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Resumo

Nesta dissertagao vamos definir o modelo de Ising e explorar alguns arguments combinatérios classicos,
incluindo uma simetria importante entre baixas e altas temperaturas e conhecida como dualidade. Linhas
de desordem sao introduzidas no modelo como objetos duais de variaveis de spin. O cerne deste trabalho
é o estudo do limite de escala do modelo na presenca de linhas de desordem e na temperatura critica 5. =
% In (\/5 +1). Introduzimos uma defini¢ao nova de obserdvel de spinor que é generalizada ao modelo com
linhas de desordem. Usando técnicas recentes relativas a spinores s-holomorfos, provamos formalmente
a convergéncia destes spinores no limite de escala. Como consequéncia, provamos um resultado que
descreve a correlacao de varidveis de spin em multiplos pontos e com linhas de desordem em dominios

planares e simplesmente conexos.

Palavras-chave: modelo de Ising, linhas de desordem, dualidade de Kramers-Wannier, ob-

servavel de spinor, limite de escala
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Abstract

In this dissertation we will define the Ising model and explore some standard combinatorial arguments,
including an important symmetry between low and high temperatures known as duality. Disorder lines
are introduced in the model as dual objects of spin variables. The bulk of this work is dedicated to
studying the scaling limit of the model under disorder lines on square lattices at its critical temperature
Be = % In (\/5 +1). We provide a new definition of the spinor observables, generalized to the setting with
disorder lines. Using recently developed techniques regarding s-holomorphic spinors, we formally prove

the convergence of these spinors to the scaling limit. This allows us to derive a result concerning the

multi-point spin correlations with disorder lines on simply connected planar domains.

Keywords: Ising model, disorder lines, Kramers-Wannier duality, spinor observable, scaling

limit
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1 Introduction

The Ising model is a mathematical model used in Statistical Physics. The model is defined on a graph
and defines random variables associated to the vertices of a graph, which can take one of two values
{£1}. These represent the orientation of dipoles, and the main characteristic is that each dipole can
interact with their neighbours: configurations where more neighbouring dipoles agree occur with higher
probability.

The model was invented by Wilhelm Lenz in 1920 and first studied by Ernst Ising, who solved its
1-dimensional version (that is, when the graph is Z) in his thesis. Since then, it has been widely studied
to this day, for being both a simplified model of reality as well as one of the simplest statistical models to
feature a phase transition. Originally conceptualized to be a model for the behaviour of ferromagnetism
at an atomic level, where the dipoles represent the spin of electrons and the graph is given by the structure
of the material, it has since then found usages for modelling gases, brain activity and even melt ponds

on sea ice.

1.1 The model

Given a finite graph G = (V, £), to each vertex v € V we associate a variable o, € {£1}, referred to
as the spin of the vertex. A spin configuration is an assignment of spins o = (0,)pey € {£1}Y to every

vertex. The Hamiltonian function is defined as

H: {£1}Y ——R

or— — Z OyOy, (1)

ec&
e=(vu)

which can be seen as the sum of “contribution” from all edges: each edge e = (vu) € € contributes with
~1if o, = 0, or +1 if 0, = —0,,. The model is defined by the probability distribution on {41} where
each configuration ¢ is proportional to the weight of a configuration, which equals exp ( — BH (0)) where
B > 0 is a fixed constant — the Gibbs measure. Such a probability is thus given by

P(o) = Zlﬁ exp (— BH(0)) (2)

where

Z5= Y exp(-BH(0))

oce{x1}V
is the partition function of the model. Another expression for the probability can be obtained by expand-

ing the Hamiltonian:

1
P(o) = Z—ﬁ H exp(Boy,0,,)-
ecé
e=(vu)
Remark 1.1. In a physical context § is the inverse temperature of the system (assuming the units are

such that the Boltzmann constant kg equals 1) and the Hamiltonian of a configuration is interpreted as



its energy.

Some observations If more neighbouring spins agree, the Hamiltonian of a configuration will be lower
and its probability will be higher. In addition, flipping all the signs of any configuration yields a second
configuration with the same energy. This fact implies the signs + and — are interchangeable, and in
particular leads to a simple proof of E[o,] = 0 for any v € V.

Fox a fixed graph, |H(o)| < £. Because the Hamiltonian is bounded, taking 5 — 0 in (2) makes
exp ( — BH (0)) — 1, therefore all configurations will occur with the same probability. On the other
hand,

fstoo |1, H(o)=min H
/=,

P(o) o exp (— SH(0)) o ( — B(H(o) - minH))

0, H(o)>minH
implying only the configurations where H attains its minimum have probability greater than 0, and have
the same probability. For a connected graph, H attains its minimum when either all o, = +1 or all

0, = —1; when the graph is disconnected, the spins need only to be aligned in connected components.

Remark 1.2. In ferromagnetism, in high temperature conditions (8 — 0) the dipoles should behave
uniformly random, whereas in a low temperature setting (8 — +oo) they should be predominately

aligned, which is indeed the case.

1.2 Generalizations

Many changes have been proposed to the model throughout the years. The most common general-
ization is to introduce interaction constants (J.)ece, allowing for some connections to be stronger than

others. The energy function becomes

Hiy (o) = — Z Jooyoy

ecf
e=(vu)

with the probability measure defined the same way:

1
Z(1.).8

exp (— BH(s,)(0)) II exp(8Jeovow) (3)

ect
e=(vu)

P =
Y 205

where the partition function is now given by

Z2(10)8 = Z exp (— BH;,)(0)) = Z ]___[ exp(BJe0,0y).

oe{x1}V oce{£1}V e

e=(vu

Some combinations of interaction constants have particular importance. An Ising model with disorder
insertions is a model where J. € {+1}. Informally speaking, an edge with a disorder insertion behaves
opposite from normal, making configurations where the neighbouring spins have opposite signs more

likely.



One can further generalize by adding an external magnetic field. The Hamiltonian would become

*Mzhvﬂv* Z Jeo,0y

veY ecf
e=(vu)

where p is the magnetic moment and h, represents the interaction of the external magnetic moment with
the site v. In addition, any of these constants can be taken to be complex, wielding a complex measure
over {£1}V.

Another possible generalization is the Potts model, which corresponds to an Ising model where spins

are allowed to be in more than 2 states [Pot52, Wu82].

1.3 Continuous model and Statistical Field Theory

Statistical Field Theory studies physical phenomena in systems with a very large number (possibly
infinitely many) of degrees of freedom. Different phenomena are described under different mathematical
models, but a common feature across all of them is the usage of fields to parametrize the freedom of the
system. In this context, a field is simply a function taking a value at each point of the domain, and the
different possibilities for a field encapsulate the degrees of freedom. For the Ising model, this field is the
so-called spin field, which assigns a +1 spin to every site. This idea is useful for defining and studying
continuous versions of discrete models, which is the goal of this work.

The first question one encounters is how to formally define a model with infinitely many degrees of
freedom, for instance one with a random variable associated to every point of some domain 2 C R™ (see
[Mus10] for a possible approach). A very informal approach is described in [HVK13]. A statistical field
theory corresponds to a random field ¢ defined on © with an associated measure P(¢) o exp ( — S[¢]),
where S is a functional of ¢ called the action. Other fields Oy are then defined, which are functions of ¢
in an infinitesimal neighbourhood of some insertion point z; and are thus called local fields. Quantities
of interest would be given by correlations of these fields and are denoted by (O1(z1) -+ On(2y)). The

correlations are given by the functional integrals

_ SO Oulza)[¢] exp(=S[¢]) D

(617 0m) Texp(—8[9)) Do

For the Ising model, the spin variables o; are examples of local fields.

Remark 1.3. A conformal field theory arises when a statistical field theory is invariant under conformal

transformations of 2. At its core, it is a symmetry of the action S.

The problem with the formulation above is that it is difficult to formalize for infinitely many degrees
of freedom. The approach followed in this work considers a continuous model on 2 defined as a scaling
limit of discrete models. One considers instead a family of models defined on appropriate discretizations
Qs of Q for each § > 0 (Figure 1), which converge in some sense to the original domain as 6 — 0. For

example, given a,b € Q, the expected value of a product of spin variables o,0} for the continuous Ising



Figure 1: A domain Q with a square grid (on the left) and an example of a discretization 25 (on the
right). Boundary sites are often considered for the model, and coloured grey.

model would be defined as:

EQ[Uan} = }i_I}%EQJ [Uaa'b]

and note that there is an abuse of notation here: the sites on the right-hand side may not be a and b but
instead appropriate approximations of these points on {25.

For each discrete model, the previous ideas are simple to define: the fields ¢5 and the actions Ss
can be accurately defined, local fields (Oy)s are formalized as random variables independent of ¢5 on all
but a finite number of neighbours of the insertion point, and the correlations become expected values
of random variables. On the downside, one has to prove that such limits exist and do not depend
on the discretizations. These are usually done using some lattice, most commonly the square lattice
[CHI15, Dubll, SmilOa, CI13], but other works have considered discretizations on other types of graphs
[CS12].

Remark 1.4. It is very common for these models to be defined using ezternal parameters: as an example,
the Ising model has § and coupling constants J. can be introduced. For discrete models, probability
distribution functions and field correlations are smooth functions of these parameters. However, when
passing to the scaling limit, it is possible that the limit versions of these become discontinuous. This
implies the limit theory having different properties under different regions of the external parameter space.
These regions are called phases of the model, and crossing such regions corresponds to phase transitions.
Since a statistical field theory is usually based on a few, universal physical principals, these transitions
have often universal properties and behaviours. Such phase transitions are often the most important
objects of study in a statistical field theory [GJ87]. Some examples are the superfluidity transition in
quantum fluids, the superconductivity transition of metallic materials at low temperatures and the para-
to-ferro magnetic transition of magnetic materials, which can be seen in the Ising model at dimensions 2

and greater [Ons44].



A major problem of this approach is that properties of the scaling limit may not happen in the lattice
models. The most relevant is the conformal invariance property, which physical arguments suggest holds
for the scaling limit of multiple 2D models at their continuous phase transitions, even though there is no
rigorous proof for most cases [Smi06].

The 2D Ising model is a cornerstone of statistical and conformal field theories for being both one
of the first and most fundamental examples. It is also one of the few cases where formal proofs of the
conformal invariance of scaling limits have been given [Smi06]. The main technique used in these proofs
is to study the properties of spinor observables: first introduced in [Smi06] and further explored in other
papers [SmilOb, CS12, CHI15, CI13, CCK17], they are functions defined at the lattice level which can
be proven to converge to a continuous counterpart, usually defined by boundary value problem. They

provide a means of accurately stating and proving scaling limit results.

1.4 Main results

The first part of this work is dedicated to a presentation of common combinatorial arguments used
in the Ising model — namely, high and low-temperature expansions and domain wall configurations —,
followed by an introduction to Kramers-Wannier duality. First described in 1941 [KW41a, KW41b], this
phenomenon relates the Ising model on a planar graph with another defined on its dual graph, where a
spin is assigned to every face; furthermore, it exposes a link between high and low-temperature models,
and models with boundary conditions — that is, where the spins at the boundary of the graph at fixed
as + — and with no boundary conditions. It also motivates the usage of disorder insertions as being the
dual objects of spin variables [KC71]. It was an important stepping stone for the computation of the
exact solution of the 2D Ising model by Onsager in 1944 [Ons44], one of the landmarks in Theoretical
Physics [BK95].

The exposition ends with Theorem 2.36, a well-known result in literature which can be roughly stated

as follows:

Theorem 1.5 (Theorem 2.36). Let G = (V,E) be an adequate subgraph of a square lattice with faces F
and let OF be its boundary faces. Consider an Ising model on G with parameter 3, together with another
Ising model on G = (FUOF,ET) — where ET is the set of dual edges of & — with parameter 31 and +
boundary conditions, achieved by fixing all the spins of OF as being +.

Take any © C & and let vy,...,v9y, € V be the vertices that are endpoints of an odd number of
elements of ©. Likewise, take any T' C £ and let ay, ..., as, € FUOF be the faces that are endpoints of
an odd number of elements of I'. If tanh B = exp(—28"), then

Eg

2m 2n

;
H Ou, (H,Uaj) ] = (—1)ler’l ‘ES
k=1 j=1 r

2n 2m
(i)
J=1 k=1 e



L 2 4 L 4
I ®

Figure 2: Examples of graphs G = (V,&) (on the left) and G' = (F U 9F,ET) (on the right) for which
Theorem 1.5 holds. The faces 0F and dual edges linked to a boundary faces are coloured grey.

where the above random variables are given by

2n 2m
< H ,uaj> = H eXp(—QﬁUUO'u) < H ,uvk> = H exp(—QBTavau).
j=1 r k=1 e

:26(1;;) ef;%l@u)
The random variables mentioned in the result are called disorder variables and they “encode” the
effect of disorder insertions in the Ising model.
The bulk of this work is dedicated to a new generalization of the aforementioned spinor observables
for the Ising model with disorder insertions at the critical point 3 = % In(v/2+ 1). We define the objects
FU

Q5:a;u) At the lattice level, describe its properties, define their continuous counterpart f[%,a,u] and prove

convergence. These functions are defined on double covers, branching around the spin sites and endpoints
of disorder insertions. The main result of the work is Theorem 7.12, a rather technical result requiring

tools from discrete complex analysis to handle functions that are discrete holomorphic in some way.

Theorem 1.6 (Theorem 7.12). Given a bounded, simply connected domain Q C C, let a,u €  be a
collection of adequate points and let T' C Q be a collection of paths linking u. Let Qs be a family of

discretizations of 0 by the square grids (1+ i)0Z%. Then, under general conditions, for any e > 0,

1 T §—0 T
%F[Qs;aﬂd — Jiia

uniformly on compact sets of distance at least € from the branching points.

As an example of how spinor observables can be used to find conformal invariance results, the following

result is proven.

Theorem 1.7 (Theorem 7.19). Under the same conditions of Theorem 1.6, define AL (a;u) as the



following coefficient in the expansion of f[lgz»a-u] near the first branching point ay:

1
f0ra0(2) = - + 240 (a; u)Vz — a1 + O(|z — a1 [*/?).

NeE

This coefficient verifies the conformal covariance rule

Ab(a;w) = @' (a1) - AZ" (o) p(w) +

for any conformal mapping ¢ : Q — Q'. In addition,

.1 ]Egz:- [0a1+2600a; "~ Ta,,] T
(S 1) =)

Qs [0a,0ay - O'an]

L+ )
1 (Em 00, +2i60az *** 0a,] 1) _ f%<¢4§(a; u))

lim —
I+
5—0 20 Eg, [0a,0ay " Ta,]

with the respective values computed on Ising models at the critical temperature, with + boundary conditions

and with disorder lines I' on graphs defined on Q.

This result is a generalization of Theorem 1.5 from [CHI15], where this result is proven in the absence
of disorder insertions: no u are considered, or equivalently I' = ). In this case, the statement holds for all
possible values of a, allowing for a clean integration which is not possible otherwise — for instance, one
cannot integrate on points where Eg; [Cay0as * * - 0a, ] = 0. Furthermore, the authors are able to explicitly
compute f[lgl;a;u] for the domain 2 = H, which together with the conformal covariance rule leads to a full

proof of the conformal invariance of multi-point spin correlations (see Theorem 1.2 in [CHI15]).

1.5 Key steps and organization of the work

Theorem 1.5 is proven in Part I using Ising models with adequate coupling constants. This requires
generalizing a number of results to this setting, but the arguments used are fundamentally identical. The
notation is introduced in Section 2.1, and is consistent with future sections. In Sections 2.2 and 2.3 we
describe the high and low-temperature expansions, which are linked in Section 2.4. In Section 2.5 we
introduce disorder insertions as dual objects of spin variables, and Section 2.6 is dedicated to the proof
of Theorem 2.36.

We then proceed to the exploration of the spinor observables, which comprises Parts II and III. The
former is dedicated to the study of their variables, whereas the latter handles the convergence problem
with an approach heavily inspired by [CHI15]. Section 3 establishes the notation used in the sequel,
organized according to the setting where it is used. Some definitions from Section 3.4 require proofs of
well-definedness, which are relegated to the end of the section. In addition, we prove Lemmas 3.2 and
3.3 which will be useful for arguments at the lattice level.

In Section 4.1 we give an informal intuition to the spinor observables by defining them using fermionic
random variables. In Section 4.2 we establish a combinatorial expression for correlations through Propo-

sition 4.8, a result from [CCK17]. The spinor observables are formally defined in Section 4.3. In Section



4.4 we create a connection to the ideas from Section 4.1, as well as prove Proposition 4.17 which is fun-
damental in extracting information from the spinors to prove Theorem 7.19. In Section 4.5 we determine
the properties necessary to prove the convergence result, namely a discrete version of homomorphism
called s-holomorphism.

Section 5 marks the start of the convergence proof. In Section 5.1 we describe why a direct proof
is not possible and we must instead prove [ (F[E%;a;u])2 - J( f[lgz;a;u])Q. The remainder of this section is
dedicated to the construction of technical tools necessary to handle these kinds of functions. Section 5.2
starts the study of discrete holomorphic functions and discrete primitives. In Section 5.3 the notion of
s-holomorphism, a property stronger than the usual discrete holomorphism, is introduced. In Section 5.4
the object [ F? is accurately defined for lattices, and Section 5.5 describes the boundary modification
trick for simplification of future arguments. In Section 5.6 we establish further properties used in the
convergence proofs.

In Section 6 we define two auxiliary functions for the convergence proof, which are used to describe the
behaviour of the spinor observables near the branching points. The results necessary for the convergence
proof are described in Section 6.1, some auxiliary facts related to the discrete harmonic measure are
proven in Section 6.2 and the study of these two functions is don in Sections 6.3 and 6.4.

Section 7 is where the convergence proof is done. The continuous spinors observables are defined in
Section 7.1 and the primitive of their squares are described in Section 7.2. In Sections 7.3 and 7.4 we

prove Theorems 2.36 and 7.12, respectively.



PART 1

ORDER-DISORDER DUALITY



2 Order-disorder duality

In this section we present some combinatorial arguments commonly used to study the Ising model,
explore the Kramers-Wannier duality and introduce disorder lines as dual objects of order lines. We

emphasize the approaches used to derive the results, which can be adapted to other setups.

2.1 Setup

The results of this section regard the standard Ising model, with coupling constants introduced when-
ever specified. Some of these are done in a generic graph G = (V, £), while others require a more elaborate
setup to be expressed. We will thus enunciate them in accordance to Parts II and III, introducing the
notation necessary for now.

We consider a discrete domain €25 which is the union of faces of a square grid with mesh size § > 0.
Such faces are called interior faces and are denoted by Int Fo,. Given such a domain, the set of interior
vertices is the set Int Vg, of vertices of the grid that are corners to any face from Int Fo, and the set of
interior edges is the set IntEq, of edges that are adjacent to any face of Int Fg;,.

Additionally, we define the sets of boundary faces, vertices and edges as being the respective elements
adjacent/incident to their interior counterparts that do not belong to those sets, and are denoted by
0Fq;, 0Vq, and 0Eq;. The sets of faces, vertices and edges are the union of the respective interior and
boundary elements: Fq, = Int Fo, U 0Fq;, Vo, = Int Vo, U Vg, and Eq; = Int€q, U 0q,. Figure 1
shows an example of such a discretization with boundary elements coloured grey.

The domain €5 is any polygonal domain resulting from the union of square grid faces, and to simplify
arguments we will assume that {25 is simply connected and any edges connecting vertices of Int Vg, belong
to IntEq,. We will study the Ising model defined on various graphs formed by these vertices, edges and
faces; for the two next subsections we will always focus on the graph (Va,,&q;). The parameter 8 > 0 is

considered fixed, and no coupling constants are considered unless specified otherwise.

2.2 High-temperature expansion

Take a generic graph G = (V,£) and let us find another way of expressing the partition function Zg.
By separating the exponential in its even and odd parts, the dependence of exp(fo,0,) on 0,0, (which

can only take the values +1) can be conveniently rewritten as

exp(Boy0,,) = cosh(Bo,0y,) + sinh(Bo,0y,) = cosh § + 0,0, sinh 8

10



therefore

Zg = Z H exp (ﬂauav)

oce{+1}V e€&

e=(vu)

= Z H (cosh B + 0,0, sinh )

oe{£1}V e€&

e=(vu

:(COShﬂ)lgl Z H (1+avautanhﬂ).

oce{+1}V e€&

e=(vu)

Let us expand the inner product of factors (1 + 0,0, tanh [3). Every term of the expanded sum can
be computed by picking either 1 or o,0, tanh 8 for each e = (vu) € £ and then multiplying all of the
chosen factors together. Therefore, there is a bijection between subsets of £ and terms of the sum: to

each F C & we associate the term HeeE, e=(vu) Tv0u tanh 3. This leads to

(coshB)€ 3" T (1+0v0,tanh ) =

ce{£+1}V ec&
St e=(vu)

= (cosh B)/¢! Z (Z H av%tanhﬁ)

oe{+1}V \ECE E%E)
= (cosh 3)/¢! Z (Z(tanhB)E H O'UO'u>.
se{x1}v \ ECE cCE

e=(vu)

At this point, we have written the weight of each configuration as a sum of monomers of o,. This is
interesting by itself because it allows connections between the Ising model and other probabilistic models
that assign weights to products of sign variables in other contexts, see [Dubl1] for an example.

The key step is to use the outer sum to cancel some of the products of monomers. To do that, we

swap the sums:

(cosh 3)/! Z (Z(tanhﬁ)E| H o'vo'u>:

oce{£1}V \ECE eER

e=(vu)
= (cosh B)!€! Z < Z (tanh 3)/7! H avau>
ECE \oe{t1}V cer

:(coshﬁ)SZ(tanhﬁ)lE< > ] WM) (4)

ECE oce{+1}V ecE

e=(vu
Let us compute the inner sum for a fixed E C £. Think of the product as 031”1 032”2 ---Uff,’j”’, where
{v1,...,v,} =V and o, € ZE)" is the exponent of o,, , which is the number of edges of E that have vy as

an endpoint. Since o, € {£1}, if some ay, is odd then factoring ou’* out yields two terms which cancel

Vi

each other. On the other hand, if all oy are even then all a?k are equal to 1 and the sum becomes

Yoo (£1}v 1 = 2/VI. Hence, the inner sum only survives when every vertex is the endpoint of an even

11



number of edges of E, in which case it always equals 2/V!. Plugging this, we get

(cosh 3)€! Z(tanhB)E|< z H O’vau> =

ECE oe{+1}V E%E)
= (cosh 3)/¢! Z (tanh B)1F!. 2Vl =
ECE
All v € V have even degree in E
= 2Vl(cosh B)I¢! Z (tanh 3)F!
ECE

All v € V have even degree in E

where the degree of a vertex v in E C & is the cardinality |[{e € E : v is an endpoint of e}|.
We claim that E verifies this property if and only if it can be written as a collection of edge-disjoint

loops in G:

1. If F is a collection of edge-disjoint loops then it easily follows that all vertices have even degree in

E.

2. If all vertices have even degree in E, then we describe a procedure to decompose it into edge-disjoint
loops. Pick a vertex v; incident to at least one edge of E and build a path m by passing though
vertices vy, va, ..., v, such that (v;v;41) € E and no edge is used twice, which stops when it is not
possible to continue. Due to the stopping condition, all edges of E incident to v,, must be used in
m. If v, # vy then the number of such edges is 2|{i : v; = v, }| — 1, implying v,, has odd degree in
E, which is impossible. Therefore, v,, = v; and 7 is a loop. Repeating the procedure recursively

for E'\ m until there are no more edges left, we find a valid decomposition.

Proposition 2.1. For the Ising model on any G = (V,E),

Zg = 2|V|(coshﬁ)‘5| Z (tanhﬁ)‘E‘.
ECE
E collection of loops

This is the high-temperature expansion of the Ising model, so called because it was historically used
to study the model at high temperatures, corresponding to the case of small 3'. This expansion allows
bijections between other statistical models which impose a probability measure on the power set of edges
of G. The most common example of this is the dual Ising model, which we will later see (Proposition

2.12).

The same strategy can be used to expand a variety of similar sums.

Example 2.2. Let us compute the expected value of the product of two spins at two fixed vertices

v1,v9 € V according to the probability measure (2). That sum would be

E[Uthaaz] = Zi Z Uv10v2< H eXp(Bo'qu)>

B ge{£1yv cc€

e=(vu)

INote that no assumptions on 8 were made.
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and we have already discussed how to deal with Zg. Using the previous ideas for this sum, we eventually

obtain

E[avlovz}zzlﬁ(coshﬁ)g Z(tanhﬁ)E< Z Opy Oy H avou>

ECE ce{x1}V ecE
e=(vu)

and, as before, the inner sum equals 2!Vl if all ¢, appear an even number of times inside the sum and
0 otherwise. Seeing as we already have a o,,0,, factor, £ must be such that both v; and ve have odd
degree in F while all the other vertices have even degree FE. This is equivalent to stating that E can
be decomposed into a collection of edge-disjoint loops of £ and a path between v; and vy: the (<)
implication is straightforward and for the (=) one can find the decomposition by proceeding in similar
fashion, with the added detail that starting at v; implies ending at vo. Putting everything together, one
arrives at

ECE (tanh ﬁ)'E‘
E loops + path vy <> va (5)

Z ECE (tanhﬁ)“ﬂ
E loops

Eloy,0v,] =

and as corollary we get a formal proof of E[o,, 0,,] > 0, since 8 > 0 = tanh § > 0.

Example 2.3. Computing E[o,,] in a similar fashion yields

]E[o'm} = Z]-B(COShﬁ)g Z(tanhﬂ)E< Z Ovy H Uu0u> (6)

ECE oe{+1}V eCE
e=(vu)

but now the inner sum only survives if v; has odd degree in F and all other vertices have even degree,
which is impossible because the sum of the degrees of all vertices must be equal to 2|F|. Therefore

E[oq,] = 0, as was seen earlier. This argument can be generalized to prove E[oy, - - - 0y,,..,] = 0.

Example 2.4. Take a non-empty P C V and consider the model with all the spins of P fixed as +. The
partition function of the model is a sum over all configurations ¢ € {£1}Y\ x {+1}¥. The expansion

remains largely the same as the usual Z5 up to (4), yielding

(cosh 3)I€! Z(tanhB)E< Z H O’UO'u>.

ECE oce{£1}V\Px{+1}P e€cE
e=(vu)

Recall that the inner sums would cancel out if some o, appeared an odd number of times in the product,
because we can factor out the o, and get two terms with opposite signs. Since the spins at P are fixed, it
is impossible to factor out o, when v € P because it can only take one value. For the sum to survive, we
only require that o, appears an even number of times for every v € V' \ P, in which case it equals 2Pl
Therefore, the sum survives if and only if E C £ is such that all vertices of V \ P have even degree in FE,
which is equivalent to stating that F is a collection of edge-disjoint loops and paths connecting vertices

of P.

Example 2.5. As for the expected value of a single spin variable at v; ¢ P when the spins of P are

13



fixed as +, the same argument up to (6) yields

1
Z(coshﬁ)5|2(tanhﬁ)|E< Z O, H 0v0u>

A BCE CE{HIPV\P x {41} c€E
e=(vu)

(note that Zg here is the partition function of the model conditioned to the spins of V' being +, which
was explored in the previous example) and now not all inner sums vanish immediately. For a fixed E C &,
the sum does not vanish if o, appears an odd number of times in the product and o, appears an even
number of times for every v € V' \ P. This is possible because some o, with v € P can appear an odd
number of times to compensate for o,,, whereas before we had P = () and no such thing could happen.
The inner sum equals 2/V\Pl if v; has odd degree in F and all other v € V \ P have even degree in FE,
which is equivalent to requiring that E is a collection of edge-disjoint loops, paths connecting vertices
of P and a path running from v; to any v € P. Together with the previous example, we can write this

expected value as

ECE (tanh ﬂ)‘E‘
E loops + paths P <+ P+ path vq < P
ECE (tanh 3) ||

E loops + paths P <> P

and note how it equals 1 if v; € P, so it can be extended to those cases as well.

Let us now obtain the high-temperature expansion for the partition function Z;, ) 3 of the Ising model

with coupling constants.

Proposition 2.6. For the Ising model on any G = (V, &) with coupling constants (J.),

25,8 = pid (H CoshBJe> Z < H tanhﬂJe>.

ecf ECE eck
E collection of loops

Proof. The algebraic manipulations and arguments are the same as before with simple adaptations. We

14



limit ourselves to showing the intermediate steps.

Zuos= >, ][ epBlool)

oce{£1}V e€€&

e=(vu)

> 11 (coshple +ou0,sinh 5J.)

oce{£1}V eEf,‘

87 ’U’LL

= (HcoshﬁJ

ecé

Z H 1 + 0,0y tanhﬁJ)

oce{£1}V e
e=(vu)

< H cosh 5J9> l ( H tanh ﬂJe> H avau]
ec& oce{+1}V LECE eckE ecE

e=(vu)
(HcoshﬁJ (HtanhﬁJ) ( Z H 0v0u>
ecf ECE

ecE ce{x1}V e€E

e=(vu)

= (H coshﬂJe> > ( 11 tanhﬁJe> - olVI

ecf ECE ecl
E collection of loops

=2Vl ( I cosh /3Je> > ( I tanh ﬁJe> :

ecf ECE ecE
E collection of loops

2.3 Low-temperature expansion

Consider the standard Ising model on (Vq,,&q,) but with boundary conditions; that is, the vertices
of Vg, C Vo, are fixed as +. Another way of representing a configuration o is as follows: for every edge
e = (vu) € Eq;, one draws the dual edge ef, which connects the center of the two faces that share e as
a boundary component, if o, # o, (Figure 3). The result is a subset ET of the set of dual edges, which
will be denoted as Egzé. This representation is called the domain wall configuration, because the drawn

edges separate regions where the spin variables have opposite signs.

Remark 2.7. Just like with 8;%6, we will employ the notation ET to denote {e' : e € E} for any generic
set of edges E C £q;. In addition, we will write 5‘5;25 = (0&q,)" and Inté'gzé = (Int &g, )" for simplicity.

Finally, note that the dual of a dual edge is itself and therefore the same is true for any set of edges.

Not all subsets of 5;35 yield valid spin configurations. Let ET C 5;26 be a valid domain walls configu-
ration and say we start going around a loop on the graph (Vq,,Eq,). Suppose we know the spin at the
starting site is + and we mark the remaining spins on the vertices as we progress. By definition of the
domain wall configuration, neighbouring spins are opposite if and only if a dual edge from E' is crossed.
For the domain walls configuration to be consistent, one has to mark the spin at the starting site as
being +, implying an even number of dual edges in ET were crossed. Note how the argument still holds
if the starting spin was —. We thus conclude that any loop in (Vq,,q,) must cross an even number of

elements of Ef. In particular, using loops that go around a single face, every f € Fo s is an endpoint of
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Figure 3: Domain wall representation for a spin configuration (+ in red, — in blue). The dual edges are
drawn in a way that highlights a possible decomposition into collections of loops.

an even number of dual edges of ET, hence ET must be a collection of loops.

Proving that ET C 5;[25 being a collection of loops is a sufficient condition for ET to be a valid domain
wall configuration is simpler. If Ef = ), then ¢ is the configuration where all spins are positive. Each
time a loop [ is added to ET, taking a valid configuration for ET and flipping the spins of the vertices
inside [ yields a valid configuration for ET U (Figure 4). Note that this operation is always possible
because there will never be a boundary vertex inside one of these loops: the discretized domain 25 is
assumed to be simply connected, so there are no “holes” inside, and the fixed spins occur at Vg, , which
is adequately positioned at the boundary — in fact, there are not even edges between vertices of 0Vq;.

Let us write the partition function using a combinatorial sum over domain wall configurations, which
we denote by Z;{. Multiplying the partition function by exp( — |595|6) — a factor exp(—p) for each
edge in Eq, — yields

exp ( - ‘5Qa|ﬁ) : ZE

H exp (— B(1 —0,04))

ce{E1}™ Vs 5 (+11°V9% ee(gﬂé)
e=(vu

= Z H exp ( —2B1(o, # Uu))

Ue{il}lnt Vﬂé ><{_"_1}E)Vﬂ(s eef‘ﬂé)
e=(vu

where 1(o, # 0,) equals 1 if 0, # o,, otherwise it equals 0. For a configuration o € {£1}tVes x

{—l—l}avﬁé, the edges contributing to the corresponding product are the ones whose endpoints have oppo-
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Figure 4: Iterative process for building a domain wall configuration

site spins, which are the ones that have a dual edge drawn in a domain wall configuration. Therefore, if

Ef C Egzs is the domain wall configuration of o,

H exp ( —2B1(o, # au)) = exp ( — 25|ET|)
66595
e=(vu)

and summing over all configurations o yields

Z H exp (= 281(oy # 04)) = Z exp(725|ET|).

e {11V (11)7V % eESQJ Eicel
e=(vu) E' collection of loops

Proposition 2.8. For the Ising model on (Va,,Eaq;),

25 = exp (1€0,18) > exp (- 28|E"])
E*gsgé
E' collection of loops

As the reader might have guessed, this is the low-temperature expansion of the Ising model, whose
name derives from the fact it was originally used to study the model at low temperatures. Nowadays,
much of the literature regarding the Ising model considers configurations in a domain wall format by
default [CS12, CHI15], a trend this work will follow.

Just like with the high-temperature expansion, it is interesting to consider different settings and

adaptations of the low-temperature expansion.

Example 2.9. A common case of study is to take wired boundary conditions in which the spins are
fixed as 4+ along an arc of the boundary and as — along the complementary arc. The valid domain wall
configurations are collections of dual loops together with a dual path between the faces separating the

oppositely wired arcs.

Example 2.10. If a setup has no boundary, the allowed domain wall configurations are still the collections
loops. Some examples include infinite graphs like Z? (which require a more delicate definition of the

model), but also finite graphs embedded on a torus.
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The argument applies with little changes when coupling constants are introduced.

Proposition 2.11. For the Ising model on (Va,,Eq,) with coupling constants (Je),

zop=(Mewn) ¥ (I ew(-200)

e€€qy Etcel eteEt
E' collection of loops
Proof. For each configuration o, its domain walls representation is done in the same way. As before,
the collections BT C 5925 corresponding to valid representations are collections of edge-disjoint loops.

Multiplying the usual partition function by [],. £q, OXP ( - B Je) yields

( 11 -exp(—ﬁJe)>z(Ja>,ﬁ= > [T exp(-28J1(0, # 04))

ecfay ce{£11"Y2s x 1119V 862‘395)
e=(vu

and if ET C ESTL; is the domain wall representation of the configuration o € {#1}™tV2s x {+1}9V25 then

H exp(—2ﬂ.]el(av #Uu)) = H exp(—ZﬂJe),

e€€qy efeEt
e=(vu)

therefore

Z H exp(—26Jel(0U7éau)): Z < H exp(ZﬂJe)>.

ee L1}V x (41}7V05 e€€n; Efgggé etept
e=(vu) ET collection of loops

2.4 Kramers-Wannier Duality

Taken together, Propositions 2.1 with G = (Vq,,&q,) and 2.8 give two different expressions for Zg3
with a remarkably similar structure: up to a multiplicative constant, both are sums over subsets of either
Eq, or E;gé of some function of  taken to the power of the cardinality of the subset, and there is an
obvious bijection between g, and 5;26. However, Proposition 2.1 has a sum over subsets of £q, that are
collections of loops whereas the sum of Proposition 2.1 is over subsets of EST)& that are collections of loops,
and if £ C &g, is a collection of loops there is no guarantee that E' is also a collection of loops.

We can indeed make those sums match. The trick is to consider two Ising models: one on Gs :=
(Int Vq;, IntEq, ) and another on gg = (Int]:gzé u aféa,lnté’gzs) = (fgé,Inté’gza), keeping free boundary
conditions on the former while setting + boundary conditions on the latter — namely, on the spins of
8]-';[26. Let 3, 3" > 0 be the respective parameters of these two models. The high-temperature expansion

on G5 is given by Proposition 2.1, and yields

Zﬁ _ 2‘IIItVQ6|(COShﬁ)‘Int£Q6| Z (tanh B)|E|

ECIntEq 5
E collection of loops
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Figure 5: The graph G5 = (IntVq,,IntEq,) on the left, and the graph gg = (fQJ,IntEJZ{S) on the right.
The faces 0Fq, and dual edges linking an interior face with a boundary one are coloured grey.

Conversely, Proposition 2.8 as it is stated cannot be directly applied to g}, but the arguments apply the
same way. If Z;ﬁ is the partition function of the model on Q;H then the low-temperature expansion on

g} gives

Z;;f' = exp (|Int5;r26 \ﬂt) Z exp ( - 25T|E|)
Eg(lntsjzé)T

FE collection of loops

= exp (|Int€gé\BT) Z eXP(—25T|E|)
ECIntEq
FE collection of loops

where we have used the fact that the dual of a dual set is the original set and |Int EJZS| = |Int&q,|. If we
now pick 3, 81 so that tanh 8 = exp(—243"), then the sums match perfectly.

Proposition 2.12. Consider an Ising model on Gs = (Int Vq,, Int Eq, ) with parameter 8 and no boundary
conditions, together with another Ising model on g} = (Faq,,Int S;rzé) with parameter BT and + boundary
conditions. If tanh 3 = exp(—23%), then

2y = 205l (cosh B) €05 exp (— [Int &, |8) - 217

This is the Kramers- Wannier duality. At its core, it is a symmetry relating a low-temperature Ising

model with a high-tempertaure Ising model: notice how the relation
tanh 3 = exp(—26") < exp(26 + 267) = exp(28) + exp(267) + 1

is symmetric on 3 and A7, and that increasing one implies decreasing the other.

Remark 2.13. Although further technical details are needed for a complete proof, one can get an

19



intuition as to how to find such a critical point. Assuming there is a single phase transition, it would

occur when the model is self-dual: that is,
1
tanh 8 = exp(—28) & = 3 In(v2+1)

which is indeed the case.

Remark 2.14. With the introduction of the dual graph g§ we clarify that the words “vertex”, “edge”
and “face” are used in reference to the original graph Gs — that is, for elements of Vq,, £, and Fq,
respectively —, unless explicitly stated otherwise. In addition, we will drop the + superscript from the

partition function of the dual model since it will always be considered with 4+ boundary conditions.
The same duality occurs when coupling constants are considered.

Proposition 2.15. Consider an Ising model on Gs = (Int Vq,, IntEq, ) with parameter B, coupling con-
stants (Je) and no boundary conditions, together with another Ising model on Qg = (fgé,lnté'g&) with
parameter BT, coupling constants (J,+) and + boundary conditions. If tanh(B.J.) = exp(—281.J.+) for all

e € Int&y,, then

Z(JEm:QInW“é( H cosh(ﬁJe)>< H eXp(_BTJeT)>'Z(TJCT)7BT'

EGIHtSQE e€Inté‘Q<s

Proof. Taking the high-temperature expansion of the Gs model together with the low-temperature ex-
pansion of the (];r model, the equality follows from Proposition 2.6 and (the corresponding statement for

Q} of) Proposition 2.11. O

2.5 Order and disorder variables, order and disorder lines

As showcased before, when using Kramers-Wannier duality many settings of the model are exchanged.
The graph is replaced by the dual graph, no boundary conditions are replaced by + boundary conditions
and tanh(p) is replaced by exp(—24). One might wonder how to translate the computations of correlations
from one model to the other, especially since a high-temperature expansion computation for such a
correlation is already worked out in (5).

Consider the two models on Gs and gg, pick v1,v2 € Int Vg, and let us try to compute the expected
value Eg; [0y, 04,] of the product of spin variables o,, and ¢,, in G5 using the dual model. The high-
temperature expansion yields (5) (with & = Int&q; ), and note how the denominator is expressed using

the gg model according to Proposition 2.12. Only the sum

Z (tanh g1)I#!

ECIntEq
E loops + path vi <> v2

remains to be worked out. The low-temperature expansion on gg would give a sum over collections of

loops, but we require a sum over collections of loops coupled with a path between v; and vs.
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One can get such a sum by tweaking the gg model. Fix a path § C Int€q, connecting v; to ve and
consider the Ising model on g}. According to (1), the Hamiltonian can be seen as follows: for every edge
et = (uv) € Intgglé, one adds up -1 if o, = 0, and +1 if ¢, = —0,. Our tweak consists on making the
dual edges crossed by 6 (that is, such that e € #) behave the opposite way: if ef = (uv) is crossed by 7,
then the contribution of ef to the Hamiltonian is changed to be +1 if ¢, = o, and —1 if 0, = —0,,. This

would change the definition of the Hamiltonian to be

- Z OyOqy + Z OyOoq-

efemmte \o $Teef
eT:(vu) e'=(vu)

and the probability of a configuration is still given by (2). Informally speaking, spin variables connected
by an edge crossed by 6 behave as if that neighbouring spin was the opposite of its real value.
Following the low-temperature expansion argument, the valid domain wall configurations are still
collections of loops E C Int&q,. In the usual setting, the edges in ET are the ones that contribute with
a +1 to the Hamiltonian. In this case, the edges crossed by 6 are behaving opposite from normal, hence
it is the edges from (E @ ) that are contributing with a +1 to the modified Hamiltonian. The desired

sum will appear because the collection of subsets
{E®~: E CInt&q, collection of loops}

are precisely the subsets of Int&q, formed by loops of IntEq, together with a path from v; to ve: one

way to check this is

{E®~: E ClInt&y, collection of loops} =
={FE CInt&q, : v and vy have odd degree in E and every other vertex has even degree in E'}

={FE: E CInt&q, collection of loops + path linking v; and vo}.

The computations can be carried out using the ideas from Proposition 2.11. This modification corre-

sponds to considering a model on g} with coupling constants given by
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therefore

Z(TJ 1),pt = €XP <|Int595|5T - 2|9|5T> Z ( H exp (— 25TJ6T)> (8)
¢ ECInt Eq; ecE
E collections of loops

— exp (|t én, |57 - 2/6]5") > ( [T exp(- 25%)) (9)
Eglntgné ec ED®O
FE loops + path v; <> vo

— exp <|Int595|ﬂT - 2|9|5T) 3 ( [T exp (25*)) ( IT e (- 26*))

ECIntEq, e¢ F,ecf e€F,e¢
E loops + path vy <> va

:exp(|1nt596|ﬁT> > ( 11 eXp(—25T)>< 11 eXP(—QﬁT)>

ECIntEqy ecE,ecl e€EFE,e¢
FE loops + path v1 <> va
= exp <|Int595|ﬁT) Z exp(—2ﬁT|E|).
ECInt&q,

E loops + path vy <> va2
where (8) is the corresponding statement from Proposition 2.11 applied to g} and (9) uses the bijection
{E C Int&g, collections of loops} ——— {E C Int&q; loops + path vy > v}
E—FEd0.

The complete answer to our question is the following result from [KC71]:

Proposition 2.16. Take vi,v2 € Vo, and 0 a path in Gs linking v1 and vy. Consider an Ising model
on Gs with parameter B and no boundary conditions, together with two models on Qg with parameter B
and + boundary conditions. Make one of them have no coupling constants whilst setting the other with

coupling constants (J.+) given by (7). If tanh 8 = exp(—28"), then

=t
(Ji):B87
Eg, [le Uv2] = 7:[[
Zﬁf
Proof. The high-temperature expansion (5) yields
> ECInt £, (tanh )]

FE loops + path v1 <> v

Eg,|0y,00,] =
95[ vy Uz] ZEgInt £o, (tanh B)|E|
FE loops
and the expansion done before shows that
Z (tanh 8/ = Z exp(f2ﬂT|E|) :exp(f |Int595\ﬁf) 'Z(TJT),ﬁT
ECIntq, ECInt£q, ¢
E loops + path vy <> v E loops + path vy <> v
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whereas the denominator is computed using Proposition 2.12:

Z (tanh B)IF = Z exp(fQﬂT|E|) :exp(f |Int595\6f> 'Z;r
Eglnt596 Eglnt895
E loops E loops

O

This result reveals a dual connection between spin variables and lines along which the spins behave
opposite from normal. The former are order (or spin) variables, whereas the latter are formally known

as disorder lines.

Definition 2.17. Given an Ising model on a graph G = (V, ), an order variable is a random variable of

the form o, with v € V.

Definition 2.18. Given an Ising model on a planar graph G = (V, £) with faces F, a disorder line is a
path v C £ connecting two elements from F. We say the model has a disorder line + if the Hamiltonian

is defined as

H(0o):=— Z OOy + Z OO

eEE\fyT eE'yT
e=(vu) e=(vu)

for any configuration o. The partition function, probability and expected values of the model are written

as Zj, P7 and E7, respectively.

Remark 2.19. The change of notation from 6 to v is to underline that v belongs to the dual graph —
in fact, in this section we will always take v C Intggla — but the 0 previously considered belonged to

Int&q, because it was a path in the dual graph of gg.

When handling disorder lines, a recurring theme is that many properties are essentially dependent of

the endpoints only. As an example, we have the following:

Proposition 2.20. Let v;,7v2 C Int 8;25 be two paths connecting the same faces. Let Zgl and ZgQ be the
partition functions of two Ising models on Gs with parameter  and disorder line v1 and 72, respectively.
Then,
" Z72
Z5 =25

Proof. Take the loop [ obtained from concatenating ; to 2 and assume for simplicity that [ does not
go through any face more than once; in particular, 7; and v, are edge-disjoint. Given a configuration
o for the first model, let o be the configuration for the second model obtained from o after flipping all

the spins of the vertices inside I. Note how this operation establishes a 1-to-1 correspondence between
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configurations and ¢,0, = —,5, if and only if (vu) € It = (,yir U ’y;) Thus,

Z’Byl _ Z < H exp(ﬂgvgu)>< H exp(ﬂm,a@)

aE{:tl}Int Vas e€lnt fg;s)\'yi eE('yI )
e=(vu e=(vu

> K 11 uvbexp(ﬁa@))( 11 exp(—ﬁavaw)K II exp(ﬁavaw)

i Il

Ee{il}mt Vag eEIntEQJ\(WI ey eyl
e=(vu) e=(vu) e=(vu)
= ¥ < 11 exp(ﬁgvau)> ( 11 exp(—ﬂaﬁu))
Fe{£1}"V% \eclntEo,\v] e€ns
e=(vu) e=(vu)

— V2
=z

For the general case one should take [ = 1 @ 2, and if [ goes through any face more than once —
making the decision of which vertices are "inside [” ambiguous —, then divide it into edge-disjoint cycles
and, for each one, flip all spins inside it. This will make the contribution of the edges in v; @ v, flip?,

which yields the desired result. O

It is possible to consider a model with multiple disorder lines, which may share edges or endpoints.
Seeing as a disorder line makes the separated spins behave opposite from normal, two disorder lines in
the same place should have no effect (which is the dual fact of how two order variables associated to the
same vertex cancel each other out). That means adding a new disorder line should correspond to taking
the & operation with the already existing disorder lines. It is thus often assumed that the set of disorder
lines has no overlapping edges so as to simplify arguments. Here, we make the choice of defining disorder
lines as a generic subset of edges of the dual graph rather than a collection of paths in the dual graph,
and write said subset of edges as paths whenever needed. Note how this definition is fundamentally equal

to Definition 2.18.

Definition 2.21. Given an Ising model on a planar graph G = (V, &) with faces F, a set of disorder
lines is a set I' C €T, and adding a disorder line v means replacing I' with T' @ . We say the model has

a set of disorder lines I' if the Hamiltonian is defined as

H" (o) = — Z OpOy + Z OuOu

ece\If eert
e=(vu) e=(vu)

for any configuration o. The partition function, probability and expected values of the model are written

as ZL, PU and ET, respectively.

When it is useful to think of I as a collection of edge-disjoint disorder lines, an important fact is that
the endpoints of such lines must be the faces with odd degree in I" and therefore they must exist in even
number. To emphasize them, we write I' = I'[aq, . . . , ag,] when referring to a set of disorder lines I" where

the vertices with odd degree are aq,...,as,.

2This can also be seen as flipping the contributions from v; and then 2. The edges in «1 N2 behave as if nothing
happened.
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Remark 2.22. When employing the notation I'[aq, ..., a2,] (and more generally, when speaking about
disorder lines), we allow for some of the endpoints ay, to repeat. The faces with odd degree in I' are the
ones that appear an odd number of times on the list a1, ..., a2, (notice how the list must still have even
length). We will make an abuse of language when referring to ay, ..., as, as the vertices with odd degree
in [[ay,...,as,], even if some aj repeat. This “cancellation” will be a recurring pattern in the sequel,

and will be left implicit.

There is another way of expressing the effect of disorder lines in an Ising model, as noted in [KC71].

For a set I' of disorder lines and any configuration ¢ we have

Pf<a>=er< 11 expwavau>>< 11 eXP(—ﬂ%%))

B \eemt g\t et
e=(vu) e=(vu)
1
_25< 11 eXp(/Bavou)>< I1 eXp(?ﬂovau)>
e€lnt Eq ecrt
e=(vu) e=(vu)

and the left factor is exp ( — BH(c)) where H is the standard Hamiltonian. Therefore, considering
disorder lines I' can be coded in the standard model as inserting the right factor as a random variable
in the computations. For future usage, these variables are defined in the general case with coupling

constants.

Definition 2.23. Given an Ising model on a planar graph G = (V, £) with faces F with coupling constants

(Je), a disorder variable is a random variable of the form

(Haﬂb)'y (Je) H exp(—28J.0,04)

eE’y
e=(vu)

where v C £ is a disorder line connecting a,b € F. If ' = T'[ay,...,as,] C & is a set of disorder lines,

we use the shorthand

2n n
(H/”‘GJ) H :uaz] 1/”‘0,2J i, (Je ) = H eXp 26,] Uvau)
I, (Je)

j=1 j=1 =il
e=(vu)

where 7v1,...,7, is a decomposition of I' into edge-disjoint paths such that v, runs from az;_1 to ay;.

The coupling constants will often be left implicit from the notation.
Let us formally prove how disorder variables encode the effect of disorder lines.

Proposition 2.24. Consider an Ising model on a planar graph G = (V, &) with parameter (8, coupling
constants (J.) and probability measure given by (3). Let T = [[ay,...,a2,] C E' be a set of disorder
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lines. Then,

it
P(Ne) (U) - j:12n F’(JE)
(T
j=1 T, (J.)

where IP’( ) is the probability of the Ising model on G with parameter 8 and coupling constants

P (o) (10)

Te

~ —Je, €€ rf
Jo =

Joy egTT

Proof. Let P(0) be the function given by the right-hand side of (10). We have D oe{a1}imey P(o) = 1,

hence P is a probability measure over {1}V, In addition,

2n
P(o) ( 11 ua]) Py, (o)
j=1 r

1(Je)

o<< H exp(—?ﬂJeavau)>< H eXp(ﬁJeavau)>

eert ecé&

e=(vu) e=(vu)

:< H exp(ﬁavou)>< H exp(—ﬁavau)>
ece\rt eert
e=(vu) e=(vu)

= exp ( ~BH(;) (a)). (11)
This means P is a probability measure such that P x exp ( = ﬁH(j )), implying P= IE”(j ) O

Proposition 2.25. In the conditions of Proposition 2.2/,

2n
J=1 I,(Je)

where X = X(0) is any random variable depending on the spin variables.

Z~
J87
Ee.) = bl )’8~]E~)[X]

Zp (e

Proof. We essentially want to compute the ratio between the normalizing constants of P(; ) and ﬁ which

can be done by collecting the multiplicative constants in the computation (11) and knowing

P(o) = IP’(L) (o) = 7 eXP ( — ﬁH(je) (0)).

Equivalently, the intermediate steps of (11) show that

< H exp(—QﬁJeavau)> ( H eXp(ﬂJeavau)> = exp ( - BH(i)(U)>

eert ecé
e=(vu) e=(vu)
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for any configuration o € {£1}Y, which can be rewritten as

2n
< 11 uaj> $200.880(0) = 27, 5P (7.)(7)
j=1 T, (Je)

implying
0 2.8
X(@)| ] e, P(0) = 222X (0) P y; ) (0)
j:1 F»(Je) (Je)aﬁ ¢
and now summing both sides over all o € {£1}V finishes the proof. O

Corollary 2.26. In the conditions of the Proposition 2.2/,

2n
E¢s.) [( 11 Ma])
=1 r,(J.)

This corollary allows us to rewrite Proposition 2.16 in a more symmetric way, using order and disorder

_ 2078
Z(1.),8

variables.

Proposition 2.27. Consider an Ising model on Gs = (Int Vq,, IntEq, ) with parameter 8 and no boundary
conditions, together with another Ising model on g} = (Fq;,Int 8;55) with parameter BT and + boundary

conditions. Let § C IntEqg, be a path connecting vy, v € IntVq,. If tanh 8 = exp(—28T), then

Eg, 0w, 00,] = Egg [(toy Hvs ) o]

An immediate conclusion of this result is that the expected value Egg [(fto; toy )6 is independent of the
path 6 as long as the endpoints are the same. This is why the notation for disorder variables highlights
the endpoints of the path, and in fact many authors choose to drop the subscript entirely. We will leave
it, and leave a full description of how tweaking disorder lines may change the expected value for Corollary
2.37.

One might wonder whether there is some way of defining ”order lines”, which would express order
variables with in terms of a modification of the Hamiltonian. That is indeed the case, although these
objects appear seldom in the modern literature. Nonetheless, it is nice to complete the quartet of
order/disorder variables/lines.

As before, an algebraic manipulation should make it clear how to define the modified Hamiltonian.
The new trick here is to find a pair of non-zero symmetric complex numbers that can be written as
an exponential of those same numbers: that is, exp(d+2z) = +z, possibly with a multiplicative constant
applied on the right-hand side. This was done in [KC71] with exp ( + %) = =+i. Let us illustrate this

strategy by computing Eg, [0, 0v,], where we make use of the path § C £q, running between two sites
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v1,V2 € VQJ:

1
Egé [001002] = ? <0v10v2 H eXp(Baqu)>
se{+1} ntVQ(;

665525
e=(vu)
1
=z ( O'UO'u H exp(ﬁavau)> (12)
Int Vo ecl e€Int &
oe{x1} Qs e=(vu) e:(vuf;(s

:ZLH)M 3 ([ I1 zovau] 11 exp(ﬂwm))

8 UE{:I:l}ImVQ5 ech EEIntEQS
e=(vu) e=(vu)

:};B(_,')w 3 <[ I1 exp< wm)“ 11 exp(ﬁavou)D

o Int Vo ech e€lnt &
et ’ e=(vu) e:(vuf)lé
1
:Z—ﬁ(—i)lf)\ z; ) exp(—ﬁ[— Z OpOy — Z 2ﬁavau‘|>
se{+1} Vs eGI_n(t gf;a e:e(EUQu)

where (12) holds because spins of vertices other than the endpoints of # appear twice in the product
[T(ue)es 700u- Seeing as the term inside the final sum should be exp (— BH(c)), we have a motivation

as to how to define the modified Hamiltonian, which can be easily generalized for multiple order lines.

Definition 2.28. Given an Ising model on a graph G = (V, &), an order line is a path 6 C &, a set of
order lines is a set © C £ and adding an order line 6 means replacing © with © @ . We say the model

has a set of order lines © if the Hamiltonian is defined as

DRI P

ecf ecO
e=(vu) e=(vu)

for any configuration o. The partition function, probability and expected values of the model are written

as 6257 OP and ©E, respectively.

Remark 2.29. Like with disorder lines, we want to simplify arguments and define order lines as subsets of
& rather than collections of paths of £. However, it is not obvious at first glance why two overlapping order
lines would cancel each other out. If e = (vu) € £ were to contribute to the Hamiltonian with the effect
of two order lines, then ®H () would have an added —%Tovou term, which yields an exp(iro,0,) = —1
factor to exp ®H (o). Since this is common to all o, the partition function will also have this extra —1

factor, effectively cancelling the effect of e on ©P.

Remark 2.30. On a related topic, note that every edge of an order line adds an e39v%u = 4j factor
to exp®H (o), hence exp®H (o) € il®IR for all ¢. The partition function will remove this common
multiplicative constant i/©!2, therefore the measure remains real, albeit not necessarily positive for every

configuration.

Similar to disorder lines, we write © = O[vy, ..., va,] when referring to a collection of order lines

3A consequence of this is the added factor in Corollary 2.33.
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where the vertices with odd degree are vy, ..., Vo, possibly with repetition (Remark 2.22).

Let us state the relation between order variables and order lines.

Proposition 2.31. Consider an Ising model on a graph G = (V,E) with parameter 3, coupling constants

(J.) and probability measure given by (3). Let © = Olvy,...,v2m] C E be a set of order lines. Then,
2m
[Low
k=1
2m
E(Je) l H ka]
k=1

P(5)(0) = P.y(0) (13)

where P<j) 1s the probability of the Ising model on G with parameter 8 and coupling constants

~ Jo+im ecO
J, = 28 .
Je, e¢ O

Proof. Let P(c) be the function given by the right-hand side of (13). We have D oe{£1}V P(o) = 1, hence

it P a normalized measure over {+1}V. In addition,

P(0) (H ka>P(JE)(U)
k=1
x ( H iavou>< H eXp(ﬁJerUu)>

ecO ecé

e=(vu) e=(vu)
e
= ( H exp (20”(%)) < H eXp(—Bcrvau)>
ecO ecé
e=(vu) e=(vu)

= exp ( — ﬁH(je) (0)). (14)

This means P is a probability measure such that P x exp ( — BH(j )), implying P= P(j ) O

Proposition 2.32. In the conditions of Proposition 2.31,

Ee.)

2m Z ~
X-TMo, | = (=028 g ix
kl;[l Uk] ( ) Z(Jc),ﬁ (]p) [ ]

where X = X(0) is any random variable depending on the spin variables.

Proof. We want to compute the ratio between the normalizing constants of P(; ) and I?’, which can be

done by collecting the multiplicative constants in the computation (14) and knowing

P(o) = IP’(L) (o) = ! exp ( — ﬂH(je) (0)).
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Equivalently, the intermediate steps of (14) show that

( I1 iavou>< I1 exp(BJeavau)> :exp(—ﬁH(je)(a)>

ecO® ecE
e=(vu) e=(vu)

for any configuration o € {£1}Y, which can be rewritten as

2m
jlel ( I1 w) " Z2(10).6P(10)(0) = 2065 (3.) (@)
k=1

implying
e 2.8
X(@) | [Low | -Pun (@) = (~0®1 2522 %(0) . P\ (0)
,}1 f) e 2(1.).8 (72)
and now summing both sides over all & € {41}V finishes the proof. O

Corollary 2.33. In the conditions of Proposition 2.51,

E¢.)

2m Z ~

. Je),
I | O-’Uk‘| = (_’L)lel (Je)
k=1

Z(1.).8
Finally, we write Proposition 2.16 using order and disorder lines.

Proposition 2.34. Let 0 be a path in Gs. Consider two Ising models on Gs with parameter B and no
boundary conditions, one being the standard one and the other having 6 as an order line. In addition,
consider two Ising models on Qg with parameter 31 and no boundary conditions, one being the standard

one and the other having 0 as a disorder line. If tanh 8 = exp(—20), then

.0
01°28 _ 2o

(=) -
Zg Z;T

Remark 2.35. Propositions 2.24 and 2.31 can be generalized to models where some of the spins are
fixed. One should take P(; ) and P(j ) as being the conditional probability measures, together with E )
being the expected conditional value conditioned in the same way. The arguments do not change.

2.6 Duality of order/disorder variables

The ideas from Proposition 2.16 can be generalized to any number of order and disorder variables.
We follow the same strategy: start by writing the expected values using partition functions of Ising
models with modified coupling constants (which can be seen as order and disorder lines) and then apply
Proposition 2.15 to pass to the dual model. We state the result in its most symmetrical and common

form, using order and disorder variables, making this a direct generalization of Proposition 2.27.

Theorem 2.36. Consider an Ising model on Gs = (Int Va,,IntEq,) with parameter 5 and no boundary
conditions, together with another Ising model on g} = (Faq,,Int 5;25) with parameter BT and + boundary

conditions. Let © = Olvy, ..., v2p] C Int€q, and T’ =T'ag,...,a2,] C Inté';;é. If tanh 3 = exp(—281),
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then

e (T [ sl (1) |

Proof. The model on Gs is equivalent to one with coupling constants J. = 1. Let P be the probability

measure, let Z be the partition function and let E be the expected value. In addition, consider two other

models on G5 with parameter 3, no boundary conditions and coupling constants

- —J.,, eeTt ~ Je—i—;%7 e €O
Je = and  J. =

‘]67 6¢FT j/e, 8%@

and define ﬁ, E,E and ﬁ, 2, E in an analogous way. Then,

) = 5 (T (1), e

o_e{:tl}IntVQa k=1

2n 2m
=E (Hua]) 1 > (Hovkﬁ(a) (15)
Jj=1 Il gef1}™Vas \k=1

_Zs H ovk] (16)
Z o elZ
=3 (_Z)IOIE (17)
o 2
= (—Z)‘Ql "z (18)

using Proposition 2.24, Corollary 2.26 and Corollary 2.33 on (15), (16) and (17), respectively.
Now take the dual graph and consider three separate models with parameter 8f, + boundary condi-
tions and coupling constants (J,+), (jeT) and (j eT)a respectively. These are set so that the condition

from Proposition 2.15 holds for the respective pairs:
tanh (BJQ) = exp ( — QBTJGT) , tanh (ﬁje) = exp ( — QBTLT) , tanh (ﬁje) = exp ( — 26*}61)

(note that these conditions do not completely define the coupling constants). Setting J, = 1 makes the
o~ o~ ~ =t =t =t

first model matches the one in the statement, and define PT, ZT Ef, P, ZT Ef and P ,Z ,E similarly.

Applying Proposition 2.15 to both sides of the fraction in (18) yields

{Heelnw% cosh (ﬂje)] [HeTeInt%é exp ( - ﬁfjer)] §T

|:He€1nt596 cosh (BJe)] [Hefelnt%s exp ( — BTJef)] (19)

N ™

Let us study the conditions imposed on the coupling constants LT and J, o+ and define them unam-

biguously:
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1. Regarding jef, if ef ¢ T' then setting jef = J,+ is possible. For the case ef € T,
exp ( — QBTLT) = tanh (ﬁje) = tanh ( — BJe) = —tanh (ﬂJe) = —exp ( - QBTJeT)

therefore the condition on jef is equivalent to stating that replacing J,+ — je makes the exponential

exp ( — 25Je¢) flip its sign. Hence, we take fef =J. + 2% Note how this model is the standard

one with order lines T'.

2. For the third model, if e' ¢ OF we set J.1 = J,+, whereas if ¢! € O we have

1

exp (- zﬁfif) — tanh (ﬁi) = tanh (8], + %) = tanh (47, T exp (-26)

so changing je — je must invert the exponential exp ( — 2BTJGT). Taking jeT = —jeT does this.

Informally speaking, this is the model with (J.+) with disorder lines © applied on top of it.

We expand 19 by retracing the steps done previously but in opposite order. Recall that the results

can be applied in the presence of boundary conditions all the same (Remark 2.35). Notice how the fact

the disorder variables depend on the coupling constants is relevant here:

=t ~, =t
zZ Zt Z

zZt Tz Zt
2n " 2m
i),
j=1 k=1 o.(7.+)

:i'FlElHOQj] . Z (H,ka> (N ) ﬁ(O-)
j=1 0Fq, O, J +

ce{£1} 7% x {+1} k=1

2n 2m
S Z (1_[10%_) <]}_[ka> ) -P(o)
0Fas; \j= =1 ©

ce{£1}™ 7% x {41} (7.4)

=il'lE

and this is the expected value we want with the nuance of the coupling constants in the disorder variables.

Changing those leads to

7(J€1) efeof

2m
(H/Jvk> = H eXp(—Qﬂjervau)
k=1 e

ef=(vu)
= H exp ( — ZBJemvau) H exp ( — iTFUUUu)
efcof efeotnr
eT:(vu) e=(vu)

2m
+
= (Hm) S(=nplernrl.
k=1 @7(JGT)
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Collecting all multiplicative constants, we arrive at

2m 2n
|l (e ) |-

k=1 j=1 r
[Heelm&zé cosh (ﬁi)] {Heielnt%s exp ( - ﬁTjg)}
[Heelntg% cosh <BJ6)] {Hdelnt%é exp ( — ﬂTJeJr):|

= (—i)@'im (_1)\®TOF|

and we are left with simplifying the right-hand side. Recalling the definitions of J. and J;,

cosh 3, ed¢ O,eglt
~ cosh (,Bje), e¢© cosh 3, e¢ ©,eclt
isinh(ﬂje), ccO® |isinhB, eecO,egrlt

—isinhB, ec€©,ecTf

(at the end we use J. = 1) and as for the coupling constants of the dual model

exp(—47), el ¢0f et ¢l
=~ exp —6Tj€ , el ¢ of —iexp(—=p"), et ¢Ofef el

exp(—ﬁTJa): ( ~T)_1 # = ( ) ¢

exp ( - 6*Je+> , efcof exp(=p)~1, et cof el ¢l

iexp(—B7)~!, ef €O el €T

which yields

[HeGIntha cosh (ﬂ‘iﬂ {Hefelnwgé exp ( - BT}eT)}

(—i)lel;ITl (—pyle'nr _

[Heelnt&z& cosh (5Je>} {Heielntsgé exp ( — ﬁTJeTﬂ —

= (—i)1®lTl(—qyleTnrl, l(—l)@”rﬂ@' Htanhﬁ] ) [(_1)IFI—I®*0FIZ-FI H exp(—281)1

ecO® eteOt

_ (_1)|@+mp| _ H tanh 3

oo Xp(=257)

_ (_1)|®THF|

where we use tanh 8 = exp(—237) in the last step. O

This is a rather strong result, and a couple of consequences follow easily from it. First, one can avoid
studying order variables in one of the boundary settings (free or +) by introducing disorder variables.
Second, we can describe how changing disorder lines affects these expected values without the hassle of
generalizing the argument of Proposition 2.20. Modifying I" while keeping the endpoints constant does

not change the expected value of the right-hand side in Theorem 2.36, so only the sign factor can change.
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Corollary 2.37. For the Ising model on Gs with free boundary conditions, the expected value

2m 2n
(1)
k=1 j=1 Iy

1s independent of the choice of I up to a sign.

Ega

In addition, let Ty =T'1a1, ..., a2,] and T'a = Tafaq,. .., a2,] be two sets of disorder lines. Pick a set

© = Olvy,...,vay] of order lines. Then

2m 2n
Egs lH Ouy <H’u‘1]‘>
k=1 j=1

1 = (-)enerl B,

Iy k=1 j=1

Proof. Considering the dual model on Q;, we have

2m 2n ; 2n 2m
Egé HUU’»<H'LLGJ> ] = (—1)‘@01_‘1' Egg Ho'aj (HM"M:) ‘|
k=1 j=1 ry j=1 k=1 S}
; : 2m 2n
= (_1)‘90F1|‘H60F2| ']Egs lHavk <Huaj> ]
k=1 j=1 Iy

and as for the exponent of the sign

lonTi+enTi| =0 NIy + 6 NIy
=0T N (T \Te)| + 07N (T \T1)|+2/07 N (T NTY)|
=0T NI \Te)|+]07N (T2 \T1)| mod 2

=0 N &ly)

O

The number |©7 N (T'; @ I'y)| can be understood in another way: it equals the number of edges of
© that cross (dual) edges of T'y @ I's. A consequence of Corollary 2.37 is that the expected value is

independent of the choice of I' as long as any changes to it occur “far away” from the spin sites.
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PART 11

LATTICE MODEL DESCRIPTION
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3 Notation and definitions

We define the notation needed for Parts II and III, some of which was already introduced in Part I.

Most of it refers to discretization, which in done in a square lattice of mesh size v/26 and rotated by 45°

3.1 Sites and graph notation

For § > 0, we consider the square grid C5 = §(1 4 ¢)(Z + i¢Z). On it,
1. A vertez is an element v € Cs.

2. An edge is a set of the form e = ey, pqg == {6(1 +i)(m+in) + (1 +4)d-a : a € [0,1]} (where
m,n € Z and d € {1,i}), which is identified with its midpoint.

3. A face is a set of the form f = f,, , == {5(1 +4)(a +ib) : (a,b) € [m,m + 1] X [n,n + 1]} (where

m,n € Z), which is identified with its center.

Note that the distance between two adjacent faces is v/28, whereas the distance between a vertex and an
incident face is 9.

A discrete domain is an union of faces 25 C C. Given such a domain,

1. Denote by IntVq, the set of vertices adjacent to faces of €25, by IntEq, the set of edges incident to

faces of Q05 and by Int Fq, the set of faces contained in ;.

2. Denote by 0Vq,, 0fq, and 0Fq, the set of boundary vertices, edges and faces: the vertices, edges
and faces that are adjacent to their counterparts Vo, £q, and Fq;, respectively, but do not belong

to those sets.

3. Denote by VQ(; = IntV95 U 3]}95, 895 = Intgga U 8595 and .7:95 = InthJ U 6]:95'

From now on, we assume that {25 is simply connected and all edges joining vertices from Int Vg, are in
Int £q;. These conditions are not restrictive and will simplify future arguments.

The 1 symbol represents dual elements. The dual edge e of an edge e connects the center of the two
faces that have e as a boundary component. In addition, for any E C g, we write ET := {el : e € E}.
We will make an abuse of notation by writing (Int &g, )’ as Int ngé.

Using these definitions, the graph Go, = (Va,,&q,) will be the main focus, whereas the graph
ggzé = (fgé,lntggzé) is where the Ising model is defined. The terms ‘vertex’, ‘edge’ and ‘face’ will be
used when referring to elements of Vo, £q, and Fq, respectively, even when focusing on Qgs or other
graphs where, for instance, their vertices may not be in Vg, .

Some extra sites will be needed in the future. For each vertex v, consider four neighbour corners: the
points v + % and v £ ig. Given a corner ¢, we denote by v(c) the vertex adjacent to it and f(c) the face

where it is included. In addition, we collect all corners according to their relative position by setting

) - )
Cglzé = {v+2:v€IntVQé} Co, = {UQCUEIDtVQJ}

~ 0 0
Céé = {v—l—i2 :UEIntVQJ} Céé = {v—i2 ZUGIDtVQ(;}
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Figure 6: Example of sites for a discretization €25, with boundary elements coloured grey.

and associating to each corner a complex number amongst 1,7, A := e’ and \ depending on its set, for
reasons that will become apparent later. We also denote Cq; := 035 ucy, U Cég U C§, and partition
Ca; = IntCq, U dCq; as follows: if f(c) € Int Fq, then ¢ € IntCq;, otherwise ¢ € 9Cq;.

In figures, vertices are represented by e, edges are represented by O in their endpoints, faces are
represented by o and corners are represented by @, as exemplified in Figure 6.

The notation x ~ y will be used when = and y are vertices, edges, faces or corners and they are
adjacent or incident to each other. When = € Vg, and y € Cq, U Eq, U Vq,, we use (zy) and (yz) to
denote the edge (if y € Vaq,) or half-edge (otherwise) between x and y. Recall that elements of Eq; are
identified with their midpoint, therefore for « € £q, incident to y € Vg, the notation (zy) represents the
half-edge connecting the midpoint of the edge x to the vertex y; similarly, faces are identified with their

center.

3.2 Ising model setup with disorder lines

We consider the Ising model on the graph ggé at the critical temperature 5. = %ln (ﬁ + 1) with a
collection of disorder lines I' C Int &g, and boundary conditions + imposed on the spins of 0Fq;. The
configurations will be studied in a domain walls configuration, defined in Part I. Define ., := exp(—23.) =
V2 — 1, a constant that will appear very commonly because of the low-temperature expansion. The
partition function of the model is represented by Zg::r and the expected value of random variables for

this model is denoted by ]Eg;
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Following Part I, recall that we write I' = I'[vy, . . ., va2p,] to highlight the vertices v1, ..., vam € Int Vo,
with odd degree on I'. We will often decompose I' into edge-disjoint paths, and note that their endpoints
must be vy,...,ve,. We will also allow some of these vertices to repeat, for more details see Remark
2.22.

We will often consider pairwise disjoint corners cy, ..., ca,m € IntCq, such that ¢, is adjacent to v, and
faces uy, ..., usm € Int Fo, defined by ug = f(cx) (note that some uy may be equal). The spin variables

will be associated to faces ay, ..., a, € Int Fq,, which may repeat or be equal to some wu.

3.3 Double covers

This work focuses on spinors, holomorphic functions defined on a double cover of some domain and
with opposite signs on opposite sheets (that is, with a multiplicative monodromy of —1 around the
branching points), both in a discrete and continuous setting. We define notation regarding the domains
of spinors.

Given Q C C and by,...,b, € Q, we denote by [Q;by,...,b,] the canonical double cover of Q \

{b1,...,b,} branching around each by, ...,b,. Some notes:

1. We will often consider two types of branching points. For this reason, the notation
(b1 b bt - b

will be used to separate them, denoting the same double cover as [Q;b1,...,bp, b1, .., bp].

2. Double covers branching around the same points are considered equal, even though the branching

points may appear in the notation [Q;b1,...,b,;bn/41,-..,by] in a different order.

3. There is a 2-to-1 correspondence between [Q2; by, ..., b,] and Q\{b1,...,b,}. The 2 representatives of
z € Qin [Q;by,...,b,] and Q are called the lifts of z, whereas the representative of zZ € [Q; b1, ..., by,]

in  is the projection or base point of Z.
4. We often write Z when referring to an element in [Q; by, ..., b,] whose projection is z.

5. For z € Q and w € C, when a lift 2 of z is already fixed, we will write z + w for the lift of z + w
that is “in the same sheet” as z. This will only be done when such a description is clear, usually
with small values of w.

6. In the same vein, for z,w €  close to each other and lifted to the same sheet, we write §(Z + w)

for the lift of §(z -+ w) on the same sheet as a and w.

7. We will compare spinors defined on [€; b1, ..., b,] with ones defined in [C; b;] around small enough
neighbourhoods of b;. In these situations, we assume a proper correspondence between the neigh-

bourhoods of these domains.

For discrete domains ()5, the same notation applies. When referring to the lifts of sets of (5
in [Qs;b1,...,b,], we denote them by [;b1,...,b,]. For instance, [Vq,;b1,...,b,] are the points in

[Q6501,...,b,] whose projection belongs to Vg, .
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3.4 Paths and Contours

Due to domain wall arguments, we will deal with contours and paths in Go,. A number of intuitive
facts will be assumed; the proof of those can be found at the end of this Section. In addition, we state
and prove Lemmas 3.2 and 3.3, which will be useful in Section 4.

The term “path” will be used both in its geometrical meaning of “the image of a smooth function
from [0, 1] to Q5” as well as in the graph theory meaning of “a sequence of edges consecutively joined by a
shared endpoint”. Arguments involving the former meaning will be presented with less formal details, so
as to spare the reader from even more technical details. In addition, graph paths will often be “smoothed”

so that they can be seen as geometrical paths (see Figures 7 and 8 for an example).

Geometric paths. Paths in this context consist of smooth oriented curves and may be either open or
closed. We will always assume they are in general position: all self-intersections and intersections with
other curves are transverse double points. For instance, we exclude cases where curves are tangent but
do not cross.

Given such a curve 7, the winding of v is the increment of the argument of the velocity vector of ~
and is denoted by wind(y). If v is closed, then wind(y) corresponds to the total rotation angle of its
velocity vector when going around +y once.

For two curves v' and 72, we denote by ! - 72 the intersection number of v* and 7?: the number of
times ' and +? intersect each other. When 4! = ~2, v'-~? is the number of self-intersections of the curve.

For two collections of paths I'' = |J, 7} and I'? = U; 73, such number is defined as ' -T2 := Do Y

Combinatorial paths. For z,y € Co, U&q, UVq,, a path in Go, from x to y is a set of edges or semi-
edges {(zv1), (v1v2),..., (vmy)} corresponding to a sequence & ~ vy ~ -+ ~ vy, ~ y with all v, € Int Vg,.
Such a path is a loop if x = y € IntVq,. For x,y € Cq, U &q; U Fa,, a path in Q};é is represented by a
sequence & ~ fi ~ -+~ f,, ~y where all f; € Int Fq,.

Set

Ca, = {w C Int&q, : every v € Vg, has even degree on w}

(recall that the degree of a vertex v in E C Eq; is the number of edges of E incident to v). Note that
these are the collections of loops (Proposition 3.4) and paths starting or ending on elements of Cq, or
Eq, are forbidden.

Given vy, ..., v, € Int Vg, in even number (not necessarily distinct) and I' = I'[vy, . . ., va] € Int &g,

we set the following collection of contours:
Cas(V1y. . V2m) ={P=wdl:we %q,}.

This is the collection of P C Int&q, such that every v appearing an odd number of times in the list
V1,...,U2m has odd degree in P and all other vertices have even degree (Proposition 3.5), in particular

implying the definition is independent of the choice of I'. The low-temperature expansion for the partition
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Figure 7: Example of a collection of contours with endpoints on corners.

function yields

Zsl;; = exp(|Int&q;| ) Z olF!
PE%Q(;(vl,...,’Uz-m)

since a. = exp(—20,), as previously defined.

For ¢, ..., com € Cq, in even number and pairwise distinct, set

Cgﬂg (Cla ceey CQm) = {Q =PU (Ulcl) u---u ('UQmCQm) 1P e CgQ(; ('Ula cee 7'02m)}

where v; = v(¢;) are the adjacent vertices. For every @ € %q;(c1,. .., Cam), there exists a smoothing of
Q: that is, a decomposition

Q=w Uy U- - Uy,

in a collection of loops w and paths 7, associated to a permutation s € Ss,, such that
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Figure 8: Example of a smoothing for the configuration of Figure 7. In many arguments where smoothings
are considered, we assume the paths are as shown (smoothed out and disjoint).

(i) Each path v goes from cyo—1) t0 cg2k)-

(i) If u ~ v ~ w is part of the loop or path*, then the edges or half-edges (vu) and (vw) must be

consecutive when rotating in v in either clockwise or counter-clockwise order.

The proof of existence is left for Proposition 3.6, and note that such decomposition is in general not
unique. Intuitively, a smoothing should be seen as a decomposition of ) in loops and paths that do not
intersect each other, a procedure referred to as solving the crossings. As the name implies, when using
smoothings one considers such paths and loops to be smoothed while keeping them disjoint (Figure 8).

The path starting or ending in ¢y, will be referred to as p(Q)°.

4This also applies to endpoints of loops: if v ~u ~ ... ~ w ~ v is a loop, then u, v, w must satisfy the property.
5This notation will be used in situations where the choice of smoothing is not relevant, something that must be proven
beforehand.
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We extend the €q,(c1, ..., cam) definition to the case where the last entry is an edge e € Eq,:

%5(01, ey Com—1, 6) = {Q = P U (’0101) U---u (’UQm,lCQm,l) () (’U@) . P S %(’Ul, e ,’Uszl,v)}

where v € Int Vg, is any endpoint of e — if both endpoints of e are in Int Vg, it does not matter which

one is chosen (Proposition 3.7). The elements of this set also admit smoothings (Proposition 3.8).
Finally, we define the notion of sign of elements of g, (c1, ..., cam), first introduced in [Hon10] and

further explored in [CCK17] (from which we borrow notation, but slightly tweak the definition). For each

corner ¢ € Cq, we forever fix a square root of the direction of the segment from v(c) to ¢ and set 7. to be

its complex conjugate. Given a smoothing of Q € €q,(c1, ..., cam), the sign of Q is defined as
m .
. . _ 1 .
7(Q) = sign(s) - H ey (a1 1) ey an) €XP < 5 Wlnd(’yk)> (20)
k=1

where sign(s) € {£1} is the sign of the permutation s, which can be defined as
sign(s) = (—1)™
where m is the number of transpositions in a decomposition of s, or as
sign(s) = (=), N(s) = {(i,4) :i < 4, s(6) > s(4)}-

Note that 7(Q) € {1} (Proposition 3.9). The proof of the unambiguity of 7(Q) is left for Proposition
3.11. In addition, define the modified sign of Q € Gq,(c1,...,cam) as

. 7(Q

Q) =12 e8
Neam

a notion which can be extended to Q € G(cy,...,cam—1,€) for e € Eq, by setting 7, := 1.

Remark 3.1. For a corner ¢ € 0(115 we have 7, = £1, whereas if ¢ € Céé then 1, = +eT = £\ and so

on. This observation motivates the notation used for the sets Cgs,Céé,Cég and C, .

Related results and statement proofs. We now prove some results related to these definitions.

Lemma 3.2. Let v be a smooth oriented closed curve in the plane in general position. Then

exp (; Wind("/)) = (=1)77H+!

Proof. Decompose v into a collection of n curves, v = |Ji_, V&, by solving all the crossings (Figure 9).
Note that exp (% Wind(7)> =T1Ir_; exp (% Wind(yk)) and wind(yg) = 2, since they are simple closed
curves. Hence, exp (% wind(y)) = (="

To determine n mod 2, note that the number of curves either increases or decreases by 1 each time

a crossing is solved. Therefore, it always changes mod 2, and since it starts as 1 we have n = v -~y + 1
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Figure 9: Example of solving the crossings for a curve.

mod 2. O

Lemma 3.3. Let w be a piecewise smooth closed curve in s in general position and ay, ..., a, € Int Fq,
such that ay,...,a, & v. Let © be a collection of edge-disjoint paths in Q;gé linking a1, ..., a, and possibly
aout € OFq,. Then, w lifts to a loop in [Qs;ay,. .., a,] if and only if (—1)“"® = 1.

Proof. To determine if w lifts to a loop in [Qs; a1, .. ., a,], we take each branching point aj, compute the
number loops,, (w) of times w goes around a; and then take loops,, , (w)= >, loops,, (w). w lifts to
a loop if and only if loops,, . (w) is even, or alternatively (—1)0%PSaran (@) — 1,

Solve the crossings of w without creating or undoing any intersections of w with © and without

changing any of the values loops,, (w) (Figure 10). Take a partition w = U jwj of w into disjoint non-

intersecting cycles w;. We have loops,, (w) = >_;loops,, (w;) and thus

l00ps,, . q, (@) = > (Zloopsa,c(wj)> =) loops,, .. a, (w))
J k J
and note that loops,, . (w;) is the number of branching points inside of w;.

We claim (—1)°°PSer.an @) — (—1)2"®  To prove this, consider each path ©; of © separately. If
wj - ©; = 0 mod 2, then both endpoints of ©; must be on the inside or outside of w;; if w; - ©; =1
mod 2, then one is in the inside and the other on the outside. Considering all ©;, we arrive at either
(—1)10PSar.amaou (W3) = (—1)@5® op (—1)19PSar.an(@3) — (1)%5® depending on whether aoy exists
or not. If it does not, then we are done; if it does, since aqyy € 0Fq, this point will always be on the
outside of w;, implying loops,, . . . (w;) =1loops, ., (w;).

Therefore,

(_l)loopsa1 _____ an(w) — 1_[(_1)100135(11 _____ an(wj) — H(_l)wj.@ — (_1)w-@'

J J
O

Proposition 3.4. Let w C Eq,. Then, w can be decomposed into a collection of edge-disjoint loops if

and only if all v € Vq, have even degree in w.

Proof. Implication (=) is straightforward, let us check (<) also holds by strong induction on |w|.
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Figure 10: Example of a setting of Lemma 3.3 without and with crossings solved (left and right figures,
respectively). Note the added aqy because there are an odd number of faces.

The case |w| = 0 is trivial since () satisfies both properties. For the induction step, start at any vertex
v1 incident to at least one edge of w, then build a path m# = v ~ -+ ~ v, such that all (v;v;,11) € w and
no edge is used twice, until it is no longer possible to continue.

After this process, all edges of w incident in v, must be used in 7. If v, # vy, the number of such
edges is 2|{i : v; = v, }| — 1, which contradicts the fact that v, has even degree on w. Hence, v,, = v; and

7 is a loop. Since there is a valid decomposition for w \ 7 by assumption, the proof is done. O

Proposition 3.5. Let v1,...,v2, € IntVq, (not necessarily distinct), I' = T'[v1, ..., v2m] C IntEq, and
P CInt&y,. Then, P = w @I for some w € 6qa, if and only if every vy appearing an odd number of

times in the list vy, ..., vam has odd degree in P and all other vertices have even degree.

Proof. For any A, B C Int&q;, the degree of a vertex vin A@® B is
|{e € A : e is incident to v}| + [{e € B : e is incident to v}| — 2|{e € w1 Nws : e is incident to v}|.

Thus, (=) follows from the fact every vertex has even degree in w (Proposition 3.4) while (<) is a
consequence of P = (P®T)@® T and P® T € %qn, because every vertex has even degree in P @ T
(Proposition 3.4). Note how the arguments hold even when O

Proposition 3.6. For anycy,...,cam € Ca; in even number and pairwise distinct and Q € Gq;(c1, ..., Cam),

there exists a decomposition

RQ=wUmn U: - Uyn
into a collection of loops w and paths v associated to a permutation s € Sa,, such that
(i) Each path . goes from cyar—1) t0 Cs(2k)-

(i) If u ~ v ~ w is part of the loop or path, then the edges (vu) and (vw) must be consecutive when

rotating in v in either clockwise or counter-clockwise order.
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Proof. We describe a procedure to generate such a decomposition. For each v € Vg, let @), be the edges
and half-edges of () incident in v. Informally speaking, the idea is as follows: we pair the elements of Q,,
and then build paths and loops such that the exiting edge at each vertex v must be the pair in @, of the
entering edge. If one pairs edges such that condition (ii) is verified, then the decomposition is valid.

We start by claiming that |@Q,| is even: recall that @ is of the form
Q=waT)U(vicr)U-- U (vamcam)

where v = v(cg), w € Ga; and I' = vy, ..., v2m] C Int&q,. In addition, |Q,| is the number of edges

and half-edges of @ incident to v, thus

(a) (b) (c)
Qo] = (|{e €w: eisincident to v}|+|{e €T : e is incident to v}| —2|{e EwNT : e is incident to v}|)

+ [{k:v=u}|
(d)

and we know (a) and (c) are always even. If v appears an odd number of times on the list vy, ..., vy,
then both (b) and (d) are odd; otherwise, both are even.

For each {Q, : v € Vq,,Q, # 0} we fix a pairing in Q,: that is, a function p, : Q, — @, such
that p,(py(e)) = e and p,(e) # e for every e € ), (at least one such pairing must exist because |Q,| is
even). The choice of pairings induces a decomposition which is valid with the exception that condition
(ii) may not be satisfied. We start by describing this decomposition, then see how an adequate choice of
the pairings makes the induced decomposition satisfy (ii).

Given the pairings p,,, we start by building the path v = s1 ~ s9 ~ --- s, as follows: set s;1 = ¢;
and take (s1$2) as the only half-edge incident to c¢;, then iteratively take (s;s;+1) = ps, ((si,lsi)) while
s; € Vq,, stopping when s; € Cq, — informally speaking, the path is building by starting at ¢;, choosing
the only half-edge possible and then iteratively choosing the exiting edge/half-edge at each vertex v as
being the pair of the entering edge/half-edge in @,. Note that the only half-edges must be (s1s2) and,
assuming the process ends, (sp,—155).

Let us build the pairings p, so that ; verifies condition (ii). Recall that the exiting edge chosen at
each vertex v is the pair in @, of the entering edge. Therefore, if the edges are paired such that a pair of
edges occurs consecutively when rotating in v in clockwise order, then (ii) is satisfied. The pairings are
done as follows: for each v, stand in the vertex v and do a complete rotation clockwise, listing the edges
€1,€a, ..., e in the order they are seen; set p,(e2;—1) = eg; and p,(eg;) = eg;—1 for 1 <i < |Q4]/2.

Now we must check ; does not repeat edges and ends at a corner. We start by claiming no edge is
used twice in 7; in the same orientation, which in particular implies this process must stop eventually.

By contradiction, let ¢ > 2 be the smallest index such that s; = s; and s;4+1 = sj41 for some j # k. Let
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p :psi :ps_j- Thena

(sisiv1) = (s58541) = p((si—15:)) = p((sj-15;))
= p(p((sz‘—lsv:))) = P(p((Sj—15j)))

= (si—15:) = (s5-15)

and since s; = s; we conclude s;_; = s;_1, contradicting the fact that ¢ is the smallest index in v; in
these conditions.

We now claim no edge/half-edge is used twice in ;. Proceeding again by contradiction, let i,j > 2
be such that s; = s;41 and s;41 = s;. Without loss of generality assume that these indexes are such that
|i — j| is the smallest possible, and further assumer that ¢ < j. Let p = ps,,, = ps;. If j = i+ 1 then
~v1 would be of the form ---s; ~ $;41 ~ $; ~ --- in some section, implying (s;+18;) = p((SiJrlSi)) and

contradicting p(e) #e. If j > i+ 1,

(sisiv1) = (sj4185) = p((sisi+1)) = p((s+15))
= (Si+15i42) :p<p((8j—15j)))

= (sit18i42) = (5j-15;)

and since s;41 = s; we conclude s; 2 = s;_1, contradicting the fact that 7, j were the indices minimizing
i — 3.

The claim above implies the final site s, is not the starting site si, therefore it must be one of the
COrners Ca,...,Cam- Y2 is then built by choosing the first corner in ¢y, ..., co,, that is not an endpoint
of 71 and repeating the process, which is done iteratively until all paths 71,...,7,, are obtained. The
proofs as to why all these paths are edge-disjoint use the same arguments as above, with the difference
that (s;8;11) now belongs to some v;, and (s; Sj+1) to some ;. The permutation s is then defined so that
condition (i) holds: s(1) =1, s(2) is the index of the ending corner of 71, s(3) is the index of the starting
corner of y; and so on.

The remaining edges are decomposed into a collection of loops in a very similar way: pick a vertex
s1 = v together with an edge (s12) that is not yet in the decomposition, then build a path wy by choosing
vertices in the same way until no more edges can be chosen. w; repeats no edges nor does it share any
edges with the previous paths, again due to very similar arguments to the ones above; in particular, wq
only goes through vertices. The finishing vertex v; of w; must be such that all edges of () incident to vy
are in either 71, ..., v, or wi. vy must have even degree in each +;, and if v; was not the starting vertex
v; of wy then it would have odd degree in wy, contradicting |Q,,| being even. Hence, vy = v; and w; is
a loop. The procedure continues by creating loops ws, ..., w,  in the same way until all edges of () are
somewhere in the decomposition, and one can prove all of these loops are edge-disjoint from each other

and the paths 4 using the arguments from before. O

Proposition 3.7. Let c1,...,com—1 € Cq,; be pairwise distinct and set vy = v(cy). Additionally, let
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e = (vu) € Eq, be such that v,u € IntVq,. Then, the sets
Co ={PU (vic1) U - U (v2m-1C2m—1) @ (ve) : P € €(vy,...,v2am_1,0)}
and
G ={PU(vic1) U - U (vam—1cam—1) ® (ue) : P € €(v1,...,0am-1,u)}
are equal.
Proof. Tt is enough to prove %, C %,, the other inclusion follows by symmetry of v and v. Given an

element @ € %, we have

Q=PU (vic1) U~ U (vam—162m—1) D (ve)

= (P& (vu)) U(vicr) U+ U (vam—1C2m—1) ® (ue)

for some P € €(v1,...,v2m—1,v), which means P is such that every vertex appearing an odd number of
times in the list vy,...,v3;,—1,v has odd degree in P while every other vertices have even degree (recall
Proposition 3.5). Note that all vertices with the exception of v and u have the same degree in P and

in P @ (vu), and that the degrees of v and u are off by either 1 or —1. Thus, P & (vu) C Int&q; is

such that every vertex appearing an odd number of times in the list vy, ..., v2,,—1,u has odd degree in P
while every other vertices have even degree, implying P & (vu) € € (v1,...,vam—_1,u) and consequently
Q € Cy. O
Proposition 3.8. For any c;,...,com—1 € Cq; and e € Eq,, Proposition 3.6 applies to elements of
%5(01, ey Com—1, e).

Proof. The proof of Proposition 3.6 applies here with little changes: for any @ € %s(c1, ..., C2m—1,€),
|Qy| is still even for all vertices v and the sites with odd degree in @ are ¢y, ..., cam—1,e. The paths and

loops are drawn the same way with e taking the place of cgy,, and the arguments hold all the same. [

Proposition 3.9. Let v be a path in Gq, running from c1 to ca. Then,
i1, T, €XP (— ;Wind('y)> € {£1}.

Proof. Note that v must start with the half-edge (civ(c1)) and end with the half-edge (v(c2)c2). Let '™
and e’*2 be the directions of (v(c1)c1) and (v(c2)cz2), respectively. Then, 7., = +e~i2 and 5., = +e 1T

In addition, wind(y) = az —a; —7 mod 27. The argument of in., 7, exp (— %Wind(’y)) is thus

s (6751 (6] Qg —Qxp — T
2= - T 0 d .
2 2 T2 2 moc

O

Proposition 3.10. The definition (20) is independent of the orientation and numbering of the paths .
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Proof. Tt is enough to prove that the right-hand side of (20) stays constant if we take some v to be in
the opposite direction and if we swap the numbering of paths 7 and yg41.

For the first case, the factor e, )7, ,,, €XP (— %wind(y)) = %1 is replaced by

. 1. . _ T
e, ap_1)lesar) ©XP (_ 92 Wlnd(_7)> = 7 WMegon—1) ey ory OXP <_ 2 Wlnd(’Y)) =+l

while the values of s for 2k — 1 and 2k are swapped, so sign(s) becomes — sign(s).

For the second case, the product of all contributions of ~; stays the same and s changes so that
2k —1+—s(2k+1) 2k — s(2k +2) 2k+ 1+ s(2k—1) 2k + 2 — s(2k)

and the other values stay the same. Since the changes to s are described by the composition of 4

transpositions, sign(s) is also kept constant. O

Proposition 3.11. The definition (20) is independent of the smoothing of Q.

Proof. Let Q € 6q,(c1,-..,cam) and take two smoothings Q = wlL'J(UZI:l'y,i) and Q = sz(U::ﬂ,%)
with associated permutations s', s* € Sa,,,. Push each path 47 slightly to its left, obtaining 77. Note that
computing (20) using 77 instead of 77 gives the same value. Now, reorient and renumber the paths v;
and 57 so that the union of all v} and 47 with the endpoints connected by a 180° turn yields a collection

’
w of m’ oriented cycles w = U;nzl w; where each w; is a succession of paths
1 22 1 ~2 1 ~2
Viejo Viejs Vij+10 Vij+1o -+ o0 Vhjpa =10 Yk —1

(together with the 180° turns connecting them in between) with k; = 1 and the convention &, 11 = 2m+1
(Figure 11). Note that the reorientation and renumbering of the paths does not change the value of the
right-hand side of (20) using either smoothing (Proposition 3.10).

We start by claiming sign(s') - sign(s?) = (—1)™". Due to how the paths 7}, and 37 are connected
and numbered, for each j = 1,...,m’ the permutations s! and s® in the points {2k; — 1,...,2k;41 — 2}

are as follows:

51 52
2k; — 1+ s'(2k; — 1) 2k; — 1+ s*(2k;)
2k; > s'(2k;) 2k; > s'(2k; + 1)
2k; + 1+ s'(2k; + 1) 2k; + 1+ s'(2k; + 2)
2kji1 — 3+ 57 (2kjp1 — 3) 2kji1 — 3+ 57 (2kjp1 — 2)
2kji1 — 2+ 51 (2kjp1 — 2) 2kj1 — 2+ sH(2k; — 1)

(Informally speaking, the sequence of indexes ordered by s! are offset when compared to s2, because the

ending point of the first path of Q; is the starting point of the first path of Q2 and so on). To make s’
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Figure 11: Union of paths of two smoothings as described in the proof of Proposition 3.11. The left
figure shows the smoothing from Figure 8 in red (note how the loop is missing) together with a second
smoothing in blue formed exclusively by paths. The right picture shows the paths of the two smoothings
joined using 180° turns at the endpoints.

match s? in these points we can use 2k;;1 —2— (2k; —1) transpositions, which is odd. Therefore, the num-
ber of transpositions needed for s* and s2 to match is equal to m’ mod 2, thus sign(s?) = sign(s')-(—1)™
and the claim is proved.

Take the definition (20) using the two smoothings and multiply them. We get

sign(st) - sign(s?) - [ﬁ exp (= 5 wind(r) ) ] - Lf[p (-5 winacid)) ] -

k=1

— fj exp (= 5 wind(e))

[T(pres (22)

j=1

= (~1)** (23)

where (22) follows from applying Lemma 3.2 to all w; and (23) holds because all w; are closed curves
and thus w; - w, = 0 mod 2 if k # j. If we prove (—1)““ = 1, then we are done.

Push the collection of cycles w? slightly to its left, obtaining &?2. Since w! and &? do not self-intersect

1 2 1

and w-w! =w- 0% =w! - &2 =0 mod 2 because w, w' and @? are collections of closed curves,

(71)w-w _ (71)(wa1U$2)~(wa1UC)2)

and this number does not change if we remove from w the 180° turns used to connect the paths (since

49



we can take them small enough). Let & be w without the added 180° turns. Then

k=1 k=1

HGUw UG? = [wlLJ(Uy;)] U [@%(Uﬁ,ﬁ)] =Q'uUQ?

where Q! is the first smoothing and 62 is the result of the second smoothing being pushed slightly to its
left. The intersections of Q' and @2 only occur around vertices, therefore it is enough to prove that the
number of intersections around each vertex must be even.

To see this, take the parts of Q! and @2 around a vertex v and consider one of the portions v of
Q2 traversing around v. Recall that v was a result of a (smoothed out) lattice path pushed to its left;
therefore, the number of parts of @' that start to the left of v when going around v must equal the
number of parts of Q' that finish to the left of 4. Consider a process where one walks along each part
of Q' from start to finish and keep track of the number NN of parts of Q' that are to the left of v at each
instant of the process. The previous observation implies N must be the same at the start and at the
end of this process, and every time a part of Q! crosses v, N either increases or decreases by 1. Hence,
there must be an even number of crossings between v and every other part of Q, and applying the same

argument to all parts of @2 gives the result. O

SNote that some of these parts may correspond to the same original path in Q', which traverses v multiple times. For
this argument, they should be considered as separate.
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4 The discrete spinor observables

In this section we define the discrete spinor observables, the main objects of interest, and prove their

most relevant properties.

4.1 Motivating the spinors: fermionic variables

The spinor observables are rather technical objects and it is not obvious at first glance why they should
be useful, so we start by giving some motivation for the spinor observables. The objective here is to define
fermions which will then be used to give what we will call an “analytical description” of the spinor, useful
to understand why this object is relevant. The technical results regarding spinor observables will be
obtained using a “combinatorial description” (Definition 4.11). Therefore, this subsection is strictly
conceptual and lighter on the details, not containing any results necessary for the present work.

In Physics, fermions are particles that follow Fermi-Dirac statistics and have half integer spin. Fermions
are used in the continuous Ising model to formally define it, replacing the (ill-defined) spin field by more
convenient fermionic field that codes the same information [Musl0]. Fermions are commonly intro-
duced at the discrete level using Grassman variables, which are then used to express path integrals
[Mus10, DFMS97, CCK17]. This work uses a second formulation of lattice fermions, more appropriate
for the arguments that will follow. An overview of the two formalisms, together with a proof of the
equivalence between them, can be found in [CCK17].

Informally speaking, a fermion is seen as the product of an order with a disorder variable that lives
next to it. Since the former is associated to a site in Fq, and the latter is associated to a neighbour in

Va,, it is natural to associate fermions to the intermediate objects Cq;,.

Definition 4.1. Let ¢,d € Cq, be corners, define v = v(c), u = v(d), p = f(c), ¢ = f(d) and fix a path
v C &g, running from v to u. Set o = (pv) & v ® (ug). Then, the fermion pair (YciPq), is the random

variable defined as .
(bbb, =~ exp (= 5 wind(o)) - 0,0, uma)y
where 7?2 is the complex conjugate of the direction of the segment going from v(c) to c.
A simple property separating fermion pairs from order and disorder pairs is their antisymmetry.
Proposition 4.2. (¢¥.q), = —(¥ate),-
Proof. Let ¢’ and e be the directions of the segments (v(c)c) and (v(d)d). Then, n? = e~* and

773 = e P,

For a given path ¢ running from ¢ to d, its winding must equal 8 — (o + ) + 2kx for some k € Z.

Then,

whereas if —p denotes the path g running in the opposite direction

2 7 ind(—o) ) = _ia 8 _im .
ndexp< 2Wlnd( g)>exp< 5 ) 5 +zk7r>
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which are symmetric complex values. The rest of the fermion pair does not change when ¢ and d are

swapped. O

The fermion operator shares the quasi-local behaviour of the disorder operator, in that it is inde-
pendent of the path ¢ up to a sign. Because of the winding factor, a complete description of this sign
dependence would be rather messy and not useful for our purposes, therefore we limit ourselves to the

next result.

Proposition 4.3. Let ¢1,cq,c3,c4 € Cq; be corners. Let 912 be a path on Go, running from v(cy) to
v(eg) to which the half edges (clv(cl)) and (0(02)02) are added, and similarly let o34 be another path
running from cs to cy4.

Let ly,12,13, 14 be such that {l1,12,13,l4} = {1,2,3,4}. Let 1,1, and 01,1, be paths running from ¢, to

¢, and from ¢y, to cy,, respectively, and defined analogously to the above. Then,

E* [X ’ (’(/}01 wcz )912 (wcs w04)934} =+E" {X ’ (wcll wclz )Ql112 (1/)613 ’(/}Cu )91314

where X is a product of order, disorder and fermion pairs.

Remark 4.4. We will be considering + boundary conditions because all future results are done in regards

to this setting, but duality arguments imply the same holds for free boundary conditions.

Proof. Write the fermion pairs using order and disorder variables. Corollary 2.37 implies that the expected
value of the random variables is the same up to a sign, so we are left with checking the multiplicative

constants. This reduces to proving that

773177?3 exp ( — i(wmd(glg) + w1nd(934))) = nfllngls exp < — §(W1nd(glllz) + Wlnd(glgl4)))

For each j = 1,2,3,4, let €’ be the direction of the segment (v(cj)cj), which implies 173]_ = e,
The winding of g;,;, is thus as — (a1 + 7) + 2k1o7 for some k12 € Z whereas the winding of g;,;, equals

ay — (a3 + ) + 2ksgm for some ksy € Z. Hence,

T, . ) i iy i ia .
7731 772, exp | — 7(W1nd(glllz) + Wlnd(é”gh;)) =exp| — L 284 + Z(klg + k34 — 1)7‘(’
1'% 2 2 2 2 2
which is symmetric on a1, as, a3, ay and changes sign depending on the value of k1o + k34. O

Consecutive applications of this Proposition imply that, up to a sign, the ¥ commute and are inde-
pendent of the paths chosen, which is also true for o and p (Corollary 2.37). For the sake of clarity, until
the end of the subsection all further equalities will be written up to a sign. This allows us to drop the

paths in the subscripts to simply write

E* HU% Hﬂvk qu
j k l

for the expected value of these random variables, which can then be abstractly generalized to a product
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of formal variables of any number and in any order by imposing that they commute and setting it as 0
when there are an odd number of disorder and fermionic variables.

It should be clear to the reader that fermions by itself do not give any additional information regarding
correlation of order and disorder variables, and in fact these objects have been studied as early as [KCT71].

In [Smi06] it was observed that the function

F(z) = E* [¢et):]

for a fixed ¢ € IntCq, possesses properties (namely, it is s-holomorphic — see Definition 4.19 — as long
as it is not defined on all corners around f(c) at the same time) that allow a proof of the convergence
to a continuous function. In fact, one can add as many o; and v; and it still maintains such desirable
properties. Because the product of a o with a ¢ is a u (together with a multiplicative constant), disorder

variables can be considered in some way. Hence, if we wanted to study

Et [Jalatm © o Oay Moy Pog 0 :uvzm]

for some faces a; € Fo, and vertices vy, € Vq;, we should replace i, with 1., o,, where c; is a corner

next to vx and ux = f(cx), leading us to

E* [OGIOGQ " 0anO0u1 Oug " " Ougy, %1 wcz e wczm}

and now we add two extra 1, one associated to the function input z and another associated to some fixed

corner ¢ to be paired with 1,. Taking ¢ = a; + /2 leaves us with the function

F(Z) =E* [Ual Oay " ' 0a,0u0uy " O—uzmwclwm t 'l/)CQMwal—&-é/ﬂ/}z] (24)

which has the benefit that, when z is such that v(z) = v(ay + 6/2) = a1 + 0, writing 9, +5/2%. as
Tay May+6 * O f(z)Mo(z) Makes the disorder part disappear and the order part of ¢, cancel with the o, at

the start. For example,

F(a1 + 35/2) =E* [Uaz 00, 0wy Oug Ver  Yen, 0a1+25}

= E+ [Ua1+260a2 cOq, Myt ﬂvgm]

F(a; +6+i6/2) =E* [O'a2 SO, Ouy Oy Wey ~1/)62m0a1+(1+i)5]

=E* [Ua1+(1+i)5aa2 o O0ap Moy /u‘mm]

(ignoring the multiplicative constants that come with separating ¢ into ou). The function

1
E+ [Jal e Oa, ey "'szm]

E* [Ual ' 0a, "Ouy """ Ougy, "/)cl T 1;[}62m : wa1+6/2w2] (25)
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thus encodes information about the multiplicative increment resulting from changing a; slightly at the
points a3 + 36/2 and a; + 6 + /2, and has the discrete holomorphicity property.

Equation (24) encapsulates the crux of the analytical description of the spinor observable. In fact, the
term “spinor observable” should be used for the function (24) to be accurate with literature. It matches
the combinatorial description given in Definition 4.11 up to multiplicative constants’, of which the most
relevant is the one in (25) and the signs due to path choices of the disorder and fermionic variables. For
a formal handling of the latter factor it is necessary to define the spinor on a double cover.

This section will focus on the statement and proof of the spinor observable properties, which will all be
based on the combinatorial description. This description is necessary for the proof of the s-holomorphism

(Proposition 4.20), which is fundamental to prove convergence.

4.2 Combinatorial interpretation of spin correlations

We start by assessing how to express spin correlations in a combinatorial way. In the Ising model
with disorder lines I' = T'[vy, . . ., v2,,] and boundary conditions +, a spin configuration is represented by
a set of domain walls w € %, , whose weight is the number of edges of P = w & T" € o, (v1,...,vam). It
will be more convenient to consider instead Q@ = PU (vic1) U+« - U (vameam) € Ga;(ci, - .., Cam), where ¢

is a corner adjacent to vg. Thus, for faces ay,...,a,, we write

—1
]Eg; [Cay - 0a,] = (Zg’+ . Z @l [Sign g, - 04, in w € Co, associated with Q]

QECgQ(; (c1,---,c2m)

with |@] being the number of full edges of @ and Z§’+ = ZQE%QB(C“_’CM) a‘CQ‘ being the partition
function of the model. Our objective is to determine how to compute the sign on the right-hand side.

We start with a special case where the faces are the ones that contain the corners cg.

Proposition 4.5. Consider the Ising model on the graph Q};a at the critical temperature with disorder

linesT' =T[vy,...,vam] and boundary conditions +. Let c1,. .., cam € IntCq, be pairwise disjoint corners
adjacent to vi,. .., Vo and set up = f(ci). Then,
-1
I+ '+
EQ& [Uu1 T Uu2m] = TO : (ZQ5 ) ’ Z alCQl ’ T(Q)

QE%a,(ct,.scam)

where 7° € {1} depends on the choice of T.

Y can be computed as follows: let ©° = |J"_, 09 be a collection of edge-disjoint oriented

In addition, T
paths in ng& together with a permutation s° € S, such that 6% is a path running from Ug0(2k—1) 10 Ug0(2k)

to which the half-edges (cso(gk,l)uso(gk,l)) and (Usﬂ(gk)CSO(gk)) are added. Then,

0. 0.50 . - . _ T
7_0 _ (71)6 I, (,1)@ [Sha 51gn(30) . H *”’02;@717%% exp < - 5 Wlnd(92)> .
k=1

"Recall that in these computations, signs and multiplicative constants associated to writing 1) > ou were neglected.
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Remark 4.6. The argument from the proof of Proposition 3.8 can be used to check that 7° € {#1}. In

0. For instance, if we were to swap cy

addition, note that the order of the ¢ is relevant to compute 7
and cg11, then 7(Q) would change sign for all @ (because the sign of a permutation associated to the

smoothing would change) but 7% would also change (due to the sign(s°) factor).

Remark 4.7. Recalling fermionic variables, this result shows how to compute Egs [ey * +* Wey,,] combi-

natorially.

Proof. It is enough to prove that, for any Q € %o, (c1,. .., Cam) associated to a configuration o, oy, - - - Oy,,,
™ . 7(Q). Pick such a @ and take ©° and s” as described. The associated element w € %o, is

w=Q®T® (vic1) ® - ® (VamCam). Due to how the domain walls configuration is defined,

Ouy " Oy, = 0“50(2k71)0“50(2k)

(—1)% (26)

s Tt

Il
—

|
— ol

1)@0~UJ
_ (71)60- (Q@Fea(vl01)®---€B(v2m62m))

(~1)°" - (-

where (26) holds because if (—1)%“ = 1 (the same argument holds when (—1)%“ = —1) means the path
69 crosses an even number of edges of w, and since w is the domain walls configuration of o this implies
the spins at the endpoints of 62 are equal and therefore Tty0 a1y TUs0 21y = 1. Note how this expansion

holds even if some uy repeat. We are left with checking

m .
0. 0.90 . . _ 7 .
(1)@ =7(Q)-(-1)°° . 31gn(80) . H ~ Mgy 1 Ny, €XP <— 3 W1nd(92)>.
k=1
Take a smoothing Q = w U vy = w U (UZL:l 'Vm) with associated s € S, which is used to
compute 7(Q) according to (20). Reorient and renumber the paths v, and 69 so that A := v U @°
can be seen as a collection of m’ oriented cycles A = U;.nzlAj and each A; is a succession of paths
'ykj,@gj,wkjﬂ, @2j+1, s V=1 @2j+1_1 with k; = 1 and the convention k,,» 41 = 2m + 1. Note that
reorienting and reordering the 69 does not change the value of
m

) ) _ T .
sign (s°) - H —iNegp_1 Ty, €XP ( -3 w1nd(02))

k=1
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(see the proof of Proposition 3.10 for more details). We have

0. Q=0" (wunr)

=(©°U") - (wUu9) (27)
=A-(wU9)

=A-~ mod 2 (28)
=A-(A\6°)

=A-A-0".@°

=A-A+0"-0" mod?2

where (27) holds because w and « do not intersect or self-intersect and (28) holds because A and w being
collections of closed curves implies A -w =0 mod 2. Thus, (—1)9"Q = (=1)©°©" . (—1)A4,

On the other hand, we claim sign(s)- sign(s®) = (—1)"". Due to how the paths 7, and 69 are connected
and numbered, for each j = 1,...,m’ the permutations s and s” in the points {2k; — 1,...,2k;11 — 2}

are as follows:

s s°
%; — 1 s(2k; — 1) 2%; — 1 5(2k;)
2k; — s(2k;) 2k; — s(2k; + 1)
2k; + 1 s(2k; + 1) 2k + 1 s(2k; +2)
i1 — 3 > s(2k;41 — 3) Uit — 3 > 5241 — 2)
i1 — 2+ 5(2k;41 — 2) i1 — 2 5(2k; — 1)

(informally speaking, the sequence of indexes ordered by s are offset when compared to s, because the
ending point of v; is the starting point of ©f and so on). We can make s and s” match in the points
{2k; —1,...,2k;41 — 2} using 2k; 41 — 2 — (2k; — 1) transpositions, which is odd. Therefore, the number

of transpositions needed for s and s° to match is equal mod 2 to m/, thus sign(s”) = sign(s) - (—1)™ .

Knowing this and expanding 7(Q) using (20) with the current ordering and orientation of paths,

(@) sign (o) [T =t T exp (= wina(0)) = (-2 [T (-5 wina(ay)

k=1 j=1
= JT-naa (29)
j=1
= () (30)
where (29) follows from Lemma 3.2 and (30) uses the fact that all Ay are closed curves. O

We now generalize this statement to an arbitrary set of o, to obtain a result from [CCK17].
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Proposition 4.8. Consider the Ising model on the graph g}ls at the critical temperature with disorder

linesT =Tvy,...,vam] and boundary conditions +. Let ¢, ..., cam € IntCq, be pairwise disjoint corners
adjacent to vy, ...,vay and set u = f(cg). Then, for any faces aq,...,a, € Int Fo,,
—1
I+ L+ o
B low on) =10 (257) 30 el (-1°27(Q)

QECa,(c1,....cam)

where © is a collection of edge-disjoint paths in g}zé linking w1, ..., Usm, A1, ..., 0y and possibly aquy €
0Fq;, and 7° € {£1} depends on the choice of T and ©.

0

In addition, 70 can be computed as follows: let ©° = J;-_, 69 be a collection of edge-disjoint oriented

paths in gSTZﬁ together with a permutation s° € S, such that 6% is a path running from Ug0(2p—1) 10 Ugo(2k)

to which the half-edges (CSO(Qk_l)USO(Qk_l)) and (USO(%)CSO(%)) are added. Then,
: 0. 0.0 . T _ i
7_O — (_1)9 T (_1)9 r (_1)9 o | slgn(so) . H —Meap_1 ey, €XP ( — 5 Wlnd(’}/g)).
k=1
Remark 4.9. Regarding Proposition 4.8,

1. Some wu may repeat or be equal to some aj. Thus, some paths 92 may be empty, in which case

wind(v))) = 0.
2. © and ©° are not required to be edge-disjoint.
Proof. Note that
Ual ... O’an —_— (O’ul ... O’uzm) . (O’ul DY Uu2,'no-a1 ... O’an)'

Thus, for Q € Gq,(c1,. .., cam) with associated w = Q & T ® (vic1) ® -+ - D (VamCam) € €a, which is the

domain walls representation of some configuration o,

Our """ OuzpnTay """ Oa, = (71)@«;

— (-1)®@ - (-1)°T

assuming aoys is not involved. If it were, we add a o,,,, = +1 factor at the beginning and the argument
still holds. In addition, note this expansion is valid even if some wu; repeat or are equal to some ay. The

proof of Proposition 4.5 completes the argument. O]

4.3 Defining the spinor observables

We introduce the discrete spinor observables, which will be defined on double covers. We start by
stating the definitions, then proceed to check they are well defined. From now on to the end of this
section, ag,ck,ug, Vi, ', © are considered to be as described in Proposition 4.8. In addition, assume
a1+ 6 # vy, for every vy, and Eg:_ [Cay + - 0a,] # 0. We will denote a7y = ay + g and write a = aq,...,an,

C=C1y...,Com, W= UL,..., Uy, and V= v1,. .., Vopm.
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Definition 4.10. Given a lifted corner z € [Cq, \ {c,a7 };a;u] and Q € g, (c, a1 + g, z), the complex
phase ¢S(Q,Z) is defined by

$5(Q,2) = (~1)IWDC . sheeta,u (p(Q), 2) - 7(Q)
where 7(Q) is the modified sign of @ given in (21) and the factor sheeta  (p(Q),z) € {£1} is defined as
follows:
1. Fix forever a lift a;” € [Qs;a;u] of the corner ay’.

2. Consider the path p(Q) running from some corner ¢ to z and take another smooth path 7 running

from a7’ to ¢ such that 7-© = 0 mod 2 and 7 does not go through any of the points a and u.

3. Let (7, p(Q)) be the concatenation of the two paths and lift (7, p(Q)) to the double cover [€2s; a; u]

with starting point a;”. Such a path must end in one of the two lifts of z.
4. The factor is +1 if the lifted path ends in z and —1 otherwise.

Definition 4.11. Given a lifted corner z € [Cq, \ {c,a7 };a;u], define

1
F[lglg;a;u] (5) = Z alch ' ¢;(Q, z)

T+
2l o
Qs [ ai an} QE%Q(;(C@?J)
where the normalizing factor Zg(’f [0, -+ 04,] is given by
r,+ — wh+ I+
ZQJ [Cay *+ Oa,] = EQE [0a, " 0a,] - 295

assuming Eg; [0ay -+ 0a,] # 0. Recall that Zg:f = ZQE%Q (c) al?l is the partition function of the Ising
5
model with disorder lines I' and boundary conditions +.

We will also consider these spinors defined in the edges.

Definition 4.12. Given a lifted edge Z € [Eq,; a; u], define

1
F[I;Z{s;a;u] (EJI) = Z a‘cQ‘ : ¢;(Q7 z)

). zh+t
(cosZ)- 25" [0, - 0a,] Qebn, (ot =)

assuming Bt [oq, -+ 04,] # 0.

Unambiguity of the complex phase definition Consider the factor sheet,(7,%) for a path «
running from some corner ¢ to z. The definition requires another path 7 running smoothly from a7 to
c that does not go through a or u and such that 7 - © =0 mod 2. It is trivial to check such a 7 exists:
if 7-® =1 mod 2 instead, then have 7 do a loop around the face f(c) before ending in ¢. If the loop is
small enough, then it will only intersect the path of © starting in f(c).

The well-definedness of sheeta u (7, Z) is a direct consequence of Lemma 3.3.
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Proposition 4.13. The factor sheetq (Y, Z) as stated in Definition 4.10 is independent of the choice of

.

Proof. 1f m; and 7y are two appropriate paths, then (—1)(™72)7 = (—=1)™7.(~1)"" = 1. Hence (7, 7o)
lifts to a loop in [Qs; a;u] by Lemma 3.3. Therefore the lift of (r!,v) and (7?,~) with the same start will

end at the same point, concluding the proof. O

Remark 4.14. We can compute sheet, (7, %) even if 7-© =1 mod 2, if we make sheet, (v, 2) = —1 if
the lifted path ends in z and 41 otherwise. The consistency of the definition is again a simple application

of Lemma 3.3.

Regarding the definition of the complex phase, it requires a smoothing of @ to define p(Q), so we

need to check different smoothings yield the same result.

Proposition 4.15. The function ¢¢(Q,Z) as stated in Definition 4.10 is independent of the choice of
the smoothing of Q.

Proof. Consider two smoothings of ) which originate two paths p;(Q) and p,(Q) ending in z. Let m

and 7y be two adequate paths used to compute the sheet, , factor. Then,

sheeta7u(p1(Q), Z) -sheeta7u(p2(Q),Z) =1l&

(m1,p1(Q), p2(Q), m2) lifts to a loop in [2s; a; u]
) 71,01(Q),p2(Q),72)-© _ (31)

(=
(1@ (1@ -y

( p1(Q) N 1)62@) . ((71)?2(@'@ . (fl)Q-@> -1
(=

<~
=
4
4
= 1)Q\pl(Q (= 1)Q\p2(Q)-@ -1

where Lemma 3.3 is used in step (31). Hence,

Sheeta7u(p1 (Q)7’2v) . Sheeta,u (pQ(Q),E) — (_1)Q\P1(Q)@ . (_1)Q\p2(Q)@

which can be rewritten as

(_1)Q\p1(Q)-® : Sheeta,u (Pl (Q)v z) = (_1)Q\p2(Q)~® : SheEta,u(p2(Q)a E)

4.4 Ratios of spin correlations in spinors observables

We state the connection between the combinatorial description of F; [1;25~a~u] given in Definition 4.11 and
the analytical description derived at the beginning of this section. The result itself is simple to deduce
as the hard work has already been done in Proposition 4.8. Note that we consider two sets of disorder

lines, I' and f, with the latter linking additional vertices.
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Proposition 4.16. For any corner z, the equality

Egj [Uf(Z)Uaz T Uan] 0— g:f T
T+ =T nzSheetmu(Evz) T T4 F[Q(;;a;u] (g)
B 0y a0 e

holds, where 7° € {£1} is as defined in Proposition 4.8 using I = I'[v,a; + 6,v(2)], © and some ©°

linking the faces u,ay, f(2) and € is the empty path, which is seen as connecting z to z.

Proof. Expanding the normalizing factor as defined in Definition 4.11, the claimed equality becomes

Eo 04200+ 0a,] =

~ (-1
= 7'Osheetz,\,u(57 zZ) - (Z;;;) : Z a‘cQ‘ ‘7, - 05(Q,2)
Qe‘gﬂé (c,al_’,z)
—-1

= Tosheeta,u(s,g) . (Zg;r) . Z a‘Q‘ (— )Q\p(Q) © sheetau(p(Q) 5) -7(Q).

QECq, (c,af‘,z)

We now apply Proposition 4.8 to compute Eg; [0f(2)0ay - -~ 0a,]. For that, we need a collection of
edge-disjoint paths in ggk linking wy, ..., um, a1, f(2), f(2),az2,...,an, so the © used in the definition of

@S can be used. Hence, Proposition 4.8 yields

r =.\—1
Egvj' [O-f(Z)O'ag . Uan:l = 7'0 . (ZS;") . Z aLQ| . (_1)Q@ . T(Q)
QEGqy, (c,a?,z)

and thus the claim reduces to the fact

sheeta u (s, Z) - sheetau (P(Q), Z) = (—1)P(@®

for every Q) € %q, (c, a7, 2).
Fix a path p(Q) running from some corner ¢ to z and let m be a smooth path running from a7 to ¢
such that 7-© =0 mod 2 and 7 does not go though any of the points a and u. Additionally, let my be

a path from a7’ to z that lifts to a path running from &1: to z. Then

sheeta,u(p(Q ,2)=1& <7r, p(Q > lifts to a path running from a;" to Z
& (m,p(Q > lifts to a loop
& (—1)mP@)m0)® _ 1 (32)
& (-1 (~1)P@O = (33)

where we use Lemma 3.3 in (32) and 7 - © =0 mod 2 in (33). The above implies

sheeta)u(p(Q%Z{) . (—1)”0'9 — (_1)p(Q)~®

because all of the above factors are either +1 or —1. The (—1)™® factor can be worked out using the

60



same idea in reverse: setting m as smooth path running from a7 to z such that 7’ -© =0 mod 2 and 7’

does not go though any of the points a and u, we have

(—1)™© =1« (-1){7m)© =1
& (', mo) lifts to a loop
& 7' lifts to a path running from 61: to z
& (n', ) lifts to a path running from a7’ to

< sheety y(g,2) = 1.

therefore (—1)™© = sheetq u(e, 2). O

In the particular case v(z) = aj 4 0, the second collection of disorder lines I' should link the vertices
v, a1 +96,a1 +3d. Therefore, we can take [ = I. This leads to the two following results that will be vital in
extracting the information from the spinors. Note how they are expected given the analytical description

of the spinor.

Proposition 4.17. The equality

Eg; [Cay+250as *** Ta,]

=+F%, (@’ +6
CErsera A

holds.
The sign £ s equal to ﬁaﬁ%ﬁ'o, where 70 € {£1} is as defined in Proposition 4.8 using T', © and

some O linking the faces u,a1,a; + 29.

Proposition 4.18. The equality

I+ .
B [00:4(140)6%0s "+ Oa] = :teﬂTiF[lgz sa;u) (5f + L 25)
]Eg’; (04,00, "+ 0a,] e

holds.
The sign £ is equal to e_%ﬁaﬁ(H%)éTo, where 70 € {£1} is as defined in Proposition 4.8 using T,

© and some OO linking the faces u,ai,ay + (1 +14)4.

4.5 Properties of the spinor observables

Having the results needed to extract information about the spin correlations from the spinors, we now
start tackling the problem of how to pass to the limit. To do this, we establish the properties of F[?zé;a;u]

instrumental in both defining their continuous version and proving the convergence.

Multiplicative monodromy. The first property is related to the double cover setting: the monodromy

of F[I;h;a;u]' If we take two different points z', 22 with the same projection on s, then sheeta u(7,2') =
—sheeta u (7, 22) by definition. Therefore, Definitions 4.11 and 4.12 directly imply F| [lglg'a'u] has opposite

signs on opposite sheets.
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Argument and boundary condition. Consider the argument of F[gé;a;u] (Z) when z is a corner.
Following Definition 4.11, the argument of each term of the sum is dictated by the factor ¢<(Q, 2), which
depends on 7(Q). By (21), 7(Q) = %?) = 7(Q)n, and noticing 7(Q) € {£1}, we conclude each term has
the same argument as +7),, therefore the same is true for the whole sum.

When z is an edge midpoint, the argument of each term of the sum in Definition 4.12 is dictated by
7(Q) in the same way. Decomposing it using (21) and (20) and using Proposition 3.4, the argument is

given by +in. exp ( - %Wind(’y))7 with v being a path from a corner ¢ to z. If the velocity vector of v

starts with an argument of o and ends with an argument of 3, then wind(vy) = 8 —« and 7, = e,

Therefore, the argument of the term is

- —— =-3 mod 7

and since 7y can reach z from either endpoint, different terms of the sum may have different arguments

mod 7. Thus, the argument of F| [1;2 (%) is not trivial to compute.

s;au]

Due to the assumption that edges joining vertices of IntVg, are in Int&q,, the edges in 0€q, are
precisely those that can only be reached by exactly one of its endpoints. In this case, e’ is the direction
of the edge z pointing towards the exterior of s, so it is a discrete analogue of the outer normal to the
boundary at z. If we denote this direction by vout(2), then we can write F[I&j)(;;a;u] () - \/Vous (2) € R, thus

arriving at a boundary condition of sorts for F[gé,a_u].

Holomorphicity. The third property is a discrete version of the holomorphicity property. Although
these spinors verify the most common version of this property — referred to in the literature as the
discrete holomorphicity —, we will require a stronger property, first introduced in [SmilOa, CS12]: the
s-holomorphicity. This is crucial to deal with the passage to the scaling limit. We will leave an overview
of discrete and s-holomorphicity and the technical details for Section 5, limiting ourselves for now to the

proof that F[F

Qs:a;u] 18 s-holomorphic.

To each corner ¢ € Cq, we associate the line I(c) := n.R — seen as a subset of C — and denote by

Proj; (¢ [w] the projection of a complex number w onto the line I(c), which can be written as

(w + nf@)

N =

Projy oy [w] = R(w,)ne =

Definition 4.19. A function F : [C'U Eq,;a;u] — C defined on the lifts of sets C' C Co, and Eq, is
strongly holomorphic at ¢ € C, or s-holomorphic for short, if for both e € £q; adjacent to ¢ (that is, such
that |c —e| = 2)

F(¢) = Projy) [F(e)]

for both lifts of ¢, with the lift of e taken to be on the same sheet of [(25; a; u]. Moreover, F' is s-holomorphic

on C if it is s-holomorphic at each ¢ € C.

Proposition 4.20. The function F[I;)(;;a; is s-holomorphic on its domain.

ul

Proof. We adapt the argument from Proposition 2.4 of [CHI15].
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Figure 12: Auxiliary figure for the proof of Proposition 4.20, showing the transformation between p(Q.)
and p(Q.), in the case where (ve) ¢ Q. — subfigure (a) — and in the case where (ve) € Q. — subfigure

(b).

Let ¢ € Cq,; \ {c,a7} and e € &g, be adjacent points. The sums F[lgzé;a;u] (¢) and F[Bé;a;u] (€) are
defined over the sets 6q; (c,a7’, ¢) and %q; (c,a7’,e), and there is a simple bijection between them: if
v = v(c), then we take the XOR difference of a configuration with the half-edges (cv) and (ve). We shall
check the projections of corresponding terms in the sums coincide: that is, for any Q. € %q; (c, a7, ¢)

and Q. = Q. @ (cv) & (ve) € €a, (c, a7, e), the equality

jus
COs S

[Qel . 4c
al®l 65(Qe,?) = Projy(, [W] (34)

holds, which implies the result.
There are two cases:
1. (ve) ¢ Q. (subfigure (a) of Figure 12).

Fix a smoothing of Q. such that p(Q.) ends in ¢. Then, take p(Q.), remove (vc) and add (ve).
The result is a valid smoothing of Q.. We have:

(i) Oélchl _ Oélch‘

(ii) (,1)Qe\p(Qe)-@ - sheeta u (p(Qe),g) — (fl)Qc\p(Qc)-@ 'Sheeta,u(p(Qc)aa
(iii) Wind(p(Qe)) = Wind(p(Qc)) + 7, which implies 7(Q.) = eFE -T(Qe)
Write 7(Q.) = 1.7(Qc). Factoring the real terms out of Proj; ) — including 7(Q.) —, (34) reduces

to

7 mi
c — = Proj |: 8 c:|
Tle €05 r0jy(c) | €7 5 M

which is easily checked by expanding the right-hand side:
T 1 sy T sy s
Proj;, {ejFTnc} =5 (e:F?nc +p - ei?ﬁc) == (ﬁﬁ + ei?) = 1) COS

2. (ve) € Q.2 (subfigure (b) of Figure 12).

Fix a smoothing of Q. such that p(Q.) ends with the half-edges (ev) and (vc) (this is possible by
using the argument of the proof of Proposition 3.6). Then, take p(Q.) and remove those half-edges.
The result is a valid smoothing of Q).. We have:

(1) aLQel — OélcQC‘_l

8This case is vacuous if e € 0&q; -
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(ii) (,1)Qe\p(Qe)-@ - sheeta u (p(Qe),g) — (fl)Qc\p(Qc)-@ 'Sheeta,u(p(Qc)aE)

3mi

(iii) wind(p(Q.)) = wind(p(Q.)) £ 2F, which implies 7(Q.) = eT 5 - 7(Q.)

Doing the same as before, (34) becomes

™ . 3mi
e Qe COS = = Projy [ejF 5 nc}

and expanding the right-hand side now leads to

T 3T
Q. COS — = COS —

which is true since

-1
3
(cosg> cosg:tanzzﬁ—lzac

oo

Let us summarize these findings in a single statement.

Proposition 4.21. Regarding the function F[I;z(;-w

u]’

1. It has multiplicative monodromy —1 around each a and wu.

2. For every Z € [0&q,; a; 4, F[lgzé;a;u] () Vous (2) € R.
3. It is s-holomorphic on [Cq, \ {c, a7} U&q,; a; u].

Remark 4.22. The corners where F; [1;25~a~u] is not defined are the sites where two fermionic variables in

(24) cancel each other out.

The spinor in the missing corners. We now study how F[1;25~a~u] behaves in the lifts of corners ay’

and c. The argument is similar across all these cases: we prove the values of F; [F in the nearby edges

Qs;asul
have projections with opposite signs onto the line associated with the corner.

We start with a7, which is an adaptation of Lemma 3.2 of [CHI15].

Lemma 4.23. The equality

PrOjl(a?) = iTOna?

0
F[gé;a;U] (al + 25)

holds, with 7° € {&1} as defined in Proposition 4.8 using T';, © and some ©° linking the faces u.

Remark 4.24. If the lifts of a;” & 46 are on the other sheet, then it follows from the monodromy of
FF

Q5;a;u) that the projections have reversed signs.

Proof. Let e = a; + 346 and v = a; + 6. The sum F[lglg;a;u] (€) is defined over the set 6q, (c,a7’,e). On

the other hand, the normalizing factor can be written as

Zg::"[o'al . O'an] =70. Z O“CQ‘ . (_1)Q-® . T(Q)
QEGay (c)
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by Proposition 4.8. The XOR difference with the half-edges (a77v) and (ve) yields a bijection between
the sets %q,(c) and %o, (c,a7’,e). If we prove that, for any Q € %q,(c) and Q. = Q @ (a7’v) @ (ve) €
ba, (c a7, €), we have

(35)

Qe . e
£ 7ap - Pl (=1)9€ - 7(Q) = Projy,o) [ad}a(Qa]

s
COS ]

we are done (note that the terms of the normalizing factor are real numbers).

As before, there are two cases:

1. (ve) ¢ Q.
Fix a smoothing of @ with permutation s € Ss,, and add to it the path a;” ~ v ~ e. This induces
a valid smoothing of Q). in which the added path is p(Q.). Let s. € Sami2 be the associated

permutation. We have:

@l

(i
(i) (—1)Q\P(@)6 — (_1)@©,

) a
)
(iil) sheety u( (Qe), 5) = 1 because we are fixing the lift of e in the statement.
(iv) wind(p(Q.)) = +2F.

) s

Se matches s in the values {1,...,2m} and additionally s.(2m + 1) = 2m + 1,s.(2m + 2) =

(v
2m + 2. As such, sign(s.) = sign(s).

(vi) The last two observations yield 7(Q.) = in.e™ s Q).

Factoring out the real terms, (35) reduces to

| —

i . 3mi
+1q> cos i Projj gy [iMap €T 78 } :

This can be shown by expanding the right-hand side:

i 1 i i Mg~ i i
ProJl(aH) |:’LT]a—>6:F3 :| — 2 (Znal—veil:?’g 7770‘_’ ”7(1 :|:38 > — 770‘1<6;|:38 *6:&38 > = :l:na? COS%

2. (ve) € Q.
Fix a smoothing of ) with permutation s € Sy, and let v be the path or cycle that goes though
(ev), which we assume without loss of generality that runs from e to v. Removing (ev) from ~ and
inserting (a7 e) in its place induces a valid smoothing of Q., with some associated permutation s..

We now consider two subcases:

2a. 7y is a cycle (subfigure (a) of Figure 13).
Then, replacing (ev) with (a7’e) in 7 transforms it into a path, which is in fact p(Q.). Then,
(i) al?! =@t

(11) (—]_)Qe\P(Qe)'@ _ (_1)Q\7.@
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Figure 13: Auxiliary figure for the proofs of Lemmas 4.23 and 4.25 when (ve) € @, showing the transfor-
mation between p(Q.) and p(Q.) in the case where v is a cycle — subfigure (a) — and in the case where
~ is a path — subfigure (b).

2b.

(iii) Because of which lifting of e is considered, sheeta7u(p(Qe),€) = 1 if and only if v lifts
to a loop in [Qs;a;u], which is equivalent to (—1)"® = 1 by Lemma 3.3. Hence,
sheeta,u (p(QE),g) = (—=1)7°.

(iv) wind(v) must be either 27 or —2 since it is a simple closed curve that does not intersect
itself. In addition, wind(p(Q.)) = wind(y) F 5. Therefore, the path p(Q.) contributes

to 7(Q.) with a factor of —in,— et% .

(v) s. matches s in the values {1,...,2m} and additionally s.(2m+1) = 2m+1,s.(2m+2) =
2m + 2. As such, sign(s.) = sign(s).
(vi) The last two observations yield 7(Qc) = ina 5 7(Q).

Factoring out the real terms, (35) becomes

of2

T . .
E0ap Qe COS 3 = PrOJl(a?) { — iNa €

+ }
and expanding the right-hand side now leads to

™

™ .
:|:77a1—> Q.. COS 3 = :tna;» sin 3

us

which is true because o, = tan 8
~ is a path (subfigure (b) of Figure 13).

Say « runs from ¢, to ¢;. Removing (ev) and adding (ay’e) breaks v into two paths, one
running from ¢, to e — which becomes p(Q.) — and another running from a7” to ¢4, which

we call q(Q.). We have
(i) al®! = al@-1,
(i) (—1)Q-\W(@ae — (_1)@\(p@au(en)-6,
(iii) Let m be a smooth path running from a7 to ¢, such that 7 - © = 0 mod 2. Then,

sheeta u (p(Qe),'é) = 1 if and only if <7T,p(Qe),(ev),(vaf)> lifts to a loop, which by

Lemma 3.3 is equivalent to (—1){mP(Qe)(ev).(vai"))® — 1 Ag such, sheetau (p(Qe), €) =
(_1)(p(Qe)U(€v))'9.

66



(iv) If wind(p(Qe)) =« and Wind(q(Qe)) = f3, then wind(y) = a + 8 £ §. Therefore, p(Q.)

and q(Q.) contribute to 7(Q.) with a joint factor of incpe_%i -ina?ﬁcqe_%, whereas -y
_ (a+B)i i

contributes to 7(Q) with a factor of in., 7. e” 2 e¥s

(v) If we assume without loss of generality that v is the last path in the listing of path of Q,

then s matches s. in the values {1,...,2m — 2}. For the remaining values, we have
s2m—-1)=p s(2m) =¢q
on the one hand and
$e(2m—1)=p Se(2m) =2m +2 se(2m+1)=2m+1 se(2m+2)=gq

on the other. Therefore, sign(s.) = — sign(s).
(vi) The last two observations yield 7(Qc) = —ina ¥ 7(Q).

Factoring out the real terrns, (35) becomes
+nq— a. cos — = Proj;,— *7:7] —€ ng
77(11 c ] Jl(al ) ay

which is the same equality proven in the previous subcase.

O

Moving on to the remaining corners, the answer here is unfortunately not quite as nice. For distinct

indices k, j, we employ the notation

[ = up, ..oy Up—1, Ukt1,-- -, Uam

—9
[u]k,j = Ulye ooy Uk—15Uk4+1y -+, Uj—1, Ujt1, - - - U2m

and analogously write [c]; and [c]x ;.

Lemma 4.25. Fiz two distinct indices k,j and suppose that ux + 9 = vi. Let ex = ¢ £ %6 and let

ﬁ; = f[[v]k’j} be an additional set of disorder lines. Then

8
P F 4 f;'(; (] ](Ej)
. ~ o~ ~ 53Q, Uk, UG5 | UK,
(G [ [1;)55‘1?1‘] (ei)] + <( 1)k 1705}1€€ta,u(57 Ck)”ck) Fﬁs : k @)
Cj

Qa;uk,a,uj;[u]k,j]

fl[v]k,al +5}

holds, with 7° € {£1} is as defined in Proposition 4.8 using some f(; = , © and some

Q0 = (C:)O) Ll , under the following assumptions:
1. Eg’;[aal Oa, OuyOu,) 7 0.

2. The lifts of ex and ci are on the same sheet of [Qs; a; .

9 Assuming k < j; otherwise, this should be u1, ..., Uj 1, Ujh 1y e vy Uk— 1, Ukl -+ - U2
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3. Both lifts of ¢; are on the same sheet of [Qg; a, ug, uj; [u];w-] = [Qg;uk7 a, u;; [u];w]

Remark 4.26. The term between parenthesis on the right-hand side equals +i. In addition, note that

the spinors involved are “less complex” in the sense that f(; has 2 less endpoints.

Remark 4.27. A good intuition as to why one would expect an answer like this can be found using (25).

At z = ¢y, the function becomes

|l (fte ) (1)
| (fte ) (1t ) (1)

(ignoring the extra constants that come with replacing ¢ with op) which can be rewritten as

n 2m 2m

Et [(Haal SOy ‘qu> ( H Uuz) ( H ¢cl>¢a1+6/2¢0j]
=1 =1 =1
PR, e

l
n l;ém,] lQmJ (37)
E+ [(Juk . Hgal . qu> ( H Uu,) ( H wcz>wuk+6/2wc]“|
= 7o 1570

where it is used 1., = 1y, 45/2 because ux + 6 = vg. Dividing both numerator and denominator by

T+ .
Eq " [0a, ++ 0a, 0u, 0, ] makes the spinors come out.

Proof. Define

BT S G O Q. (_1)2°© . qheet. . (c.7,) -
[Qg;a;u](ck) T ZF7+[U o ] Z Q. ( ) shee a’u(g,Ck) T(Q)
Qs Mo “nd QeCas ([clkar?)

We prove the equality
Projyc,) [F[E?a;a;U] (gi)} = iRFQa;a;U] (cx)

and leave for Lemma 4.28 the expansion of RE)(;;a;u] (Ck)-

For simplicity, write ¢ = ¢, and e = e1.. We follow the same strategy as before: the XOR difference
with the half edges (cv) and (ve) defines a bijection between the sets 6q; ([c]x,ar) and o, (c, a7, €);
therefore it is enough to prove that, for any @ € %q; ([c]k, al") and Q. = Qg(cv) ® (ve) € Gq; (c,a7,e),

we have

(38)

Q] e
(C1)* 15 - 0l (~1)2© . sheota(e,3) - 7(Q) = Projue [W)]
COSg

There are two cases:

1. (ve) ¢ Q.
Fix a smoothing of ) with permutation s € Ss,, and add to it the path ¢ ~ v ~ e. This induces
a valid smoothing of Q). in which the added path is p(Q.). Let s. € Sani2 be the associated

permutation. We have
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(i) al@l = @,
(it) (—1)@e\PQ)O = (—1)@©.
(iii) sheetau(p(Qe),€) = sheeta u(e,c).
)
)

(iv) wind(p(Q.)) = +2F.

(v) Changing from %o, ([c]i, ar’) to €o, (c,a7’, ex) causes some of the corners to have a different
label — the index of the corners ciy1,...,com,a7 goes up by one. This is something that
will happen in every case checking of this proof, and the best way to compare the sign of the

permutations in these cases is to use the number of inversions: for any permutation p,
sign(p) = (=1, N(p) = {(i,4) : i < j, p(i) > p(j)}

For j € {1,...,2m} we have s.(j) = s(j) if s(j) < k and s.(j) = s(j) + 1 otherwise. In
addition, s.(2m+1) = k and s.(2m+2) = 2m+2. Using the number of inversions to compare
the sign of the permutations, we conclude sign(s.) = (—1)?™~*~Dsign(s) = (—1)**+*sign(s).

3mi

vi) The last two observations yield 7(Q.) = (—1)F+1in.eT 5
(vi) y Ne

Factoring out the real terms in (38), it remains to prove that

s . . 37i
+7, cos i Projj . {mgﬁ 5 ]
which holds similarly to (36).

. (ve) € Q.

Fix a smoothing of Q with permutation s € S5, and let v be the path or cycle that goes though
(ev), which we assume without loss of generality that runs from e to v. Removing (ev) from « and
inserting (ce) in its place induces a valid smoothing of @., with some associated permutation s..

Again consider two subcases:

2a. 7 is a cycle (subfigure (a) of Figure 13).
Then, replacing (ev) with (cv) in + transforms it into a path, which is in fact p(Q.). Then,
(i) a\ch| _ a|CQ|—1.

(11) (—1)Q5\P(Qe)'@ _ (—1)Q\’Y'@
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(iii) Let m be a smooth path running from a7 to ¢ such that 7-© =0 mod 2. Then,

sheeta y (p(Qe),'é) =1l& <7r,p(Qe)> lifts to a path from a;” to €

7 lifts to a path from a;” to 2

~ lifts to a loop
& OR

7 does not lift to a path from a;* to 2
~ does not lift to a loop

& sheeta u(e,0) - (—1)7° =1

using Lemma 3.3. Therefore, sheeta)u(p(Qe),E) = sheeta u(e, 2) - (—=1)7°.
(iv) wind(v) must be either 2w or —2, since it is a simple closed curve that does not intersect

itself. In addition, wind(p(Q.)) = wind(y) F 5. Therefore, the path p(Q.) contributes

to 7(Q.) with a factor of —in.e* ¥ .

(v) Forj e {l,...,2m} we have s.(j) = s(j) if sc(j) < k and s.(j) = s(j)+1 otherwise. In ad-
dition, s.(2m+1) = k and s.(2m+2) = 2m+2. Hence, sign(s.) = (—1)>"~* =D sign(s) =
(—1)k*+1sign(s).

(vi) The last two observations yield 7(Q.) = —(—1)* lin.e= s .

Factoring out the real factors in (38), we are left with proving

+ne0. cosg = Projl(c) [ — incei?} & +n.0 cos g = £7.sin g

which holds because o, = tan 3.
2b. ~y is a path (subfigure (b) of Figure 13).

Say v runs from ¢, to ¢;. Removing (ev) and adding (ce) breaks « into two paths, one running

from ¢, to e — which becomes p(Q.) — and another running from ¢ to ¢,, which we call
q(Q.). We have
(i) ar?l = al®7,

(ii) (—1)Qe\p(Qe)© — (_1)Q\(p(Qe)U(ev)).

(iii) Let 7., and 7. be smooth paths running from a;” to ¢, and c, respectively, such that
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Te, - © =7, -© =0 mod 2. Then,

sheeta y (p(Qe),'é) =1& <7rcp,p(Qe)> lifts to a path from a;” to €
<

Te,, P(Qe), (ev), (vc)) lifts to a path from a;” to ¢

7. lifts to a path from a;” to ¢

(7e,, p(Qe), (ev), (vc), me) lifts to a loop
& OR

7. does not lift to a path from a;” to ¢

(me, . p(Qe), (ev), (vc), ) does not lift to a loop
& sheetau(c, @) - (—1)(mer P(Qe):(ev),(ve).mc)-6 _ ¢

< sheeta u(s,€) - (_1)(P(Qe)u(ev))-@ —1
where we used Lemma 3.3. Therefore,
sheetq (p(Qe),'é) = sheetq u(c,C) - (_1)(p(Qe)U(ev))-(-—)

(iv) If Wind(p(Qe)) = o and wind (q(Qe)) = (3, then wind(y) = a+p3+ 7. Therefore, p(Q.) and

q(Q.) contribute to 7(Q.) with a factor of incpe_%i . ina?ﬁcqe_%, whereas v contributes

: o (at8)i
to 7(Q) with a factor of in.,7, e~ TR

(v) Assume without loss of generality that ~ is the last path in the listing of path of Q.
To compare sign(s) and sign(s.), we use an auxiliary permutation. Let s’ € Sa,, 12 be
defined as follows: for j € {1,...,2m}, we have s'(j) = s(j) if s(j) < k and §'(j) =
5(4) + 1 otherwise; in addition, s’(2m + 1) = k, s’ (2m + 2) = 2m + 2'°. Then, sign(s’) =
(—1)?m= (=D sign(s) = (—1)**'sign(s). Comparing sign(s’) and sign(s.), we see that
they match in {1,...,2m — 2} and

s@2m—-1)=p s2m)=q S2Cm+1)=k $S2m+2)=2m+2
whereas
se(2m—1)=p se(2m) =2m +2 se(2m+1) =k se(2m+2) =

which implies sign(s.) = — sign(s’). Putting everything together, we find out that sign(s.) =
—(=1)*+Lsign(s).

— The last two observations yield 7(Q.) = —(—1)""in, 5 7(Q).

10T his corresponds to the change of labels when going from Cas ([c]k, af) to G, (c, a’, e), assuming the new path runs
from c to e.
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Factoring out the real factors in (38) leads to
+n.0. cos T_ Proj — =
cQc S i(c) c

as was the case previously.

Lemma 4.28. If u + § = vy then

Fre }(Cj)

[Qs;a,uk ROHUIPS

R{f‘lg;a;u](gk) = ((—l)kﬂ?osheeta’u(aEk)nck) = —
Fe ;)
I:Qﬁukvavuj;[u]k,j}

under the assumptions of Lemma 4.25.

Proof. Using Propositions 4.8 and 4.16,

r ~ (_1)k+1nck Q| Qe .
Figia (Cr) = Zo V00, - 0a] Z ag” - (=1)%7 - sheeta u(e, &) - 7(Q)
Qs a an QG%OQ&([C]k,a?)
(—1)k+1n,, sheeta u(c, ck) 7. Fs.
— — k . FOZQE + ]EQ(; +[Ua2 .. 'Uanauk]
2o, 00y 04,

_ (=1)* 1, sheeta (e, Ck) ~o oTs.t ’f[["]kd’“”é'”(“ﬁ]’
= ZF,+C[I;_ — .:-11 ] 3 .T Zﬂj . ]EQ(jS [gf(Cj) “Ogy e Uan,gukguj]
Qs ai an
—1)k+1 heet e = ~ _ Zﬁsﬂr -
_ (-1 e, Shee a,u(f‘:, Ck) . ?OZ(?"’JF . Tlﬁcjsheeta,u(e, Cj) o .ETs [Cay -+ - o'anO'uk(Iuj].

T+
ZQJ [Ucu T O-an]
Fﬁs Cs
[Qa;ayuk,w;[u]m] @)
Zﬁsri‘ =
EY[og, - Oa, 0w, 0u,]"
25, [0a -+ 0a,] o T O]

= {(—1)’”‘1?0?177%%]_ sheeta u(e, ¢x)sheeta u(e, ;)
o @)

Qssa,uk,ujs[u]k,;

with 71 € {£1} as defined in Proposition 4.8 using I's, © and some ©' linking the faces [y ;, a1, v;"!

Now, let us expand the normalizing factor. Assuming uy + § = v; and applying Proposition 4.16,

T+ O+ oD+
Zq, [0ay *+ 0a,] = 24, ']Em (04, """ 0a,]

[["]k,jv“rk-*-&v(c]')]

_ '+ r ,
=Zq; Eg, [95(cs) *Tar 000wy
Lt ~1 zot T+ r
= ZQ:S - T ﬁcjsheeta,u(s,cj) : % : E657 [Oay - 'Uan,oukauj] ’ F[é . . ](Cj)
o, 55k ,a,u 5[]k,
= [77,, sheetau(e, &) 2D ED [0y, - 04, 00,00,] - FL? @)
5 [Qé;umamg';[u]k,j]

1'We may not have 70 = 7! due to the order of the corners — Remark 4.6.
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and the third assumption of Lemma 4.25 allows us to cancel the sheetau(e,¢;) factor, yielding the

stated. O

Remark 4.29. The s-holomorphicity of F[F

Qs:au] and Lemmas 4.23 and 4.25 are the only statements

relying on the Ising model being at the critical temperature.
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PART 111

PASSING TO THE SCALING LIMIT
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5 S-holomorphicity in square lattices

This section focuses on the concept of s-holomorphicity, a vital tool to pass the discrete spinors to the
scaling limit. The exposition that follows is heavily motivated by the previous section but does not require
any of its results. Our main reference will be [CS12], and we warn that the definitions are equivalent

after the multiplication by v/i. Other references are [CS11] and the survey [SmilOb.

5.1 Motivating s-holomorphicity: strategy for the convergence proof

Given some domain 2, we considered some discretization 5 of  with a square grid and studied
the Ising model in the discrete setting. In the previous section, we defined the discrete spinors F[gé;a;u]
o the canonical double cover [(25;a;u] with some branching points b = by, ...,b, (which are a and u).
From these spinors we can extract information regarding the Ising model (namely, Propositions 4.17 and
4.18). To progress, we need to pass to the scaling limit: given a family of discrete domains €5 such that
Qs 929 Q) in some sense, we want to prove F[1;25;a;u] =0, f[lgl;a;u} for a complex function f[lgl;a;u] defined
on [Q;a;ul.

Intuitively, this f[%,a,u] should share some of the properties of the FL

[Qs;a5u

] passed to the limit. Con-

sidering Proposition 4.21'2, these would be:
1. Tt is holomorphic on [Q; a;u]'3.
2. It has multiplicative monodromy —1 around each branching point by, ..., b,.

3. For every z € [0Q; a; u], f[lglga;u] (2)/Vout (2) € R.

This reasoning faces a difficulty: the boundary condition is not robust enough to pass to the limit.

Because s is always a square grid rotated by an angle of F, the discrete version of v4u(2) can only take

i 3mi Bmi Trmi Q §—0
T,e1 ed and e 1, hence we may not have v, (2) —— v, (2).

the values of e out out

A solution to this problem is to integrate the square of f[l;}au]' Note that

f[lgl;a;u] (Z’{) \% VOUt(z) €ERe& (f[lg\);a;u])2(z) 'iVOUt(Z) € ’LRg

and ivoy(2) is now tangent to Q at z. Consider an antiderivative h of ( fﬂ;),a,u])2, which verifies

h(v) — h(u) = / () (2) 2

for any path « running from u to v. If v C 92 then the integrand must be imaginary. Hence, h verifies
the boundary condition R(h) = Cte, which passes to the limit naturally and is generally more pleasant
to deal with.

This strategy runs into a technical issue: it requires a definition of a “discrete primitive” of (F[Bé;a;u])z.

This is problematic because, under usual definitions of discrete holomorphicity, there is no guarantee that

12We will require some additional knowledge of f[Igz_a‘u] around the branching points, which is given by Lemmas 4.23 and

4.25; see Section 6.
13We ignore for now that the s-holomorphicity of the discrete version fails at some points.
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the square of a discrete holomorphic function is discrete holomorphic, and so there may not be a well-
defined primitive.

The solution for this is a rather astounding observation first described in [Smi06]. By requiring that
F[gé; asu] is s-holomorphic, a stronger version of the usual discrete holomorphicity, it is possible to provide
a suitable definition of R [ (F [1;25 ;a;u])z. In addition, this function shares many of the properties of discrete

harmonic functions, as one would expect.

5.2 Discrete holomorphic and harmonic functions

Our setup is a discrete domain Qg lifted to the canonical double cover [{25; b] with some branching
points b € Int Fq, (recall that we treat the double cover locally as C). In 5, we take the points Vo, Fa,
and &, (and in the near future, Co;) as is exemplified in Figure 6. This lattice will be considered from
a different perspective: we will focus on the edge midpoints £q, — note that these form a non-rotated
square lattice of side § —, where the functions are defined. From this perspective, Vo, and Fq, are the
faces of the dual lattice coloured in a chequerboard fashion, and this is where primitives will be defined
(Figure 14). Finally, we will restrict ourselves to functions that have opposite signs in different sheets.

An intuitive way of defining a discrete version of a holomorphic function is to ask for a discrete
version of the Cauchy-Riemann equations ;o F' = i0,F', and there are multiple ways of doing so. For
enw,esw,ese;ene € Eq, which are vertices of a square of side ¢ starting in the upper left corner and

going counter-clockwise (Figure 15), one possibility is to require that

F(eyw) — F(esw) _ F(ésg) — F(esw)
ENW — ESW €sE — esw

& Fleyw) — F(ésw) = Z[F(gSE) - F(gsw)],

a definition first proposed in [Isadl]. However, this identity is not symmetric with respect to lattice
rotations. The same author also proposed another definition that does not have this issue and appears

more commonly in probabilistic arguments, including our own. This is the one we consider.

Definition 5.1. A function F : [E;b] — C defined on the lift of a set E C Eq, is discrete holomorphic
or preholomorphic if, for every exw,esw, ese,enp € E that are vertices of a square of side § (starting
in the upper left corner and going counter-clockwise) such that no branching point b is in the center of
the square, we have

F(enw) — F(esg) _ F(enp) — F(esw)

= = = — = -~ F(gNW) — F(gSE) = Z{F(gNE) — F(’evsw)} (39)
ENW — €SE ENE — €sw

for both lifts of the edge midpoints, as long as all four are on the same sheet of [Qs; b].

Note that the double cover setting is mostly a technicality, given that we only work with functions
that have opposite signs on opposite sheets. This definition, as well as future ones, can (and will) be

considered on the usual plane.

Remark 5.2. Similar to the Cauchy-Riemann equations, (39) translates into two restrictions (its real

and imaginary parts). By colouring £q, in a chequerboard fashion, we see that one restriction relates
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Figure 14: Example of the sites Vq,, Fao, and q, from Figure 6 seen in the new perspective: the edges
drawn here connect sites of Eq;. The coloring of the edges depends on Cq, (not shown), as explained in
Figure 17.

the real part at the white vertices and imaginary part at the black vertices, and vice-versa for the other.
Hence, in a sense, F' splits into these two functions, each verifying a separate set of equations from the

other.

There is an equivalent way of stating (39). If z € Fq, (€ Vq,) is the site in the center of the square
[enweswesgeng], let wy, ww,ws, wy € Vo, (€ Fa,) be the sites directly above, to the left, below and

to the right of z, respectively. Then, (39) is equivalent to

(@W — wN)F(gNw) =+ (@S — ww)F(ggw) + (YTJE — wS)F(’éSE) + (7:(7]\] — wE)F(gNE) =0 (40)

and the left-hand side can be interpreted as a discrete version of the counter-clockwise path integral

around the square [WnWwwgswWg]. Furthermore, (40) generalizes nicely to non-square lattices [CS12].
The sum of discrete holomorphic functions is trivially discrete holomorphic, but the same is not

obvious for products (with product defined pointwise). If we try to plug some common holomorphic

functions in (39), we quickly find out that not all of them satisfy it. For instance, restrictions of 1, z and
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I]eSW ::QSE ::€SW ::QSE
.wg Owg

Figure 15: Setting for discrete holomorphism definitions, depending on whether z € Fq, (left) or z € Vq,
(right).

2% to Eq, are discrete holomorphic, whereas z® and further powers are not — as it turns out, restrictions
of holomorphic functions may verify (39) only up to an error of O(6%). This illustrates the main problem
with this definition and similar variants: the product of two discrete holomorphic functions may not be
discrete holomorphic. Nevertheless, we can still mimic some of the usual complex analysis theory.

We define the discrete version of the Laplacian operator. Again, several different possibilities exist,

but one stands out as the simplest and most intuitive.

Definition 5.3. Given a function H : [V UF;b] — C defined on the lifts of sets V' C Vg, and F C Fq,,

define its discrete Laplacian wherever possible as

[AsHI(Z) = % S H@G - H(E), 2 €ntVo, UlntFo, \ {b}

Yyn~z
where the neighbours y are of the same type as z: if z € Vg, € Fq,) then all y € Vo, (€ Fa,).

Definition 5.4. A function H : [V U F;b] — C is discrete harmonic or preharmonic if AsH(Z) =0 at

all points where its discrete Laplacian is defined.
Remark 5.5. The 262 factor corresponds to the area of the square formed by the neighbours of z.

Remark 5.6. The Laplacian accounting only for the difference of H with respect to neighbours of the

same type reflects the two independent parts of an antiderivative, which will be seen in Proposition 5.13.
We now define the discrete versions of the Wirtinger derivatives 0/0z and 9/0z.

Definition 5.7. Let H : [VUF;b] — C be a function defined on the lifts of sets V' C Vg, and F' C Fq;.

For e € Int&q;, let v1, vy € IntVq, be its endpoints and f1, fo € Int Fo, the faces it separates. Define

(05 H](@) =

L(H(f;) = H(f1)  H(@) - H@)
2( f2—f1 * V2 — U1 )

wherever possible, with all lifts on the same sheet of [Qs; b].
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Figure 16: Setting for proofs, depending on whether z € Fq, (left) or z € Vg, (right).

Remark 5.8. The motivation for this definition may not be clear at first glance, especially since there
are multiple dispositions of the vertices and faces. Consider the configuration provided by Figure 16 on

the left, taking e = es1,v1 = wa,v2 = wo, fi = 2, fo = 24.1. Then,

oH 1(0H OH
5@ = 2<ax(€> - zay(éﬁ>
_ 6_@1(1{@) ~H(f) H(T) — H(&))
- 2 V28 V28
1

H(v2) —H(a))

e " (vy — v1)

L (H) - H()
- 2<ei1(fz—f1) *
H(T) - Hm))

V2 — U1

(B nh)

2 fo—h

and note how this definition is invariant under the changes v; <> vy and f; <> f2. The other configurations

yield the same result.

Definition 5.9. Let F : [E;b] — C be a function defined on the lift of a set E C Eq,. For z € Int Vg,
(Int Fa, \ {b}), let wy, wa, w3, ws € Fa; (Va,) be the sites directly above, to the left, below and to the

right of z, respectively. Define
i« W1 + B
37 L k+1 k \14
OsFIE) = g S nen ~ wr (P )
wherever possible, with all lifts on the same sheet of [Q25; b].

Note that a function F : [E;b] — C is discrete holomorphic if d5F(Z) = 0 in all points where 95 F
is defined.

Remark 5.10. Let us also motivate this definition. Setting ey 41 = (wi + wii1) (Figure 16) and

14Recall the abuse of notation to denote the lift of wk%m that is in the same sheet as Zj11 and Zj.
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taking the real axis in the direction eszes1 and the imaginary axis in the direction ezqe13, we have

OF
— ()=

w3 — W2

~ . ~ Wyqg — W ~ w; —w
7_F(623)7—i\/§6 —ZF(€34) 4 3+F(€41) ! 4)

V26 iv26

We check the discrete version of the factorization A = 49/9% - 9/0z holds.
Proposition 5.11. As = 40505 whenever the right-hand side is defined.
Proof. We prove AH(Z) = 40;0;H(Z) for z € Int Fq, (IntVq,). Let wi,ws, w3, wy € Vo, (Fa,) be
the sites directly above, to the left, below and to the right of z, respectively. For k = 1,...,4 let
ek k+1 = (Wrwpt1) and zg 41 the face (vertex) adjacent to ey 41 different from z (Figure 16). Assume

H is defined at all Zj 41, Wk k+1 and Z and these lifts are on the same sheet of [Qs;b].

Since zg g+1 — 2 = —i(Wg41 — wk), we have

OsH (€ k41) = E H( @) - H(@) 4 H(vakﬂ) — H(z)
7 2 Wet1 — Wk Zhk+1 — 2

_ (H(@kr1) — H(wy)) +i(H(Zk k1) — H(Z))
2(wpt1 — wg)

and so

. 4
050sH(Z) = —é Z(wk-H —wy) - OsH (€ k41)

k=1
. 4
- _8%2 <ZH(zk+1) - H@)) + 8—(152 (Z H (2 41) = H@)
k=1 k=1
. iA(;H(E)

O

From this result follows that if H is discrete harmonic then F' = dsH is discrete holomorphic. Con-
versely, in simply connected domains, if F' is discrete holomorphic then we can define a discrete harmonic
“antiderivative” H, which is composed of two parts: one defined on IntVq, and another defined on

Int.FQE.

Definition 5.12. Given a function F' : [E;b] — C defined on the lift of a set E C g, and ¥ = 27 ~

.. ~ Z, the lift of a path of ng or Gg,, define the line integral of F' along 7 as

n—1 ~ ~
. +
[ @ =3 r (P ) - 2
v k=1
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Proposition 5.13. If Qs is simply connected and F : [Eq,; b] — C is discrete holomorphic, then there
exist two discrete harmonic functions Hly, : [Va,; b — C and H|r,, : [Fas; b] — C, each unique up

to an additive constant, such that
Z2
HE) - HE) = [ FEE

where either 21,29 € Vo, or 21,22 € Fa, and the integral is computed along the lift of any path in Q;ga or

Gq, running from z1 to z.

Proof. We start by proving the integral is independent of the path chosen, which amounts to checking
the integral of F' along any closed path 7 is 0. Assuming for now 7 does not repeat vertices (faces) and
there are no branching points in its interior, let I be the set of lifted faces (vertices) in the interior of ¥

and note that I C [Int Fo,;b] ([Int Va,;b]) because Qs is simply connected. Then,

/ FE)dE =+ 0:F()

g zel

where the sign depends on the orientation of 7. To see that this is indeed true, expand the sum and
group the contributions of each edge; the ones from edges inside v are cancelled out. Using the discrete
holomorphism hypothesis,

+> 0,F(2) =0.

zel
In addition, if z1, 29, 23,24 € IntVq, (IntFq,) are the four sites adjacent to a branching point b in
counter-clockwise and

;Zg%w...NgiNg?N...g’iNg%

where {2}, 22} are the two lifts of zj (in other words, 7 is the smallest loop around b), then fi F(z)dz =
0 because F' has opposite signs in different sheets. Combining these arguments, one concludes that
f*v F(2)dz = 0 for any generic curve that does not repeat sites. If 7 does repeat sites, divide it into a
collection of curves that do not repeat sites and use the same arguments.

It is easy to see Hly, (H|r,,) is well-defined after we fix any value at a single point. Finally,
for z € IntVq, (IntFq,), define wy, ek k41 and 2z 11 as shown in Figure 16. As before, zj p41 — 2 =

—i(wg4+1 — wg) and thus

MHG) = 5 > Hiown) — HE)
k=1

4
1 N _
=552 Y Gkt — 2)F (Crps)
k=1

.4
1 ~ =
=5 E (Wrt1 — wi) F(€k k1)

k=1

=0
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Figure 17: Example of the sites Vq,, Fa,, £a, and Cq, from Figure 6 seen in the new perspective: the
edges drawn here connect sites of £q,. The coloring of the edges depends on whether the respective
corner belongs to IntCq, or 0Cq;

by using the discrete holomorphicity of F' at Z as written in (40). O

Remark 5.14. The well definition of the primitives does not require the discrete holomorphicity at all
points. For instance, for some b € {b}, to define H|z, the argument does not need 55F(3+ §) =0
(assuming b + 6 # b). This is because all loops around b + § must go around the branching point b,

therefore the spinor property will always cover these cases.

5.3 S-holomorphicity

We now consider the corners Cq; as exemplified in Figure 17. Note that between two connected sites
of £q; there corresponds an element of Cq;, which is emanated from nearest vertex.
To every corner ¢ € Cq, we associate the line I(c) := n.R seen as a subset of C, and denote by

Proj;(.)[w] the projection of a complex number w onto the line /(c), which can be written as

(w + nf@)

N | =

Projy oy [w] = R(w, ) 1. =
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Figure 18: Setting of Figure 16 with added corners, depending on whether z € Fq, (left) or z € Vg,
(right).

Definition 5.15. A function F : [C' U Eq,;b] — C defined on the lifts of sets C' C Cq, and Eq; is
strongly holomorphic at ¢ € C, or s-holomorphic for short, if for both e € £q; adjacent to ¢ (that is, such
that |c —e| = )

F(¢) = Projy) [F(e)] (41)

for both lifts of ¢, with the lift of e on the same sheet of [Qs5; b] as that of ¢. Moreover, F is s-holomorphic

in C if it is s-holomorphic at each ¢ € C.

Remark 5.16. This definition differs from [CS12] in two fundamental points. For one, the projections
are done onto different lines that differ by a v/i factor. In addition, the s-holomorphicity in [CS12] is
assigned to edge midpoints and no corners are mentioned. Note that, for two adjacent edges e; and es

sharing a vertex v, if we know
Proj g [F(3)] = Proj_y_x[F(&)] (42)

where « is the unit bisector of the angle (ejves), then we can extend F' to ¢ so that (41) holds. Therefore,
the restriction imposed on F \gﬂé is the same. In fact, this is how s-holomorphicity should be seen: as
restriction on a function defined on the edge midpoints, rather than on both the edge midpoints and
corners. Each corner acts as a representative of the two edges adjacent to it; if F' is s-holomorphic at a

corner, then the values of F' at the two adjacent edges verify (42).
We start by studying the relation between s-holomorphicity and discrete holomorphicity.

Proposition 5.17. If F : [C U Eq,; b] — C is s-holomorphic at the four corners surrounding z €
Int Vo, UInt Fq,, then 95;F(Z) = 0.

Proof. Consider wg, ex k41 and zj 41 as shown in Figure 16 and let ¢, be the corner between e;_; ; and

ek k+1 (Figure 18). The s-holomorphicity implies

F(eppi1) — F(@r1k) =12, (F(gkq,k) - F(€k7k+1>)
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Figure 19: Setting for equation (43), depending on whether z € Fq, (left) or z € Vg, (right).

and by the definition of ., we get

. 1
ngk =+—(wk — 2)

[« 9

where the + sign depends on whether z € Vo, or z € Fq,. Thus,

. 4
05F (%) = —4—22 > (wis1 — wi) F (€ psn)

k=1
;A
T T2 2k (F(Er-1,%) = F(Chp+1))
k=1
P&
T2 (wr = 2) (F(€r—1,6) = F(Ck1+1))
k=1

O

Recall Remark 5.2, where it was explored the idea that (39) can be seen as two restrictions. Now that
we are considering corners, the values at C})é and C}zs correspond to taking the real and imaginary parts,
respectively. This means the discrete holomorphicity on four edge midpoints exg, esg, esw, enw can be

translated to the four corners cyw, csw, csg, cng directly above (Figure 19): F' verifies
F(enw) = F(Fse) = i|[F(ev) - F(@sw)] (43)

with the lifts taken to be on the same sheet. Conversely, a function that verifies (43) can be extended to

the other corners and edge midpoints in an s-holomorphic way.

Proposition 5.18. For sets C* C C{, and C* C Ci_, let F : [C'UC"; b] — C be such that F([C*; b]) C R
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and F([C%;b]) CiR. Set E={e € &, :exid € CTUC} and let CM C 2, UC& be the set of corners
¢ for which the following property holds: the corners cyw,csw,CsSE,CNE € Céd_ UC(%:(; that form a square
of side 0 starting in the upper left corner and going counter-clockwise with ¢ in the center (Figure 19)

belong to C* U C* and verify
F(enw) = F(Gsn) = i F(ens) — F(@sw)] (44)

for all lifts on the same sheet of [C; b].
Then, F can be (uniquely) extended in an s-holomorphic function to [EUCY U C* U C)"X; b].

Proof. 1f such an extension exists, then for e € E one must have F(€) = F (e + 6) + F (e + %6) and for
¢ € C** one must have F(¢) = Projyy [F(¢+350)] = Proj(.) [F(¢—$6)]. If we prove the two projections
coincide, we are done.

We prove the case ¢ € C@\57 the other is similar. Let ey, er € &, be the edge midpoints directly to
the left and right of ¢, respectively. Let cyw and csw (exg and csg) be the corners directly above and

below zw (zg), respectively. Since ¢ € Cé‘é, we know cow,CcNE € Cé(; and cyw,csE € Cfcé. Thus,

Proj, [F(ew)] = F(ew) +iF (ew)
= (F(enw) +iP(Esw)) (1 1)

= (F(Esp) +iF(@vm) ) (1 - )

= F(ep) + iF (ep)
= Projr [F(gE)]
O

The main interest of s-holomorphicity is that it is a sufficient condition for discrete holomophicity to

be partially preserved across products.

Proposition 5.19. If F' : [C U Eq,; b] — C is s-holomorphic at the four corners surrounding z €
Va, U Fq,, then %([55F2] (2’)) =0.

Proof. The argument is very similar to that of Proposition 5.17. Define wy, ek k41, 2k k+1 and ci as

shown in Figure 18. As before,

(wg — 2)

| =

F(Ckpt1) — F(Ch1k) =12, (F(gk—l,k) - F(’é,%kﬂ)) and 75, =+
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where the + sign depends on whether z € Vo, or z € Fq,. Thus,

.4
OsF(Z) = —4%2 Z(U)k+1 — wi) F? (€k k1)
k=1
;oA
= —m Z Wi (FZ(gk_Lk) - F2(gk,k’+1))
k=1
P
=1 Z (wi — 2) (F?(€p—1,6) — F* (€ p+1))
k=1

o4
= :F4% ;ﬁgk (F(r-1k) — F(€rpt1)) (F(r—1,) + F(€ri+1))
4

i
T
k=

(F(gk,kJrl) - F(Ekq,k)) (F(gk,kﬂ) + F(gkq,k)) iR

O

A generalization to products of distinct spinors follows easily. Despite not being used in the future,

we state and prove this fact.

Proposition 5.20. If Fi,F, : [C U Eq,; b — C are s-holomorphic at the four corners surrounding
z € Vo, U Fq,, then %(@5}71}72] (Z)) =0.

Proof. Note that Fy + F5 and F; — F5 must be s-holomorphic at the four corners surrounding z and
4[55F1F2} (2) = @5(F1 +F2)2] (z)— @5(F1 ng)Q] (2). The result now follows from Proposition 5.19. O
5.4 Integrating [

Following Remark 5.2, the condition ®(95G(%)) = 0 means only half the equations from (39) are
verified. This implies it is possible to define a discrete version of H = R [ G on the original, not lifted
domain 5. Similar to Proposition 5.13, this primitive has two parts — one defined on Vg, and another

defined on Fq, — which are independent from each other. It so happens one can define H on both Vg,

()

with v € Int Vo, and f € Fq, lifted to the same sheet. Note that ¢ = (f +v) does not exist if v € 9Va,,

and Fgo, using
2

H(f) - H(v) =26

(45)

and how the right-hand side is independent of the lift of c.

Since we want to apply this result to the spinors of Section 4, and Lemmas 4.23 and 4.25 state that the
s-holomorphicity fails in some corners east of branching points because of a sign, we will account for such
a possibility. Since a change of sign in the value of F' on the right-hand side of (45) makes no difference,

this is mostly a technicality. We will let s be some of the branching points b and denote s™ :=s + g.

Proposition 5.21. Let F : [Cqo, \ {87} U€&q,; b] — C be an s-holomorphic spinor such that

Projy(,) [F (? - ;gﬂ — —Projy, [F <§* + ;6)}
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Figure 20: The face chosen to compute H(z2) — H(#1) in the proof of (i) of Proposition 5.21 is shown for
all possible configuration of z; and zs.

for both lifts of all s € {s}. Then, the function H : IntVq, U Fq, — R given by (45), after setting

159 - a5

if fe{s} andv=f+9, is well-defined up to a constant. In addition,

(i) For z1,z2 € IntVq, or z1, 22 € Fa, adjacent,

H(z)— H(z) = m(ﬁ(

% ;El)(zz - Zl)>

with z1 and zy lifted to the same sheet. This implies that, for any 21,22 € Int Vo, or 21,22 € Faj,
z2
H) - Hz) =R [P (46)
z1

with the integral computed along any path v in ggzé or Ga, running from zy to za.

(it) H s discrete superharmonic on IntVo, \ ({8} + 6) and discrete subharmonic on Int Fo, \ {b}:

[AsH](v) <0 [AsH](f) >0

for every v € Int Vo, \ ({s} +8) and f € Int Fo, \ {b} such that H is defined on all 4 neighbours

Proof. We first prove H is well-defined, which amounts to checking the sum of the increments along

closed paths in Int Vo, U Fq, is 0. Following the argument from Proposition 5.13, it is enough to prove

this when + is the smallest loop around some e € &q;.
For e € &q,, let en,cw,cs,ce € Ca; \ {s™} be the corners directly above, to the left, below and to

the right of e, respectively. The increment of H when going around e is
~ 12 ~ 2 ~ 2 ~ 2
+ (|F@n)|* = [F@w)|* + |F@Es)| - |F@Ee)]?). (47)
Note that the values of F' at these corners are projections of F'(€) at the lines associated to the corners. In
addition, the lines associated to cy and cg are perpendicular, so |F(EN) |2 + |F(ES) |2 = |F(€) |2. Likewise,

|F(ew) |2 +|F(cp) ’2 = |F(e) |2, therefore (47) equals 0. Finally, if one of the corners is s, the projection

may fail by a sign, which makes no difference when plugged in to (45).
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We proceed to the proof of (7). For z1, 2z € Vg, adjacent, let e = %(zl + z2) be the edge connecting z;
and zo. Now, there are 4 possible configurations for z; and zo and 2 ways of choosing the face adjacent
to z1 and zz in order to compute H(2z2) — H(Z1). If one uses the face found when rotating about e from

z1 10 2z in the counterclockwise direction (Figure 20), then we arrive at
) 2 2
H(z) — H(z1) = 26[Proj,  [F(?)] ‘ — 95 ’

PI‘ijR [F(g)]

with n? = ﬁ(zz —21) and 93 = f%(@ — 21) (if we were to choose the other face, then we would swap

A <+ ), and again note how the exception in the corners s~ makes no difference. Writing ' = F(€) and

expanding,
H() — H(=) :2§U;(F+\/)%5(22—Z1)-F> T 3(r- @0 7) 2
3 (r+ @) F) (F+ a0 F)-
(- )yt
-2 A}%A(@ zl).Fu%@rmﬁ

(note how swapping A <+ A does not change the result, which is yet another proof that H is well-defined).
Finally, we prove the superharmonicity of H on IntVg, \ ({s} + ) (the subharmonicity on Int Fo,
follows similarly). For z € Int Vg, \ ({s} + 5), define wy, €k k+1, 2kk+1 and ci as shown in Figure 18.
Because z € Vq,, we know F(¢;) = Xka for some Fj, € R. Beware looping indices: F(¢5) = F(¢;) but
NE = —\F.
We start by writing F'(ej x+1) in function of F(¢;) and F(¢x41), its projections onto different lines.

Note that 7., ,, = £, thus

N

(F(gk,k+1) + n?kF(T,kH)) = F(c)

(F@hs1) = in2 Fnpin) ) = F(Gs)

N[—=

(recall that z € {s} +9 is excluded) and note that, for all these equalities to hold simultaneously, z cannot
be a branching point (which is always true when z € Int Vo, \ ({s} + &) but excludes the points b when
z € Int Fq, ). These equations yield

L PEi) = i) + F@sr) = F@Enist) = (1= i) (iF@) + F@))
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therefore

F2(@ i) = Qi(FQ(Ek) — F2(Gpg) — QiF(Ek)F(EkH))

= 2i((=i)" F2 = (=) P2y £ 20 (=) PPl

where the + sign is + for £ = 1,2,3 and — for k = 4 (since F(¢5) = —X5F5). In addition, zg g+1 — 2 =
V26 \i*. Hence,

[AsH](2) 252 ZH (2k k1) — H(2)
4
Z (€, k1) (Zh, o1 — 2)
=1

4
—%Z NF2 = NFZ,, +2F, Fp

—F2 —F2, £ 2V2F, Fy 1

Il
SN
M%

>
Il

1

2(FE+ F2 + F2 + F2) — 2V2(F1Fy + FoFy + F3Fy — FuFy)

om—ﬂ %\H

ik
[( V2R, + F3)2 n (F1 R+ \T2F4)2]

Remark 5.22. Note that
Fy —2V2F, + Fy = 0 i(AFR) + (VF) = i(VF) + (N F) < F(@1) = F(@a.3)

Fy = Fys+2V2F =06 i(NFy) + (N Fy) = i(N Fy) + (A Fy) < F(@s) = F(e11)

which means both §|[AsH](z)| and |F(€2,3)—F(e1,2) ’2+|F(€471)—F(€3,4) 2,

as functions of (Fy, Fy, F3, Fy),

are non-negative quadratic forms with the same two-dimensional kernel. Hence,
~ 2 ~ ~ 2
Consty - 0|[AsH](z)| < |F e23) — F(e12)|” + }F(e471) — F(es4)|” < Consty - §|[AsH|(2)]
for some positive constants Consty, Consts independent of all other variables.

5.5 The boundary modification trick

As stated in the beginning of this section, we are particularly interested in the case where F' satisfies

the Riemann boundary condition F'(Z)+/vout(2) € R. Following Proposition 5.21, we define the discrete
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Figure 21: The boundary modification trick: the domain is modified so that the new triangles become
the boundary. The red edges are the ones added to Gg,. Note that the edges in black are from Gq;.

version of R [ F? and statement (i) implies
H(z) = Const z € 0Fq,

with H undefined in 9Vq,. Although it is not possible to extend H using (45), one could do it according
to (i) of Proposition 5.21. This would lead to a more complicated boundary condition for 0V, and
require more work in the sequel, where an estimative of H |3V95 - H |a}-Qé would be needed (namely,
Onsager’s magnetization estimate, see [Smi06] for more details). To extend H to dVgq, while keeping

agreement with the boundary condition, we would prefer
H(z) =Const  z € dVq, UOFq,

and, as pointed out in [CS12], one can do exactly that by modifying the boundary.

For every zout € OVq,, we consider the square [zouyw1 zinwe] of side § with zy, € Int Vo, and wq, wq €
O0Fq, (one of wy, wy may not exist, we add it if needed). Take the point w in the line segment [zinzout)
such that the distance between z;, and w is 6. Two points z; and z; are added such that [z, wzw;] and
[zinwzaws] are rhombi (Figure 21). The points z; created become the new 9Vq;, all the sites w are added
to 0Fq, and all edges (zin21), (zinz2), (2122) are added to Go,. Note that these edges may intersect, but
that is not relevant for arguments and self-overlapping regions can be handled by placing them on local
Riemann surfaces. The modified domain is still a valid discretization of the original €2 in the sense that
it approximates 2 when & — 0.

We now set H(z1) = H(z2) = H(wy) = H(ws) and this will make it so that H is discrete super-
harmonic at z;,, although we have to take some care with the definition of the discrete Laplacian. For
isoradial graphs — that is, where all faces can be inscribed into circles of equal radii —, the generalization
is given by

[AsH](z) == % Z tanf,, - [H(w) — H(z)]

wn~z
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where A is the area of the polygon formed by the neighbours of z and 6,, is equal to half the angle (ujzus)
with u; and us being the faces on each side of the edge (zw). In the usual lattice square, 6,, = 7/4; for
the added vertices, 6,, = 7/8.

For future computations, it is not necessary to consider the actually modified boundary: we can have
Zout act as a stand-in for the two z;. In practice, this entails setting H constant in 0Vq; U 0Fq, and

modifying the definition of the discrete Laplacian so that

[AsH] () = % S - [H(w) — H(2)] (48)

wn~z

where ¢,,, = 2tanm/8 = 2(\/5— 1) if z € Int Vg, and w € Vg, and ¢,,, = 1 otherwise. The new symbol

is used to reinforce the tweak.

Remark 5.23. To be completely correct, one should also update the area factor that normalizes (48).

Since it makes no difference for our computations, for the sake of simplicity we leave it as it is.

Proposition 5.21 is reformulated below to account for this modification and also fix the value of H
on the boundary as 0. Its proof does not require knowledge of the boundary modification trick, just the

definition (48).

Proposition 5.24. Let F : [Cqo, \ {87} U&q,; b] — C be an s-holomorphic spinor such that

Pmmw{FGA—;Q}:_PmMP{FG%+;0]

for both lifts of all s = {s} and verifying the Riemann boundary condition

F2)\Vvout(2) €R, z € 0&q,

Then, there is a function H : Vo, U Fq, — R such that

(i) Forv € IntVq, and f € Fq,, H satisfies (45), after setting
f+7 . S 1+
F( 5 = |Projy gy [F| [+ 5 6

(i1) For z € OVq, U0Fq,, H(z) = 0.

if fe{s} andv=f+9.

(iii) For any z1,z2 € Int Vo, or z1, 29 € Fay,
z2
H(z) — H(z) = R / F2(3)dz
Z1

with the integral computed along any path v in gsTL; or Go, running from z; to za.

(iv) H has a nonpositive derivative in the inner normal direction: for v € IntVq, that are adjacent to

boundary vertices, H(v) <0.
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(v) H is discrete superharmonic on IntVo, \ ({s} 4+ 6) and discrete subharmonic on Int Fo, \ {b}:
[AsH](v) <0 [AsH](f) = 0

for every v € IntVq, \ ({s} +6) and f € Int Fo, \ {b}.

Proof. For (iv), if v/ € Vg, is the adjacent boundary vertex then the two faces bounded by the edge
(v +v') must be in OFq; (otherwise v’ € Int Fo,), and the statement follows from (ii) and (45).

To prove the superharmonicity at z € Int Vg, adjacent to a boundary vertex, define wy, e x+1, 2k k+1
and ¢, as in Proposition 5.21 and suppose zi x+1 € 0Vq, for some index k. We compute the contribution

of 2k k+1 to [ﬁgH] (2):

sz 20V2 = D[Hzn) — H)] = Y [H(wy) — H()
= 22D P
— 2(\/56* 1) Proj??ck.R<F(gk,k+1)) ’2

and note that ﬁfk = AMout (2), which together with F(€) x+1)v/Vout (2) € R implies arg (nck) = arg (F(€k7k+1)) +
7/8, therefore

2(v/2 1)

> (2 1)
5 L

1)
V2
= TélF(ekJH—l)

‘ 2

. ~ ™ ~
Proj, & (F(Ckk+1)) cos” g‘F(ek,k-&-l)

‘ 2

If the contribution of z j4+1 to [ﬁgH] (z) were computed as in Proposition 5.21, then it would be

1 2

252 '%(FQ(gk,kH)(Zk,kH - Z)) = ﬁ’F(gk,k+l)(Zk,k+l —2)
1 N 2
= 35 |[F@ern)| V2
_ V2
20

Nl

‘F(gk,k+1) ’2

where we use F?(€j x+1)(2k,k+1 — 2) € RT because (2x x+1 — 2) || Vout (2). Since the contribution does not

change, the proof of Proposition 5.21 concludes the argument. O

5.6 Harmonic properties of R [ F?

The last subsections were dedicated to the definition of the discrete analogue of H = R [ F2, which
is done using (45) and a slight modification on the boundary. According to statement (v) of Proposition
5.24, Hly,, is superharmonic and H|z, is subharmonic on (most of) the interior of the domain. We
now show some properties that allow H to be treated as if it were a harmonic function: minimum and
maximum principles and uniform comparability in adjacent sites. Finally, we state a result concerning

the regularity of the original function F'.
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Extremes Equation (45) implies H(v) < H(f) for adjacent v € IntVq, and f € IntFq,. Together
with the super and subharmonicity, we arrive at

in H = min H H= H 49

I = e I =g e )

for any bounded subset Qf C Qs, with the added restrictions b ¢ Qf for the maximum principle and

s+ 0 ¢ Qf for the minimum principle. To prove this for vertices (for faces the argument is the same),

note that all coefficients of the modified Laplacian (48) are positive. Hence, given v € Qf \ 0, either

there is a neighbour vertex v’ such that H(v') < H(v) or for all neighbours v’ we have H(v') = H(v).

Using the same argument for the neighbouring sites, the neighbours of the neighbouring sites and so on,

we must eventually reach the boundary.

Uniform comparability Let us start by comparing local values of H |ng5 and H| Fa, - From this point

forward, C'onst will represent some positive constant independent of other variables.

Proposition 5.25. Let H : Vo, U Fq, — R be defined according to Proposition 5.24. Let v € Int Vg, \

{s+ 0} surrounded by inner faces fi1, fa, f3, fa € It Fq, \ {b} and vertices vi 2,v2,3,v34,v4,1. Then,
max H(fy) — H(v) < Const - (H(v) — mkin H(vk7k+1)>

Remark 5.26. Switching the roles of vertices and faces, one also has

H() = jn H (o) < Const - (sax H(1) - H(7) )

for f € Int Fq, \{b} surrounded by inner vertices vy, va,v3, v4 € Inthé\({s}—i—(S) and faces f12, f2.3, f3.4, f11

Proof. Consider the disposition of the faces and vertices as shown in the right side of Figure 18 with
z2=v, wg = fr and zg g1 = Vk k41-

By subtracting a constant, we can assume without loss of generality that H > 0 at all of these sites and
neighbours of all fi. Note that this modification does not change the statement of the Proposition and
we will not use statements (i7) or (iv) of Proposition 5.24. Under this assumption, the superharmonicity

of H at v implies that
1
Hv)> =——— Z Covgoposr H (Vk k1) > Const - H(vg g41)
Zk C'U'Uk,k+1 k

for all k, and in particular H(v) > Const - mkin H(vk k+1)- If we prove that max H(fy) < Const - H(v),
then
max H(fr) — H(v) < Const- H(v) < Const - (H(v) - mkin H(Uk,k.}rl))

and we are done.
Let M = max H( fi) and suppose by contradiction we can take K = M /H (v) to be as large as we want.

One would now expect to proceed by taking the face fmax Where the maximum occurs and use the fact
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H(fmax)/H (v) is as large as we want. However, we will use a stronger fact: that H(f)/H(v) > Const-M
for all indices k, and not just the one where the maximum occurs. Using the subharmonicity at each
frx and proceeding similarly to before, we deduce that H(f;) < Const - H(fi4+1) for any k, and all 4
inequalities taken together yield

Const- M < H(fr) <M

for any k, which means that in our setup we can take H(fx)/H (v) to behave essentially as Const - K.
The assumption thus applies to all four indices k& and not just the one where the maximum occurs. We
will ignore the extra Const factor, since it is not relevant.

Fix an index k and recall that H(vg k4+1) < Const - H(v). We have

+Const K- H(v) — Const - H(v)

H(fi) = H(vgp1) _
K —Const K -H(v)— Const - H(v) -

b H(fo) —H(v) ~ K.

<

therefore

H(fr) — H(vkpy1) 1
da = 1o(%)

Note that the differences in the numerator and denominator are given by (45) as the square of values of
F in corners, which by the s-holomorphicity are projections of values of F' in edges. Let e ;1 be the

edge (vug k+1) and ¢ the corner between vy ;41 and fi. Then,

Proj, g [F(Ckk+1)] ‘ 1 1
o) -1e0f2)
‘Projxn%R [F(Aék’kJrl)] ‘ K K

which implies

~ m 1 s
arg F (€ k+1) = argne, — 3 + O(K) mod 3

(we leave the details for Lemma 5.27). Considering all 4 indices k and the fact arg 7., = (1—-k)% mod m,
this means F'(€x_1,) and F (€ x41) have arguments that differ by at least T, up to an error of O(K™1).

Let us now analyse the norm of F(€y +1). We can write it using its projections:

F(@psr) = (1 — i)(iProankR[F('ék,kH)] n PronmkR[F(’ék,kH)])
2
(see proof of Proposition 5.21 for more details). On one hand, 25‘Pr0ankR[F('€k,k+1)]‘

H(U}C7k+1) and

= H(fx) -

(1 — Co}r{zst) - M =M — Const - H(vk k+1) < H(fx) — H(vg k1) < M;
on the other hand,
. ~ ]2 1
23[Prois, o [F(@)])| = H(f0) - 1) = (1- ).

Taking everything together,
8| F (€ pt1))* = Const- M + 0 ()
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Using that F(ey_1 %) and F(€gr+1) have different enough arguments and the estimates on their

absolute values, we arrive at

- - 1
§|F(€k,k+1) - F(ek71,k)’2 = Const - M + O(K)

which means

1 ~ ~ 2 ~ ~ 2
M + O(K> < Const - (5(|F(€2’3) — F(el,g)’ + |F(€4’1) — F(63,4)’ )

< Const - §°|[AsH](v)] (50)

= Const - Z Covpprs (H(®) = H (v k41))

< Const - H(v)
where (50) follows from Remark 5.22. This is contradictory with K = M/H(v) being as large as we
want. O
Lemma 5.27. For any complex z,

[Proj,z 2] | 1
I il 1+O(K> éargz_argn—g—kO(K) mod g
Proj;nR[z]‘

Remark 5.28. We are stating that if the projections of z to two lines have very close lengths, then z

should be close to the bisector of one of the angles formed by the lines (hence the mod 7).

Proof. Let Proj,g[z] = nr and Projy, p[2] = Ans. Then,

(z + 7722) =nr

N[

B =z =n(1 —1)(ir + As)
(z — i772§) = \ns

(SIS

and we are left with computing the argument of ir + As. Assume r,s > 0 for now and consider the
triangle [ABC] where A = 0, B = ir and C = ir + Xs. Set a = arg(ir + As) € (=%, %) and note that
BAC = g — a. The law of cosines yields AC = v/r2 + s2 — V/2rs and the law of sines gives

= < CoOS =

BC AC s V12 + 52— 2rs 2

Now, s = r(1+ O(K™')) yields

SIDEAC _ smiBC’ o sinm/2 — « V2/2 \/ﬁs(r2 52— \/2rs) 12

1 us 1
=(4-2v2)"1210( = =—-+4+0|—=
cosa = ( V2) +0|l ) =a=5+0( %
as we wanted. The mod § comes from the different signs 7 and s may have. O

The uniform comparability principle now follows easily if we assume H (vj k+1) > 0. To make up for
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this extra restriction, we allow an addictive constant on H. Note how this makes no difference in the

statement of Proposition 5.25.

Corollary 5.29. Let H : Vo, U Fqo, — R be defined according to Proposition 5.24, possibly with an
addictive constant added. Then,

H(v) < H(f) < Const- H(v)

for any adjacent f € Int Fq, \ {b} and v € Int Vg, \ ({s} + 5) surrounded by inner faces and vertices, as

long as H > 0 at the inner vertices adjacent to v.

Proof. The first inequality follows from (45), the second one from Proposition 5.25 and the extra positivity

condition. ]

Regularity We now state the regularity of F', the original s-holomorphic function. We refer Theorem

3.12 of [CS12] for its rather lengthy proof.

Proposition 5.30. Let F : [Cqo, \ {s7} U&q,;;b] — C and H : Vo, U Fq, — R be functions defined
according to Proposition 5.24. Let zy € IntEq, be at some definite distance from the boundary and the

branching points: d := dist(z, Q5 U {b}) > Const - 6. Set M := max_ |H(z)|. Then,
ZGVSZJ U]:Q(s

1/2

|F(zo)| < Const - vIe

and for any adjacent zy
1/2

a3/2 o

|F(Zl) - F(Zo)| < Const -
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6 Auxiliary full-plane spinors

Following Section 3.2 of [CHI15], we construct two discrete spinors which will be very useful when
handling the convergence of F| [1;25‘ asu]"

The first, Fic,,q, is a full-plane analogue of the discrete spinor observable F| I Its role is to

[Q2s5;25u]
handle the singularity of F[lgzé;a;u] near the branching points a; and u: as seen in Proposition 6.4, F; [gé;a;u]
and Flc;;q,] have the same “singularity” near a1, hence F[lgzé;a;u] — Ficyay) (seen in a neighbourhood of
ay and extended to be 0 at a7’) is s-holomorphic there, and similarly for u. This is critical to prove the
convergence of F[gé;a;u] away from the boundary and the branching points.

With the convergence proven, we wish to relate values of F[lgzé;a;u] near branching points (which,

as stated in Propositions 4.17 and 4.18, are useful in computing ratios of spin correlations) with the

expansion of the continuous version of F[F

Qs:a;u] €A ai. For this purpose we will make use of Fic,q,]

whose continuous counterpart is 1/4/z — ay) and the second spinor Gic,..,1, a discrete counterpart of
[Cssa4]

vz —aj. Seeing as ay” + 0 € Céé in Proposition 4.17, it is enough to define the real part of Gic;;q,]-

6.1 Outline

We start by stating the technical results regarding harmonic measures needed: namely, discrete Beurl-
ing estimates and convergence results. The proofs can be found in [LL04] and [CS11].

The spinor Fic,,q) is constructed in an explicit way. Using the fact the function ®(1/y/z —a) can
be seen as the (properly normalized) harmonic measure of the tip point a@ + 0 = a + % in the slit
discrete plane C\ {z + a : # < 0}, we define the real part of Fig,, on Cf,. The imaginary part is
then defined on Céé by “discrete harmonic conjugation”. The extension to &c,, Cés and Céa is done by
means of Proposition 5.18. The convergence to the continuous counterpart follows from the convergence
of harmonic measures.

Before stating the result, let us clarify what we mean when working with convergence of discrete
functions or spinors. In this Section, the domain considered is the complete C from which we consider

discretizations Cs done as described in Section 3.

Definition 6.1. A sequence of s-holomorphic functions (spinors) Fjs defined on Cs ([Cs;b]) is said to
converge to a holomorphic function (spinor) f as 6 — 0 defined on C ([C;b]) if, for every z € C, the

values of the discrete versions at edge midpoints F at approximations of z (Z) on the lattice converge

e,
to the value of f at z (2) as § — 0.

From now on, when writing Fs(z) for any z € Cgs, we imply Fj is computed at an (adequate) approx-

imation of z on &¢,, and similarly for discrete spinors.

Definition 6.2. A convergence of discrete functions (spinors) Fs to f is said to be uniform in a compact

set C' C C if the differences |F5(z) — f(2)| (|F5(2) — f(%)|) are uniformly small for z € C.

With this clarification, we now state the main result describing Fic;,q)-
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Proposition 6.3. For a € F¢,, there exists a unique s-holomorphic spinor
Flesia) ¢ [Ces U ey \{a”}a] — C

such that Ficg.q)(a” +8) =1 for a given lift of a™ + 9 and Ficy,q)(2) = o(1) as z — oo. Moreover,

1 6—0 1

mF[(C(;;a] (z) E— f[(C(s;a] (E) = m

uniformly on compact subsets of C\ {a}, with the normalizing factor given by

. 1
9(0) == F[C[;;a] ((L +46+260 \‘%J >

The normalizing factor is the value Fic;.q) takes at an appropriate approximation of a + 1 in Céé. We

will prove the following estimates on this factor:
Const - V5§ < 9(8) < Const - V6. (51)

We then study the singularity of Fic,.q) at a™.

Proposition 6.4. The equality

Projg =Fi

i
F[Cé;a](a :|:25)

holds, with the lift taken to be on the same sheet as the lift of a™ + § of Proposition 6.3.
The construction of G|c,.q) is done by integrating Fic,,, using Proposition 5.13.

Proposition 6.5. For a € F¢,, there exists a unique discrete harmonic spinor

G[Cg;a] : [Céé;a] — R
such that Gic,,q)(a™ +6) = 6 for a given lift of a™ + 0, Gcsia) = 0 on the half-line {a 4z : x < 0} and
Gicsa)(2) = O(|z — a|_%) as z — 00. Moreover,

b

37 Clenal(®) = gega () = Rz =

uniformly on compact subsets of C\ {a}.

6.2 Discrete harmonic measure

We introduce the discrete harmonic measure, which will be an important ingredient to not only define
Ficy:q) but also bound discrete functions.
For our purposes, these functions are defined in a subset L of a lattice with the structure of Z after

being scaled, shifted and rotated in some way. Define 0L as the points of such lattice that are not in L

98



but have at least one neighbour in L. Recall that a function F' : L UJL — R is discrete harmonic at

ze Lif
> (F(w) = F(z)) =0

wez
Just as in the continuous setting, a discrete harmonic function verifies a maximum principle if L is
bounded: its maximum and minimum is attained on L. The argument is the same as with the super/sub-
harmonic function of Proposition 5.24 (in fact, discrete harmonicity is equivalent to simultaneous super
and sub-harmonicity): if there if a minimum or maximum at z € L, then discrete harmonicity propagates
that extreme to its neighbours, then to the neghbours of the neighbours and so on, until the boundary is

reached.

Remark 6.6. The maximum principle holds the same way when L is not bounded, with the added detail

that the maximum may occur at infinity.

Definition 6.7. The discrete harmonic measure of A C L viewed from z is the probability a simple

random walk on the lattice starting at z reaches A before it leaves L. It is denoted by hmﬁ(z).

Considering the random walk starting at z € L'\ A and conditioning on the first step,

hm’ (2) = i Z hm4 (w) < Z (hmf‘(w) - hmﬁ(z)) =0

wn~z wn~z

therefore hm’ is discrete harmonic on L\ A. It also vanishes on L and equals 1 on A.

The harmonic measure can be used to estimate a discrete harmonic function near its zeros.
Lemma 6.8. Let F': LUJL — R be a discrete harmonic function defined on a bounded set L and its
boundary OL which vanishes on A C L. Then, for any z € L,

LUOL)\ A
[F(2)| < max|F| - hnf """V (2)

Proof. The statement holds on A, where both sides vanish, and on JL, where the harmonic measure

is 1. By contradiction, suppose the inequality fails for 2 € L\ A, and in particular that F(z) # 0.

Depending on whether F(z) € R*, consider the function max |F| - hmgdLLuaL)\A F F. This is a discrete

harmonic function on L\ A that vanishes on A, is non-negative on 0L but is positive on z, contradicting

the maximum principle. O
Such a bound is also possible for a function that is superharmonic or subharmonic.

Lemma 6.9. Let F : LUJL — R be a function defined on a bounded set L and its boundary OL and
A C L. Then,

1. If F is superharmonic on L\ A, then for all z € L

> min F - hinE (1 pen L
F(z)fnﬂnF hmA(z)—l—rguLnF (1 —hmg(z))
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2. If F is subharmonic on L\ A, then for all z € L

< . hm% (1 — hm%
F(z)_mij hmA(z)JrI%%xF (1 —hm(2))

Remark 6.10. Lemma 6.8 is an easy corollary of Lemma 6.9 and 1 — hm’%(2) = hmgLLUOL)\A(z).

Proof. Let us focus on the first inequality, the second one is analogous. Note that we know

1
hmﬁ(z) > 1 Z hmf‘(w)
for every z € L, which implies the minimum of F' must occur on A U dL. The bound is trivially true
when z € A or z € 9L , and we can check the case z € L\ A by adapting the argument of Lemma 6.8
using the function F' — (n}in F- hmﬁ + naliLn F- (1 - hmﬁ)). O

Remark 6.11. Let us provide another reasoning to see that the first inequality of Lemma 6.9 holds.
Use the superharmonicity to bound F' at z. If any of those neighbours are in either A or dL, bound

the value of F' at those points by either mjnF or H{;}:n F, respectively. The remaining points must belong

to L'\ A, thus we can bound F there with the superharmonicity. Note that we can apply these bounds

as many times as we want. After n steps, our bound takes the form

F(z) > - mi . mi .
(z) > ca(n) mgnF + car(n) rranLnF + Z cw(n) - F(w)
weL\A
where c4(n),cor(n), cy(n) € R are constants obtained after grouping the terms according to the bound
used. The trick is to look at these constants from the point of view of a random walk starting at z: we

have

which can be formally proven by induction. Taking the limit n — 400,

ca(n) 222 P(Random walk hits A before hitting L) = hm’ (2)

cor(n) 22F22, P(Random walk hits L before hitting A) =1 — hm’ (2)
Z cw(n) novteo, P(Random walk never hits A nor L) =0
weL\A

With this brief introduction, we proceed to the setting relevant for defining Fic,,,). For a face a in
the square grid Cs, let L, := {(a~ +6) + 2 : < 0} and define the slit discrete plane X5 := C¢, \ L,. We

state the Beurling estimates that we will use.
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Figure 22: The slit plane Xs5. The corners from C«ljé are connected according to its lattice structure. Grey
corners belong to L,.

Lemma 6.12 (Discrete Beurling Estimates). The following inequalities hold:

hmg{gziﬂ.;.g}(z) < Const - 51/2|z _ a|71/2 52)
b’ (0™ +0) < Const 9"/ (dis(0; 4)) ™" 59

where dist(a; A) := inf{|]a — d’| : a’ € A}.

Proof. These follow from reversibility arguments for random walks, refer to [LLO04] for more details. [
Some additional estimates will be required.

Proposition 6.13. The following inequalities hold

1. For every z € X; such that |arg(z — a) — 7| < §:

hm?s

to 15y (2) < Const - 6'23(z — a)||z — a| 7/ (54)

2. For all neighbouring z, 2" € X;:

hm?{g;—uﬂ;}(zl) — hm?[gg_,j%}(z)

5 < Const - §Y/%|z — a|3/? (55)

Proof. For (54), set r = 3|z — a| and let B(z,r) be the ball of radius r around z. Note that

hm?s

( ) - P Random walk reaches 8B(z,r) P Random walk reaches a ”+§|Random walk reaches 0B(z, )
{a=+6} - ’

before hitting 0Xs before hitting 0Xs before hitting 0Xs

The first factor is bounded by O(|S(z —a)|-|z —a|™1), whereas the second factor is bounded by 0(5% |w—
al~2 |) using (52) and assuming the random walk starts at w € dB(z,r), which yields the worst estimate

when w is the point closest to a and |w — a| =7 = |z —al.
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Estimate (55) follows from a discrete version of Harnack’s inequality, which applies because hm?{gg ~ 46} >

0 is discrete harmonic. Proposition 2.7(i) of [CS11] yields

X X5 %
b5y (51) —hmio 5 ()] Const - - 15 ()

) R

for any r > 0 as long as ™ + 6 ¢ B(z,r) C X5. We take either r = |z — a| or r = |J(z — a)|, depending

on whether z is far from or close to L,, and then use respectively (52) or (54). Note how the cases

z=a~+0 and 2’ = a~ + § are also covered. O
Finally, we state the convergence of hm?{if_> +o}
Lemma 6.14. We have
ﬁhms{giﬁw}(z) 2 %(\/zl—ic)

uniformly on compact subsets of C\ L.
Additionally, the discrete derivatives in the left-hand side of (55) — after being normalized by V()

— converge to the corresponding partial derivatives uniformly on compact subsets of C\ L.

Proof. The C'-convergence is a result of Theorem 3.13 of [CS11], which states the convergence of nor-
malized discrete Poisson kernels to their continuous versions. The only issue is that our domain is
unbounded; however, if we prove the functions Fjs := 19(5)*1hm§{%;H 15} are uniformly bounded on the
annulus {z : |z —a|] > r} as § — 0 then this is not a problem.

Fix r > 0 and suppose by contradiction that we can take Fs(z) to be as large as we want for some
0>0and z € {z:|z—a|] >r} . Using the discrete harmonicity, we can build a path along which Fs
takes values equal or greater. Because of (52), this path cannot go to infinity. Hence, it must end at
either 90X or a~ +d. But F5 = 0 at 90X and Fs(a™ + §) = 1, which limits the value of Fs at the end of

said path, therefore arriving at a contradiction. O

6.3 The spinor Fc,,q

We proceed to the construction of the full-plane spinor Fic;.,). We start with the real part F[%C(;'a]’
then move to the imaginary part F[ﬁcé, al and then extend to all points. Recall that, under the theory of
s-holomorphic functions developed in Section 5, the real and imaginary parts of Fic,,, should be defined

on Céé and Cés, respectively.

Real part of Fig,,,. Consider [Céé \ Lg;a] as the lifts Xf;t of the slit plane X3, with the upper side of
the cut of X(;i identified with the lower side of the cut of XJ. Define

:l:th?
a—+4
F[%:g ;a] (a = { }

0, Z € [Lq;al

I~ +
(2), z € X5

This function is discrete harmonic on [X5 \ {a™ + d};a]. We claim it is also discrete harmonic on

[La;al. Take any Z € [L,;a] and assume without loss of generality that Z + /20 is in the sheet X .
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Figure 23: The slit plane Yg, with X; in the background. The corners from Céé are connected according
to its lattice structure. Grey corners belong to R,.

X7 ~ X5 ~ ~ .
Note that hm2, 5 (Z+V26)) = hm{gﬂﬂs}(z + v/20) by symmetry of the harmonic measure; hence,
F[Ea;a] (Z+V26)) = —F[}C(m} (Z4+v/26)) because they live in different sheets. Similarly, F[}C(;;a] (Z4V26)3) =
— F[%Cé;a](z—&— \/itﬁg). Therefore, the discrete Laplacian at z equals 0.
In addition, note that it cannot be discrete harmonic at any lift a= + § of a™ + J because the point
is a maximum (if a~ + 6 € X{) or a minimum (if @ + 6 € Xj ). If it were discrete harmonic there, then

F, [hs'a] at its neighbours would be equal to it, which is contradictory with the definition.

Imaginary part of Fic;,,. Our objective is to define F| [%[:5;11,] on [C(é& ; a] so that we can follow Proposition
5.18. This is accomplished by doing a discrete version of harmonic conjugation: set F; [%Cs a] (@ +26)=0
for one of the lifts of a~ 4 26 and then use (44) to extend the function to [C¢, \ {a~};a]. We have to
prove F[Zbg;a] is well defined, which amounts to checking sums of increments along loops 7 of [C¢, \ {a™}; a]
going through a= 4 2§ is 0. The strategy has the same idea to the one from the proof of Proposition

5.13, but using the discrete harmonicity of F [(1(15- instead.

al

(i) If 7 is a simple loop (ie, does not intersect itself) on [C¢, \ {a~};a] and no lift of ™ + ¢ is in the

interior of ~, let I C [Céé;a] be the set of lifted sites in the interior of . Then

) (Fﬁcg;a] (22) = F[?c5;a](51)) =+ ) [AsFityq)(3)
(Z12Z2)€y zel
where the sign depends on the orientation of . To see that this is indeed true, expand the sum
on the right-hand side and group the contributions of each edge; the ones from edges inside v are
cancelled out. Using the discrete harmonicity of F; [(1(35'a] (note that no lift of a= + ¢ belongs to I),

we conclude that

+i Y [As]Flta (2) = 0.

zel
(ii) If ~y is the lift of w o w where w is a simple loop on Céa with a™ 4§ in its interior, then the sum of

the increments is 0 due to the spinor property of F; [%C(;'a]'
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(iii) If 7 and 2 are simple loops on [C¢, \ {a~}; a] oriented in such a way that edges shared by 4, and
o have opposite orientations, then the sum of the increments along v; @ s is equal to the sum of

the increments along ~; plus the sum of the increments along ~s.

iv ~ is a simple loop on [C} a~};a] and @~ + ¢ is is in the interior, separate it into a collection

iv) If 7 is a simple 1 CL, d b the int te it int llect
of loops of the types described in (i) amd (ii) and use (iii) to decompose the sum of the increments
along . Note how the fact that F[%C(;'a] is not defined at lifts of ™ means any v that goes around

the branching point ¢ must go around the lifts of a™ + 6.

(v) If v is a generic loop on [C¢, \ {a™}; a], separate it into a collection of simple loops and use (iii) to

decompose the sum of increments along ~.

Now, take a simple path ~ in Céé \ {a~} that runs from a™ + 26 to some point in L, and let 7 be the
reflection of v about the line {a + = : © € R} running in the opposite direction. Then, the lift of v o7
connects both lifts of a™ 4 2§ and, because of the antisymmetry of F, [clc(;;a] with respect to L,, the sum of
the increments along the lift of v o7 is 0. Hence, F[fc&;a] vanishes at both lifts of a™ 4 24. This implies
that F, [7(:(:5;(1] inherits the spinor property of F; [(1(:5;@]'

Furthermore, if z = a~ + k- 26 for k € ZT then

Flea) (2 420) = Flgyi0)(3) = | Fleya)(F420) = Flg, i) (F 4+ (1))
+ [F[é:é;a] (z+ (]' * Z)5) - F[%C(j;(l] (a:|

= Fi| ity (F+ (25 0)0) = 2k, g (G4 0) + Fit, g (F0)
and the symmetry of F[}C(,»;a} about the half-line R, := {a~ + z : © > 0} yields
2(Fieya) (B +20) = Fie, 1 (2)) = 0

Therefore, F[fcd, .o Vanishes on [R,;a] by induction.

al
Remark 6.15. Note that it impossible to define Ff@;a] at the lifts of a™: for instance, the increments
along the smallest loop of C}cd around a~ + § do not add up to 0. In general, increments alongside loops
going around the branching point a but without going around the lifts of ¢~ + § may not add up to 0.
However, let Y5 := C&, \ R, be a slit discrete plane and consider [Cf, \ ({a™} U Ry); a] as the lifts
Y\ {@} of Y5\ {a}, choosing the signs so that F[%cé;a] > 0 on the upper half of Y§ and lower half
of Yy . When restricted to only one of the sheets Yf;t, F[iC(;;a] can be extended to @~ using the same
arguments as before: the loops whose increments do not sum up to 0 cross R, hence they do not pose a

problem here.

Remark 6.16. One can write F| [Ztlc(;-a] using a discrete harmonic measure representation. Consider F] [fc(;»a]

restricted to a single sheet Ygt. In this situation, Remark 6.15 establishes F[ﬁcaza] can be extended to
the point @~. With this extension, F[%C(;

.o 18 @ bounded function that is harmonic on Y\ {@}, equals

) +
Fie,.al (@) on @~ and vanishes on R,. This implies that it must be the function —iF; (Cs:0] (@) - hm?{{g%},

since it verifies the same boundary conditions.
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Figure 24: Image of lattice near a, with connections done according to Section 5 (namely, Figure 17).
The four red corners in each image are the ones for which equation (44) is Verlﬁed depending on whether
we are looking at defining Fic,,q) near a™ + £6 (top two images) or near a™ (bottom two images).

| 0--1
l\.’)ls

. i
Knowing F[z al restricted to Y& 5 is a multiple of hm 2 {a%}, we can compute the multiplicative constant.
i

Using symmetry arguments to compare hm 2 (3-} with hm’2 (a—+6} (2) and the definition of F, [cc we get

;al?

+ + +

Y& . . Y ~ X3 oo X ~,
hm{g_,}(a + (141i)8) — hm 2 (a7) = [hm{~_>+5} (@ +i0) —hm2, 5 (a” + 6)}
== [F[C5 ;a) (a + 15) (C5 al (~H):|

= i B, ) @ + (14 )8) — i, (@)

Hence,

i . Yéi +
Flegq(2) =Fi- hm{a%}(é) for z € Y5

Full extension of Flc,,,- Consider the function equal to F[%Ca;a] on [Cég;a] and equal to F[fc on

s3a]
[CE, \ {a~};d], then extend it to [CR, U Cgé_ U &g, ; a] using Proposition 5.18. The objective is to extend
it to [Ccy; U &g, \ {a™}; al, which is not guaranteed by the statement: since F[%Cg;a] is not defined at the
lifts of a™, Fic;.q) is not defined at the lifts of the edge midpoints a™ =+ %(5 and corners a™ + %id and

a” + %ﬂé. Some additional care is thus required.

Let z be a lift of a™ + %5 and consider the sheet Y(;i it belongs to. As explored in Remark 6.15, one
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can define F[%Cg'a] at @~ by harmonic conjugation of F[}[:5_a]. This implies that equation (44) is satisfied

for
1

ENW:5+(—1+;>5 ESW:E‘F(—l—Z)(S ESE:E_%(S CNE=Z2+ 2

\V]

and

CNW =2+ =0 Cow = 2

) - - ) - . 1
_55 CSE:Z+<1_2>5 CNE=Z+<1+2>(5

M| =

(Figure 24, top two images) and now Proposition 5.18 allows us to define Fig,,q at the edge midpoint
a”+ %6 and corners a~ + %(5 and a~ + #6. The same argument applies to the lifted z—id = a~ — %5
near it (Figure 24, bottom two images), with the issue that the values given to Fic,.4 (a) do not agree

because z € Yéi = Z —i6 € Y]. However, if we remove @ from the domain of Ficy;q), the projections of

a” =+ %(5 to the remaining corners still match. We thus define Fic;,q) at a™ & %6, a”+ %ﬂé and a” + = fi 0

this way, leave Flc,,,) at a~ undefined and the resulting function is s-holomorphic in its domain.

Proof of Proposition 6.3. The convergence of F| [(1(25- and its discrete derivatives is given by Lemma 6.14:

al

1 1 §—0 1
wF[CMa](z) ? §R< )

zZ—aQa

uniformly on compact subsets of [C\ Lg; a], which we can extend to L,. For F[ng‘a]’ Remark 6.16 yields

1 i 00 ~ 1
e 2 9(2=)

uniformly on compact subsets of [C\ Rg;al, which again can also be extended to R,, together with the

convergence of the discrete derivatives of F| [%Cg'a]' Since for z € &c,

~ 1 JU
Ficssa)(2) = Ficga) (z + 25) + Flcsial (Z - 25)
and the two terms are values of F[}(:é;a] and F[fcma], the C'-convergence follows. O

Proof of Proposition 6.4. This is a direct consequence of the considerations done before. On each sheet

+
Yy,
1+ 1—12
Ficwal (“* 25) Fies (“* 2 5)

by Remark 6.16, and Xgr coincides with Y; on the upper half and with Y on the lower half. O

Projg = Projg = Fig,z(a”) = Fi

6.4 The spinor Gc;,q

To define G|y, as a discrete version of Ry/z — a, we start with Ficy,,), integrate it by following
Proposition 5.13 and compute the real part divided by 2 (because the primitive of 1//z — a is 2y/z — a).

Since we want a spinor defined on [Céé ;a], we use the primitive on the vertices H|y, and for each corner
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z € C¢, define G[c,,q)(2) = iH Ive, (f(2))*®. This function is discrete harmonic everywhere — including
at a” +9J — because H |VC5 is discrete harmonic and the change of lattices does not change the neighbours
taken in the computation of the discrete Laplacians.

Regarding the singularity of Fic,,, at a™, we claim this is not an issue. Recalling the proof of
Proposition 5.13, the well definition of H |Vc5 hinges on the discrete holomorphicity of Fic., around the
vertices and the singularity of Fic,,,) at a™ only affects the discrete holomorphicity of Fic,.q at the vertex
a+ ¢ (Proposition 5.17), which is not needed — see Remark 5.14. Furthermore, the discrete harmonicity
of H |VCJ uses the discrete holomorphicity at vertices, so the argument follows all the same.

Let us find an expression for G|cy,q). After fixing a lifted corner ¢, for 2 € Catl:(; we have

f(2)
Giena (%) = Gop (@) + B /f - Fean(®)ds

Now, we would like to choose paths that make the integral simple to compute. Consider for instance four
corners Cyw,Csg € [thlis ;al and Cow, CNg € [Céé ; a] that form a square of side §. Let wy = %(5NW +Csw)
and wg = %(ENE +¢sg), and let fi, fa, f3 € [Fc,; a) be such that %(fl + f2) = ww and %(fz—f—fg) = wg.

Along the path v = fl ~ fg ~ JA‘;,, we have

/ Fieyo (@) 4 = Fieyo Gw) (o = 1) + Fieysa) Ge) (s — o)

Y
= (F[cé;a] (@Envw) + Fiegia) (€sw)) - (1 +0)8 + (Fleya)(€sp) + Fiega (Eve)) - (1 —14)8
= 6|:F[(1C5;a] (ENW) + iF[%C,;;a] (ESW) + F[(IC,;;a] (ESE> - Z-F[%C{;;a] (ENE>:|

8 [iFfE, ) Evw) + Fley ) Esw) = i, ) @) + Fie, ) @vn))

and taking the real part yields

§R/ F[(C(;;a] (ﬂj) dw = 5|:F[?1C5;a] (ENW) + Z-F‘[%C(;;a] (ESW) + F[ﬂl(jg;a] (ESE) - iF[%Cg;a] (ENE):|
y

= 25F[%C[5;a] (ESE)

using (44). Thus, if our path is composed of multiple paths like -, the integral admits a simple expression.
Since G|cy,q) is a discrete version of /2 — a, intuitively one should be able to take as a fixed face fthe

points f = u + v with u — —o0, where G|c;,q) = 0. In fact, one can see that

—_—

u+tiv’
R | Fogo(@)do =50

u+iv

using the above argument rotated by 7 and the bound (54). Hence, an expression for Gic;.q) is

Giesa)(2) =6 Z Flya)(Z — k- 20) (56)
k=0

15Recall that f(z) is the face containing z.
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Remark 6.17. The relevant properties of G|cy.q) can be deduced from the expression (56). Considering

the two sheets Xf;t individually, for z € Xgh we set

00
Giesa)(2) = £6 > hmi, (2 — k- 20)
k=0
and estimate (54) guarantees the sum convergence. In addition, Gic,,,) = 0 in L, (again confirming
the additive constant is correct), which ensures the function is well-defined in [Céé;a], as there is no
ambiguity for the points of R,. The discrete harmonicity outside R, follows directly from the discrete
and for the points of R, one can use estimate (55); for more details, see Section

. . 1
harmonicity of F[(C(;

3.2.3 of [CHI15).

;a”?

Proof of Proposition 6.5. Similarly to Lemma 6.14, we use Theorem 3.13 of [CS11]. The function vanishes

on R, is bounded when z — oo by (52) and (54) and also near 0 due to the maximum principle. Hence,

1
WG[(Cé;a](z) ﬂ} Rvz—a

uniformly on compact subsets of C\ L,, with a multiplicative normalization v(§) which we choose to fix

at a + 1. Since we also have convergence to the directional derivatives,

1

i 3 Pesa() £ omvima = gw( —)

N

N |

implying v(8)/9(4) 920, Finally, we can extend the convergence to near L, using the convergence of

F, [Eg;a] and uniform bounds on the tails in the sum (56), which are provided by (54). O

Proof of estimate (51). Since 9(0) is hm®®

(a6} at an approximation of a 4+ 1, the upper bound follows
readily from (52).

For the lower bound, consider the functions ¥(6)'G|c,,q) in the unitary ball B(a, 1) around a. The

previous proof shows they are uniformly bounded by a constant on dB(a,1). Hence,

(B(a,1)UdB(a,1))\ L, _ X
719(5) ‘G[(Cg;a] (2’)’ < Const - hm(’)B(a,l)\La (z) = Const - hma%(ml)\% (2)

for z € B(a,1) by Lemma 6.8. Knowing this, the bound follows from (53):

1 1 ~
wé = wG[@Ma] (@ +0) < Const - hmsag};(a,n\La (a” +6) < Const - V0.
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7 Convergence of the discrete observables

We are now ready to prove the convergence of the discrete observables of Section 4, using the theory
developed Section 5 and the tools of Section 6. The first step is to define the continuous counterparts,
then we prove convergence and finally we relate the values of the discrete spinors near branching points
(from which we can compute ratios of spin correlations, according to Propositions 4.17 and 4.18) with

the expansion of the continuous spinors at those branching points.

7.1 The continuous spinors

Let us try to define the continuous version f[lgz; asul of the spinor observable F [1;25; asul from Definitions
4.11 and 4.12. Following Proposition 4.21, f[g;a;u] should be holomorphic in [€; a; u], should have a,u
as branching points with multiplicative monodromy —1 and should verify f[lgz;a;u]\/m € R on the
boundary. To complete the boundary value problem, some information regarding the behaviour of f[lgl;a;u]
near the branching points is needed.

Let us start with the branching points b = as, ..., a, where there are no discrete singularities. Around
these points, the discrete primitive H = %f(F[Bd;a;u])Q defined in Proposition 5.24 is bounded from
below: this is because H is superhamonic everywhere around b, therefore it cannot blow up to negative
values there. Imposing this for the limit, together with ( f[l;);a;u])2 being holomorphic in a punctured

neighbourhood of b, we conclude h = %f(f[lgz;a;u]f should behave like C'log |z — b| + C' for some C <
0,C" e C:

1. If b were a removable singularity of ( f[lgz,a,u])Q7 then for f[lgzau] to branch around b we would have

f[I;Z;a;u] (b) = 0, therefore h is constant around b.

2. If b were a pole of order n of (f[I;Z_a,u])Z, then n > 1 would imply that h is not bounded from below.
For n = 1 we have f(f[lgl_a,u])2 = C'log(z—b)+C" for some complex constants C, C’, which is defined

around the logarithmic branching point b. Now, the real part of log(z — b) is log |z — b|, which is

well-defined in the punctured plane, whereas the imaginary part is arg(z — b), which increases (or

T
[©Q;a;u

decreases) by 2m when going around b once. For R [(f, ])2 to be defined in a punctured plane,

we must have C' € R, and the boundedness from below implies C' < 0.

3. If b were an essential singularity of ( f[lgz,a,u])Q7 then it would also be an essential singularity of
J( f[lg),a,u])z. This would imply the images of the punctured neighbourhood previously fixed would
form a dense set in C (Casorati-Weierstrass theorem). This is contradictory with h being bounded

from below.

Therefore, f[]gl‘a'u] behaves like v/C'(z — b)~'/2, or C(z — b)~1/2 with C € iR.
For the other branching points b = a1, u, Lemmas 4.23 and 4.25 describe the “discrete singularities”

of FL

[255a;u)- ProOposition 6.3 defines a spinor Fic,;) which, according to Proposition 6.4, has the same

type of “singularity”. For the case b = ay this is conveyed by simply stating that F[ga,a_u] — Flc,yp) can be

extended to be s-holomorphic at b+ §/2, since the projections with opposing signs of each spinor cancel
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each other out. Seeing as Fic,,; is a discretization of 1/ vz —b. This means F[lgl(g;a;u] does not blow up
faster than +1/y/z — b at b = a;.

For b = u, the same idea works but Lemma 4.25 states there is an additional multiplicative constant,
which is the ratio of two other spinors. Note that said spinors are simple, in the sense that they have two
less endpoints in their disorder lines. This establishes a recursive method for accurately defining these
spinors: one starts by studying the spinors with no disorder lines (for which the case b = u is vacuous),
then uses those objects to define spinors with one disorder line, which are used in the definition of spinors
with two disorder lines and so on. Although more involved, this situation does not require additional

technical tools to handle when compared to the case b = a;.

Signs of square roots: choosing c; and 7., . To accurately define f[lgz-a-u] near a; and u it is necessary

to state unambiguously which square root we are referring to when writing \/z — a1 and /z —uj, both
for the continuous and the discrete versions. The continuous square root is set to agree with the limit of
the discrete one, and the choice of the discrete square root’s sign is related to the computation of signs
given by Proposition 4.8, which depend on the choices of which corner ¢j near vg should we take and the
sign of the 7., .

These choices are mostly free'®, and we will set them now before proceeding. Our objective is to
choose the square roots so that F[gé;a;u] behaves like 1/v/z — b near b = a;,u. This way, the signs do not
interfere in future arguments. For other branching points, the square root chosen has no relevance: the
constant C' € iR can be either in the upper or lower half plane.

When computing signs 7y as stated in Proposition 4.8 for the continuous case, we use the expression

o. 0. 0,50 . n . . i
70 = (=1)°7T . (=1)9°T . (=1)°"®" . sign(s°) - H — Ny Moy, EXD <— 3 Wlﬂd(’Y%))
k=1

in similar conditions for I', © and ©° with some extra details:

1. The ©° used should be formed by paths that leave and enter the midpoints from the left. Formally,
if 45 : [0,1] — Q is such a path that is then lifted to [§2; a; u], we require 7/(0) = 1 and 7/(1) = —1.

This is to ensure convergence and is a consequence of the endpoints of the ~ being ¢y = ug + g.

2. If the paths from T, © or @Y overlap near the endpoints, we change I" or © slightly. This is to make
sure the intersection numbers © - T' and ©° - T' are defined unambiguously. Note that © is a free

choice and duality arguments show that such changes on I' do not affect computations.

In all discretizations, we take vy to be ui+3 so that Lemma 4.25 holds. The choice of the 7, for corners
¢ is not important, hence we simply pick for consistency: 7. is set to be either A, 1, A or i depending on
whether ¢ € Cgé,c €Ch,,c€Ch, orceCy.

Next, there is a choice of which lift a7” of a7 to take. This is essentially a choice between the two
branches around a;, and the actual choice is irrelevant so long as they all agree for different 4.

For simplicity, we will assume the + sign in Proposition 4.17 is +. However, there is no guarantee that

this is true. In case it is not, the simplest tweak is to universally consider —FL

Q5 ;a5u] instead of F[?zé;a;u]

161t is possible to make the signs of 7e,, flip as 6 — 0 so that the scaling limit does not exist.
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and reverse all of the choices described after this. Note that the £ sign in Proposition 4.17 is consistent
for different § when it is small enough.
To define unambiguously 1/z — a1, take the square root such that, for lifts of a; + ¢ in the same

0:

sheet of a7, the square root is positive if 7 —1 and negative otherwise. When using Fic;,q,] from

Proposition 6.3, the lift of a;” + § should be on the sheet of a;* if 70 = —1 and the other sheet otherwise.
This way, Lemma 4.23 and Proposition 6.4 imply F[gé;a;u] — Flcsia,), defined in a neighbourhood of ay
and extended to be 0 at ay’, is s-holomorphic. From now on, when writing v/z — a1, the sign is defined
in this way.

For the other branching points, \/z — u; is determined in an identical way. Following Lemma 4.25,

we take the square root that is positive at lifts of u; + ¢ such that
(=1)7 17 %heet, u(e,¢; +€) = 1
and we proceed the same way to fix the sign of Fcy,y,-

With the square roots rigorously defined, we define f[FQ_a,u] as a solution of a boundary value problem
whose conditions have the intuition explained earlier. We state the problem and prove unicity of solutions,
but not existence. The latter will follow when we prove that successions of discrete spinors converge to

a continuous spinor which solves the problem. For now, we simply assume the existence when needed.

Definition 7.1. Let Q C C be a bounded and simply connected domain with smooth boundary, some
a,u € Q and a set of disorder lines T' linking u. For every k € {1,...,2m}, fix another index j, €
{1,...,2m} \ {k} as well as a set I'j;, of disorder lines linking [u]_;, -

Define f[I;Z;a;u] as a solution (if it exists) of the boundary value problem for holomorphic spinors

f:[9Q; a;u] — C branching around each a and u and comprised of the following conditions:

FZ)Vvout(z) € R, for z € 90 (57)
lim vVz—a;- f(Z)=1 (58)

zZ—rai

Zlirgk‘\/zfak~f(2)€iR, fork=2,...,n (59)
lim vz g f(3) = i e tuen)? for k=1,...,2 60
Jim szk~f(5)ij£_kfpk - fork=1,...,2m (60)

Q;uk,a,ujk;[u]k,jk}
where both lifts of z in (60) are on the same sheet of [ a,uj, ug; [ulk;] = [Qu;,a,u,; [alk;].

Remark 7.2. The existence of f[%,a,u] will be proven under “general conditions”, which we will describe

now. We assume that

Eq ™[00, 0a,] #0

otherwise the normalizing factors Zng [0a, - - - 0q,] in Definitions 4.11 and 4.12 do not blow up. In

addition, and we assume that, for every k € {1,--- ,2m} it is possible to choose ji € {1,---,2m} \ {k}
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such that
lim fr* (2) #0

gy, [Q;uk7a7u1k;[U]k,jk]

so that condition (60) can be well defined. These conditions do not appear to be restrictive .

Remark 7.3. For a fixed Q the boundary value problem (57 — 60) for all possible values of a, u and

I' is handled by induction on m. This means that the proof of the existence and well-definedness of
Tk Iy
[Q;a,uk,u_jk;[u]k’jk] [Q;uk,a,u]‘k;[u]k,jk]

assumed on the arguments that follow. For instance, note that condition (59) for f

is done before considering f[%,a,u]. Hence, such facts will be

Tk

[aun,uj,i[ule.y

] and

Tk

[Qiuk@-’ujk s[ulk, sy,

] implies the right-hand side limit of (60) is real.
Lemma 7.4. The boundary value problem (57 — 60) has at most one solution.

Proof. Let f; and f2 be two solutions and consider the spinor f; — fo. It satisfies (57) and (59), while

lim, a4, vVZ — a1-(f1 — f2)(2) = lim,_y, /Z — ug- (f1 — f2)(Z) = 0. Now, take the function g = (f1 — f2)?,
defined in the original domain © and holomorphic on © \ {a,u}. The Cauchy residue theorem yields

—1 g(2)dz =27 lim (z —ag) - g(2) <0
$ o > i (o ow)g(2)

Additionally, (fi — f2)(2)v/Vout(2) € R = g(2) - (ivous(2)) € iR§ = —i §,, g(2)dz > 0. Both inequalities
together yield Y 7 _, lim,_,,, (z — ay) - g(2) = 0, and seeing as each residue is in Ry we conclude they are

all 0, implying g = 0 and f; = fo. O

Before moving on to the existence of f[lgz-au]v let us prove the conformal covariance of the boundary

value problem. For a function ¢, we write p(a) = ¢(a1),...,¢(a), p(u) = p(u1),...,o(uzy) and
pI) ={p(y): v €T}

Proposition 7.5. Given a conformal mapping ¢ : Q — Q' and assuming ffg(/l‘“;( exists, consider

a);o(w)]
the induced mapping ¢ : [Q; a; u] = [Q;0(a); p(u)]. Then, f[lgl;a;u] exists and is given by

r
f[gl;a;u] (E) = SO/(Z)l/Q : f[%(’;g)o(a);tp(u)} (80(2)) 1 (61)

Remark 7.6. There are two choices for the induced mapping ¢ : [©;a;u] — [Q';a;u], we pick the one
that sends the chosen branch of [Q2; a; u] to the right of a; to the chosen branch of [Q'; p(a); p(u)] to the

right of ¢(aq). In addition, the square root of the derivative is chosen so that

12— V) —pla)

as z — aq.

Remark 7.7. The definition of f[lgl'a'u] is extended to any simply connected domain 2 C C using this

covariance property. Note how this rule is coherent across compositions of conformal mappings.

7We consider ¢ : [2;a;u] — [Q';a;u] defined as one would expect to make sense of ¢(Z).
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Proof. The result is done by induction on m and checking (61) verifies all constrains. The base case
m = 0 occurs when (60) is vacuous, therefore the proof is correct as long as the induction hypothesis is

only used to prove (60).

Q

Denote the outer normals to the domains as v$,, and v{%,. For z € 99, we know ¢(z) € 9’ and thus

out out-
ff?f;(a @(u)]( (2)) v, (cp(z)) € R. Therefore, we have to check
1/2
Q
/ Vout (Z) out(z) +
¢ (2) " eR& ¢ eR
( V(?Ut (@(z)) > out (‘p(z ) 0

Take a parametrization g of 02 around z in the counterclockwise direction with speed 1 and such that

9(0) = z. Then, ¢ o g parametrizes a neighbourhood of 9§ around ¢(z) in the same direction. Thus,

(@ o) (0)] - (i) (9(2)) = (90 9)'(0) = ¢ (9(0)) - g'(0) = @' (2) - (—i)viy(2).

For (58),

Jim VE=ar- ()7 o (P) =
z—ay 1/2
— i (¢ =2 ) Vo~ Pt (905)

S z) = ¢(
—1

and (59) follows from the same argument. The proof of (60) starts out the same way but requires using

the statement for spinors with one less disorder line:

. . AUk, Ujg, )3 Uk,
i VT ) i 09) =l ]
" e (un.an, e,

((p/(’uk))l/Q . fir ](5)

[Sl§a1uk7ujk slulk, sy,

————— - lim
(o)) A 1

Quw,a,uk;3[ulk, 5,
Ik
z
fI:Q§a7“k gy s[alk, gy, ] (A)
Ty

Qug,a,uj, ;[u]k:,jk:l

7.2 Integrating f?

As stated at the beginning of Section 5, to prove the convergence we consider the primitive of
(F[Iééa.u])2 so that the boundary condition can pass to the scaling limit. To match this in the con-

tinuous setting, we describe the problem (57 — 60) using primitives of the squares of the spinors.

Proposition 7.8. Let Q C C be a simply connected domain for which f = f[lgz;a;u] is defined, either

because it solves the boundary value problem (57 — 60) or by extension using the covariance property (61).
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Let h and h® be the harmonic functions

h:= 8‘%/ (f(z))zdz R = 3?/ (f(z) — - f[cé;b](z))de
for b= ay, u with

.
a =1 Ok — i f[;z;a’uk’ujk;[u]k*jk}(a
M= cr = /HH% 1 (2)
[Q;um&ujk;[u]k,jk}

fork=1,...,2m

Then, the following holds:

(i) h is a single-valued function in Qs \ {a,u}, it is continuous up to O and it satisfies the Dirichlet
boundary condition h = Const on 9Q (since h is defined up to an additive constant, we assume

h=0 on 0Q).
(ii) For every z € OX) there exists a neighbourhood of z where h < 0.
(iii) The function h is bounded from below in a neighbourhood of each asg, ..., ay.
(iv) For every b = ay,u, the function h® is single-valued and bounded in a neighbourhood of b.
Furthermore, if h and every h® satisfy (i — i), then f solves the problem (57 — 60).

Proof. Squaring and integrating both sides of (61), we conclude h is conformally invariant. Similarly, all
h® are also conformally invariant. Since the properties (i — iv) are preserved under conformal mappings,
we can assume that f[lgl'a‘u] is defined as the solution of the problem (57 — 60), and in particular that

is bounded and has a smooth boundary.

If 7(z) is the normalized vector tangent to 02 in the direct orientation at z € 99,

f22)7(2) = f2(2) [ious (2)] € iR Or(z)h =0
4

f2(Z)V0ut(Z) S Ra_ 8Vout(z)h >0

F@OVvour(2) e R &

therefore (57) is equivalent to (i) and (ii). In addition, squaring and integration the asymptotics (58 —

60) near the branching points gives

When z — b, h(z) = —Chlog|z —b| + O(1), b=az,...,an

When z — b, h’(z) = O(1), b=a,u

where C}, > 0 are some constants, which imply (iii) and (iv) respectively. Likewise, (iii) and the fact f>
is holomorphic in a punctured neighbourhood of b = ag, ..., a, implies (59) by analysing the singularity
b, and (iv) implies (58) and (60) by building the harmonic conjugate — which must exist, ' [( f[I;Z a]

- f[(Cg;b])Q is a valid candidate —, differentiating and taking the square root. O
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7.3 Convergence of discrete spinors

We are now finally able to prove the convergence of the discrete spinor observables to their continuous
versions. When dealing with such convergences, the definitions are natural generalizations of the ones
from Section 6, with the added detail of having discrete domains converge to a continuous one. The
formal details are handled by following [CS11]. Note that the discretization of domains and functions

has a real parameter 6 > 0, but the convergence will be studied alongside a sequence 4,, — 0.

Definition 7.9. A family of discrete domains €5 converges to a continuous domain €2 as § — 0 if they

converge in the Carathéodory sense along any subsequence )5, such that d,, — 0:
1. For any compact set K C , we have K C )5, for all §,, small enough.
2. For any connected open set U, if U C 5, for infinitely many 6,, then U C 2.

We will also require Q C |J N>, Qs,., to simplify arguments.

m?

Definition 7.10 (Generalization of Definition 6.1). Given a family of domains Q5 converging to Q, a
family of functions (spinors) Fj defined in Q5 ([Q2s; b]) is said to converge to a function (spinor) f defined
in Q (a double cover of Q) as § — 0 if, for every z €  and §,, — 0, the values of the discrete versions at
edge midpoints Fj, | £, at approximations of z () on the lattice converge to the value of f at z (%) as

on — 0.

As before, when writing Fj(z) for any z € Q, we imply Fjs is computed at approximations of z on Qs,

and similarly for discrete spinors.

Definition 7.11 (Generalization of Definition 6.2). A convergence of discrete functions (spinors) Fj to
[ is said to be uniform in a compact set K C Q if the differences |F5(z) — f(z)| (|F5(2) — f(Z)]) are

uniformly small for z € K.
With these definitions in hand, we state the main result.

Theorem 7.12. Given a bounded, simply connected domain Q2 C C, let Qs be a family of discrete, simply
connected domains that converges to 2 as 6 — 0. Then, under general conditions (Remark 7.2), for any

e >0,

1 T §—0 T
19(5) F[Qg;a;u](a ? f[Q;a;u] (’5)

uniformly on compact sets of distance at least € from the branching points.

As announced, for this proof it is vital to consider the primitive of the square of the spinors. Define

Hs = /%(@Ff(z)) dz

as described in Proposition 5.24 (with b = a,u and s = a;,u), where we write F5 = FL

[25;a;u] for

simplicity. Recall the results proven regarding F5 and Hy at the end of Section 5: namely, the minimum

and maximum principle (49), Corollary 5.29 and Proposition 5.30.
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The first step is to prove a sufficient condition for the existence of a subsequence of Fs that converges.
Set
Qs(e) :==Qs N {z : min |z — b| > 5}

b=a,u

Q(e) ::Qﬁ{z: min |z — b >5}.

b=a,u
Lemma 7.13. For any € > 0, the functions Hs are uniformly bounded on Q(g) by some constant C(g)
for 6 small enough. More precisely,

max |Hs| < C(e) < +o0
Q(e)NQs

for all § < 6(¢).
For a better exposition, we prove the convergence assuming this Lemma.

Proof of Theorem 7.12. The proof is done by induction on m.

Fix any € > 0. Consider first the functions 9(§) ! Fj, and extend them in a “mostly analytic” way so
that they are defined in the whole [Qs(¢);a;u]: for example, make it so that they are linear along line
segments connecting a face and a vertex adjacent, then extend them analytically inside the squares that
are left. If Lemma 7.13 holds, then Proposition 5.30 asserts that the functions are uniformly bounded
and uniformly equicontinuous on ¢, even after being extended. Hence, the Arzela-Ascoli theorem yields
uniform convergence on compact subsets of Q(e).

We follow an analogous strategy for Hj: extend them to Q5(¢) (now in a “mostly harmonic” way) and
use Arzela-Ascoli, which is possible because Lemma 7.13 directly imposes an uniform bound and (45)
yields uniform equicontinuity. Proposition 5.24(iii) relates Hs with a discrete version of R [ F, 62 . Hence,

we can say that along a subsequence of §
5% F and B 2hh-% [

uniformly on compact subsets K C Q5(e), where f : [Qs(c);a;u] — C and h : Q5(¢) — R. Finally, by
doing a “diagonal process” in which we decrease € alongside J, we can say the convergence happens on
compact subsets of Q \ {a, u}.

We claim that if we take any subsequence of the Fs and Hs that converges to some f and E, then
f: f. This is demonstrated by using the unicity of the boundary value problem (57 — 60), and it amounts
to checking I satisfies all four conditions (i —iv) from Proposition 7.8. Note that such a statement yields
the convergence along the full sequence due to a compactness trick: if that were false, then there would be
a subsequence of Fs whose elements would be at distance'® of f of at least 9 > 0, but since the Arzela-
Ascoli theorem implies the set of functions is compact there would be a subsequence of this subsequence
that converges; since this is a subsequence of the full sequence, the limit is f, which is contradictory.

The s-holomorphicity and spinor nature of the Fs implies fis a holomorphic spinor on [; a; u], thus

h is harmonic. To prove (i) it remains to check the Dirichlet boundary condition passes to the limit. This

18The metric here is induced by the uniform norm.
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is not immediate because the discrete Dirichlet boundary condition holds on 0f2, which may not coincide
with 0Qs. It is therefore required to estimate the values of Hs at points z € 0f2, which approach 0€s as
0 — 0 because 0925 is the limit of the 9€2s. For that, we turn to Lemma 6.9: taking A = 09, either

L =YVq, NQs(e) or L = Fq, NQs(e) and using the uniform bound from Lemma 7.13, we arrive at

H;(2) < C(e)[1 = by "9 ()]
Hy(2) = ~C(e)[1 — hangy ™ (2)]

with the small detail that the jumps in Vo, do not occur with equal probability for neighbours of boundary
vertices because the Laplacian was modified to (48) as a result of the boundary modification trick,
therefore the measure in the first inequality is not exactly the harmonic measure. As § — 0 the points

Qémﬂa(a}(z),hmggz ﬁQc;(E)(z) — 1 uniformly in ¢ (and note how this still

z approach 0, therefore hm,,
holds even with the modified Laplacian). Hence, h=0on 09, concluding the proof of (i).

Statement (ii) follows from Remark 6.3 of [CS12], whereas statement (iii) is a result of the superhar-
monicity of Hs near as, ..., ay:

min  Hg > min Hs > —C(e)

{z:]z—ar|<e} T {zie<|z—ay|<2e}

which holds in the limit § — 0.

For (iv), fix any b = a1, u and we consider the functions

=R [ 5 (Fo(e) = O - ey (2)) s

defined near b, say in the disk D, := {z : |z —b| < r} for r > 0 small enough, where the constants C? are

given by
F(Fa)a (@)
CH =1 CHF = [Qé’a ks Tk ]J for k=1 2m
4 g F(Fé).} (Ek) R
[Qa,uk,a ug, s[ulk ]J

where (I's); are appropriate discretizations of the disorder lines I';. As discussed, we extend Fj— C’5 [Cs30]
to be 0 at b+ g. In addition, the projections from nearby edge midpoints now match, so the argument
for statement (v) of Proposition 5.21 proves that HY is subharmonic at b. Since on compact subsets of
D, \ {b} we have the uniform convergences J(§) ' Fs — 1 V(6) ' Ficy ) — ficse) (by Proposition 6.3)

and C? — ¢” (trivial when b = a; and by induction hypothesis when b = u), we have

2
H? 220, Rt = %/ —c - fiesw)(2)) dz

everywhere on D, \ {b}. The subharmonicity and superharmonicity on D, (including at b) imply the H?

are uniformly bounded, hence the limit Eg is bounded too. O

We now prove the functions Hs remain uniformly bounded as § goes to 0.
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Proof of Lemma 7.13. Fix € > 0 and, proceeding by contradiction, suppose that

Ms = Ms(e) == Q{n)%}ézJHﬂ 220 oo
along some subsequence of J. Then, the re-normalized functions M LHj are uniformly bounded on
Qs(e). The convergence arguments from the proof of Theorem 7.12 apply identically to the renormalized
functions M, 1/ 219(6)_1F5 and My 1 Hj, yielding an uniform convergence along some subsequence to some
functions f and h = RS 72 on [Qs(e); a;u] and Qs(e), respectively.

We would like to do a similar diagonal procedure and use the rest of the argument from the proof, but
it requires having the limit functions defined on [\ {a,u};a;u] and Q\ {a,u} and, as it is presented,
the domains only have points whose distance to all branching points is at least ¢. If we take ¢’ < ¢, we
might not have M;s(e') = O(Ms(e)) as 6 —» 0 because the values |Hs| takes on Q. \ Q. may blow up
faster as § — 0 than the ones on 2., so there may not be convergence on Qs(e’) of Ms(e)Hs.

To proceed, we require a key observation: that h cannot be identically 0. The proof is rather long,
so we leave it to Lemma 7.14. Assuming this result, then we know that Ms(e’) < C(e’,e)Ms(e) for
a constant independent of 4, hence Mé_l/Qﬁ(é)’ng and M; 'Hs also converge on Qs(¢'). Doing the
same diagonal procedure, the remaining argument from the proof of Theorem 7.12 follows identically: n

is harmonic on Q \ {a,u}, satisfies the Dirichlet boundary condition, has a non-negative outer normal

derivative and is bounded from below near aso,...,a,. In addition to the last part, take b = a1, u and
note that
b 2
= gli% 3?/ M(; Fs(z) — C3 - Fiey (2)) dz
- §1§% R / Ms -0 F§(2)dz

because 19(5)_1F[C5;b] — fic,sp), Which is not +oo, while Ms — +o00. Thus, h is bounded from below
near all a,u. Therefore, we can extend h harmonically to {a,u} and apply the maximum principle to
conclude the minimum has to occur on the boundary, where it is 0. But h has a non-negative outward
normal derivative. Therefore, it must be 0 on some open set. Since 1 is defined in the simply connected

domain 2, h =0 and contradicting Lemma 7.14. O

Lemma 7.14. In the setting of the previous Lemma, no subsequence of Ms(e)Hgs converges to an iden-

tically zero function.

Proof. Suppose by contradiction that, along a subsequence, M 'Hy — 0 (uniformly) on compact subsets
of Qs5(e). Let 25" € Q5(e) be a point where the maximum of |H5\|Qs(5) occurs. One can assume two

properties (possibly after passing to a subsequence of §):

1. Either all 2" € Fq, or all 25" € Vq,, and H|x, > Hly, at adjacent points coupled with the

boundary condition implies M; = Hs(2]*™) or My = —Hs(25"**) respectively.
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2. The sequence of z"®* converges to a correspondent maximum z™** of |h/|.

Let us pin down where 25"

is. Because of the sub and superharmonicity, we can take it to be either
on the boundary or close to one of the branching points (but still at distance e or greater). Note that
(45) implies Hly, (z) < 0 and H|x, (2) > 0 for points adjacent to the boundary. Hence, we can make

it so that z"® must be in one of the discrete annuli
Ab(e) ={z:e< |z —b| <e+56}

where b € {a, u}, and we can assume all zJ"** are on the annuli around the same b using the pigeonhole
principle and passing to a subsequence of §.
Suppose z5'** € Ag(e) for some b € {ag,...,a,}. Then, the case z{"®* € Vg, is contradictory with the

superharmonicity of Hs everywhere near b: denote

= in H = in H
mg = min Hy(z) = min Hs|ro,(2)

and note that the values of Hsly,, on {2 : [z —b| < 2¢} are bounded from below by the values of H|y,_

on, say, A%(2¢), where we assumed M, 5 'Hs — 0 uniformly. Hence,

—M; Mms < —M; Hs(2h) 22% 0= My ms 2% 0
(for some 2§ € AY%), therefore 1 = —M; ' Hs(222%) < —Mj; 'ms — 0 which is impossible.

Thus, if 2% € A%(e) for b € {as, ..., a,} then one must have zJ"®* € Fo,. The argument from above
does not translate to faces because the subharmonicity fails at b. To get a contradiction, we use said
argument, still applied to vertices, together with the uniform comparability between H]| Fa, — Ms and
Hly,, —ms on {z: |z — b < 2¢}, as stated in Corollary 5.29.

Using subharmonicity, we can build a path vz, = 2§ =21 ~ 22 ~ -+ of adjacent faces such that
M;s = H(z) < H(z3) < ---, which ends at either b (where the subharmonicity fails) or A%(2¢). Let
MWay be all vertices adjacent to faces of VFay, - Recall mg as was defined previously, and that we proved
Mj;'ms — 0. When § is small enough, one can thus take |ms| < Const - M; for some Const > 0

independent of §. Thus, if z € MWy, and w € VFq, 18 adjacent,
H(z) = [H(z) — ms] +ms > Const - [H(w) — ms| +ms > Const - M

with Const > 0 independent of §. For a generic z € Vo, N{z : |z — b] < 2¢}, we find a bound using
Lemma 6.9:
ngzéﬂ{z:|z—b\§25} VasN{z:|z—b|<2¢e}

Hs(z) > h Toa, (z) - [Const - Ms| + [1 - hmWﬂa (2)| - ms

Now, for each § we choose some vertex ws € {z : € < |z —b| < 2¢} close enough to 7y, so that
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hm"jﬁg:{zﬂz—b\SQs} (w(;) > i We find
H5(w5) 1 VasN{z:|z—b|<2¢e} ms 1
M, Z Const + [1 —hm Moy,d (2)| - Mo Const + o(1)

as 0 —» 0 (recall M; 'ms — 0), which is contradictory with the limit M; ' Hs(w;) being 0.

Finally, we take care of the case zJ*®* € AY for some b € {a1,u}. We consider the functions

8‘%/ C’5 Cﬁ;b](z))gdz

defined on {2 : |z —b| < 2e} U A%(2¢). Note they must also be identically 0 in the limit on {2 : ¢ < |2 —b]},
because 9(6) ' Fie, 01 (2) — ficyw)(2) is negligible when compared to Ms — +o0. In addition, one
can extend F5 — Ficyy,) 50 that the super and subharmonicity holds everywhere (on vertices and faces,
respectively) everywhere around b. The same argument for the case b € {as,...,a,}, 28" € Vo, now

ax

leads to a contradiction, whether 2% is a vertex or a face: the function H? on {z : |z — b| < 2¢}
is bounded both below and above by their values on Ag where M(;Hf; — 0, hence the contradiction

1 = M; ' Hs(22%¥)| — 0 arises. O

7.4 Studying the series near a;

With the convergence of discrete spinors to continuous ones proven, we are able to formally prove
conformal invariance results. We will showcase this by using Proposition 4.17, which shows that infor-
mation regarding the expected value of products of spinors can be found by studying the values F; [Qé asu]
takes near a;. Our strategy is to define the corresponding quantity for fQ asu] , which is found in the
series expansion of this spinor around a1, and then prove the passage to the scaling limit using Theorem

7.12.

Definition 7.15. If fL (a:u] exists, define Afg,a,u] as the following coefficient in the expansion of f[lgl'a'u]

near the branching point ay:

1
f[I;Z;a;u] (z) = \/2777(11 + Z'AFQ;a;u]m_F O(|Z _ a1|3/2) (62)

We will also use the notation Ag(a;u) = AG(ar, -, anjuis -y uzm) = Afg.ay-

Remark 7.16. To prove that an expansion such as (62) exists, recall that f&. (a:u] has multiplicative
monodromy —1 around a;. In particular, after going around two loops in a neighbourhood of a;, the

function has the same value. This implies fL. [:a:u] has a Puiseux series of the form
fiasmu) (2) = Z bi(z — ar)*/?
k=—o0

for some complex coefficients by. Due to having opposite signs on different sheets, the coefficient for all

integer exponents must be 0. In addition, (58) implies b_; =1 and b, =0 for k < —1.

A covariance rule for AY, is deduced from the definition and the analogue (61) for fi. [Qsa:u]
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Proposition 7.17. If ¢ : Q — Q' is a conformal mapping and f[“g(,l;)(a) o(w)] exists, then AY, exists and is
given by

AL (a;u) = ¢'(a1) - AL (0(a); o(w)) + (63)

Proof. Write A, = Agﬁr)( (a); ¢(u)) for simplicity. Starting with (61),
1/2

flosasn(2) = (¢'(2)) "
_ [ ¢'(2)

)
X fiup(a),pn (P(3))

1/2

o] % 12 (6~ eten) + O(Ie(2) — elan))

— [ ¢ (a1) +¢"(a1) - (z — a1) + O(|]z — a1]?) 11/:
¢(a1) - (z—ar) + E80 - (2 — a1)2 + O(|z — a]?)

< [14 20004, - (2~ )+ O(f — )] (64
¢’ (a1) (z—a +O(|Z—a1|2)]1/2

2y

—1/2 + (a1) )
5y (- a) +0( - wf?)

=(z—a1)

1
|1

X [1+2tp’(a1)¢4¢ (z—a1)+ 0O |z—a1|2)}

_ 1/2
— (5 —a )12 ¢'(a1) B ¢'(a1) (r—a o —arl?
B ( 1) b (SOH(CLI) 2<P”(a1)> ( 1) " O(| 1| )] g

<420, (2 - a) + O(fz — )] 2

=(z—a;)"1/? 1+1.‘Pl(al).(zal)+0(|zal|2)]x

= (Z — a1)71/2 1 -+ 2(g0/((11)./44p +

where (64) uses the expansion of ¢ and ¢ around ay, (65) follows from (1+2)' =1— 2+ O(|2|?) and
(66) is a result of (14 2)Y/2 =1+ 124 0(|2?). O

In the continuous case, the series of fQ acu] ( )—1/v/z—ay = (f[%,a,u] — fiCs;a1])(2) near a; has leading
term QA[Q;a;u]\/ — a1, hence one would expect a similar heuristic to be true in the discrete case. We can

write such a heuristic as

~ 3 ~ 3
(F[lgls;a;u] o F[Cé;ﬂll) (a1 + 2(5) ~ 2%(“49 ;asu] ) ) G[Ca%al] <a1 + 25>

where we include the real part because a; + %6 €C, ,» therefore the spinors take real values at that point.
Note how the normalizing term ¥(d) is absent because it is the same for all 3 functions. In addition,
this expression can be simplified using Ficy,a,] (51 + %5) =1 (Proposition 6.3) and G|c;;q,] (51 + %5) =0

(Proposition 6.5) for the adequate lift of @;. This observation is formally stated as follows:

Theorem 7.18. Given a bounded, simply connected domain Q C C, let Q5 be a family of discrete, simply
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connected domains that converges to Q as 6 — 0. Then, under general conditions (Remark 7.2),

_ 3
Fy <a1 + 25> — 1= 2R(Afy ) 6 = 0(0)

as § — 0 for the lift of a1 + %5 used in the definition of Ficga,) and Gcgia,]-

Proof. For shortness, we write Fs5 = F[Q ay and A= AL

[Q;a5u]”

Let R be the reflection with respect to
the line {2z : S(z — a) = 0}, let Us be a small neighbourhood of a; in 5 N R(5). Recalling Section 6,
denote Lo, = {a1 + 36+ 2 : 2 < 0} and consider [(Us NCY,) \ La,;a1] as two sheets U5, defined so that
the lift of a; + %5 specified in the statement belongs to U;’. Note that these sheets are the result of a
discretization of Us \ L,,. We will make abuses of language and give the same name to sets in Us and
Uf that have a trivial correspondence: for example, the half-line L,, as seen in Uéi is still called Ly, .

Consider the spinor

(R) _ 0 _ 0
F5™ = Fr)r@rm)] = FR05)iR01), R(an)iR (1), R (uzm)]

R) done in a way where the lift

together with a matching of the sheets between the domains of F5 and F(;(
of a; + %5 chosen for the definition of Fic,.4,] (or G|cs.a,)) are in matching sheets. We can take it one
step further, and say these functions are defined in the same domain: given Zz, let v be a path whose lift
to [2s; a;u] connects a7’ and z, consider R(7y), lift it to the double cover starting at a7 and let the other
end be Z(®); then, FéR)(Z’) = F5(z).

Define the real-valued function Sy : U;r — R as

B (F6 + F )(A) F(C(s,al](A,) —2R(A) - G[Ca;al](g)‘|

(we drop the lifts of z in Ss5(z) for ease of notation, recall that z is lifted to the sheet corresponding to
Ugr when computing the spinors) and note that, when valued at a; + %(5, becomes the quantity we are

interested in (after normalization):

55(a1 + ‘;’5> = %

seeing as F| (S(R) (Zil + %5) = F; (Eil + %5) because of symmetry arguments — either consider Definition 4.11

o (. 3
F[Qé;al](a1+2§ _1_2%("4[Qau) (S

or use Proposition 4.17 and symmetry of the Ising model.

We claim S; is discrete harmonic and can be extended to L,,. It is clear that this is a discrete
harmonic function on its domain except at a; + %6, since all 4 spinors are as well. It is also discrete
harmonic at a; + 38 because the differences 3 (Fs — Figyiay]) and L (FY® = Fiey.a,)) correct the discrete
singularity, seeing as Fic;.q,) © R = Flcsia,)- If we wanted to extend S5 to Lo, in a discrete harmonic
way, we could use the definition of Ss(z) with the lift of z taken to be on the sheet depending on whether
we approach the point from above or from below. However, note that Fic,,,,) and G|c;.q,] both vanish

on L,, and F(R) = —Fj there because they are computed at different points with the same projection.
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Therefore, we can set Ss = 0 on L,, and still have a discrete harmonic function.
Given these properties, a bound for Ss(a; + 36) follows from Lemma 6.8 and the bound (53) for

harmonic measure: if we take the disk D(r) = {z : |z — a1| < r} for r small enough that D(r) C Us, then

(D(r)UAs(r)\La -
[95(2)] < max |Ss] - hmy "(2) < max [[S5] - iy ) (2)

for all z € D(r), where As(r) = {z:r < |z —b] <r+5d}. Using (53), we end with

3
55 (al + 25)

3
I ~ r
F[Qg;al] <(1,1 + 26) —-1- Q?Q(A[Q;a;u]) -0

< Const - 6*/%r71/2 max | S|
As(r)

= < Const - 9(5)6/ 2r—1/2 an(xx) |Ss].
s\r

All that is left is to bound the last factor uniformly, which we can do by using the convergence of the

discrete spinors. Theorem 7.12 and Propositions 6.3 and 6.5 yield
50 1
S§ —>_> S = %(2(]0 + f(R)) - f[Cg;dﬂ) - 2%(“4) " 9[Cs3a4]

uniformly on Ag(r), where f = f[g;al] and f(R) = JIR(Q)iR(a);R(w)]- Note that the R is introduced because
Ss is computed at corners of Cglza, where the spinors’ values are the real part of those at edge midpoints.
By definition of A,

(f = ficssa)) (2) =2AVZz —a+ O(]z — a|3/2)

as z — a. In addition, f(®)(z) = f (R(z)) because the right-hand side solves the corresponding boundary

value problem, and therefore
(P~ fism))(2) = 2AVZ=a+ Oz — o)
as z — a. Putting everything together,
s(z) =0(|z — a|3/2)

as z — a. Hence,

T71/2 ?%X) |S§| 6—0 r—l/? . O(T73/2) — 0(7,)
s(r

3
S§ <a1 + 25)

and seeing as r > 0 can be chosen arbitrarily small and 9¥(5) = O(6'/2) by (51), this finishes the proof. [J

and one arrives at

< Const - 9(5)6*r

The previous result can be reformulated more clearly.

Theorem 7.19. Given a bounded, simply connected domain Q2 C C, let Qs be a family of discrete, simply
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connected domains that converges to Q as 6 — 0. Then, under general conditions (Remark 7.2),
1 (ELT Oq Oay """ O,
im — Qér[ 14260 ] 1) = %(Ag(a; u))
s alp“az Qn

1 EF,% a 10Vas """ Va
(Bilowssnaind ) (i)

lim —
I+
5—0 26 EQ(, [o’alo'az “e Uan]

Proof. The first equality is just Theorem 7.18 rewritten and with the spinor replaced using Proposition

4.17. The second equality can be easily derived from the first using the covariance rule of A5, by

considering the 90° clockwise rotation around a;, given by the conformal map ¢(z) = —iz + (1 —i)a;.
We have .
]Eg:— [0a,+2i60a; ** Oa,] . Ei(ﬂ;) [0 p(a142i8) T (az) " Tp(an)]
T+ - T),+
]EQ(; [Ua10a2 ce O'an] Eigﬁ)z;) [Utp(al)gap(@) ce Gw(an)]

seeing as the only difference between the Ising models on both sides is that the graph they are defined
on is rotated. Since ¢(a; + 2id) = a1 + 20, the first expression yields

(T),+
1 ]ESO [U a i) T p(as) "0 an]
. ( A L R ) N :%(A*”(F)@(a);@(u))

lim —
)+ ()
2020\ B o) (000 T an)  Tpan)]
and now we can use (63) to return to the original domain. Using ¢'(a1) = —i and ¢”(a1) = 0, we arrive
at

R(AZE) (p(a)s o) = R - Ab(as)) = -3(Ab(asw).
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