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Abstract—This paper elaborates on the study of the use
of sparsity aware algorithms in the identification of models
pertaining to time-series generating systems. Furthermore, the
changes in forecasting performance, resultant of the addition of
said algorithms to the predictor, are analyzed and a thorough
comparison between sparseness seeking methods and others
that do not share this objective is performed to validate each
of the choices. Additionally, an alternative model identification
approach is considered, based on a representation of the system
behaviour as a Markov process. In this work, a separation of
the prediction process in two parts is suggested, to allow for an
independent analysis of distinct aspects of the data. These two
sections deal with the stationary and non-stationary aspects of
the data separately. The main application of this work is the
forecasting of time-series associated to the motion of objects,
hence the separation of the signals in a more general signal
correspondent to the motion of the target and the non-stationary
part of the data, and the stationary signal representing the noise
of the observations. A linear prediction of the future coordinates
is obtained through the long division of the autoregressive model
that dictates the stationary signal behaviour, whereas a discrete
grid-based solution to the Fokker-Planck equation of the objects
is sought for multiple target tracking. An acceptable method for
short-term predictions is presented in this report, in hopes that
it contributes to the pursuit of faster and more reliable forecast
methods.

Index Terms—Adaptive control, Sparsity, System identification,
Time-series forecasting.

I. INTRODUCTION

FORECASTING has always been the subject of consider-
able attention due to its importance in various fields of

study from econometrics to object tracking. The extrapolation
of data values from a finite input series is especially useful
when the underlying model of the system that generates
the data is unknown. This lack of knowledge is a rather
common occurrence among real-life scenarios, notably in
situations where the source of the signal is nature dependent.
Some behaviours of systems containing complex organisms
are incredibly difficult to explain and understand, such as
those that originate due to the interactions between these
organisms and the environment surrounding them. Luckily,
the development of highly capable methods and outstanding
technological equipment has culminated in the emergence of
solutions for various problems that suffer from this shortage
of information. From the usage of simpler methods such as
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the popular autoregressive integrated moving average model
(ARIMA) or the Kalman-filter based solutions, to non-linear
models reliant on neural-networks and even combinations of
both linear and non-linear methods, there exists a notable num-
ber of approaches for very distinct forecasting problems [1],
[2]. Over the years, various approaches have been proposed
for the forecasting of data, be it either using just non-linear
solutions [3], [4] or coupled with other linear methods [5].

The stochastic approach to the forecasting of time-series
led to the formulation of autoregressive (AR) and moving
average (MA) models which generated a considerable body
of literature in the area of time series, dealing with parameter
estimation, identification, model checking, and forecasting.
Later, this knowledge was integrated by Box and Jenkins
in their publication Time Series Analysis: Forecasting and
Control [6]. The ARIMA models and their extensions were
popularized due to the advent of the computer [7] and are still
largely used these days as a solution for linear forecasting
problems..

On the other hand, the relatively recent nonlinear methods
that employ neural networks and other machine-learning meth-
ods are becoming more and more popular with the evolution
of the computer capabilities. These metods are particularly
useful for nonlinear processes that have an unknown functional
relationship and, consequently, are difficult to fit.

Each of these methods possesses its advantages and disad-
vantages. As with many other situations, there is no optimal
solution for the time-series prediction problem. The best option
is usually the one that better performs according to the specific
requirements of the issue at hand.

II. PROBLEM DEFINITION

The main goal of the work presented in this report is the
development of an algorithm capable of forecasting the values
of a time dependent series of points in an interval of time
instances that succeed the data known at the present epoch. To
pursue such an aim, it is essential to have an understanding of
the origin of the signal, be it either by knowing the underlying
model that produces it or by employing a model whose output
closely approximates the desired one. Since the plant of the
actual system is inaccessible, a replacement is proposed to
emulate the behavior of the model in the hopes that the
forecasting of future values of the time series obtained via
this method resembles the actual thing.

It is assumed that the signal originates from white noise,
presumably Gaussian, that then passes through two blocks,
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each adding a different component to the outcome. The
first block creates an output that corresponds to the local
deviation from the expected, more general motion that is
generated by the second block. The signal x, henceforth
designated the motion of the target (time series), is the
product of including a stationary signal y, based on an
autoregressive (AR) model in the creation of a non-stationary
signal, as depicted by the diagram presented in figure 1 below.

Fig. 1: Block diagram of the motion generating system.

A. Stationary signal

To predict the noise associated to the time-series, a linear
approach is sought. Particularly, a basic AR model or one
with a moving average (ARMA) are considered. Although the
addition of an integrated part has been shown to yield positive
results in the forecasting of similar data series due to their
flexibility in model representation, be it either pure AR or
MA models or the combination of the two, a simpler method
is more in accordance with the goal of this work. Following
that train of thought, a simplification of the error polynomial
is adopted, i.e. the pursuit of pur AR models is explored.

An autoregressive model produces new outputs through a
weighted finite sum of past output values, along with the
addition of an error term. The value of the signal y at epoch
k can then be described by

y(k) =
C

A
e(k), (1)

and consequently,

y(k) =

n∑
i=1

a(i)y(k − i) + e(k), (2)

with n the order of the AR model and C and A the numerator
and denominator of the model, respectively. The stationary
effect of the signal is due to the combined interaction of the
stable model with white noise. This stability is ensured by
actively searching for Hurwitz polynomials exclusively, i.e.
polynomials whose coefficients result in all of poles being
positioned inside of the unit circle.

B. Non-stationary signal

The motion model, H , is akin to an autoregressive model,
with the exception that every configuration of the former is
critically stable on account of possessing only poles with
unitary magnitude. These configurations can be split in two
groups, integral models and periodic models. The former

contains all of its poles in the point z = 1, while the latter
contains only one pole at that location and all the others
equally distributed across the unit circle. Figure 2 shows the
distribution of the zeros and poles with both models of the
same order.

(a) Integral model zero-pole dis-
tribution.

(b) Periodic model zero-pole dis-
tribution.

Fig. 2: Zero-pole plot of motion models of order 9.

In terms of coefficients, the disparity between these two
polynomials comes from the way the input is processed. The
integral model weighs the input variables according to their
location in time and is equivalent to successively integrating
the entire original data series n times, with n the order of the
model. Conversely, the periodic model takes into consideration
solely the value of the point n epochs before the current one.
The equation that links the motion signal to the noise is then
given by

x(k) = Hy(k), (3)

with the H model taking either its integral form

H(z−1) =
1

(1− z−1)N
, (4)

or its periodic model

H(z−1) =
1

1− z−N
, (5)

C. Adaptive methods

While some motions can be described by a single non-
stationary model, the possibility of existing a varying H block
is high, especially when dealing with real case scenarios. Such
an example is the path of vehicles and pedestrians in a city,
where the different roads and streets provide a set of choices
for the continuation of the motions. Similarly, the noise present
in the data series may vary in time. To surpass these obstacles,
adaptive algorithms are necessary.

The prediction of the future motion is done through the use
of an algorithm that takes as input the motion of a target or a
group of targets, x̃. The process of forecasting the coordinates
starts with the inversion of the effect of the H block on the
motion signal, thus generating an estimate of y, followed by
the computation of the predicted values of the stationary signal
m steps ahead by recreating the effect of the AR model. In
summary, the two main steps of the algorithm are expressed
as

ȳ(t) =
1

H
x̃(t) (6)
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and
y(t+m) =

1

A
ȳ(t). (7)

The structure of the prediction algorithm is shown below in
figure ??. Note that x̃ is related to the output of the motion
generation model by

x̃(t) = x(t) + µ(t),

µ(t) ∼ N(0, σ2
µ),

(8)

since it is assumed that there is some error µ present on the
gathered motion data, possibly with machine and/or human
origin (e.g. low image resolution, inaccurate point selection,
etc.).

Fig. 3: Block diagram of the prediction algorithm.

III. MODEL IDENTIFICATION

Through a comprehensive inspection of the data, a config-
uration of parameters that result in an acceptable substitute of
the underlying system model is obtainable. Such an estimate
can be computed separately for each model, or in a loop
until convergence is reached. The possibility of the system
possessing time variant models cannot be discarded, although
it is assumed that these changes, if they occur, do so at a slower
pace than the observation rate. In other words, the system
stays constant long enough to produce a considerable amount
of points that originate from the same model configuration,
allowing the algorithms solution to converge.

A. Non-stationary model

The motion model, to which the letter His given for the
purpose of identification, is responsible for the overall shape
of the signal. To ensure the correct representation of the model
a performance evaluator conducts a test on a set of predefined
models, running in parallel,and then chooses the one that
outperforms the others, according to a certain criteria. Let
x symbolize the set of data available and xH the estimates
obtained with a predefined motion model H . A qualitative
analysis of the forecast accuracy, to assess the suitability of
different models, is performed through the examination of the
evolution of the prediction error, with the goal of minimizing
the Euclidean distance between the calculated values and the
actual reference. A measure of the eligibility of a model
is obtained through the examination of a cost function that
considers the sum of the squared errors

J(xH) =

t∑
i=1

(
x(i)− xH(i)

)2
, (9)

or

J(e) =

t∑
i=1

e2(i), (10)

more commonly known as the Least Squares method. To
ensure the identification method is capable of adapting to time
variant signals, the error values will pass through a temporal
low-pass filter so that the system weighs each value based on
how far ago it was obtained. Consider a first order low-pass
filter with transfer function

HLPF (z) =
1− α
z − α

, (11)

with impulse response

hLPF (n) = (1− α)αn−1u(n− 1), (12)

where u(n) denotes the step function. The output of the
performance evaluator is computed through the convolution
of the filter with the squared error set

y(n) = e2(n) ∗ hLPF (n), (13)

which yields the expression

y(n) = (1− α)

n−1∑
k=0

e2(k)αn−k−1, (14)

with y(n) the evaluation function for a predefined model H
given n observations.

Figure 4 shows an example diagram of the performance
evaluator for m distinct motion model estimates.

Fig. 4: Model of the performance evaluator.

Under the dynamical environment of the system, the errors
of a one-step predictor are too unstable for the correct dis-
tinction of the models to occur. To counter this problem, a
prolongation of the estimates of each model is done and the
sum of that set of errors is evaluated instead of a single sample
for each model.

B. Stationary model

Typically, the trajectories found in the real world are
imperfect and possess some perceivable amount of noise,
compared to the more elegant theoretical paths. In many cases,
the addition of an input to compensate the effect of these
inconsistencies results in a more correct guess of the output
points. This section provides a comparison between one of the
most known algorithms for parameter estimation, the Least



4

Squares method, and a modified version of the sparsity aware
LASSO algorithm.

Formally, the problem states that given a set of
p observations Y = [ y(1) y(2) ... y(p) ]T and
the corresponding input data that originated it Φ =
[ ϕ(1) ϕ(2) ... ϕ(p) ]T , the goal is to estimate the vector
of the parameters θ such that

Y = Φθ. (15)

The solution of the equation above for p = dim θ, if it exists,
comes in closed form

(Φ′Φ)−1Φ′Y = θ, (16)

with (·)′ and (·)−1 denoting the transpose and inverse trans-
formations, respectively. As the observations continue piling
up, however, the solution may cease to be. The objective in
that case is the obtainment of a solution that minimizes the
error

e = Y−Φθ. (17)

1) Recursive Least Squares: The Least Squares method
attempts to find the values of θ that, for each set of data,
result in an output that is closest, in an Euclidean space, to
the actual answer than any other option. In other words, the
algorithm consists in finding the minimizer of the sum of the
squared errors

θ̂ = argmin
θ

p∑
k=1

||y(k)− ϕ(k)T θ||2. (18)

Since this approach requires all the data to be known before the
estimation process, as time progresses, this procedure becomes
impractical, due to both the computation needed to execute it
and the memory required to store the data. An online recursive
method is then sought to allow for a solution that achieves
the same results while requiring a more reasonable amount of
resources to function. Rewritting the observation sets as

Y(k) = [ Y(k − 1) y(k) ]T ,

Φ(k) = [ Φ(k − 1) ϕT (k) ]T ,
(19)

and (18) as

θ̂(k) = Λ−1(k)

k∑
t=1

y(t)ϕ(t), (20)

one can derive a recursive expression for the estimation
parameters

θ̂(k) = θ̂(k−1)+Λ−1(k)ϕ(k)
[
y(k)−ϕT (k)θ̂(k−1)

]
, (21)

with

Λ(k) =

k∑
t=1

ϕ(t)ϕT (t), (22)

the information matrix that verifies

Λ(k) = Λ(k − 1) + ϕ(k)ϕT (k). (23)

In order to avoid inverting a matrix every iteration, instead
of the information matrix, the covariance matrix is used

P (k) =
[
Λ(k − 1) + ϕ(k)ϕT (k)

]−1
, (24)

since its value at time k is, applying the Matrix Inversion
Lemma, given by

P (k) = P (k − 1)− P (k − 1)ϕ(k)ϕT (k)P (k − 1)

1 + ϕT (k)P (k − 1)ϕ(k)
. (25)

Additionally, if a forgetting factor [8] is added to the cost
function (18)

θ̂ = argmin
θ

p∑
k=1

βp−k
(
y(k)− ϕ(k)T θ

)2
, (26)

to enable an ever-lasting sensitivity to the change in param-
eters, then the equations for the RLS come as

ε(k) = y(k)− ϕT (k)θ̂(k − 1),

θ̂(k) = θ̂(k − 1) +K(k)ε(k),

K(k) = P (k)ϕ(k),

P (k) = β−1
[
P (k − 1)− γ(k)

]
.

(27)

with

γ(k) =
P (k − 1)ϕ(k)ϕT (k)P (k − 1)

β + ϕT (k)P (k − 1)ϕ(k)
.

The forgetting factor must reside between 0 and 1, with
bigger values providing the system with good stability and
low variation, but worse tracking abilities, while lower values
increase the tracking efficiency and variation of the system,
which may result in a loss of stability. An overall idea of the
number of samples that affect the outcome can be obtained by
looking at the asymptotic memory N = 1

1−β .
Furthermore, implementing a dynamic forgetting factor pre-

vents estimator windup and covariance blow-up, as well as
the slow convergence of the estimates after a long period of
constant parameters. Consider the weighted sum of the squares
of the a posteriori errors

Σ(k) = β(k)Σ(k − 1) +
(
1 + ϕT (k)K(k)

)
ε2(k), (28)

with Σ(k) the information content of the algorithm at time
k. According to [9], a well-known method for choosing the
forgetting factor is by keeping the sum above constant Σ(k) =
Σ(k − 1) = ... = Σ0, where Σ0 is set to be equal to the
expected noise variance, assuming it is known, times a nominal
asymptotic memory length, Σ0 = σ2

eN0. From (28) and the
asymptotic memory equation comes

N(k) =
Σ0

[1− ϕT (k)K(k)]ε2(k)
.

With this choice it is possible to define the method for
choosing the forgetting factor as follows

β(k) = max

{
βmin, 1− [1− ϕT (k)K(k)]

ε2(k)∑
0

}
. (29)
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2) RLS-Weighted LASSO: Although the Least Squares
method boasts some desirable qualities it is unable to provide
a result with a lower dimension than that of the expected
solution to the problem, since it considers that all the given
variables affect the outcome of the known data equally.
The LASSO method handles this problem by adding a new
component to (18) with the purpose of nullifying parameters
considered irrelevant for the model, thus yielding sparse so-
lutions when the data calls for them. This method takes into
consideration the non-differentiable `1 norm of the parameter
vector θ as an additional restriction,

θ̂ = argmin
θ

∣∣∣∣Y−ΦT θ
∣∣∣∣2
2

+ λ
∣∣∣∣θ∣∣∣∣

1
. (30)

Rewriting the estimate equation above as

θ̂ = argmin
θ
a(n) + θTR(n)θ − 2θT r(n) + λ(n)||θ||1, (31)

where

a(k) =

k∑
i=1

βk−iy(i)T y(i),

r(k) =

p∑
i=1

βk−iϕ(i)T y(i),

R(k) =

p∑
i=1

βk−iϕ(i)Tϕ(i),

allows the computation of θ̂ to be made recursively, reducing
the workload the algorithm imposes on the computer. Under
these added constraints the estimate retains its convexity,
making it possible to find the minimum through linear pro-
gramming techniques.

To further stimulate the sparseness of the solution, a signal
dependent penalty function [10] that weighs each `1 norm
term |θn| individually is applied. The weight of each term
is computed through

wµ(k)(|θ|) =
(aµ(k)− |θ|)+
µ(k)(a− 1)

u(|θ| − µ(k)) + u(µ(k)− |θ|),
(32)

where u(·) is the step function, µk = λ(k)
k and (·)+ the non-

negative part of the function in parentheses, also described as

(x)+ =

{
x, x > 0

0, otherwise.
(33)

This function acts as a filter on each entry, penalizing with
higher weights those it deems unnecessary or undesirable,
according to its magnitude. The range of magnitudes for which
a big penalization is applied is adjustable, as well as the
interval where no penalization occurs, through the change in
the values of parameters a and µ. It should be noted that (32)
is updated using RLS estimates that are computed alongside,
hence the name of the method. The cost function for the, now
complete, RLS-Weighted LASSO (RW-LASSO) comes as

J(k) =

k∑
i=1

βk−i||y(i)−ϕ(i)θ||22+λ(k)

N∑
n=1

wµ(k)(|θ̂n(k)|)|θn|,

(34)

that, although non-differentiable can be solved with the help
of techniques such as sub-gradient based iterative minimizers
or proximal gradient methods, of which the latter is considered
in this work. The main step of the algorithm built for solving
(31) consists in computing

Proxαi||·||1
(
θi − αi∇g(θi)

)
= Sn

(
θi − αi∇g(θi)

)
, (35)

where
[Sn(θ)]n = sign(θn)(|θn| − η)+

with η = αiλ ,known as the Soft-Thresholding function, and
αi = α

i or αi = α√
i

the step size (α > 0).

IV. SIGNAL PREDICTION

Below, the forecast of the system output is explored for both
singular and multiple targets. This stage succeeds the model
identification phase and makes use of the estimated parameters
in the prediction of the targets positions.

A. Individual target forecasting

The process of forecasting a time-series is composed of two
parts: the prediction of the motion model and the estimation
of the correction term associated to the autoregressive noise
series. While the continuation of the motion signal x is
achieved through the recursively update of the coordinates
according to the active H model, the future values of y are
estimated based on the long division of the AR polynomials
and the error variance. Formally described as linear predic-
tion, this approach determines the expression of the output
signal that minimizes the deviation of the prediction error in
stationary regime, given the Ok observations made until the
epoch k (with more rigour, Ok is the σ-algebra induced by
the observations up to k)

E
[
(y(k +m|k)− ŷ(k +m|k))2|Ok

]
, (36)

where the expression for the output m steps ahead is

y(k +m) =
C∗(z−1)

A∗(z−1)
e(k +m). (37)

Through long division the AR model is split in two terms,

C∗(z−1)

A∗(z−1)
= F ∗m(z−1) + z−m

G∗m(z−1)

A∗(z−1)
. (38)

The first term deals with the noise samples occurring in future
epochs k + 1 to k + m, while the second term manages all
of the samples until the current time instance k. Joining (36)
and (38) yields a separable cost function,

J(k) =
(G∗m(z−1)

A∗(z−1)
e(k)− ŷ(k +m|k)

)2
+E

[
ε2m(k)

]
. (39)

The first term of (39) is minimum at zero while the second
does not depend on the output signal, so the optimal predictor
comes as

ŷ(k +m|k) =
G∗m(z−1)

A∗(z−1)
e(k). (40)

Using the second term of the cost function a measurement
of the forecasting error variance is obtained. Due to the
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properties of the noise (independent values and null mean),
the crossed terms of ε2m become zero and the expected value
of a prediction m epochs ahead is reduced to

E
[
ε2m(k)

]
= (1 + f21 + f22 + ...+ f2m−1)σ2

e , (41)

where fi represents the i-th coefficient of the F ∗m polynomial.
1) Group Prediction: For more complex scenarios where

there exist multiple targets that can be grouped together,
an extension of the forecasting method is developed. This
generalization uses the Fokker-Planck equation as a model for
the explanation of the motion behaviour. The prediction is
now a stochastic process that works by propagating a random
variable X through time, representing the target positions, first
by applying the motion model followed by the addition of an
uncertainty error to the estimates. This propagated term can
be computed from the previous epoch value of the random
variable through

X(k + 1) = t
(
X(k)

)
+ E(k), (42)

where t(·) represents the effect of motion model on the targets
and E(k) is an error term. Moreover, since the transformation
of a random variable can be considered a new variable itself,
an equivalent representation of (42) is

X(k + 1) = Y (k) + E(k). (43)

The representation of the target probabilities is done using
a sum of normally distributed curves with mean xi and
variance σ2

e , due to the elegance the method exhibits in terms
of simplicity and intuitive description of the function. This
sum, known as mixture distribution, results in a non-negative
function that integrates to 1, and can be expressed as

f(x) =

n∑
i=1

wipi(x), (44)

where wi denotes the weight associated to the i-th density. It
should be noted that the parameter σe is problem dependent
and acceptable values for it must be found.

The forecasting of the target group density is done through
a process that produces a result equivalent to that of the
underlying system model (figure 1). This procedure can be
split in two main operations, a random variable transformation
and a random variable sum. These two phases correspond to
the application of the motion model and the addition of the
prediction uncertainty, respectively.

First, to simulate the continuation of the target motions, a
transformation is applied on the input density X to create
a new variable Y . This transformation is assumed to be
reversible and differentiable. Furthermore, since both the X
and Y are random variables, each of them has a cumulative
distribution function (c.d.f.) and density, respectively FX(x),
fX(x) and FY (y), fY (y). These c.d.f. are related to one
another by

FY (y) = P (Y ≤ y) = P
(
t(X) ≤ y

)
=

= P
(
X ≤ t−1(y)

)
= FX

(
t−1(y)

)
.

(45)

Moreover, the density of the transformed random variable Y
can be computed with the density of X . From the definition
of c.d.f.comes that

FY (y) =

∫ y

−∞
fY (u)du, (46)

and consequently

fY (y) =
d

dy
FY (y). (47)

Applying (45) on (47) and differentiating with respect to y,
the equation for the density takes the form

fY (y) = fX
(
t−1(y)

)∣∣∣∣∣ ddy t−1(y)

∣∣∣∣∣. (48)

Unfortunately, to be consistent with the discrete nature of the
data and additionally, to achieve some computation relief when
forecasting the target positions, only a discretized version of
the density function is available. The domain of this new
function is an equally spaced grid that spans an area assumed
sufficient to describe the probability of the target locations.
The space between grid points is adjustable to prevent an
undesired level of information loss. As a result of this dis-
cretization, the transformation of the X to the Y is extremely
unlikely to end up in points whose values are known. Hence,
an extra step is added to attain the distribution function value
on the desired points. An interpolation method is used to
compute the probability of the transformed variable on each of
the grid locations based on the surrounding points. A complete
description and study of the considered interpolators is found
in the dissertation report that extends this paper [11].

V. RESULTS

In this section a brief overview of the results achieved during
this work is done. For more detailed results, refer to [11].

A. Model Identification

The performance of the methods for identifying both of the
system parts was analyzed. The motion model was found to
be correctly estimated most of the time, with the estimator
performing worse when the switching of models occurred.
Overall, this behaviour was expected and the results were
acceptable.

As for the non-stationary part of the signal, several tests
were conducted to examine the reaction of the methods to the
correct and incorrect assumption of the AR polynomial order.
In both cases the performance of the RW-LASSO exceeded
that of the Least Squares, especially when the assumed order
of the model was bigger than the actual value. This happened
due to the overfitting of the model estimates that was expe-
rienced with the RLS. Moreover, in general, the RW-LASSO
resulted in faster reactions to changes in model and possessed a
smaller convergence error. For those reasons the estimation of
the AR polynomial coefficients was left to the sparsity-aware
method.
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B. Target Forecasting

Once built and fine-tuned, the prediction algorithm was
tested with real time-series taken from the Stanford Aerial
Pedestrian Dataset [12]. This Dataset comprises various videos
of different classes of targets, such as pedestrians, bikers,
skateboarders, cars, buses, and golf carts in a variety of
scenes located somewhere on the Stanford University campus.
The Dataset is public and accessible at https://cs.stanford.
edu/∼anenberg/uav data/. A low-pass filter, similar to the one
described in (11), is applied on the data to smooth it out.
However, as a consequence of using such a filter, a delay on
the positions of the target is observed. To avoid extending
the delay too much and hoping to simulate as accurately as
possible a real-time scenario, the order of the filter was kept
to two.

1) Single Target Prediction: During the analysis of the
prediction results, the objective was to assess the validity of
each of the predictor sections, i.e. of the stationary and non-
stationary signal forecasting. For every case, a comparison
between a more general prediction, reliant solely on the motion
model, and the corrected version of the prediction, using the
addition of the AR model estimates, is conducted.

The effect of the auto-regressive signal is not positive for
predictions above 5 epochs, with the mean squared error of the
predictions with the incorporation of the stationary signal input
surpassing that of the general estimates from 6 forecasting
steps forward.

Fig. 5: Performance test on the impact of the AR estimator
usage.

A closer inspection of the detailed evolution of the mean
squared error of both predictions reveals that there exist some
abrupt changes in the MSE from time to time. Examining the
behaviour of the AR model parameter evolution, shown below,
in those intervals reveals that these changes in values result
from an incorrectly estimated model. Usually, an overfit of
the stationary model deteriorates the prediction more than an
underfit. The blue and orange signals represent lower order
coefficients, while the others correspond to higher order ones.

In figure 6 (a) a somewhat extreme case is depicted, with
the parameters possessing null value for more than half the
study time, apart from the occasional sudden peaks. These

peaks arise whenever the estimator encounters a possible
sparse representation that cannot sustain itself for very long,
resulting in an abrupt change in value from zero to non-zero
and then, almost instantly, back to zero again. Albeit somewhat
inconvenient, this option is not as harmful as the overfitting
of the model that would come as a consequence of further
lowering the limit of the penalization function.

(a) Coefficients pertaining to the xx axis.

(b) Coefficients pertaining to the yy axis.

Fig. 6: AR model estimated parameters.

Additional insight can be gained by inspecting the impact
of the AR model addition to the signal with more context.
For that purpose, a few snapshots of the execution of the
algorithm are presented and analyzed. In the figures below, the
actual positions of the target are depicted in black, for present
and past observations, and blue, for future ones. The initial
conditions that generate the prediction are coloured red with a
green edge and linked with a black line. The predicted points
are shown in magenta and red, pertaining to the predictions
with and without the stationary input, respectively.

First, a scenario in which the addition of the stationary sig-
nal input improves the outcome of the predictor is considered.
Here, the slight deviation from the truth obtained with just the
motion model prediction is corrected, increasing the accuracy
of the first six estimates to almost pinpoint precision and
reducing the error of the last two forecast points to magnitudes
comparable to that of the fourth and fifth guesses attained with
the more general system.

https://cs.stanford.edu/~anenberg/uav_data/
https://cs.stanford.edu/~anenberg/uav_data/
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(a) Forecasting without the addition of any stationary input.

(b) Forecasting with the aid of the auto-regressive signal input.

Fig. 7: Improved correction of the RW-LASSO predictions.

In the second scenario, the algorithm predicts a continuous
curve to the right, while the actual path transitions from a
curve to a straight line after a few steps. The addition of the
y signal reinforces this belief in the continuation of the curve.
In fact, not only does this change result in a tighter curve, it
also influences the speed at which the target moves, producing
estimates that diverge from the actual trajectory much more
than the previous, more general ones.

In both situations, the active motion model is the third order
integrator. This model is highly susceptible to changes in the
initial conditions and tends to drift towards one side. As such,
it is more likely to produce errors with a bigger magnitude
than its lower order counterpart.

Further tests were conducted on targets with distinct path
shapes and the results were somewhat consistent. While the
results of introducing an auto-regressive input in the motion
model differ with the chosen trajectories, the effect of the
nature of the AR model is constant. Although the sparsity
of the estimates plays an important role in the accuracy of the
forecasts, it was perceived that higher order AR models tend
to generate bigger errors than those containing just the first
few coefficients active.

(a) Forecasting without the addition of any stationary input.

(b) Forecasting with the aid of the auto-regressive signal input.

Fig. 8: Deteriorated correction of the RW-LASSO predictions.

2) Group Prediction: The generalization of the predictor
used above was tested in scenarios with multiple targets
whose paths possess a similar outline. A noticeable difference
between both the singular and multiple prediction cases is the
increase in computation time when considering more than one
target. This gap is due to the expansion in the grid encom-
passing the targets. This grid needs to be dense enough to
describe the targets position with adequate accuracy, however,
if the distance between the objects is too big compared to the
variance of their related uncertainty, some spots inside this area
of interest are bound to have negligible values. In an attempt
to reduce the toll imposed by this process, a separation of
the region of interest into smaller areas focused on individual
targets is considered.

A trio of cyclists was chosen as the targets for the first case
study. These time-series displayed a concurrent behaviour,
both temporal and spatially, indicating a high probability of
belonging to the same group. Figure 9 illustrates the paths of
the different objects, cropped to the same sample length. From
the image it is possible to see some overlaps in coordinates,
consistent with the expected behaviour of a set of cyclists
travelling the same trajectory. This situation is favorable for
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testing the performance of the generalized algorithm, since
it is assumed that a single motion model is sufficient for an
adequate prediction of every target.

Fig. 9: Paths travelled by a group of targets. Each distinctly
coloured line represents an individual target trajectory.

The results of the test are positive and in accordance to what
was previously observed in the single target experiments. The
overall performance of the system with the interaction between
the stationary and non-stationary models surpasses that of the
system with just the motion model, for forecasts up to six
epochs ahead. The difference in error is bigger for the time-
series from which the motion model compared to the other
two, as was anticipated, yet the disparity is not substantial.

In another scenario, the gap between the effect of the auto-
regressive signal on the predictions in different targets is sig-
nificantly wider. Both cases exhibit a satisfactory response to
the simplification of the motion model, however, the addition
of the AR model results in very dissimilar outcomes. Figure
?? shows the differing outcome errors. Examining the auto-
regressive coefficient evolution leads to the conclusion that the
consequences of incorrectly estimating the parameter values
are disastrous. Much like before, an overfit of the signal causes
the MSE to more than double in value for the higher order
forecasts.

Fig. 10: MSE of the first target.

Fig. 11: MSE of the second target.

In fact, on all of the conducted tests the dominant origin
of large errors was this overfitting effect. Whenever this
misestimation occurs during a period where the third order
integrator motion model is active, the predictions seem to
diverge from the truth disproportionately.

VI. CONCLUSIONS

This report sought to study the effects of pursuing a rela-
tively high degree of sparseness in certain key components of
an online time-series prediction algorithm. The separation of
the signal motion in two parts, one more general and the other
pertaining to more detailed aspects of the trajectories, proved
useful in the forecasting of the desired data.

The generalized description of the motions provided a
moderately accurate representation of the actual future values
of the input. The choice of lower order integrators for the
representation of the underlying models played an important
part in the performance of the predictor, with the third order
one occasionally generating rougher estimates due to the
accentuated curves the model naturally produces. In addition
to this, the adoption of a single motion model for a group
of targets proved adequate for series that exhibited similar
behaviours. Nonetheless, the clustering of objects in groups
is still a relevant concern, since the trajectories may be
alike during a specific interval of time but different on the
whole. This temporary closeness between the paths can lead
to incorrect classifications as a result of not having the entire
data sets beforehand. The fact that the algorithm is built to
be executed in real-time demands that the pairing of different
targets be checked often to ensure the validity of the groups
and undone if said pairing is deemed incorrect.

The influence of the stationary signal on the forecast motion
was demonstrated to be considerable. Due to the accuracy of
the already existent predictions, the negative impacts of the
addition of the correction component, i.e. the AR model, are
more perceptible than the positive ones. This is notable when-
ever an overfit of the model occurs, especially when paired
with a third order integrator model, since this combination
usually distorts the estimates to an absurd degree. These results
confirmed again the superiority of the RW-LASSO method
over the RLS, for situations such as the ones described in this
report. The system demonstrated a better response to sparser,



10

lower order estimates for the auto-regressive model opposed
to more complex or higher order ones.

All in all, the designed predictor showed a reliable short
term forecast of both singular and multiple target time-series.
Medium to long term forecasting was proven to be somewhat
untrustworthy, given a multitude of factors such as the unpre-
dictability of the motion models, the uncontrolled growth of
the guess uncertainty, among others. The computational load
of the algorithm was not found to be a prominent burden for
real-time applications, although large sets of data with multiple
targets are yet to be studied.

This report serves as incentive to further research into the
applications of sparseness in forecasting and control problems.
The results of the work here described confirmed that there
are advantages in exploring sparse approaches when devising
solutions to these kinds of questions.

Future improvements may focus on the fine-tuning of the
RW-LASSO parameters adaptively, instead of pre-processing
large amounts of data to adjust these coefficients. This regula-
tion is crucial to the pursuit of an acceptable outcome and, in
addition to this, is problem dependent and observed to be even
target dependent. Because of this last aspect, the parameters
had to be occasionally readjusted to match the requirements
of the input data, as the magnitude of the noise appeared to
change with the outline of the trajectory.

Other enhancements stem from the addition of data regard-
ing the environment in which the targets are situated, to help
predict possible motion transitions due to target-target and
target-object interactions.

Additionally, any decrease in computation time and effort
is a compelling objective to strive for and should also be
considered as an interesting change to the algorithm.
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