.6 59.6± 1.7 73.1± 0.4 74.7± 0.9
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4.6.4 Dropout

Belanger referred in his PhD dissertation [57] that dropout could not be used in the main part of a SPEN,

although he still uses it in the feature network. He presents the argument that we should not use it since

a new set of zeros is sampled randomly each time we call the energy function, which would cause the

energy function to be different in each inference step.

However, as we have seen in Subsection 4.6.3, we do in fact test the case where the number of

inference iterations T is simply one (and therefore we only compute the energy function once), in which

case this problem is not present. Therefore we did use dropout, and we decided to also try to test it with

other values of T , even though we cannot guarantee that the same random pattern is chosen for each

call of the energy function.

Table 4.4: IoU scores (in percentage, average ± 2 × standard deviation) for different dropout probabilities p1 and p2
and different input modes – with mixed mode, in which every configuration of visible and hidden letters
is possible, and fixed mode, with different numbers of visible letters N . Here we used the number of
inference iterations T = 3.

Dropout probabilities Mixed
Fixed

N = 1 N = 11 N = 21

p1 = 0.3, p2 = 0.5 70.0± 1.7 59.6± 1.7 73.1± 0.4 74.7± 0.9

p1 = 0.2, p2 = 0.2 70.3± 1.6 59.0± 1.3 72.3± 0.4 75.0± 1.0

No dropout 69.8± 1.6 60.7± 1.3 72.7± 0.4 75.1± 0.9

Initially, we chose the dropout probabilities p1 = 0.3 and p2 = 0.5, following the recommendation

of using smaller values of the probability of dropping one of the activations for layers closer to the

inputs [17]. We have subsequently searched for other combinations of these values, including not using

dropout at all. Even though the different combinations that we have tested did not have an important

impact in the results (Table 4.4), we did use the initial choice of dropout in most other experiments.

4.6.5 Initialization Routines

We also analyzed the impact of the different initialization procedures that we have previously described

in Section 3.2. For this analysis, we set the number of iterations of the inference process to T = 3

(which was a choice with which we had generally good results, and which allowed the training time to be

shorter), and used learning rates adapted to this choice.

Recall that, in both fixed and mixed modes, we receive a font with some of the letters masked out,

i.e., filled with zeros. Each initialization routine below provides different values to fill in the places of the
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Figure 4.10: SPEN model trained with random initialization: initialization of the inference process, three interme-
diate gradient-based inference steps, final guess for the missing letters (highlighted in green), and
ground truth font letters (highlighter in blue). In the left-hand side, the initial logits are initialized with
random N (0, 1) distributed values, and in the right-hand side they are initialized with zeros (which
correspond to a gray 0.5 value in the constrained space). The ground truth letters are highlighted in
light blue (when they are not signaled in another way). Note the increasingly better soft intermediate
guesses in each inference step.

masked letters, substituting those zeros. Each initialization routine provides logits that are transformed

with the sigmoid function and positioned in the correct place together with the visible letters x, substi-

tuting the masked letters with different values. This version of the input, with the changed values of the

hidden letters, is what we provide to the energy function. Note also that we do not enforce that those

values are either 0 or 1, even though the original images themselves are like this – the values will instead

belong to the interval [0, 1].

The four initialization procedures of the logits of the hidden letters `0 used in the fonts completion

problem are reviewed next:

• Initialization with the autoencoder baseline: This is the most similar initialization to the one that

Belanger et al. used [11]. In it, we simply have the autoencoder generate the initial logits `0.

• Initialization with average baseline: We initialize `0 with a modified version of the average base-

line. The average of all the fonts has useful information on the structure of the letters of a font

(see Figure 4.5), which may be a good starting point for doing inference with our models. One

must pay attention however that it does not work well to have all the initial values predict the same

class. That is the case since all the values of the average baseline are equal or greater than zero

(they belong to [0, 1]) and, in fact, we did not obtain good results this way. To solve this issue,
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Table 4.5: IoU scores (in percentage, average ± 2 × standard deviation) for different initialization routines and
different input modes – with mixed mode, in which every configuration of visible and hidden letters is
possible, and fixed mode, with different numbers of visible letters N . Here we used the number of
inference iterations T = 1.

Initialization method Mixed
Fixed

N = 1 N = 11 N = 21

Autoencoder Baseline 70.4± 1.6 60.6± 1.2 72.9± 0.4 74.7± 1.0

Average Baseline 69.7± 1.6 60.2± 1.0 72.6± 0.4 74.6± 1.0

Initialization to Zeros 69.5± 1.7 60.7± 1.2 72.2± 0.4 74.6± 1.0

Random Initialization 69.1± 2.0 57.2± 1.2 72.3± 0.4 74.3± 0.9

Random Initialization (no dropout) 68.4± 2.0 59.5± 1.1 72.3± 0.4 74.2± 0.9

we decided to simply subtract 0.5 to each component of the data to have those values distributed

between [−0.5, 0.5].

• Initialization to zeros: All logits `0 are initialized to 0, which corresponds to changing all the

masked input values to 0.5 (after passing `0 through the Sigmoid function).

• Random initialization The logits `0 are initialized by sampling pseudorandom values from the

N (0, 1) distribution at training time. A version of this initialization without dropout was also tested.

As we have described in Subsection 3.2, when using random initialization at test time, we found that

it was beneficial to start the logits at zero, instead of randomly. In Figure 4.10, starting from random

and zeros, we show the soft estimates in the intermediate inference steps and the final estimate for the

missing letters.

Compared with the autoencoder baseline, the SPEN algorithm did attain significantly better results.

As can be seen in Table 4.5, varying the initialization procedure of the energy-based algorithms did

not have a very significant impact in the results. Using the autoencoder baseline was not necessary

to obtain good performance. However, training time could be quite longer if random initialization was

applied.
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Figure 4.11: The IoU score of the energy network algorithm and the baseline convolutional autoencoder model
evaluated in fixed input mode on the test dataset, for different numbers of visible letters. Each dot
shows the median of 100 evaluations with different masks and the same number of visible letters. The
error bars exhibit the full range of IoU scores obtained with those 100 evaluations. Each of the models
was trained in mixed input mode (in which all possible configurations of visible and hidden letters may
happen), but evaluated with fixed input mode on the complete range of n visible letters.
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4.7 Discussion of the Experimental Results

As demonstrated by Table 4.6, the best performing method was our SPEN-based algorithm. That was

the case for any initialization procedure that we have chosen. We have observed that the results that we

have obtained with the energy networks are not very dependent on the choices of the hyperparameters

of the previous section, and substantially better than those. By contrast, results are quite sensitive to the

choice of learning rates, in particular the inner rate of the inference routine.

Table 4.6: Comparison of the IoU scores (in percentage, average ± 2 × standard deviation) for the different tested
algorithms and different input modes (when applicable) – with mixed mode, in which every configuration
of visible and hidden letters is possible, and fixed mode, with different numbers of visible letters N . Only
one score is given for the average baseline, whose performance is not dependent on the input mode.

Method Mixed
Fixed

N = 1 N = 11 N = 21

Energy Network (Init. to Zeros) 69.5± 1.7 60.7± 1.2 72.2± 0.4 74.6± 1.0

Autoencoder Baseline 66.9± 1.6 60.0± 1.1 68.6± 0.4 69.4± 0.8

Average Baseline 36.3

The fact that using a number of inference iterations T = 1 works well is significant, since with this

choice we save memory and computing resources, which might make it the only choice for some ap-

plications. It must be noted however that the time of convergence during training is shorter for higher

numbers of iterations. It is also the case that, in general, the energy networks take quite longer to train

than the baseline autoencoder.

As we can see in Figure 4.11, the energy network trained in mixed input mode generalized better

when tested in the fixed input mode case for the entire range of n visible letters than the autoencoder

baseline. We also observed separetely that, in most cases, it seems to be worthwhile to train our models

in mixed input mode instead of training specifically for a certain number of visible letters, unless one

wishes to have slightly higher performance in the case were few letters are known. Note also that both

the energy network and the baseline performed better than the average baseline by a large margin, as

would be expected.

The difference in quality of the resulting images and the plausibility of the generated style for the

missing letters is also significant. As can be seen in Figure 4.12, when the number of visible letters is

low neither the autoencoder nor the SPEN can transfer well the style of the visible letters to the hidden

letters. Sometimes, however, even with a low number of visible letters, SPENs start yielding more

plausible results, even though the quality is still not very good. With higher numbers of visible letters,
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Figure 4.12: Qualitative results from SPENs (marked with “SPEN”), from the autoencoder baseline (marked with
“Baseline”), and ground truth values (marked with “G.T.”) for comparison. The letters that were visible
are marked light blue and juxtaposed next to the generated ones, even in the case of the autoencoder
baseline. Some of the styles can be generated with only a small number of visible letters, while others
seem to be more difficult to generate. In most cases that are not trivial, the results from SPENs seem
more reasonable than the ones provided by the autoencoder. Some details in more complex fonts
could be generated when the number of visible letters is higher. Note that what one might consider
a more complex style was often more difficult for the SPEN to generate, but that was not always the
case.

SPENs often could adequately transfer more subtle styles to unknown letters.

There are plenty of examples where the results were more similar, and we include some of them, but

there was a clear trend in which, if one of the generated fonts was clearly better than the other, most

often that was the result of a SPEN and not of the baseline. Still, SPENs had difficulty transferring some

styles. This dataset is not very extensive and, by using richer and larger datasets, we could investigate

further the capabilities of SPENs for image generation, as we will discuss in Section 5.2.
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5.1 Conclusions

In this dissertation, we reviewed energy-based models and Structured Prediction Energy Networks, and

described how they can be applied to a class of data completion problems. The proposed modification

to the SPEN framework allows for architectures that are already used in discriminative tasks to be inte-

grated in a data completion generative model, and it is capable of filling in an arbitrary subset of missing

data. Among other changes, this entailed modifying the form of the energy networks that were consid-

ered, in order to directly model dependencies between any of the components of the data, regardless of

them being part of the input or the output.

The experiments with our font completion task showed that, in almost any way we chose to modify

the algorithm, the energy networks performed quite better, both quantitatively as well as qualitatively,

than a comparable feed-forward autoencoder baseline. That was still the case when we tested the

performance of the algorithm without the help of an initial estimate, which suggests that the energy

network alone could encode well the dependencies between components of the data.

We also verified that using only one iteration in gradient-based inference proved to work almost

as well as using more. This suggests that, by using SPENs, computational resources and memory

usage should not be too different from comparable feed-forward approaches. In addition, the various

adaptations described in Section 3.2, including changing the value for the β parameter that was used

in previous studies, and the introduction of the Compress function, helped to train SPENs and may be

suitable for further experimentation with these models.

5.2 Future Work

More work can be done to assess the performance of generation for higher dimensionality data. Gene-

rating large color images depicting different scenes (instead of black and white fonts) with random masks

is a more difficult problem that may also require more attention to the choice of the loss function. How-

ever, the method that we adopted here can be directly translated into the realm of general image in-

painting. Instead of having 26 input channels, we would have only 3 color channels. An energy function

could then be computed for the whole image, and estimates for the missing pixels can be iteratively

generated, as we have done in this dissertation for the missing letters. This presents a natural way to

deal with randomly shaped masks.
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Furthermore, we could leverage the representations that we obtain by these energy functions and

verify their generalization properties by, for example, attaching a multi-layer perceptron to the end of the

convolutional part and test the accuracy in classification tasks.

In the future, it may also be interesting to modify the energy function architecture to be able to

accept variable sized inputs and, by including recurrence as an adaptation for tasks with natural temporal

dependencies, it may be possible to use this framework in tasks such as natural language generation.
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