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We study generic open quantum systems with Markovian dissipation, focusing on a class of
stochastic Liouvillian operators of Lindblad form with independent random dissipation channels
(jump operators) and a random Hamiltonian. We perform a thorough numerical study, focusing
on global spectral features, the spectral gap, and the steady-state purity and statistics. We estab-
lish that all properties follow three different regimes as a function of the dissipation strength, whose
boundaries depend on the particular observable. Within each regime, we determine the scaling expo-
nents with the dissipation strength and system size. On the analytical side, we compute the average
spectral gap at arbitrary dissipation and provide simple closed-form expressions for the asymptotic
values at strong and weak dissipation strength. We also consider spectral correlations in generic
complex spectra, such as that of the Liouvillian. We introduce and study, both analytically and
numerically, the complex ratio of the nearest-neighbor spacing by next-to-nearest-neighbor spacing.
Besides the usual level repulsion, we find that complex spacing ratios have a nontrivial angular
dependence which offers a distinct signature of quantum chaos. It distinguishes integrable systems,
which support the flat ratio distribution characteristic of Poisson statistics, and chaotic dissipative
quantum systems, which conform to Random Matrix Theory. We apply this new signature of quan-
tum chaos to random Liouvillians and boundary-driven dissipative spin-chains. The results of this
work can help understand the long-time dynamics, steady-state properties, and spectral correlations
of generic dissipative systems.
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I. INTRODUCTION

An open quantum system is strongly influenced by its
environment. However, a complete description of how the
degrees of freedom of a system and its environment evolve
is impractical and often impossible. One of the simplest
ways to model open quantum dynamics is by using an
effective master equation, ∂tρ = L (ρ), to describe the
evolution of the system’s reduced density matrix, where
the Liouvillian acquires the Lindblad form [1]

L = LH +
∑
`

DW`
, (1)

with LH (ρ) = −i [H, ρ] representing the unitary evolu-
tion under the Hamiltonian H, and DW`

(ρ) = W`ρW
†
` −

1
2W

†
`W`ρ− 1

2ρW
†
`W` the contribution of each dissipation

channel by the action of the jump operator W`. This ap-
proach assumes a weakly coupled environment with mem-
ory times much shorter than all other characteristic en-
ergy scales. Due to this so-called Markovian assumption,
Lindblad dynamics fails to capture certain processes,
such as the ones responsible for coherent low-temperature
transport. Nevertheless, the method is widely used in
areas ranging from thermodynamics of quantum engines
to the description of quark-gluon plasma. Arguably, its
most important application is to model quantum optic
setups.
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Although the Lindblad form significantly simplifies the
problem, obtaining dynamic and steady-state properties
given a Lindblad operator remains a major theoretical
challenge. A recent, extremely successful strategy con-
sists of studying exactly solvable (or integrable) models
[2–13]. Although enlightening, integrable Lindbladians,
as their Hamiltonian counterparts, are expected to have
very peculiar properties and remain a set of measure zero
among all possible Lindbladian dynamics. In the general
case, one has to rely on exact diagonalization which re-
mains restricted to relatively small systems.

For non-integrable closed quantum systems, systematic
tools are also available to study fully chaotic Hamiltoni-
ans. They rely on the widely supported conjecture by
Bohigas, Giannoni, and Schmit [14] which asserts that
universal features of spectral and eigenstate properties
of quantum systems with a well defined chaotic classical
limit follow those of random matrix theory (RMT). This
is to be contrasted with integrable systems, whose level
spacings typically follow Poisson statistics, as asserted by
the Berry-Tabor conjecture [15]. RMT has also been re-
ported to describe complex many-body systems without
well defined classical correspondents. These predictions
are particularly appealing as they are insensitive to the
microscopic details of particular models, relying solely on
symmetry properties of the Hamiltonian, i.e. to which:
Gaussian unitary (GUE), Gaussian orthogonal (GOE),
or Gaussian symplectic (GSE) ensemble, it belongs to.
In view of the tremendous success of RMT, it is natu-
ral to ask if a similar approach can be followed in the
case of Lindbladian dynamics. This route has, however,
remained essentially unexplored up to very recently [16–
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19].
Yet, there are many open questions related to the

nature of the spectrum of random Liouvillians, specif-
ically when the dissipative and the Hamiltonian com-
ponents are comparable. Additionally, the properties
of the non-trivial steady-state, ensuing in the presence
of non-Hermitian jump operators, are completely unex-
plored. Furthermore, much there is much to be explored
in terms of correlations inside complex spectra. All these
questions are addressed here. Specifically, we study spec-
tral properties of a random Liouvillian operator and its
steady-state in Sec. II, while in Sec. III we consider the
universal spectral correlations in generic open quantum
systems. We draw our conclusions and point towards
future challenges in Sec. IV

II. SPECTRAL AND STEADY-STATE
PROPERTIES OF RANDOM LIOUVILLIANS

The aim of this section is to study the universal prop-
erties of the spectrum and the steady-state of Liouvil-
lian operators consisting of an Hamiltonian component
and a set of dissipation channels, taken from appropri-
ate ensembles of random matrices. We consider a finite
number of nonhermitian jump operators allowing for a
non-trivial steady-state. As a function of the effective
dissipation strength, geff, we find a rich set of regimes re-
garding global spectral features such as the spreading of
the decay rates X, the spectral gap ∆, and the spectral
properties of the steady-state density matrix ρ0. Each
regime is characterized by a scaling of the corresponding
quantity with the system size N and with geff. The finite-
size scaling of the boundaries between different regimes
is also determined.

To obtain a suitable set of random Liouvillians of the
Lindblad form, we define a complete orthogonal basis,
{Gi} with i = 0, . . . , N2 − 1, for the space of operators
acting on an Hilbert space of dimension N , respecting
tr
[
G†iGj

]
= δij , with G0 = 1√

N
proportional to the

identity. Each jump operator can be decomposed as
W` =

∑N2−1
j=1 Gj lj`. Note that W` is taken to be trace-

less, i.e. orthogonal to G0, to ensure that the dissipative
term in Eq. (1) does not contribute to the Hamiltonian
dynamics. In the {Gi} basis, the Liouvillian is completely
determined by matrices H and l,

L (ρ) = −i [H, ρ]

+ g2
N2−1∑
j,k=1

djk

{
GjρG

†
k −

1

2

[
ρG†kGj +G†kGjρ

]}
, (2)

where djk =
∑r
`=1 lj`l

∗
k` = (ll†)jk is an (N2−1)×(N2−1)

positive-definite matrix. We denote by r the number of
jump operators in Eq. (1), i.e. ` = 1, . . . , r. To obtain a
random Liouvillian, we draw H from a Gaussian ensem-
ble with unit variance, i.e. PN (H) ∝ e−

1
2 tr(H

2), and l

from a Ginibre ensemble, P(N2−1,r) (l) ∝ e−
1
2 tr(l

†l), also
with unit variance. The coupling constant g > 0 param-
eterizes the dissipation strength. We consider two cases:
real matrices, Hij = Hji, lij ∈ R (labeled by β = 1 in
the following), and complex matrices, Hij = H∗ji, lij ∈ C
(β = 2). We consider the statistical properties of the
spectrum of L drawn from an ensemble of random Lind-
blad operators parameterized by N , r, β and g. The
right eigenvectors of L, respecting L (ρα) = Λαρα, with
α = 0, . . . , N2 − 1, are denoted by ρα, with Λα the re-
spective eigenvalue. By construction, Re (Λα) ≤ Λ0 = 0,
and ρ0, if unique, is the asymptotic steady-state, left in-
variant by the evolution. The spectrum and eigenvectors
of L are obtain by exact diagonalization.

Figure 1 shows the spectrum of a random Lindblad op-
erator in the complex plane computed for different values
of g. Besides the spectral gap, ∆ = minα>0 Re (−Λα),
we also illustrate the center of mass of the spectrum,
R =

∑
α Λα/N

2, and the variance along the real,
X2 =

∑
α [Re (Λα −R)]

2
/N2, and imaginary, Y 2 =∑

α (ImΛα)
2
/N2, axes. The boundaries of the spectrum

evolve from a straight line along the imaginary axis, for
zero dissipation, to an ellipsoid, for small g, to a lemon-
like shape, at large g. These results, obtained here for
r = 2, indicate that the lemon-shaped spectral boundary,
explicitly computed in Ref. [17] for the case r = N2 − 1
and plotted in Fig. 1 (h), is ubiquitous in the strong dis-
sipation regime.

In the limit of large N , the center of mass is found to
scale as R ∝ βNrg2. Figure 2 shows the scaling of X
and Y with N as a function of

geff = (2rβN)
1/4

g. (3)

The three representative points (P, C, D) of Fig. 2 (a)
correspond to regimes for which X depicts a qualitative
different behavior. The observed scaling collapse shows
that, for large geff, the standard deviation along the
real axis behaves as X ∝

[
(βN)1/4geff

]2
f>X (geff), with

f>X an unknown scaling function satisfying f>X (x) ∝ x0

for x → ∞ and f>X (x) ∝ x2 for x → 0. A similar
scaling collapse can be obtained for small geff, yielding
X ' g2

efff
<
X

[
(βN)1/4geff

]
, for which the scaling func-

tion satisfies f<X (x) ∝ x0 when x → 0 and f<X (x) ∝
x2 when geff → ∞. The asymptotic power law be-
havior of the scaling functions is hard to determine
for the available values of N ≤ 120, however, it is
fully compatible with the large N extrapolation both
in the large and small geff regimes (see black crosses
in Fig. 2 (a)). This result is further corroborated by
the compatibility conditions limgeff→0(βN)1/2f>X (geff) '
lim(βN)1/4geff→∞ f<X

[
(βN)1/4geff

]
. We can thus iden-

tify the three regimes: P, for geff . (βN)−1/4; C, for
(βN)−1/4 . geff . (βN)0; and D, for (βN)0 . geff, cor-
responding to each representative point. Note that the
rescaled quantities plotted in Fig. 2 do not seem to de-
pend on the index β. There is a small r-dependence,
which converges rapidly for increasing r (see insets). For
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Figure 1. Spectrum of a random Liouvillian operator for different values of geff = (2rβN)1/4 g, computed for N = 80, β = 2
and r = 2. (d) depicts R, X, Y and ∆ which are, respectively, the center for mass of the spectrum, the standard deviation
along the real and imaginary axes, and the spectral gap. The horizontal (vertical) dashed lines in (g) correspond to 0, Y (R,
R+X). The solid line in (h) is the (shifted and rescaled) boundary explicitly computed in Ref. [17].
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Figure 2. Scaling of X and Y for different values of N and r
as a function of geff = (2rβN)1/4 g.
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Figure 3. Average spectral gap as a function of geff plotted for
different values of N , β = 2 and r = 2, (a), and r = 10, (b).
Dots: exact diagonalization; solid line: solution to Eq. (4).

the standard deviation along the imaginary axes we find,
Y '

√
βN for regimes P and C, and Y ∝

√
βNg2

eff within
regime D. Therefore, the variance in regime P can be ex-
plained by a perturbative treatment of the dissipative
term—the value of Y corresponds to the unit variance of
the random Hamiltonian, and X ∝ g2

eff is expected from
a degenerate perturbation theory.

We now turn to the study of ∆, which is a particularly
important spectral feature since it determines the long-
time relaxation asymptotics. Figure 3 shows the average
spectral gap, 〈∆〉, for β = 2 and r = 2, as a function
of geff for different values of N . We checked that in the

thermodynamic limit the distribution of the gap becomes
sharply peaked around its mean; hence, the latter accu-
rately describes the long-time dynamics.

Here, we also find three qualitatively different regimes
(P′, C′, D′) whose boundaries do not coincide with
those in Fig. 2. Here the boundaries geff ' gP’C’ and
geff ' gC’D’, separating the P′ and C′, and the C′
and D′ regimes, respectively, are independent of N for
N → ∞. For regime P′, the average gap behaves as
〈∆〉 ∝ (βN)1/2g2

eff; for C′, the gap varies as 〈∆〉 ∝
(βN)1/2geff; for D′, we observe 〈∆〉 ∝ (βN)1/2g2

eff. As
before, these results are only possible to establish by per-
forming a largeN extrapolation of the available data, due
to the presence of large finite-size corrections.

Using holomorphic Green’s function methods, the lim-
iting N → ∞ value of the spectral gap is found to be
∆ = −2

√
βNỹ, where ỹ is the smallest real solution of

4r

g̃ỹ
=

(
r

ỹ
− g̃

1 + g̃ỹ
+

1

g̃

)2

, (4)

with g̃ = −
√
βNg2/2. A comparison of this prediction

with the numerical results for r = 2, 10 is given by the
solid lines in Fig. 3, showing a good qualitative descrip-
tion for all geff and also a quantitatively accurate re-
sult in regime C′. However, for the asymptotic values
as geff → 0,∞ there is a discrepancy, with the theo-
retical result overestimating the correct result at small
dissipation and underestimating it at strong dissipation.
This deviation has, at least, two sources. First, it is
due to finite-size effects, which we have already seen are
quite significant here. Indeed, in the center of regime C′,
the finite-size effects are negligible and the agreement
with the theoretical curve is very good; for small (large)
geff the overestimation (underestimation) of the numeri-
cal results is consistent with the finite-size scaling, since
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Figure 4. (a): Variance of steady-state probabilities as a function of geff plotted for different values of N for β = 2 and r = 2.
(b)−(c): spectral density for the effective Hamiltonian H for g = 0.001 and g = 100, respectively. (d): Statistics of level spacing
ratios for weak and strong dissipation and comparison with approximate analytic predictions for Poisson and RMT statistics
(solid lines). (e): ratio of the first two moments of the distribution of r, (σr/〈r〉)−1, for β = 2 and r = 2.

∆ increases (decreases) with N . Second, the agreement
improves as r increases: the relative deviation between
the numerical and analytical results at, say, small dissi-
pation, is ∼ 25% for r = 2, but only ∼ 10% for r = 10
and ∼ 5% at r = 50 (not shown). Combining these two
observations we conclude that a perfect match between
the numerical and analytical results only occurs in the
double scaling limit N →∞, r →∞.

Closed-form expressions for the solution of Eq. (4) exist
but are rather involved. In contrast, the limiting values
for small- and large-geff can be stated succinctly. One
finds that 〈∆〉 = βNg2(1 −

√
r)2 for large geff , which is

compatible with Ref. [19]. For small geff , we find that,
for large r, the average gap is given by 〈∆〉 = βNg2r.
Notwithstanding that the above two results are derived
in the limits geff → 0 and geff → ∞, they provide a re-
markable description for the whole P′ and D′ regimes,
respectively. For the special case r = 1, although three
regimes are also present, the gap closes in the thermody-
namic limit for large geff .

We now turn to the characterization of the steady-state
ρ0. First, we consider the variance, σ2

ρ0 , of the eigenvalues
of ρ0. This quantity is related to the difference between
the purity of the steady-state, P0 = tr

(
ρ2

0

)
, which quan-

tifies the degree of mixing of ρ0, and that of a fully-mixed
state PFM = 1/N , P0 − PFM = Nσ2

ρ0 .
Figure 4 (a) shows the variance σ2

ρ0 as a function of
geff for β = 2 and r = 2. Here, again, three different
regimes can be observed whose boundaries do not coin-
cide with those given for previous quantities. In regime

P′′, geff . (βN)−
1
2 , we observe σ2

ρ0 ∝ N
−3f<ρ0

(
N1/2geff

)
,

with f<ρ0(x) ∝ x0, for x→ 0, and f<ρ0(x)∝x2 for x→∞.
In regime D′′, for N0 . geff , we have σ2

ρ0 ∝ N
−2f>ρ0(geff)

(see inset), with f>ρ0(x)∝ x0 for x→∞ and f>ρ0(x)∝ x2

for x→ 0. The crossover regime C′′ can be accessed by
both asymptotic expansions and corresponds to σ2

ρ0 ∝
N−2g2

eff. The asymptotic matching again agrees with
data extrapolation. These scalings imply that, up to sub-
leading 1/N corrections, the steady-state is fully mixed in
regime P′′, 〈P0〉 = PFM +O

(
1/N2

)
, while in regimes C′′

and D′′, P0 is proportional to PFM only. The case with
r = 1 is again qualitatively different from r > 1 at strong
dissipation, the purity 〈P0〉 being of order N0, signaling
a steady-state closer to a pure state than a fully-mixed
one.

Next, we investigate the steady-state’s spectrum. For
that, it is useful to introduce the effective Hamiltonian
H = − log ρ0. We denote the eigenvalues of H by εi
and present their spectral density %(ε) in Figs. 4 (b) and
(c), corresponding to a point in regime P′′ and D′′, re-
spectively. In the weak coupling regime, P′′, %(ε) is well
described by a Gaussian, while at strong coupling, D′′, it
acquires a non-Gaussian shape; for large r, %(ε) is increas-
ingly well described by a Wigner semicircle distribution.
A remarkable agreement can already be seen for r = 10
in the example of Fig. 4 (c). For small r (see r = 2 in the
Fig. 4 (c)) there is a systematic skewing of the spectrum
to the right.

Figure 4 (d) presents the probability distribution,
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P (r), of consecutive spacing ratios, ri = si/si−1, with
si = εi+1−εi, which automatically unfolds the spectrum
of H [20]. The analytic predictions for the GUE and for
the Poisson distribution [20] (full lines) are given for com-
parison. The agreement of the numerical data in the P′′
and D′′ regimes, respectively, with the Poisson and GUE
predictions is remarkable. Within regime C′′, we observe
a crossover between these two regimes.

To illustrate the changing of the spectral properties
of H with geff , we provide in Fig. 4 (e) the ratio of the
first two moments of the distribution of r, (σr/〈r〉)−1

which can distinguish between Poisson and GUE statis-
tics. Since in the Poissonian case P (r) = 1/(1 + r)2, the
n-th moment of the distribution diverges faster than the
(n − 1)-th and thus σr/〈r〉 → ∞. On the other hand,
for GUE or GOE this ratio is given by a finite number
of order unity (e.g. σr/〈r〉 = 256π2/(27

√
3− 4π)2 − 1 '

1.160 for GUE). Figure 4 (e) shows that the Poissonian
statistics are only attained in the dissipationless limit
N1/2geff → 0. On the other hand, the GUE (for β = 2)
or GOE (for β = 1) values are attained for geffN1/2 ' 1.
Thus, in the thermodynamic limit the effective Hamilto-
nian H is quantum chaotic for all finite values of geff .

III. COMPLEX SPACING RATIOS: A
SIGNATURE OF DISSIPATIVE QUANTUM

CHAOS

In the previous section, we studied the spectral and
steady-state properties of a random Liouvillian ensem-
ble. It models some expected characteristic features of
generic open quantum systems, as the spectral gap, typi-
cal relaxation rates, and the steady-state purity. By con-
struction, the spectrum of the random Liouvillian is fully
chaotic. The aim of this section is to tackle the problem
from a different angle, by looking at the universal spec-
tral fluctuations in open quantum systems.

Since the early days of RMT, level spacing distribu-
tions, i.e. the distribution of the distance s > 0 be-
tween two neighboring levels, have proved a very pop-
ular measure of spectral correlations in integrable and
chaotic systems, i.e. a signature of quantum chaos. In-
deed, for closed systems, level spacings for Poisson lev-
els display level clustering, while RMT statistics lead
to level repulsion, with a characteristic power-law be-
havior of P (s) ∝ sβ as s → 0, in the respective uni-
versality classes labeled by β. Rather remarkably, the
spacing distribution in the (universal) large-size limit is
very well described by the distribution for 2×2 matrices,
the Wigner surmise. For nonhermitian systems, by a di-
rect generalization [21] of the Berry-Tabor and Bohigas-
Giannoni-Schmit conjectures to dissipative systems, we
expect classically integrable systems and systems with
a semiclassical chaotic limit to follow Poisson and Gini-
bre level statistics, respectively. For random matrices
from the Ginibre ensembles (the paradigmatic complex
ensembles) one finds cubic level repulsion, P (s) ∝ s3 for

small s. Interestingly, all three Ginibre ensembles (Gi-
nOE, GinUE, and GinSE) have the same cubic level re-
pulsion, independently of the Dyson index β. A Wigner-
like surmise, in terms of modified Bessel functions, has
been recently given in Ref. [22].

To compare theoretical predictions of RMT with ac-
tual measured or computed level sequences, one has to
eliminate the dependence of the spacing distribution on
the local mean spectral density, which is nonuniversal
and system-dependent. This is achieved by a procedure
known as unfolding, in which we change a sequence Ej
of levels to a new sequence ej = N (Ej), where N (x) is
the level staircase measuring the mean number of levels
below x. At the unfolded scale, the spacing distribu-
tion has a mean unit spacing and thus fluctuations can
be uniformly compared across the spectrum. Unfolding
is a nontrivial procedure since it requires an analytic ex-
pression (or accurate estimate) of the level density, which
one does not have in general. Furthermore, the numerical
procedure to implement the unfolding sometimes proves
ambiguous and numerically unreliable.

An alternative way to overcome the local dependence
on the level density is to consider ratios of consecutive
spacings, introduced in Ref. [23]. It is expected that the
ratios are automatically independent of the local density
of states, rendering unfolding unnecessary. In Refs. [20,
24], analytic expressions for the ratio distributions were
given for the first time, including Wigner-like surmises
for 3× 3 matrices. Nearest-neighbor by next-to-nearest-
neighbor ratios (NN by NNN ratios) [25] have also been
considered recently.

While spacing (and spacing ratio) distributions for real
spectra are very well understood, and some results exist
for spacings in complex spectra, two major shortcom-
ings in the latter case remain to be addressed. On the
one hand, to bypass the difficult and unreliable unfold-
ing procedure, one is naturally lead to consider ratios of
spacings in the complex plane; this remains, however, an
open question. On the other hand, the existent studies
on spacings in complex spectra focused solely on the dis-
tance, s > 0, between neighboring eigenvalues. Besides
this radial spacing distribution, additional information
is contained in the angular correlations between eigenval-
ues. It turns out that the angular distribution of spacings
actually gives a better distinction between integrable and
chaotic systems than the radial distribution.

Here, we tackle both issues above at once by intro-
ducing complex spacing ratios, as the ratio of the dis-
tance (taken as a complex number with magnitude and
direction) from a given level to its nearest-neighbor (NN)
by the (complex) distance to the next-to-nearest neigh-
bor (NNN). Two comments are in order regarding com-
plex spacing ratios. First, when computing ratios for
real spectra, level sequences are usually assumed ordered.
There is, however, no global order in the complex plane,
and hence all ratios which relied on an ordering have to
be abandoned. The only remaining spacing ratio is, then
indeed, the NN by NNN introduced in Ref. [25] (and kth-
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Figure 5. Ratio density in the complex plane for (a) a Poisson
process with 105 independent levels and (b) the eigenvalues of
100 104 × 104 random matrices drawn from the GinUE.

nearest-neighbor generalizations). Second, this new ratio
can be also defined for real spectra. It does not coincide
with any of the aforementioned ratios; in particular, it
adds a sign to the NN by NNN ratio of Ref. [25]. We em-
phasize that, while this sign might seem a minor differ-
ence in real spectra, for complex spectra, the full angular
dependence constitutes, arguably, the cleanest signature
of dissipative quantum chaos.

We now give a precise definition of complex spac-
ing ratios. Let the set {λk}Nk=1 form the spectrum
of some hermitian or nonhermitian operator or a syn-
thetic Poisson spectrum. The levels λk may be real or
complex. For each λk, we find its NN, λNN

k , and its
NNN, λNNN

k , and define the (in general complex) ratio
zk = (λNN

k − λk)/(λNNN
k − λk). We then seek the prob-

ability distribution function %(N)(z) of finding any spac-
ing ratio with value z. If the spectrum is real, z ≡ r
satisfies −1 < r < 1 and may not coincide with the ra-
tio of consecutive spacings. If the spectrum is complex,
z ≡ reiθ ≡ x + iy, with r < 1, and the distribution is
not necessarily isotropic. We also consider the radial and
angular marginal distributions, %(r) =

∫
dθ r%(r, θ) and

%(θ) =
∫

dr r%(r, θ), respectively.
We start by considering two paradigmatic cases: Pois-

son processes and the Ginibre Ensembles. By natural
extensions of the Berry-Tabor and Bohigas-Giannoni-
Schmit conjectures, integrable systems have Poisson ra-
tio statistics, while chaotic systems follow Ginibre statis-
tics. Due to the independence of levels in the Poisson
spectrum, the presence of a reference level does not in-
fluence its two nearest neighbors and hence all ratios z
have the same probability and the distribution is flat. In
contrast, for random matrices, we expect the usual repul-
sion, with two immediate consequences. First, the ratio
density should vanish at the origin; second, the repul-
sion should spread all the neighbors of the reference level
evenly around it, leading to a suppression of the ratio
density for small angles.

Figure 5 shows the ratio density %(z) in the complex
plane for Poisson processes, (a), and GinUE matrices,
(b), and confirms the expectations above. The Pois-

son ratio is indeed flat inside the unit circle, %Poi(z) =
(1/π)Θ(1 − r2), with Θ the Heaviside step-function. It
immediately follows that the radial and angular marginal
distributions are, respectively, %Poi(θ) = 1/(2π) and
%Poi(r) = 2r. GinUE random matrices, on the contrary,
have cubic level repulsion, %GinUE(r) ∝ r3 as r → 0 (one
power of r comes from the area element on the plane),
and the distribution shows some anisotropy, measured,
for instance, by 〈cos θ〉 =

∫
dθ cos θ%GinUE(θ) ' 0.24 (for

Poisson processes, obviously, 〈cos θ〉 = 0).
A particularly illustrative application of the power of

complex spacing ratios is that of driven spin-chains. Ap-
plying the numerical procedure described at the start of
this section, we computed the distribution of the com-
plex spacing ratios for the spectra of the Liouvillian of five
models (four spin-chains Liouvillians and a random Liou-
villian), see Fig. 6. The dephasing-XX model, Fig. 6 (a),
displays Poisson statistics arising from its known integra-
bility. Models B (XXX chain with arbitrary polarizing
boundary driving), C (XXZ chain with nearest neigh-
bor and next-to-nearest neighbor interactions) and the
random Liouvillian, Fig. 6 (c), (d), (e), respectively,
clearly have RMT statistics (in the former two because
of their chaotic nature, in the latter by construction).
Model A (XXX chain with pure-source/pure-sink driv-
ing), Fig. 6 (b) on the other hand, shows an intermediate
behavior between Poisson and RMT statistics, both in
terms of radial level repulsion and of anisotropy of the
angular distribution. This could arise either from actual
intermediate statistics of the spectrum or from finite-size
effects, with our results favoring the latter. On the con-
trary, model C already displays the universal large-N be-
havior, with no noticeable finite-size effects. This clearly
indicates that complex spacing ratios indeed offer a clean
signature of quantum chaos.

Here, contrary to the case of consecutive spacings ra-
tios, small-size matrices, say N = 3 or N = 4, do not
correctly capture large-N asymptotics. Indeed, for small
N , there is an enhancement of small angles instead of the
suppression seen at large N . The same issue can be seen
for real spectra: for large N , there is a high probability of
finding negative ratios, while for small N , the probability
of positive r is higher. This peak inversion can be seen by
comparing Figs. 8 (a) and (b), for hermitian ensembles,
and Figs. 9 (a) and (e), for nonhermitian ensembles.

Peak inversion can be understood as a boundary ef-
fect. For definiteness, consider matrices drawn from a
hermitian ensemble. For N = 3, the sign of the ratios is
completely fixed: the two levels at the edges must, by def-
inition, have both neighbors to the same side and hence
r > 0; the central level has one neighbor to each side and
hence r < 0; it follows that the area below the peak for
negative r is exactly 1/3 and below positive r is 2/3 (the
analytical expressions below confirm this reasoning ex-
actly). AsN increases, the edge levels, which always have
positive ratios, loose importance relative to the growing
number of bulk levels, which tend to have negative ratios,
and peak inversion follows. The argument for nonhermi-
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Figure 6. Complex ratio density for different Liouvillian spectra. (a) Deph–boundary driven XX chain with bulk dephasing; (b)
A–isotropic Heisenberg (XXX) chain with pure-source/pure-sink driving; (c) B–XXX chain with arbitrary polarizing boundary
driving; (d) C–XXZ chain with nearest neighbor and next-to-nearest neighbor interactions; (e) RL–random Liouvillian at strong
dissipation.

tian matrices is analogous: bulk levels favor large angles,
boundary levels lead to small angles; at small N , bound-
ary levels dominate, but they cannot compete in number
with bulk levels at large N . Although it may seem, at
first, that this strong N -dependence precludes one from
obtaining small-size Wigner-like surmises, we will show
that boundary effects can be overcome by considering the
circular ensemble from a given universality class, and a
new nonhermitian generalization, the toric ensemble.

We now turn to the analytical computation of the ra-
tio distribution, starting with Poisson processes. The in-
dependence of Poisson processes implies isotropy of the
spacing ratios, and one must only determine the dis-
tribution of its absolute value r = |z|, which can be
done in d-dimensional space (generalizing real, d = 1,
and complex, d = 2, spectra). Furthermore, all joint-
spacing distributions of more than one spacing factorize
into single-spacing distributions P̂ (s), and the ratio dis-
tribution reads

%(r) = Θ(1− r)
∫ ∞

0

ds
s P̂ (s) P̂ (rs)∫∞
rs

ds′ P̂ (s′)
. (5)

At the unfolded scale, the d-dimensional single-spacing
distribution is a Brody distribution,

P̂ (s) = dΓ(1 + 1/d)dsd−1e−Γ(1+1/d)d sd , (6)

which recovers the standard exponential distribution for
real spectra. Inserting Eq. (6) into Eq. (5), the ratio
distribution in d dimensions,

%(r) = d rd−1 Θ(1− r) , (7)

follows. This shows that (after introducing a d-
dimensional volume element) the ratio distribution is,
indeed, flat.

The independence of the levels simplifies the prob-
lem enough so that we are able to exactly compute
not only the spacing ratio we have defined above, but
also the more general ratio, rmk, of the distance to the
mth-nearest-neighbor (mNN) by the distance to the kth-
nearest-neighbor (kNN) (which reduces to the previous

ratio when m = 1, k = 2),

%mk(rmk) = dm

(
k − 1

m

)
(rmk)dm−1(1− (rmk)d)k−m−1 .

(8)
The general distribution for Poisson spacing ratios in d-
dimensions of Eq. (8) is checked against numerical nu-
merical spacing ratios in Fig. 7, for eight different combi-
nations of d,m, k, showing perfect agreement in all cases.

We next address random matrix ensembles. For
simplicity and completeness, we first consider real (1-
dimensional) spectra. The more interesting case of gen-
eral complex spectra is, then, generalized, step-by-step.
The ratio distribution function for N×N matrices drawn
from arbitrary hermitian ensembles, %(N)(r), can be writ-
ten as an (N − 1)-fold integral over the joint eigenvalue
distribution function. By specializing to the Gaussian
ensembles, it can be explicitly computed for small-size
matrices, e.g. N = 3,

%
(3)
GE(r) = N |r|β |1− r|β

(1− r + r2)1+3β/2
Θ
(
1− r2

)
, (9)

with N a β-dependent normalization. The agreement of
Eq. (9) is perfect with exact diagonalization of matrices
from the GUE with N = 3, see Fig. 8 (a). Other small
sizes would still be amenable to a brute-force evaluation
of the integrals, but the large-N asymptotics cannot be
accessed this way. Nonetheless, by expanding %(N→∞)

GE in
powers of r, we can compute the leading order term in
the series,

%
(N→∞)
GUE (r) ≈ N rβ |1− r|β

(1 + r2)1+3β/2
Θ
(
1− r2

)
, (10)

which gives the exact distribution in the vicinity of r = 0
but also qualitatively describes the distribution for all r
(albeit missing the exact heights of the peaks of positive
and negative r). At any rate, the absence of a term
−r inside the denominator (killed by the limit N → ∞)
completely distinguishes this result from the case N =
3, see Fig. 8 (b) (the black line is the approximation of
Eq. (10)).
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Figure 7. Comparison of analytic prediction for the mNN by kNN spacing ratio, Eq. (8), black line, with numerical results.
Each histogram is obtained by computing the ratios for 20 000 iid levels. The numerical parameters are: (a) d = 1, m = 1,
k = 2; (b) d = 2, m = 1, k = 2; (c) d = 4, m = 1, k = 2; (d) d = 1, m = 1, k = 3; (e) d = 1, m = 1, k = 6; (f) d = 2, m = 1,
k = 3; (g) d = 1, m = 2, k = 8; (h) d = 2, m = 2, k = 6. (a), (b), (c) correspond to the NN by NNN spacing ratio, Eq. (7), for
real, complex and quaternionic spectra, respectively.
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Figure 8. Comparison of exact diagonalization (ED) for GUE-
drawn random matrices with analytical results. (a): ED for
N = 3, black line given by exact expression, Eq. (9), with
β = 2; (b): ED for N = 104, black line given by approximate
GUE result for N → ∞, Eq. (10), red line given by exact
result for N = 3 CUE, Eq. (11), blue line given by exact
result for N = 4 CUE.

Although the N →∞ limit destroys boundary effects,
the convergence towards the limit is very slow. A differ-
ent approach to overcome the boundary effects is to use
the circular ensembles (CE), whose spectrum is the unit
circle and hence has no boundary. Indeed, for the CE,
small-size matrices (N = 3, N = 4) already capture the
large-N asymptotics and closed-form distributions can be
computed. Since the CE and GE have the same statistics
in the N → ∞ limit, we can use CE small-size matrices
to describe the GE large-N distribution. For N = 3, we
have

%
(3)
CUE(r) =

1

48π2

1

(r − 2)2(r − 1)2(r − 1
2 )2r2(r + 1)2

×
(
Q

(3)
1 (r) +Q

(3)
2 (r) cos(πr) +Q

(3)
3 (r) cos(2πr)

+Q
(3)
4 (r) sin(πr) +Q

(3)
5 (r) sin(2πr)

)
Θ
(
1− r2

)
,

(11)

with the polynomials Q(3)
k (r) not detailed here. The

distribution of Eq. (11) is depicted as the red curve in
Fig. 8 (b) and shows a much better agreement with the
numerical results than the large-N estimate for the GE.
An even better result, which is already indistinguishable
from the N → ∞ limit, is obtained for N = 4, and is
plotted as the blue line in Fig. 8 (b).

Finally, we turn to nonhermitian ensembles, consider-
ing, for simplicity only the case β = 2. The reasoning for
the hermitian ensembles can be adapted, step-by-step.
The general expression of the ratio distribution, for an ar-
bitrary ensemble, is a 2(N −1)-fold real integral over the
ensemble’s joint eigenvalue distribution. For the GinUE,
the distribution for N = 3 can be computed explicitly,

%
(3)
GinUE(r, θ) =

81

8π

r2(1 + r2 − 2r cos θ)

(1 + r2 − r cos θ)5
Θ(1− r) , (12)

and is in perfect agreement with numerical results for
N = 3, Figs. 9 (a)–(d), but, again, does not correctly
describe the large-N asymptotics. A leading-order esti-
mate for the large-N case is given by the first term in an
expansion of %(N)(r) in powers of r,

%
(N→∞)
GinUE (r, θ) ≈ 12

π

r2(1 + r2 − 2r cos θ)

(1 + r2)5
Θ(1− r) , (13)

which is qualitatively, but not quantitatively, correct.
To eliminate boundary effects from a complex spec-

trum, we consider a 2-dimensional analogue of the cir-
cular ensembles. Recall that the circular ensembles had
eigenvalues on the unit circle S1. We introduce a sec-
ond unit circle and consider eigenvalues distributed on
the product space, the 2-dimensional (Clifford) torus
T2 = S1 × S1 ⊂ S3 ⊂ R4, parameterized by two an-
gles, ϑ ∈ (−π, π], ϕ ∈ (−π, π]. In analogy with the CUE,
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Figure 9. Comparison of exact diagonalization (ED) of GinUE-drawn matrices with analytical results, for N = 3 in (a)–(d)
and N →∞ in (e)–(h). (a): ED for N = 3; (b): exact distribution for N = 3 GinUE, Eq. (12); (c): histogram of absolute value
of eigenvalues from ED; (d): histogram of argument of eigenvalues from ED; black line computed from Eq. (12); (e) ED for
N = 104; (f): surmise from N = 3 TUE, Eq. (15); (g): histogram of absolute value of eigenvalues from ED; (h): histogram of
argument of eigenvalues from ED; red, blue and magenta curves computed from the ratio distribution for the TUE, for N = 3,
4, 5, respectively.

we define the Toric Unitary Ensemble (TUE) as the en-
semble whose joint eigenvalue distribution, P (N)

TUE, is flat
on the torus. It follows that P (N)

TUE is fully determined by
the Vandermonde interaction on the torus and reads

P
(N)
TUE(ϑ1, . . . , ϑN ;ϕ1, . . . , ϕN )

∝
∏
j<k

[2− cos(ϑj − ϑk)− cos(ϕj − ϕk)] . (14)

The N = 3 TUE ratio distribution gives a Wigner-like
surmise for the complex spacing ratio distribution for
nonhermitian random matrices,

%
(3)
TUE(x, y) ∝

∫ π

−π
dsdt(s2 + t2)2 [2− cos s− cos t]

× [2− cos(sx− ty)− cos(tx+ sy)]

× [2− cos(s(x− 1)− ty)− cos(t(x− 1) + sy)] .

(15)

The integral of Eq. (15), and its generalizations for
N = 4, 5, . . . , can be numerically integrated and provide
very good surmises for the large-N asymptotics of the
GinUE universality class, see Figs. 9 (e)–(h). The conver-
gence of the radial marginal distribution is similar to the
real case: both N = 3 and N = 4 are really good approx-
imations, the latter being already almost indistinguish-
able from exact diagonalization. The angular marginal
distribution has a much slower convergence, especially
near the edges (the backward direction). Although the
qualitative description is acceptable for N = 3, quanti-
tatively even N = 5 does not yet describe it perfectly,
although the agreement does improve as N increases.

IV. CONCLUSIONS

In summary, by analyzing an ensemble of stochastic Li-
ouvillians of Lindblad form, where unitary dynamics co-
exists with r independent dissipation channels, we found
that the dispersion of the decay rates, the spectral gap
and the properties of the steady-state are divided into
different regimes, namely a regime of weak-dissipation, a
crossover, and a strong dissipative regime. However, the
boundaries of each regime do not necessarily coincide for
the different observables. Each of the scaling regimes, as
well as their boundaries, can be characterized by a set
of exponents which rule the dependence of the observ-
able on the effective dissipation strength, geff, and on the
system size N . We found that these exponents are inde-
pendent of the universality index β of random matrices
and determined their approximate scaling exponents.

As dissipation increases, the support of the spectrum
passes from an ellipsoid to the lemon-like shape reported
in Ref. [17] for the case of r = N2 − 1. For fixed geff
and r > 1, the spectral gap increases with N and its
distribution becomes peaked in the N → ∞ limit. The
case of a single dissipation channel, r = 1, is qualitatively
different. For r = 1, ∆ vanishes with increasing N in the
strong dissipative regime. Finally, with increasing system
size and r > 1, the steady-state purity approaches that
of the maximally mixed state, PFM = 1/N , in the week
dissipative regime, while for strong dissipation it attains
a value larger than, though proportional to, PFM. The
steady-state spectral statistics exhibit a crossover from
Poissonian to GUE (GOE) for β = 2 (1) as a function of
geffN

1/2.
The results summarized above, which are closely re-



10

lated to spectral densities and edge statistics of com-
plex spectra, were complemented by a study of the spec-
tral correlations in the bulk of complex spectra. This
was achieved by introducing complex spacing ratios. We
found that angular correlations between levels in dis-
sipative systems provide a clean signature of quantum
chaos: Poisson processes, which describe integrable sys-
tems, have a flat, and hence isotropic, ratio distribution
in the complex plane, while for RMT ensembles from the
Ginibre universality class there is a suppression of small
angles in the large-N limit. We also reencountered the
familiar cubic level repulsion in the latter case.

A natural question our results raise is—which regime
characterizes a particular physical system? As in the case
of chaotic Hamiltonian dynamics, this has to be deter-
mined on a case-by-case basis, which we will delegate to
future works. The predictive power of the present analy-

sis relies on the fact that, once this regime is determined,
the system’s universal properties can be obtained solely
by symmetry arguments.

Furthermore, several technical challenges remain to be
addressed, the primary one being, arguably, obtaining
the spectral density of a random Liouvillian inside the
bulk of the spectrum. A direct, brute-force, diagram-
matic expansion of the nonholomorphic Green’s function
could work, although the combinatorial complexity of the
expansion may render this approach unfeasible. If one
restricts oneself to the weak dissipation limit, the dia-
grammatic expansion can be performed exclusively in the
degenerate subspace, simplifying somewhat the compu-
tation. Also of interest would be to compute the spectral
density of the steady-state, which, for the case of a single
dissipation channel, can be written down exactly.
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