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It is well known that a spinning body moving in a �uid su�ers a force orthogonal to its velocity
and rotation axis � it is called the Magnus e�ect. Recent simulations of spinning black holes and
(indirect) theoretical predictions, suggest that a somewhat analogous e�ect may occur for purely
gravitational phenomena. Starting from the rigorous equations of motion for spinning bodies in
General Relativity (Mathisson-Papapetrou equations), we show that indeed such an e�ect takes
place and is a fundamental part of the spin-curvature force. The e�ect arises whenever there is a
current of mass/energy, non-parallel to a body's spin. We compute the e�ect explicitly for some
astrophysical systems of interest: a galactic dark matter halo and the FLRW spacetime.

I. INTRODUCTION

A gravitational problem is usually simpler in Newto-
nian physics than in General Relativity (GR). Take for
example a system of two point masses whose only inte-
raction is due to the gravitational potential. In classical
mechanics, this exercise can always be reduced to a two
one-body equivalent problem. However, in a relativistic
description of gravity, this is not possible anymore since
matter, curvature of the space-time and its manifesta-
tion - gravity - can no longer be dissociated. Spacetime
tells matter how to move and mass tells spacetime how
to curve and gravity �is not a foreign and physical force
transmitted through space and time. It is a manifesta-
tion of the curvature of spacetime" [1]. The �eld equati-
ons for gravity, also called the Einstein Field Equations,
have this characteristic imprinted on them, by relating
the Einstein tensor Gαβ ≡ Rαβ − 1/2Rgαβ (itself related
to the spacetime through the metric) and the energy-
momentum tensor Tαβ [2]:

Gαβ = κTαβ , (1)

where κ = 8π is called the coupling constant. These
equations are rather di�cult to solve, and usually do not
have an exact solution.
The N-body problem originated the post-Newtonian

(PN) approximation theory, a useful method to study the
Einstein �eld equations, assuming a slow motion condi-
tion v � c and weak �eld approximation. It amounts to
obtain the equations of motion of a system up to a power
of small parameters (v2/c2, GM/r or other combinati-
ons) [3]. Keeping terms up to 1 PN order means keeping
terms up to the order of ε4, i.e., O(ε4) ≡ O(4). The 1PN
approximation is useful when studying the comparison
between electromagnetism (EM) and gravitation, parti-
cularly in the slow motion approximation and for weak
�elds. This formalism is called Gravitoelectromagnetism
(GEM). There are several works on this topic. In 1961,
the linearized equations of GR were used to pose a com-
parison between GR and EM without using tensor forma-
lism, except to deduce the linearized equations [4]. The

1PN approximation was used in a Maxwell-like form as a
tool to study particular celestial systems [5, 6]. In 1972,
it was studied the analogy between the force applied on a
magnetic dipole in an electromagnetic �eld and the force
applied on a gyroscope in a gravitational �eld [7]. An
analogy using the exact GEM �elds de�ned in the 1+3
formalism [8] was made in 2007 [9] . Another approach
was later cast in 2008 [10], by expressing the forces not
in terms of the GEM �elds directly, but in terms of ti-
dal tensors; this approach was proven to be exact and
covariant [10, 11]. It was also shown that for the motion
of spinning test particles in a gravitational �eld (whose
equations of motion are the Mathisson-Papapetrou equa-
tions [12, 13] under the Mathisson Pirani spin condition)
exact GEM analogies emerge [11]. The analogy between
the precession of magnetic dipole in an electromagnetic
�eld and of the gyroscope in a gravitational �eld had al-
ready been studied by many authors [1, 14] in a linear
approximation to GR. Some analogies have been cast in
Refs. [8, 9, 15], without the need of using approximations.
In the GEM formalism, we can write the Einstein �eld

equations in an analogous form to the Maxwell's equati-
ons, by introducing the 1PN gravitomagnetic and gravi-
toelectric �elds [5, 6]

G = ∇w−Ȧ+O(6); H = [∇×A]+O(5). (2)

Here we use the same parametrization as Ref. [6], deno-
ting the scalar w = U + O(U2) = U + O(c4) and the
3-vector Ai = −4wi that is O(c3). In gravity, a spinning
body produces a gravitomagnetic �eld that de�ects �ow
particles (like its magnetic analogue), thus suggesting a
Magnus-like force. This �eld is not physical like the mag-
netic �eld, depending on the chosen reference frame [15].
The gravitomagnetic �eld is in fact the relativistic Cori-
olis �eld [16].
The suggestion of a Magnus-like force in GR was sug-

gested by numerical results published in 1999 [17]. In
2014, theoretical arguments were given for the existence
of a similar force, based on the fact that a spinning
black hole accretes more matter in one side than on the
other [18]. This force, however, had an opposite direc-
tion than the classical one. In 2016, there was also an
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attempt to demonstrate the existence of an e�ect, and
the force suggested also pointed in the direction opposite
to the Magnus e�ect [19].
In �uid dynamics, the Magnus e�ect is a well-known

phenomenon in our everyday life, describing the change
in the expected trajectory of an object due to its rota-
tion, in the presence of a �uid [20]. Consider a rotating
body in a homogeneous non-compressible �uid that has
a constant �ow, much like a football moving through the
air. The body's rotation slows down the �uid on one side
and increases its velocity on the other side, and as we can
see by the Bernoulli equation (neglecting gravity) [20],

p+
1

2
ρv2 = const, (3)

this leads to a pressure di�erence between the two si-
des of the body that causes a force, sometimes called
the lift force, normal to the stream. This force depends
on the medium's density, the body's spin, the relative
velocity between the medium and the body, and the di-
mensions/geometry of the body: F ∝ ρω × v [20].
The Magnus e�ect is noticeable in several sports, take

the example of a curved ball in football, baseball, but
also cricket or golf [21].

A. Notation and conventions

We use the signature (− + ++); εαβσγ ≡
√
−g[αβγδ]

is the Levi-Civita tensor, with the orientation [1230] = 1
(i.e., in �at spacetime, ε1230 = 1); εijk ≡ εijk0. Greek
letters α, β, γ, ... denote 4D spacetime indices, run-
ning 0-3; Roman letters i, j, k, ... denote spatial indices,
running 1-3. The convention for the Riemann tensor
is Rαβµν = Γαβν,µ − Γαβµ,ν + ... . ? denotes the Hodge

dual: ?Fαβ ≡ ε µν
αβ Fµν/2 for an antisymmetric tensor

Fαβ = F[αβ].

II. ELECTROMAGNETIC (ANTI) MAGNUS
EFFECT

Consider a magnetic dipole (of magnetic moment 4-
vector µα, 4-velocity Uα and 4-momentum Pα) inside a
current slab, as depicted in Fig. 1. The force exerted on
the dipole placed in an EM �eld described by a Faraday
tensor Fαβ can be covariantly written as [11]

DPα

dτ
= FαEM = Bβαµβ , Bαβ = ?Fαν;βU

ν , (4)

where Bαβ is the magnetic tidal tensor. The magnetic ti-
dal tensor encodes magnetic tidal e�ects measured by an
observer comoving with the magnetic dipole. This ten-
sor equals the covariant derivative of the magnetic �eld
Bα = ?FαβUβ as measured in the inertial frame como-
ving with the particle. In the inertial frame comoving

with the particle, the spatial components of FαEM of (4)
yield the textbook expression:

FEM = ∇(B · µ). (5)

It is useful to decompose Bαβ into its symmetric and an-
tisymmentric parts: Bαβ = B(αβ) + B[αβ] . Taking the
projection orthogonal to Uα of the Maxwell �eld equati-
ons,

Fαβ ;β = 4πjα , (6)

(where jα is the current density 4-vector), we �nd [11]

B[αβ] =
1

2
? Fαβ;γU

γ − 2πεαβσγj
σ . (7)

The �rst term of Eq.(7) is related to the laws of EM
induction, while the second is a current term. Note that
the former does not have a gravitational analogue, as we
shall see. This decomposition of the magnetic tidal tensor
allows us to write the total EM force as the sum of three
di�erent contributions: the symmetric force, the current
force and the induction force, i.e.,

FαEM = Fαsym + FαMag + Fαind , (8)

Fαsym = B(αβ)µβ , Fαind = −1

2
? Fαβ ;γU

γµβ , (9)

FαMag = 2πεαβσγU
γjσµβ . (10)

Let us analyze the force FαMag. It is a force orthogonal
to the magnetic moment µα and to the charge current
relative to the dipole hαjβ . In the particle's rest frame,
µα = (0,µ) and the Magnus force reduces to its spatial
components as the time component vanishes:

FMag = 2πµ× j. (11)

Here it is obvious that the force is orthogonal both to
µ and j. For a magnetic dipole consisting of a spinning
charged body, the direction of the magnetic moment will
depend on the charge: for a positive charge, µ ‖ S and
FMag has the opposite direction of the classical Mag-
nus force (so it is actually �anti-Magnus"); for a negative
charge, µ ‖ −S and FMag has the same direction of the
classical Magnus force. The induction component of the
force exerted on a magnetic dipole placed in a EM �eld
does not have a gravitational analogue and so it is not of
particular relevance to us.
Considering the setup of a current slab, in�nite in the

x and z direction and of �nite thickness h along y (a slab
delimited by the planes y = −h/2 and y = h/2), with
j on the positive x direction. This exercise is similar to
Exercise 5.14 of Ref. [22]. By the right-hand rule, we
know the magnetic �eld will point to the ez direction
for y > 0 and to ez for y < 0. For the plane y = 0,
B = 0. The magnetic �eld can be found by applying
the Ampère's law ∇ × B = 4πj , to the amperian loop
A depicted Fig. 1: a rectangle perpendicular to the x
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Figura 1: A magnetic dipole inside a current slab (a
semi-in�nite cloud of charged particles �owing in one

direction).

direction, of boundary ∂A and normal unit vector n, that
we take to be n ‖ j. By the Stokes theorem, we have that∮
∂A

B ·dl =

∮
A

∇×B ·ndA = 4π

∮
A

j ·ndA = 4π∆z∆y ,

(12)
and on the other side,

∮
∂A
B · dl = B(y)∆z. This means

that Bz = 4π∆yj, and so the magnetic �eld is{
Bz = 2πhj , ∆y > h/2

Bz = −2πhj , ∆y < h/2
(13)

Hence the only non-vanishing component of the magnetic
tidal tensor de�ned in (4) is Bzy = 4πj. This means that
FαEM in Eq. (4) will be

FEM = Bzyµzez = 4πjµzez = FMag + F sym. (14)

FMag = 2πµ× j = 2πj(µzey − µyez) , (15)

F sym = B(ji)µjei = 2πj(µzey − µyez). (16)

This con�guration is stationary so F ind = 0.
Now �x the direction of the dipole µ = µez and

analyze the forces (15) and (16) for di�erent slab ori-
entations. Considering a

1. Slab �nite along y and in�nite in the x and z di-
rection, as the one in Fig. 1, the magnetic �eld is
along the z direction and we have

FMag = F sym = 2πjµey ⇒ FEM = 2FMag = 4πjµey.

2. Slab �nite along z and in�nite in the x and y di-
rection, the magnetic �eld is now along y (B =
−4πjzey), and so the only non-vanishing compo-
nent of Bαβ is Byz = −4πj. This causes the sym-
metric part of the magnetic tidal tensor, i.e., B(ij)

to change its sign when compared to the previous
example; hence

FMag = −F sym = −2πjµez ⇒ FEM = 0.

Notice how the Magnus force FMag remains the same in
both cases, being the symmetric force that changes to
the exact opposite. This leads to two very di�erent to-
tal forces in both examples. Notice also that for other

orientations of the slab and dipole the Magnus and Weyl
forces are not collinear. They usually have some compo-
nent in the same direction, except when µ coincides with
an eigenvector of B(ij) where the forces are orthogonal.
For the orientation of the slab depicted in Fig. 1, this
happens when µ = µ√

2
(ey + ez) or µ = µ√

2
(ez − ey);

µ = µex also coincides with an eigenvector but it has
zero eigenvalues and so FMag = F Sym = 0.
Another important remark is that the forces do not

depend on the width h of the cloud/slab; in fact, the only
purpose of considering a �nite dimension to the cloud is
to provide boundary conditions for the computation of
the direction of the magnetic �eld. A cloud in�nite in all
directions would lead to an undetermined problem.

III. GRAVITATIONAL MAGNUS EFFECT

A classical non-spinning particle, if only subjected to
gravitational forces, will follow a geodesic. A spinning
particle, however, when placed in a gravitational �eld
will the spin-curvature force that deviates the particle
from its geodesic motion. This spinning particle will be
described by the 4-velocity Uα, 4-momentum Pα and
the spin-tensor Sµν . These last two are related to the
energy-momentum tensor Tαβ ; for the precise de�nitions
we refer to [11, 23, 24]. From the conservation equations
∇βTαβ = 0, we get the equations of motion [11�13]:

DPα

dτ
= −1

2
RαβµνS

µνUβ ≡ Fα; (17)

DSαβ

dτ
= 2P [αUβ]. (18)

These are called the Mathisson-Papapetrou equations,
describing the motion of a spinning body in a gravita-
tional �eld. We can close the system (17)-(18) (note
that it has 10 independent equations and 13 unkown
variables) by introducing a spin condition Sαβu

β = 0,
for some timelike unit vector uα. The physical mea-
ning for this extra equation is to specify the frame where
the center of mass (CM) of the body is to be evaluated,
since for a spinning body the later depends on the ob-
server [11]. Here, we will use the Mathisson-Pirani spin
conditionSαβUβ = 0, corresponding to taking uβ = Uβ

(Uα = dxα/dτ), meaning that the CM is being measu-
red in its own rest frame [11]. With this spin condition,
we may write Sµν = εµντλSτUλ, where Sα is the spin 1-
form, which in the body's CM rest frame has components
(0,S). Substituting on Eq. (17), we obtain an expression
for the spin-curvature force

DPα

dτ
≡ −HβαSβ , (19)

Hαβ ≡ ?RαµβνUµUν =
1

2
εαµ

λτRλτβνU
µUν , (20)

in terms of the gravitomagnetic tidal tensor Hαβ , the so
called magnetic part of the Riemann tensor, measured by
an observer comoving with the particle.
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Comparing Eq. (4) with Eq. (19), we see the physical
analogy between force exerted on a magnetic dipole in a
current slab and the gravitational spin-curvature force.
Also, Hαβ is the gravitational analogue of Bαβ .
In similarity with the method used for the magnetic

tidal tensor Bαβ we now decompose Hαβ into its sym-
metric and antisymmetric parts. Using de�nition of the
Weyl tensor in four dimensions [25], we can write

Rαβγδ = Cαβγδ + 2δ
[α
[γR

β]
δ] −

1

3
Rδα[γδ

β
δ] . (21)

The gravitomagnetic tidal tensor reads, then,

Hαβ = ?CαµβνU
νUµ − 4πεαβσγJ

σUγ (22)

≡ Hαβ − 4πεαβσγJ
σUγ , (23)

where we de�ned Hαβ = H(αβ) = ?CαµβνU
νUµ (mag-

netic part of the Weyl tensor) [26], and Jα = −TαβUβ
is the mass/energy current 4-vector as measured by an
observer of 4-velocity Uα [11]. Thus, we divide the spin-
curvature force into two parts:

Fα = −HαβSβ + 4πεαβσγJ
βSσUγ (24)

= FαWeyl + FαMag , (25)

FαWeyl ≡ −HαβSβ , (26)

FαMag ≡ −H[αβ]Sβ ≡ 4πεαβσγJ
βSσUγ . (27)

Note that FαWeyl is somewhat analogous to Fαsym of EM,

de�ned in Eq. (9), and that there is no induction term.
The term FαMag is the one with most physical relevance to
us. FαMag arises whenever there is a spatial mass current

hαβJ
β relative to the body not parallel to spin 4-vector

Sα. Here hαβ ≡ δαβ+UαUβ is the space projector ortho-
gonal to Uα. In the particle's rest frame,

FMag = 4πJ × S. (28)

We call this force the gravitational analogue to the Mag-
nus e�ect in �uid dynamics due to its similarities, since:

• it arises whenever the body is rotating and moving
in a medium with a relative velocity not parallel to
the spin axis (J ∦ S);

• it is orthogonal both to the spin and the current
density, and it has the same direction of the classi-
cal Magnus force.

FαMag solely depends on Uα, hαβJ
β and Sα; while

FαWeyl is strongly dependent on details of the system, and
may have any direction.

A. Post-Newtonian approximation

We are using the same parametrization of Ref. [6], de-
noting the scalar w = U + O(U2) = U + O(4) and the
3-vector Ai that is O(3). Our 1PN metric is:

g00 = − exp (−2w) = −1 + 2w − 2w2 +O(6); (29)

g0i = Ai +O(5); gij = δij(1 + 2U) +O(4). (30)

Using this metric, the relevant components of the gravi-
tomagnetic tidal tensor can be determined up to 1PN:

H0i =
1

2
εj
lkAk,liv

j + εij
lU̇lv

j , (31)

Hij = −1

2
εi
lkAk,lj − εijkU̇,k + 2εi

kmvkU,jm . (32)

We only need the spatial components, since F j =
−HαjSα = −HijSi − H0jS0 = −HijSi + O(ε5). Re-
writing Eq. (32) in terms of the gravitomagnetic and
gravitoelectric �elds up to 1PN:

Hij = −1

2
Hi,j − εijkĠk + 2εik

mvkGj,m − εijmvkGj,m ,
(33)

Finally we can write the 1PN spin-curvature force and
its Weyl and Magnus components as:

F j =
Hi,jSi

2
−
[
S × Ġ

]j
− 2εikmv

kGj,mSi − εjimvkGk,mSi ,
(34)

F iWeyl =
1

2
H(i,j)Sj − 2ε(ikmG

j)
,mv

kSj +O(5) , (35)

F iMag = 4πεijkS
k(T 0j − ρvj) +O(5) . (36)

A spinning body in a gravitational �eld will not only
su�er the spin-curvature force, but also the inertial
�force"already present in the geodesic motion. This may
be derived from the usual geodesic equation for a point-
like non-spinning particle in a gravitational �eld [25]:

DUα

dτ
= 0 ⇔ d2xα

dτ2
+ ΓαβγU

βUγ = 0 . (37)

Using d/dτ = (dt/dτ)d/dt and x0 = t ⇒ d2t
dτ2 = d2x0

dτ2 ,
and after some algebra, we see that the time component
vanishes trivially, and for the spatial components are res-
ponsible for the inertial force, giving

d2xi

dt2
=
F iI
m0

= −
(

Γiβγ −
1

c
Γ0
βγ

dxi

dt

)
dxβ

dt

dxγ

dt
, (38)

or, up to 1PN,

F I = (1 + v2 − 2U)G+ v ×H − (3U̇ + 4G · v)v . (39)

We will now investigate the gravitational analogue of
the electromagnetic example: a spinning body inside a
medium �owing in the x direction. This medium is as-
sumed to be in�nite in the x and z directions and of
�nite thickness h in the y direction (contained within the
planes −h/2 6 y 6 h/2) as shown in Fig. 2.
Since this setup is stationary we have∇×H = −16πJ ,

where Jα = −Tαβuβ is the mass-energy current as me-
asured by the reference observers uα = u0δα0 . To obtain
the gravitomagnetic �eld in this example, we can use an
analogous reasoning to the one leading to the magnetic
�eld of the previous section, resulting inH = Hz(y)ez =
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Figura 2: A spinning particle inside a massive cloud
�owing in one direction.

−16πyJez . Notice how similar it is to the magnetic �-
eld previously presented, apart from the di�erent factor
and opposite sign. The gravitomagnetic tidal tensor has
only 1 non-zero component: Hzy = 8πJ . The 1PN spin-
curvature force (34) for a spinning body at rest in a sta-
tionary gravitational �eld is

FGSC =
1

2
Hj,iSj ⇔ FGSC =

1

2
∇(H · S) , (40)

that is, once again, similar to the force in Eq. ( 4). Ex-
plicitly, the force exerted on the spinning body is:

F = −8πJSzey . (41)

This force is along the y direction, pointing in the same
direction of the classical Magnus e�ect. The symmetric
part of the Hij is Hij = 4πJ . The Magnus and Weyl
forces are, respectively:

FMag = 4πJ × S = 4πJ(Syez − Szey) , (42)

FWeyl = −Hijµjei − 4πJ(Szey + Syez) . (43)

This is for a �xed orientation of the slab and arbitrary
S; but this is physically equivalent to considering a �xed
S and varying the orientation of the slab. Two notable
cases arise, choosing S = Sez:

1. Cloud �nite along y (like the one displayed in Fig.
2): As seen, H = −16πJyez and so the only non-
vannishing component of the gravitomagnetic tidal
tensor is Hzy = 8πj, leading to Hyz = 4πj. In this
case:

FMag = FWeyl = −4πJSey ⇒ F = 2FMag = −8πJSey .

2. Cloud �nite along z: The gravitomagnetic �eld is
now H = 16πJzey, hence Hyz = −8πJ and Hij =
−4πJ . In this example, the Magnus force remains
the same as in case IIIA; however the Weyl force
changes sign:

FWeyl = −FMag = 4πJSey ⇒ F = FMag + FWeyl = 0.

As in the electromagnetic example, we see that FMag

remains the same in both con�gurations, while FWeyl

depends on the details of the system (in this case the
boundary conditions of the slab).

IV. MAGNUS EFFECT IN COSMOLOGY: THE
FLRW METRIC

The FLRW metric, that describes a perfectly homoge-
neous isotropic spacetime, is given by:

ds2 = −dt2 + a2(t)

(
dr2

1− kr2
+ r2dθ2 + r2 sin2 θdφ2

)
.

(44)
In this formula, k ∈ {−1, 0, 1} is a constant related with
the curvature of space, and a(t) is the scale function. This
metric is conformally �at Consequently, its Weyl tensor
vanishes: Cαβγδ = 0 [25], which means the Weyl force
is zero in this context. It is a particularly interesting
case, since the total spin-curvature force exerted on a
spinning body in the FLRW spacetime is reduced to the
Magnus force: Fα = FαMag. For an arbitrary observer

with Uα = U0(1,v) = dt
dτ (1, vi), the only non-vanishing

components of the gravitomagnetic tensor are

Hij = H[ij] = εijk0v
kA(t, r, θ) , (45)

where we de�ne A(t, r, θ) ≡ (U0)2

a2(t)

[
k + ȧ(t)2 − a(t)ä(t)

]
.

The gravitomagnetic tidal tensor reduces to its anti-
symmetric part: the current term that originates the
Magnus force.
If the observer is at rest (v = 0) with the coordinate

system of (44), its gravitomagnetic tidal tensor vanishes
Hαβ = 0. Therefore the the spin curvature force on the
spinning body also vanishes: Fαcloud,body = −HβαSβ = 0.

This was expected from Eq.(28), since the spinning body
is comoving with the backgroung �uid, so the spatial
mass/current J relative to the background is zero, le-
ading to a vanishing Magnus force.
For an observer with peculiar velocity, v 6= 0, i.e. an

observer moving with respect to the coordinate system
of (44), the gravitomagnetic tidal tensor (45) is not zero.
Hence a spinning body moving with velocity v su�ers a
spin-curvature force given by:

F i = −[v × S]i
(U0)2

a2(t)
[k + ȧ(t)2 − a(t)ä(t)], (46)

F = A(t, r, θ)[S × v], (47)

written in terms of the metric parameters.
The stress-energy tensor that corresponds to the

FLRW metric is that of a perfect �uid, Tαβ = (ρ +
p)uαuβ + pgαβ . Hence the mass energy tensor is Jα =
−TαβUβ = γ(ρ+ p)uα − pUα, with γ ≡ −uαUα. Substi-
tuting in the expression for the spin-curvature force, we
write

Fα = 4πεαβσγU
γγ(ρ+ p)uβ . (48)

Since the �uid is at rest in the coordinate system of (44),
we have uα = δα0 and γ = −(−δ0α)Uα = U0. This leads
to:

Fαcloud,body = 4πγ(ρ+ p)εασγ0S
σUγ , (49)
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Figura 3: Spinning particles moving in a
pseudo-isothermal DM halo. For a spinning body in a
quasi-circular orbit, with spin lying in the orbital plane,
the Magnus and Weyl forces are parallel. The total

force is of the form F = A(r)S × v. The orbital plane
will precess with angular velocity Ω, since the total
force F points outwards the orbital plane in half the
orbit and inwards the other half. For a body moving

radially towards the center of the halo, the Weyl force is
null and the total force is reduced to the Magnus force

(F = FMagnus = 4πρS × v1).

from which we can see that the time component of the
force is zero and the spatial components read:

F = −4π(U0)2(ρ+ p)[v × S] . (50)

Let us analize the expression 50. For the general case
that ρ+p 6= 0, a spinning body arbitrarily moving in the
FLWR metric will always su�er the gravitational Magnus
force. Moreover, it is the only force acting on the body,
since FWeyl is zero everywhere. In the particular case of
ordinary matter and DM, ρ and p are positive and we
have F parallel to [S×v], pointing in the same direction
than the �uid dynamics Magnus e�ect. For dark energy
as modeled by the cosmological constant, ρ = −p and
the force vanishes, F = 0.
The di�erent character of the gravitational Magnus

force for di�erent models suggests that this force can be
used as a probe for the relation ρ/p, and for the energetic
content of the Universe.

V. MAGNUS EFFECT IN DARK MATTER
HALOS

A. Spherical, uniform dark matter halo

We start with a simple example, a spherical DM halo
of constant density ρ = ρ0. The gravitoelectric �eld, to

lowest order, equals the Newtonian �eld G = M(r)
r3 r =

4πρ0
3 where M(r) =

∫ r
0
ρ(r′)d3r′ = 4πρ0/3 is the mass

enclosed inside a sphere of radius r. The gravitomagnetic
tidal tensor as measured by an observer of velocity v is
reduced to its antisymmetric part Hij = 4πρ0εijkv

k =

H[ij]. Therefore we know that the Weyl force vanishes
for all v, FWeyl = 0. The total spin-curvature force felt
by a spinning body in this system is:

F = FMag = 4πρ0S × v . (51)

This means that any spinning body moving inside this
DM halo will su�er a Magnus force, and it is the only
physical force acting on it.

B. �Pseudo-isothermal� dark matter halo

A more realistic model of the density pro�le of a
DM halo is the �pseudo-isothermal"pro�le given by [27]
ρ(r) = ρ0

1+ r2

r2c

, where rc is the halo core radius and ρ0

the central halo density. The mass enclosed in a sphere

of radius r is then M(r) = 4πρ0r
2
c

[
r − rc arctan

(
r
rc

)]
.

The gravitoelectric �eld is given by

G =
−M(r)

r3
r = 4πρ0r

2
c

[
r − rc arctan

(
r

rc

)]
G , (52)

where G ≡ −r/r3 is the Newtonian �eld per unit mass.
The di�erentiation of G with respect to xj reads

Gi,j = 4πρ0r
2
c

[
r − rc arctan

(
r

rc

)]
Gi,j − 4πρ

rirj
r2

,

(53)

with Gi,j = − δijr3 + 3
rirj
r5 .

The gravitomagnetic tidal tensor is given by

Hij = −A(r)vk
(
εikj
r
− 2

εik
mrjrm
r3

+
εij

mrkrm
r3

)
− 2εik

mvk
(

4πρ
rjrm
r2

)
+ εij

mvk
(

4πρ
rkrm
r2

)
, (54)

where A(r) ≡ 12πρ0
r2c
r2

[
1− rc

r arctan
(
r
rc

)]
. For this

DM density pro�le, Hij is not generically antisymmetric.
We decompose it into its symmetric and antisymmetric
parts, respectively:

Hij = H(ij) = 2
A(r)− 4πρ

r2
(v × r)(irj) , (55)

H[ij] =
1

2
εijlε

lkmHkm = 4πρεijlv
l . (56)

Therefore the spin-curvature force that acts on a spin-
ning body moving in this DM halo is

F = FWeyl + FMag , (57)

F iWeyl = −HijSj , FMag = 4πρS × v . (58)

As we can see, the Magnus force is given by the same ex-
pression in the previous uniform DM halo example (51),
taking into account the changes in the density function.
On the other hand, the Weyl force in this density pro�le
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DM is usually non-zero, contrasting with the previous
uniform density pro�le, where vanished for all bodies.
Once again the Weyl force demonstrates its heavy de-
pendence on the details of the system.
If the body's velocity is parallel to the body's position

(v ‖ r), the Weyl force vanishes. Therefore, for a body
moving radially, only the Magnus force will act upon it
F = FMag. However, this only happens initially, as the
Magnus force will give accelerate the body in a perpendi-
cular direction, and its velocity will no longer be radial.

1. Objects on quasi-circular orbits

We are interested in the e�ects of the spin-curvature
force on test bodies on circular (or quasi-circular) orbits
within the DM halo. This allows the study of interesting
phenomena while using useful approximations.
The spin evolution equation for a body with orbital

angular velocity ω and spin S is [2, 16]

dS

dt
= Ωs × S , Ωs = −1

2
v × a+

3

2
v ×G , (59)

where Ωs is the spin's precession frequency. The �rst
term of Ωs is the so-called Thomas precession and the
second the geodetic precession. For this setup, the only
force acting on the body is the spin-curvature force:
a = F /m. Hence the Thomas precession is − 1

2mv×F ∼
O(5), negligible to �rst PN order. Therefore, we can
make the approximation Ωs ≈ 3v×G

2 . Due to the spheri-
cal symmetry of the setup, we can choose the orbit to lie
in the x−y plane, without loss of generality. The body's
velocity will be in the same plane, and is approximately
given by v ≈ v(− sinφex + cosφey) , with φ = ωt. Ac-
cording to Eq. (52), G takes the same direction as the
position vector, also along x − y plane and orthogonal
to the velocity v since we are considering quasi-circular
orbits. Consequently, Ωs points in the z direction.
Spin orthogonal to the orbital plane

We �rst take the spin to be orthogonal to the orbital
plane, i.e. S = Szez. The precession frequency is also
in the z direction and so we have Ωs ‖ S. Therefore,
through Eq. (59), we know that dS

dt = 0 , consequently
the spin remains constant along ez.
The Magnus and Weyl forces read

FMag = −4πρ
(S ·L)

mr
er , (60)

FWeyl = FMag +A(r)
(S ·L)

mr
er , (61)

where L is the orbital angular momentum, given by L =
mr × v to lowest order. A simple analysis of the force's
expressions leads to the conclusion that FMag ‖ FWeyl

when A(r) < 4πρ and FMag ‖ −FWeyl when A(r) > 4πρ.
Since the forces are radial, they will only change the

e�ective gravitational attraction, having no other e�ect
on the body's orbit.

Spin parallel to the orbital plane

A more intriguing example is to consider the spin to
be parallel to the orbital plane in the x− y plane. Con-
sidering Ωs in the z direction and an initial spin in the
x − y plane, Eq. (59) guarantees that S stays in plain.
Therefore, one can write

S = S (cos(Ωst)ex + sin(Ωst)ey) . (62)

Note that Ωs ∦ S, in fact here Ωs ⊥ S, and so dS
dt is not

zero. We will have

S × v = vS [cos(Ωst) cosφ+ sin(Ωst) sinφ] ez (63)

= vS cos(φ− Ωst)ez = vS cos[(ω − Ωs)t]ez . (64)

The Magnus, Weyl and spin-curvature forces that act on
the body are given by

FMag = 4πρSv cos[(ω − Ωs)t]ez ,

FWeyl = (A(r)− 4πρ)Sv cos[(ω − Ωs)t]ez ,

F = A(r)S × v = A(r)Sv cos[(ω − Ωs)t]ez . (65)

All these forces are in the z direction, causing the spin-
ning body to oscillate in this direction along its orbit.
The spin-curvature force (65) also gives rise to a preces-

sion, but a precession of the orbital plane. The angular
momentum, perpendicular to the orbital plane, is given
by L = mr×v, to lowest order. Di�erentiating with res-
pect to time, we obtain dL

dt = mr× dv
dt . And considering

once more that the only force acting on the body is the

spin-curvature force, dvdt = d2x
dt2 = F /m, and we have

dL

dt
= r × F = −A(r)r × [v × S] . (66)

We now make use of the vector identity A× [B ×C] =
[A×B]×C + [C ×A]B, so that

dL

dt
= A(r)

[
1

m
S ×L− (S × r)× v

]
. (67)

To extract the contribution of the second term, we ave-
rage dL/dt. Using Eq. (59), one sees that Ωs ∼ ωε2.
Typically we have ω � Ωs so the spin S (59) is nearly
constant during one period. Thus we can assume it cons-
tant in a given direction: S = Sex. The �rst term of
Eq. (67) is constant along one orbit, and averaging the
second term gives 〈[S × r]× v〉 = 1

2M [S×L] . Therefore,
the orbital precession can be written as〈

dL

dt

〉
= Ω×L, Ω =

A(r)

2M
S , (68)

where Ω is the angular velocity of rotation of the or-
bit's plane. Therefore, we encounter here two di�erent
precessions. The object's spin will precess about the z
direction. The orbit's plane will precess about the direc-
tion of the spin, since Ω ‖ S. This means the orbit will
�tilt". Note however that after t = π/Ωs the spin's direc-
tion will be reversed (due to its own precession), and the
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Figura 4: Approximated results for a spinning body in a
quasi-circular orbits in a pseudo-isothermal DM halo, in
what we called the constant amplitude regime. The DM
halo has ρ0 = 5× 107M�/pc

3 and rc = 0.02kpc. The
test body is located at r = 8rc (for which v = 0.13) and
has m = M� and an initial spin vector with magnitude

S = 0.5m2 pointing in the ex direction. Plot of
{x(t), y(t), z(t)} of the orbit, after 40 laps.

orbit will �tilt"to the opposite side. The evolution equa-
tion for the coordinate z is z̈ = F z

M +Gz , with Gz being
the z component of the gravitational �eld, acquired by
the body when it oscillates out of the plane. We make
a �rst order Taylor expansion about z = 0, obtaining
Gz ' Gz,z|z=0z ≡ Gz,zz , with Gz,z = −ω2 . The general
solution for the equation of motion of z(t) is

z(t) = c1 cos(
√
−Gz,zt)+c2 sin(

√
−Gz,zt)+Z cos(∆ωt) ,

(69)
where

Z ≡ − S

M

A(r)v

Gz,z + ∆ω2
=

S

M

A(r)v

Ωs(2ω − Ωs)
, (70)

and c1 and c2 are arbitrary integration constants. Note
that Gz,z < 0 and Gz,z 6= ∆ω ≡ ω − Ωs. The �rst
two terms of Eq. (69) are the solution for z̈ = Gz, thus
describing the z oscillations of the circular orbit lying o�
the x− y plane, meaning c1 and c2 essentially set up the
initial inclination of the orbit. Let us look at particular
choices of these integration constants.
For a constant amplitude regime,we take null inte-

gration constants (c1 = c2 = 0). The solution simpli�es
to z(t) = Z cos(∆ωt) , yielding a �bobbing� motion of
frequency ∆ω = ω − Ωs and constant amplitude Z. The
particle's trajectory is plotted in Figures 4 and 5. We
chose ρ0 = 106M� pc−3, a core radius rc = 0.02kpc, and
r = 8rc for which v = 0.15, that can happen for a sa-
tellite galaxy.For the test body, we chose an object with
the m = M�, with initial spin vector Sin = Sex with
S = 0.5m2. Fig. 4 shows the results obtained by appro-
ximating x(t) and y(t) coordinates to those of a circular
motion of constant radius R, since z(t) << R.
For the results plotted in Fig. 5, we solved the equa-

tions of motion numerically, i.e., solved the system given

10 20 30 40

t

2π /ω

-4

-2

2

4

z/m

Figura 5: Numerical 1PN results for a spinning body in
a quasi-circular orbit in a pseudo-isothermal DM halo,
in what we called the constant amplitude regime. The
DM halo has ρ0 = 5× 107M�/pc

3 and rc = 0.02kpc.
The test body is located at r = 8rc (for which v = 0.13)

and has m = M� and an initial spin vector with
magnitude S = 0.5m2 pointing in the ex direction. Up:

Plots of {x(t), y(t), z(t)} of the orbit, after 40
laps.Down: Plot of z(t), for t ∈ [0, 2π/Ωs].

by (59) and

d2xi

dt2
=
F i

m
+Gi. (71)

The constant amplitude of z(t) is shown by the nume-
rical results of Fig. 5. The test body oscillates between
−Z and +Z in each lap, however the orbit's plane chan-
ges in time, meaning that the maximum is reached for
di�erent (x(t), y(t)) in each lap. The motion can be seen
as an orbit with an initial inclination, whose plane preces-
ses with frequency Ωs. The orbits presented in Figures
4 and 5 show a remarkable agreement, indicating that
the system of equations describe well the motion of the
particle, despite the approximations used to derive it.
In the �Beating� regime, we take z(0) = ż(0) =

0, meaning the constants of integration are c1 = −Z
and c2 = 0. Therefore, z(t) = Z(cos(∆ωt) − cos(ωt)) ,
which we can rewrite, using the trigonometric identity
cos(b)− cos(a) = 2 sin

[
a+b
2

]
sin
[
a−b
2

]
, as

z(t) = 2Z sin

[
2ω − Ωs

2
t

]
sin

[
Ωs

2
t

]
. (72)

The coordinate z(t) will oscillate rapidly with fre-
quency (2ω − Ωs)/2, and its amplitude will be modu-
lated by a wave of frequency Ωs/2 and peak amplitude
2Z. Since we are considering ω � Ωs, the z frequency of
oscillation (2ω − Ωs)/2 is close to the frequency ω.
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Figura 6: Approximated results for a spinning body in a
quasi-circular orbit in a pseudo-isothermal DM halo, in
what we called the �beating"regime. The DM halo has
ρ0 = 5× 107M�/pc

3 and rc = 0.02kpc. The test body
is located at r = 8rc (for which v = 0.13) and has
m = M� and an initial spin vector with magnitude
S = 0.5m2 pointing in the ex direction. Plot of
{x(t), y(t), z(t)} of the orbit, after 40 laps.

10 20 30 40

t

2π /ω

-5

5

z/m

Figura 7: Numerical 1PN results for a spinning body in
a quasi-circular orbit in a pseudo-isothermal DM halo,
in what we called the �beating"regime. The DM halo
has ρ0 = 5× 107M�/pc

3 and rc = 0.02kpc. The test
body is located at r = 8rc (for which v = 0.13) and has
m = M� and an initial spin vector with magnitude
S = 0.5m2 pointing in the ex direction. Up: Plot of
{x(t), y(t), z(t)} of the orbit, after 40 laps.Down: Plot

of z(t), for t ∈ [0, 2π/Ωs].

The 1PN numerical simulations (in which we used the
same physical variables as the previous case) are presen-
ted in Fig. 7. The motion described by equation (72) is
in accordance with the simulations. Fig. 6 shows the ap-
proximated results. Once again, the numerical and the
approximated results are in agreement.
Eq. (59) tells us that the orbit will precess about the

direction of S: since the spin vector S is nearly constant
in one orbit, i.e. one period, the spin-curvature force (65)
points in the z direction but changes sign, as between
S × v also changes sign, as seen in Fig. 3. Hence, the
force (65) points in the positive ez direction for nearly
half the orbit, and in the negative for the other half. This
will �torque"the orbit, causing it to precess.
For such a system, the maximum amplitude of the z

motion is 2Z ≈ 1.5×105m, that is about 3×10−14 times
the motion in the other spatial directions. The orbit
inclines about 7 × 104m per lap, which means it takes
about 21 laps to reach the maximum inclination. The
frequency of the spin precession is Ωs ≈ 8.9 × 10−14s−1,
this means that after π/Ωs ≈ 3.5 × 1014s = 1.1 × 106

yr, the spin direction will be reversed. Finally, note that
the amplitude Z of the z coordinate, given by Eq. 70, is
proportional to S/m. This quantity is called the Möller
radius. A larger Magnus e�ect would happen for a system
with a higher density, and for a spinning body with a
large Möller radius.

VI. CONCLUSION

In this work, we studied the possibility of the existence
of an analogous e�ect to the �uid dynamics Magnus ef-
fect in gravitation. Analogous in the sense that a force
arises whenever a spinning body has a non-zero velocity
relative to the medium, with this force being orthogo-
nal to the body's spin and on the spatial mass current.
A gravitational Magnus-like e�ect had already been fo-
reshadowed in some literature [17, 18]. Here, we show
that indeed a gravitational Magnus force exists, and we
clarify its direction, showing it points in the same direc-
tion of the classical Magnus force and in agreement with
the numerical results of [17].
We started the work with an electromagnetic example,

considering the EM force exerted on a dipole placed in an
EM �eld in terms of the magnetic tidal tensor. Decom-
posing into its symmetric and antisymmetric parts, we
could separate the force into di�erent components. We
showed that one of them was an electromagnetic Magnus
force, orthogonal to both the particle's magnetic moment
and the current density vector. For a positively charged
particle, the force pointed in the opposite direction of the
classical one; while for a negatively charged particle, the
electromagnetic and classical Magnus force pointed in the
same direction. In order to correctly establish the com-
parison between electromagnetism and general relativity
and to give more physical intuition to the gravitational
case, we introduced the gravitoelectromagnetism forma-
lism.
Afterwards, we studied the spin-curvature force from

the equations of motion of a spinning body in a gravi-
tational �eld. This covariant physical force deviates a
spinning body from its geodesic motion. By writing the
spin-curvature force in terms of the so called gravitomag-
netic tidal tensor and using a similar treatment to the one
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used in electromagnetism, we recognize two very di�erent
components in the spin-curvature force. This approach
allowed us to unmask a force that we dubbed gravitati-
onal Magnus force FαMag. This force points in the same
direction of the classical one and depends on the same
(analogous) quantities and no further detail of the sys-
tem and points in the same direction of the classical one.
For a spinning particle in a massive medium, this force
arises whenever the relative velocity between the body
and the medium is not parallel to the body's spin. The
other force was dubbed Weyl force since it was due to the
magnetic part of the Weyl tensor. We showed that this
force has a high dependence on the details of the system
such as the boundary conditions.

Without using approximations, the Magnus e�ect was
shown to exist in a FLWR metric - which describes the
large scale matter distribution of an homogeneous isotro-
pic Universe. The case is particularly curious since for
a particle moving with respect to the background, the
only non-vanishing part of the spin-curvature force is the
Magnus one. It is the only covariant force that deviates
the particle from its geodesic motion. Another particu-
larity is that the force occurs for all forms of energy and
mass except for dark energy (when modeled by the cos-

mological constant). Hence the e�ects by such a force can
also be used as a probe to determine the matter-energy
content of the Universe.
Finally, we analized the example of a DM halo, com-

puting the Magnus force on a spinning body moving th-
rough the halo. By comparing di�erent density pro�les,
we con�rmed that the Weyl force is highly dependent
on the system's details, varying greatly for the di�erent
pro�les. On the other hand, the Magnus force depends
solely on the body's spin, the body's velocity and the lo-
cal density (given by each pro�le). The Magnus force led
to an interesting secular precession of the orbital plane.
These e�ects could prove to be an independent test of
the existence and pro�le density of DM. The e�ects were
typically small. This is due to the low density of the DM
halos, and the e�ect was more noticeable for test particles
with a higher Moller radius S/m.
Another interesting case of the Magnus e�ect in a more

dense astrophysical system is presented in [28], a BH ac-
cretion disk. For this example, the e�ect is more noti-
ceable since the density is also higher. For future work,
the Magnus e�ect could be studied for even more realistic
density pro�les for both DM and accretion disks. The ef-
fects of the Magnus force can also be used as a probe for
these pro�les, when the detecting technology improves.
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