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Abstract

The appeal and economic viability of rail transport is limited by several factors. The traditional high-
speed trains are capable of connecting cities in a short amount of time, but require expensive specially
built tracks. On the other hand, regular trains aren’t economical viable due to a low occupancy rate,
flexibility, and velocity.

In response, a high-speed train capable of running at 250 km/h was designed, consisting of a self-
propelled carriage, an optimized suspension, and a geo-referenced steering system.

The train suspension coefficients are optimized for poor quality rails through an iterative process,
seeking greater smoothness and stability.

A geo-referenced steering system allows the train to turn its axle while in a curve, matching the
orientation of the axle with the track’s center line. This reduces the longitudinal forces acting on the
suspension and avoids the slipping of its wheels.

A model was developed in Python to simulate the dynamics of the train. Its development passed
through several milestones: train traveling in a straight two-dimensional track; train traveling in a
curved two-dimensional track; modeling of the vertical suspension; wheel-rail interactions; wheel slip
(among others). The program has 2000 programming lines, having taken 800 hours to test and complete.
Keywords: Train, geo-referenced steering system, suspension, high-speed

1. Introduction

This work simulates and tests the characteristics of
a new type of train, designed to run at high-speed
(250 km/h) on conventional rail lines. This train is
idealized in [2], consisting of a self-propelled coach,
a geo-referenced guidance system and an optimized
suspension system. For this purpose, this work was
divided into two main objectives: The design and
verification of the stiffness and the damping coeffi-
cients of the suspension system and the design and
verification of the geo-referenced steering system.

The suspension system must be capable of
smoothing the geometrical disturbances of the
track, and avoid the frequencies of resonance and
discomfort.

For a track with tight curves (radius less than 2
km), the introduction of an active steering system
allows for higher speeds. Due to the reduction of
the forces acting on the suspension, and the lower
probability of wheel slip and consequently instabil-
ity of the train.

A model was built in Python, to test this two
systems and provide insight into the dynamics of
this special type of train.

2. Background

2.1. Stability

A vehicle is stable when the parameters that cate-
gorize its behavior are inside regions in which sta-
bility is guaranteed [3]. The body of a train has six
degrees of freedom, it can move in the longitudi-
nal x, lateral y and vertical z directions and rotate
around the yaw αG, pitch αP and rolling αG an-
gles. Although the dynamics of the train in all its
degrees of freedom is relevant, the most important
parameters to assess its stability is the movements
in y, z and αR. Trains are subject geometrical dis-
turbances, these can be decomposed in their y and
z components.

If the suspension system is not designed to avoid
the mechanical resonance of the body of the train
then the amplitudes of its movements will rapidly
increase over time. Mechanical resonance happens
when the frequency of the oscillations of a system
matches its natural frequency of vibration. If the
system stays in this conditions it may become un-
stable, producing violent swaying motions and even
leading to structural failure. For a simple mechan-
ical system, the natural frequency of vibration is
given by:
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ωn =

√
k

m
(1)

For more complex systems, like a train, it’s more
reliable to analyze its response to spectral power
density using a computational model in order to find
its natural frequency. This analysis determines the
frequency response function H of the train, making
it possible to see for which frequencies the train
is more susceptible. Being that, H it’s the relation
between the amplitude of the system’s response and
the amplitude of the disturbances of the track.

2.2. Dynamics and Steering of the Bogie
Traditional bogies use the conicity of the wheels and
its rigidity to passively steer the train. The conical
shape of the wheels allows that changes in the angle
of the normal and tangential forces compensate the
lateral movements of the axle, restoring the axle to
the center of the track (figure 1). Although, without
the dumping of the lateral oscillations of the axle,
the train will enter a hunting oscillation. To control
this effect the axles are paired in bogie, reducing the
angle of rotation of the axle θ.

Figure 1: Balance of the nominal and tangential forces
on the axle: a) in a central position, b) axle deviated
from the center

When the longitudinal flexibility of the bogie is
not sufficient to allow it to make a given curve, the
flange of the wheel will collide with the inner face of
the rails and cause, besides vibrations and wear of
the components that come in contact, a high lateral
force on the axle. This lateral force may allow the
train to make the turn, depending on its speed and
the radius of the curve. However, if the train speed
is too large, train derailment can occur due to the
wheel climbing over the rail

2.3. Track Cant
To mitigate the problems that the train faces while
travelling in a curve, the track is tilted to partially
compensate the centrifugal force felt by itself. The
cant angle, β, is:

β = arctan

(
V 2
tr

g Rmin

)
(2)

Vtr is the train’s velocity, g the gravitational force
and R the radius of curvature. For a given curve
exists an optimum velocity for the vehicles. This
velocity corresponds to the equilibrium between the
centrifugal force Fc and the projection of the train
weight Fβ do to the cant of the track.

A difference between Fc and Fβ will produce lat-
eral acceleration, which might exceed the comfort
values for the passengers. An excess of the allowed
travelling velocity of a track with cant, can cause in
extreme cases the rollover of the train. This is spe-
cially reliant for trains with multiple carriages due
to their higher mass. A smaller and lighter train
avoids this issue, due to its lower centre of mass.

The minimum radius of the track is given by:

rmin =
GV 2

tr

g (ha + hb)
(3)

with, ha the cant of the track and hb the cant deficit.

2.4. Spectral Power Density
the suspension of a train respond to the inten-
sity and frequency of the tracks geometrical distur-
bances, these can be modeled as a spectral power
density. Every suspension system has frequencies
that it can not filter, being its project a compro-
mise to eliminate the mechanical resonance of the
vehicle.

Neither of the existing models can perfectly
model the spectral power density of a track [2].
This work uses the UIC’s correlations as a refer-
ence [4]. The wave number of the perturbations is
expressed as a function of the angular spatial fre-
quency of the rail perturbations Ωc, the spatial fre-
quency of the wheels Ωr and a factor linked to the
geometric properties of the track A. According with
[2], Ωc = 0.8246 rad/m, Ωr = 0.0206 rad/m and
6, 786 × 10−7 < A < 2, 533 × 10−6 m rad.

Sy(Ω) = Sa(Ω) =
AΩ2

c

(Ω2 + Ω2
r) (Ω2 + Ω2

c)
(4)

3. The Train Under Study

Figure 2: Train dimensions and overall shape.

The most important dimensions of the train are:
the distance between its the axles Lcar = 18 m, its
total length L = 12 m, its height hcar = 2, 66 m,
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its width wcar = 3, 05 m, the radius of its wheels
r = 0, 5 m, and the gauge length G = 1, 668 m, this
is the gauge value for the Iberian track, being easy
to change this parameters in the program.

The mass for the parts that are relevant for the
simulation of the dynamic of the train are: the mass
of the structure Mstr = 8, 5× 103 kg, the estimated
mass of the passengers Mpas = 8, 5 × 103 kg, the
mass of the batteriesMbat = 3, 5×103 kg, the mass
of an axle Max = 2, 5 × 103 kg ,and the mass of a
motor Mmtr = 1, 9 × 103 kg. Being that, the train
has a total mass of 2, 4 × 104 kg.

3.1. Suspension System

Figure 3: Suspension system for one quarter of the
train.

As shown in figure 3, the suspension system is
connected to tips of the train axle and to its re-
spective connection points in the structure. Each
end of the axle is connected to the train structure
by three distinct suspension systems: a spring in
the x direction, a spring-damper system in the y
direction, and a spring-damper system in the z di-
rection. The difference between the suspension in
the x direction and the y and z suspensions happens
due to the geometrical disturbances of the track, ex-
isting mainly in the directions y and z. Although
spectral perturbations in the direction of z have an
influence on longitudinal dynamics of the axle, it is
expected that the micro-slipping of the wheels will
be able to dumper these disturbances.

3.2. Steering System

Figure 4: Suspension in the x direction, including the
actuators.

The train’s guidance system consists of a set of
two spindle actuators per axle, controlled using geo-
reference. A variation of a few millimeters in the
length this actuators provokes a change of hundreds
of meters in the radius of curvature of the train. It
is therefore important to use high precision actua-
tors in order to obtain smaller errors in the position
of the train’s wheels. The actuators act together,
when one actuator extends, the actuator on the op-
posite side contracts.

The guidance system is geo-referenced, having
stored in its memory the information of the radius
for each point of the track and informing the actu-
ators of necessary corrections to the axles’ angles.
For the front axle, a variation of the lengths δ1Ax
and δ1Bx , adjusts the angle of the axle in relation
to the track. The optimum value for the actuators
extension and contraction can be calculated using
the equation (6).

δ1Ax = −δ1Bx =
LG

2R
(5)

4. Numerical model
It is important to clarify that in this chapter only
some of the most relevant systems are presented,
and that the model created is more detailed and
complex.

4.1. ODE Solver
The basis of the numerical model is an ODE solver.
The differential equations to be solved are of second
order and are used to calculate the position, the
velocity and the acceleration values of the train and
its axles. They take the form of:

F (x, x′, x′′, y, y′, y′′, t) = 0 (6)

where F is non linear and its main variable is
time t.

This is an initial value problem, although initial
values only impact for a limited period of time until
a statistically equilibrium solution is reached. From
the numerical point of view, the judicious choice
of the initial conditions is only beneficial to reach
statistical equilibrium quickly. We designate as the
solution of statistical equilibrium that in which the
statistical characteristics of the response are only
function of the statistical properties of the track
(spectral power density, etc.).

4.2. coordinate systems
Two Cartesian coordinate systems are used, a fixed
reference frame and a moving reference frame.

the fixed reference frame, identified by a prime,
figure 5 (a), is centered on the local center of curva-
ture of the track, at a distance R from the middle
line of the track. The axis x′x′ is tangent to the

3



Figure 5: Coordinate systems: (x′, y′, z′) in the "fixed"
terrestrial reference frame; (x, y, z) in the moving refer-
ence frame that moves at the velocity Vtr of the train,
approximately constant, in relation to the fixed refer-
ence frame.

track, in the direction of the train’s forward move-
ment, the y′y′ axis is radial, oriented to the left
of the train, and the z′z′ is vertical. This coordi-
nate system is treated as an inertial frame of ref-
erence, subject to a gravitational acceleration field
−g′z. This reference is important because it makes
it possible to simplify the equations of motion.

The moving reference frame, figure 5 (b), moves
in relation to the fixed reference frame with con-
stant tangential velocity, travelling on the middle
the track’s axis, and oriented in the same directions
of the fixed reference frame. The moving reference
frame is treated as an an inertial frame of reference
subject to a field with gravitational component −gz
and centrifugal component +Vtr/R. The center of
the coordinate system is therefore at the distance R
from the local center of curvature of the line. The
vast majority of variables are defined in the mov-
ingng reference frame. In the figure 5 (b) are shown
(in their positive direction), the yaw angle αG, the
pitch angle αP and the rolling angle αR, of the body
in relation to the axis of the moving reference frame.
.

4.3. Geometrical Disturbances of the Track
In this work, the following track disturbance where
used:

• harmonic disturbances, with constant ampli-
tude and wave length, in order to test the al-
gorithm and find the frequency response func-
tions H;

• irregulars, consisting of the overlapping of a
large number of harmonic wave components,
representative of the spectral power density.

The expression representing a sinusoidal distur-
bance for the front axle 1 is:

ε1(t) = Atk sin

(
2π Vtr
λ

t

)
(7)

For the back axle exists a time delay until the
same disturbance passes under it. This delay is
given by t+ L/Vtr.

For modelling the spectral power density of the
track, it is necessary to use an algorithm with two

for cycles in order to obtain; the spatial frequency
Ω and the spectral density of the train’s movements
S for each time step; for the amplitude of the dis-
turbance in the time step. Being that, the resultant
amplitude of the disturbance is similar to the equa-
tion (7):

ε1λ(t) = ∆Ω

√
S(Ω) sin

(
Ωtk Vtr t

)
(8)

4.4. Wheel-rail Contact Forces

Figure 6: Front axle of the train with the electric motor
coupled. The center of mass is CGW ; the articulation
with the structure of the train is located at the point
M1. The arrows point in the positive direction of the
indicated forces and momentum (for example, the pos-
itive direction of −fx1A)

The contact forces wheel-rail are practically inde-
pendent between the four contact surfaces. Because
of this one can use the quarter car model to describe
its dynamics [3], figure 6. The wheel-rail contact
forces are directly related to the Kalker coefficients.
However, as the model used in this work takes into
account the global dynamic of the train, including
the suspension reaction forces, then the wheel-rail
contact forces are the result of the global forces and
momentum acting on the axles of the train.

For the x direction, the wheel-rail contact force
for the frontal left wheel is:

fRW1Ax
=

(f1Ax + f1Bx)

2
+
max1z

G
+
fM1x

2

+
Max

2

d2xax1

dt2
− Iaxz

G

d2θ1
dt2

(9)

The first term of the above expressions is related
to the average force that the suspension exerts on
the axle in the direction x, the second term with the
momentum in z exerted on the axle, the third term
with the force that the connection motor-structure
exerts on the axle, the fourth term with the acceler-
ations of the wheels in the x direction and the fifth
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term with the inertia of the axle. fRW1x
is related

to the slipping of the front left wheel.
For the y direction, the balance for the wheel-rail

contact forces for the front axle is:

fRW1Ay
+ fRW1By

=
Max

2

d2yax1

dt2

+f1Ay + f1By −
Max V

2
tr

R

(10)

The first term of the equation 10 is related to
the accelerations of the wheels in the y direction,
the second term and third term relate to the forces
that the suspension exerts in the direction y, and
the fourth term with centrifugal force that acts on
the axle.

For the x direction, the wheel-rail contact force
for the frontal left wheel is:

fRW1Az
=
Max

2

d2zax1

dt2
+

(f1Az + f1Bz )

2
+
fM1x

2

+
Max g

2
+
Iaxx
G

dω1x

dt
− max1x

G
+
Max

G

V 2
tr

R
CGWz

(11)

The first term of the above equation is related
to the accelerations of the wheels in the z direc-
tion, the second term with the average force that
the suspension exerts on the axle in the direction
z, the third term with the force that the motor-
structure link exerts on the axle, the fourth term
with the acceleration of gravity, the fifth term with
the inertia of the axle, the sixth term with momen-
tum in x exerted on the axel and the seventh term
with the centrifugal force generated by the axle and
applied in the mass center of the axle-motor system
CGWz

Being that, the equations for the other wheels are
similar, they are omitted.

4.5. Forces Acting on the Suspension
The force of the suspension results from the differ-
ence between points, for example, ax1A e car1Ax of
the figure 4. The length of a suspension element is:

l1AX =
[
(xax1A

− xcar1AX )2

+(yax1A
− ycar1AX )2 + (zax1A

− zcar1AX )2
] 1

2
(12)

being that, xax1A
, yax1A

and zax1A
are the coordi-

nates of the connection point suspension-axle, and
xcar1AX , ycar1AX and zcar1AX are the coordinates of
the connection point suspension-body, for the an-
choring point car1AX .

For the suspension in x, it is necessary to take
into account the correction that the actuators pro-
vide, being its variation represented by:

δl1AX = l1AX − lx0 − δ1Ax (13)

where lx0 is the nominal suspension length (when
the train resting) and δ1Ax the offset provided by
the actuators.

The force acting on the spring is calculated based
on the equation: f1AX = kx δ1AX .

4.6. Centrifugal and Cant Forces
A train moving on a curved track is subjected to
centrifugal forces, their intensity varies with the
train’s velocity and the radius of curvature.

Fc = Mcar
V 2
tr

R
(14)

As mentioned in section 2.3, the angle β that the
track makes with the horizontal plane allows partial
or total compensation of the centrifugal force acting
on the train. Being that:

Fβ = Mcar g sin(β) cos(β) (15)

4.7. Wheel Slip
The limit of the wheel-rail grip for the left wheel of
the front axle is given by:

fS =
1

4
λRMtotal g (16)

Until slipping happens the velocity of the wheels
its only dependent on the velocity of rotation of the
axle, its position is determined by the integration
of the equation:

dxw1A

dt
= υw1A

cos θ1 (17)

When the wheel-rail contact force fRWx
exceeds

the grip between the surfaces, slipping occurs.
While the wheels are slipping, their velocity is in-
dependent of the axle rotation velocity. Being now,
only dependent on the balance of forces and mo-
mentum. This balance allows to obtain the wheel
accelerations, and integrating the second order dif-
ferential equations, the positions of the wheels.

d2xw1A

dt2
= (fRW1Ax

− fRW1Bx
− 2

max1z

G
)
G2

4 Iaxz

+(fRW1Ax
+ fRW1Bx

− f1Ax − f1Bx − fM1x)
1

Max

(18)

The program alternates between slip and non-slip
conditions, when fRW1Ax

is higher then FS . For this
an if statement is used.
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5. Results
A reference simulation is run using values related
to the ERRI B176 and ETR 400 carriages [2]. Af-
ter the analyses of the influence of the variation of
the suspension coefficients, a sizing process was per-
formed.

5.1. Sizing of the Stiffness and Damping Coeffi-
cients

The sizing of the suspension was performed as in-
dicated in the table 5.1.

Sim. Kx Ky Kz Cy Cz
Base 2 × 107 7 × 106 2 × 106 7.8 × 104 1.4 × 106

Opt1 2× 106 7 × 106 2 × 106 7.8 × 104 1.4× 105

Opt2 2 × 106 7× 105 2 × 106 7.8 × 104 1.4 × 105

Opt3 2 × 106 7 × 105 7× 105 7.8 × 104 1.4 × 105

Opt4 2 × 106 7 × 105 2× 105 7.8 × 104 1.4 × 105

Table 1: Characteristics of the train suspension for
different stages of the sizing process.

Figure 7: Comparison of the motion of the component
y of the point car1 for the different sizing stages of the
suspension system.

Figure 8: Comparison of the motion of the component
z of the point car1 for the different sizing stages of the
suspension system.

The longitudinal stiffness kx and the vertical
damping coefficient cz of the Base parameters are
too high. This alteration Opt1 results in smoother
movements, with smaller amplitudes of the body.
Leading, however, to a significant increase of Hz

for frequencies between 0 and 2.5 Hz and a decrease
of Hz for frequencies greater than 2.5 Hz. The in-
crease of Hz for these frequencies is worrying be-

Figure 9: Comparison of Hy of the point car1 for the
different sizing stages of the suspension system.

Figure 10: Comparison of Hz of the point car1 for the
different sizing stages of the suspension system.

cause it includes the typical frequency of resonance
and the discomfort frequency for the passengers, 1
Hz.

In Opt3 and Opt4 the problems of the resonance
frequency were addressed and, for the most part,
solved. In the figure 10 it is evident the impact
that the decrease in suspension stiffness has over
Hz. The lower the stiffness of the suspension in
the z direction, the lower will be the Hz because of
the filtering of certain frequencies. However, result-
ing in movements with higher amplitudes (figure 8.
The increase of the vertical amplitudes can produce
a rolling angle greater than it is allowed by law.
Therefore, it is necessary to find a suspension with
intermediate characteristics between the suspension
of Opt1 and Opt4.
Opt2 is intended to improve the movement of the

carriage in the y direction. For this, the stiffness co-
efficient ky was decreased, making the movement of
the train is significantly smoother, with small am-
plitudes (figure 7). The frequency analysis, 9, also
allows an improvement of the suspension response
to frequencies above 2.5 Hz and the elimination of
one of the resonance frequencies of the vehicle, 6.5
Hz. An undesired increase of Hy for frequencies
less than 2.5 Hz happens, however it is offset by the
overall improvement of the train response.

In order to eliminate the instability of the train
the stiffness coefficient in the x direction was in-
creased slightly to kx = 4 × 106 N/m.
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This study led to a suspension with the following
characteristics: kx = 4 × 106 N/m, ky = 7 × 105

N/m, kz = 7× 105 N/m, cy = 7, 8× 104 N.s/m and
cy = 1, 4 × 105 N.s/m.

5.2. Train with Active and Inactive Steering
In this section, we will compare the dynamics of
the train and the intensity of the forces when the
steering system is operational and inoperative. The
track used in this simulation has a radius of curva-
ture of 1000 m and a cant that fully compensates
the centrifugal force.
δ1A is the ideal value for the actuator movement,

for a curve with a given radius, a deviation from the
ideal value is called δe, being positive for a negative
error (radius of curvature less than ideal ) and nega-
tive for a positive error (radius of curvature greater
than ideal).

Figure 11: Ideal displacement δ1A and steering error
δe.

When the steering system is active, the position
of the center of the front of the train car1 is near
the position of the center of the track. With the
guidance system inoperative, the train and its axles
move sideways approximately 2 mm from the cen-
ter of the line. More importantly when the position
of the connections between the body and the axles
changes it causes an extension or compression of
the suspension system, in particular in the longi-
tudinal direction. The force acting on the actua-
tors increases from 1 KN (active steering) to 35 KN
(inoperative steering), figure 12. This means that,
without guidance, there is a possibility of slippage
between wheels and rails, especially during more in-
tense braking.

5.3. Error in the Steering System
Although the steering system has high precision ac-
tuators and the radius of curvature is known, errors
may occur. A study was made to recognize the im-
pact that errors may have on the train dynamics.
The radius of curvature of the steering system was
varied in relation to the real radius, in percentage:
-6 %, -4 %, -2 %, +2 %, +4 % and +6 %. Corre-
sponding to a steering radius of 940m, 960m, 980m,
1020m, 1040m and 1060m, respectively.

In the figure 13 the point ax1 demonstrates a

Figure 12: Comparison of the force acting on the actu-
ators in the x direction. For a train with an operational
and inoperative steering.

Figure 13: Comparison of the displacement of the point
ax1 in the y direction, for various steering error percent-
ages.

practically symmetrical behavior between the simu-
lations with positive and negative errors. Although
the guiding errors produce deviations in the posi-
tion of the axle, these deviations are not significant,
being only in the order of tenths of a millimeter. It
is further possible to observe that an overshoot of
the radius results in a radially outwards offset and a
default error results in a deviation into the interior
of the curve.

Figure 14: Comparison of the force acting on the actu-
ators in the x direction, for various steering error per-
centages.

As in the results shown in 13, the average forces
exerted on the actuators are symmetric around a
base value. The forces values are equidistant for
successive increases, positive or negative, of the ra-
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Error (%) Absolute force (N) Relative force (N)
6 3046 +2001
4 2408 +1353
2 1744 +689
0 1055 0
-2 337 -718
-4 -412 -1467
-6 -1192 -2247

Table 2: Absolute forces and relative forces (to the
value without error in the steering), for different
percentages of error of the steering system.

dius of curvature error of the steering system, (table
2).

5.4. Lateral Movement of the Axle
For a train traveling at 70 m/s on a track with
a radius of curvature of 1000 meters, the perfect
cant angle is 0.464 rad. Currently there is no track
with such a steep inclination. Railway lines have a
maximum cant angle of 0,0767 rad for an European
gauge [1].

The centrifugal force of the train will cause a de-
viation of the position of the axle and the vehicle
in the radial outer direction of the curvature of the
track. The displacement of the axle can cause the
wheels to contact the track rails. Because, the steer-
ing system avoids the shock of the wheels with the
rail, this will only occur when the centrifugal force
reaches a high value.

Figure 15: Lateral displacement of car1 in the y direc-
tion for different values of cant.

In the figure 15, "SE - Max" represents the move-
ment of the axle for the track with the maximum
cant allowed. The remaining lines in the graph rep-
resent the cant deficiency, in percent, relatively to
the maximum, with a totally horizontal track rep-
resented by "SE-100 %". The lateral deviation of
the axle varies linearly with the cant deficiency. As-
suming that the wheels of the train are traditional
(rolling width of 95 mm) and that the contact hap-
pens at the midpoint of the wheel and that the
width of the rail’s head is 70 mm, it exists a distance
of approximately 12.5 mm until the wheels collide
with the rails. Therefore, from the train safety per-
spective, the axis deviation is not problematic, since

even in the absence of the compensation provided
by the cant of the track, the train does not collide
with the rails.

Figure 16: Comparison of the force exerted by the left
wheel on the carriage in the y direction for different
values of cant.

Although the deviation of the axis is only a few
millimeters, it causes high variations in the force
exerted on the suspension. A force with a maxi-
mum amplitude of 18.3 kN is obtained for the train
travelling in a track with maximum cant, and for
an horizontal track the force has a maximum am-
plitude of 23 kN.

5.5. Rolling angle
According to the general convention of angles, a
rolling angle inclining the train to the right is con-
sidered positive. Thus, in a curve to the right, with
optimum cant, the rolling angle in relation to the
horizontal is positive:

β =

[
Vtr/R

g

]
(19)

In the results presented here, the rolling angle is
measured in relation to the cant angle of the track
and not to the horizontal.

Figure 17: Curve to the right with a radius of 1000
m. Rolling angle αR in relation to the cant angle of the
track for different cant values.

The nominal distance between the center of the
railways for a curve with a radius of 1000 m is 3.05
m. Taking into account the width of the train under
study, there is a safety distance of 0.7 m between
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the ends of the carriages. In figure 17 the rolling
angle values for different cant of the track are ob-
served. The rolling angle for the train traveling at
70 m/s on a horizontal track is 0.014 rad and causes
a lateral variation of the train position of 37 mm.
Taking into account the worst situation for the dis-
tance between the two trains, a train stopped on the
outside part of the curve and a train moving on the
inside of the curve, the safety distance is sufficient
to avoid the collision between the two trains.

On a right-hand horizontal curve there is a maxi-
mum force increase of +20 kN for the left suspension
and a minimum force of -23 kN for the right suspen-
sion of the train. The signal of the force variation
depends on the direction of the train rolling and,
therefore, reverses if the curve is to the left.

5.6. Dynamics and Speed Limit for Different Track
Curvature

Figure 18: Yaw angle of the body αG for different val-
ues of the local radius of curvature.

For a curve to the right and a small local radius
of curvature R = 500 m, the steering angle rotates
in the negatively, varying by −6 × 10−5 rad. It
increasing with the decrease in the local radius of
curvature. Although in this figure 18 this difference
appears to be large, between R = 500 m and the
remaining radii, it is around 10−5 rad. This means
that due to the steering system the decrease in the
local radius of curvature does not have a major im-
pact on the yaw angle of the body.

The comfort of passengers will be affected by the
radius of local curvature due to the lateral acceler-
ations acting on them.

Radius (m) αc (m/s2) αse (m/s2) αs (m/s2)
2000 2,450 1,155 1,295
1000 4,900 1,155 3,745
750 6,530 1,155 5,375
500 9,800 1,155 8,645

Table 3: Comparison between the centrifugal ac-
celeration αc, the acceleration compensated by the
track cant αse and the acceleration felt by the
passengers αp, for different radii of local curva-
ture.Track with a cant angle of 0.0767 rad.

A stationary and secured passenger can with-

stand constant lateral accelerations of 4 m/s2 with-
out unbalancing himself [2], but this value exceeds
comfort limits. In the table 3 it is possible to see
in bold the lateral acceleration values that exceed
the maximum acceptable values, which correspond
to radii of curvature lower than 950 m, for a track
with the maximum cant angle allowed for non high-
speed tracks 0.0767 rad. By decreasing the speed at
which the train travels on the track it is possible to
lower the lateral accelerations that act on the pas-
sengers, thus the speed limit for curves with radii of
curvature of 750 and 500 m are 54 m/s and 44m/s,
respectively.

Radius (m) αc (m/s2) αse (m/s2) αs (m/s2)
2000 2.450 5.663 0
1000 4.900 5.663 0
750 6.530 5.663 0.867
500 9.800 5.663 4.137

Table 4: Comparison between the centrifugal ac-
celeration αc, the acceleration compensated by the
track cant αse and the acceleration felt by the pas-
sengers αp, for different radii of local curvature.
Track with a cant angle of 0.524 rad.

For short, low center of gravity, self-driving trains
it is possible to increase the track cant angle up to
0.524 rad (30o), without compromising safety and
comfort[2]. Given this angle, the table 4 was con-
structed. Under these conditions the minimum ra-
dius of curvature for which passenger comfort is
guaranteed is approximately 500 m. For a curve
with a local radius of curvature of 500 m the train
speed must be reduced to 44 m/s. Such a high cant
requires, as a rule, the construction of a new track,
modification of the existing track and replacement
of existing rolling stock by vehicles with low centers
of gravity.

Figure 19: Longitudinal force acting on the body fx1A

for different values of the local radius of curvature, at
70 m/s, for a cant of 0.0767.

The longitudinal force exerted on the box fx1A

increases with the decrease in the radius of curva-
ture of the track, whereas for R = 500 m occurs
higher peaks of force relatively to the other radii
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of curvature, figure 19. Although these peaks are
comparatively high, the absolute force exerted on
the actuators is not high, and therefor the radius
of curvature of the track is not a limiting factor
on the actuators due to the active guidance of the
train axes. The forces acting on the body in the lat-
eral and vertical directions have an intensity several
times greater than the longitudinal force.

Figure 20: Comparison of the longitudinal force acting
in the surface wheel-rail fRW1Ax for different values of
the local radius of curvature.

It is important to verify if the longitudinal force
of contact between the wheels and the rails fRW1Ax

exceeds the limits of the adhesion and causes the
wheels to slip. The curves of the figure 20 have a
behavior similar to the forces of the figure 19, which
is expected due to the relation between them. The
limit of adhesion for the wheels of this train happens
for a force wheel-rail higher then 20.5 KN (friction
coefficient µ = 0.35). The peaks of force for a radius
of curvature of 500 m do not exceed the limits of
adhesion and therefore, even for curves with small
radius, the slip of the vehicle does not occur.

6. Conclusions
It was possible to simulate the dynamics of a train
with an active steering system in Python, includ-
ing several features that commercial programs are
capable of simulating and others that they are not
ready to model.

The values of the coefficients of stiffness and
damping were optimized from an reference sim-
ulation. The suspension avoids maximum fre-
quency response, movements and acceleration for 1
Hz, and due to suspension optimization, the res-
onant frequency of the human body. The train
moves smoothly in curves with a radius of curva-
ture greater than 1000 m. For smaller radii oc-
curs an higher excitement of the train’s suspension,
but this is not a limiting factor of the trains safety.
The optimized train suspension is characterized by:
kx = 4× 106 N/m, ky = 7× 105 N/m, kz = 7× 105

N/m, cy = 7, 8× 104 N.s/m, cz = 1, 4× 105 N.s/m.
The train benefits significantly from having an

active steering system, being able to adjust the an-
gles of its axles relative to the track. Due to this,

the longitudinal contact forces between the wheels
and the rails are 35 times smaller relatively to the
train with passive steering, thus reducing the likeli-
hood of slipping of the train wheels into curves with
small radii of curvature. The reduction of these fac-
tors enables the vehicle to travel at high speed (250
km / h) in curves with small radii of curvature with-
out crashing or the wheels jumping the rails. The
train suspension has sufficient rigidity to limit the
influence of errors in the train’s steering system.
Steering errors of 6%, maximum value tested, have
a relatively small effect on the safety of the vehicle.

The cant of the track has a significant impact on
the train dynamics, due to its relation with the cen-
trifugal acceleration. The train is mechanically safe
for low or zero compensation given by the cant of
the track, with lateral variations of a few millime-
ters from the position of the axles relative to the
center of the track, relatively low forces acting on
the suspension and longitudinal forces of the con-
tact wheel-rail that don’t exceed the limit of adhe-
sion.

The human factor is the ultimate limiting factor
for the train’s maximum velocity, due to the lat-
eral forces felt by the passengers are higher than
allowed. This will limit specially the velocities at
which the train can travel in curves with small radii,
unless tracks with higher-than-current cant are used
to compensate for centrifugal force.
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