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Abstract

This thesis concerns the optimization of the close-range stage of rendezvous processes. The urgency
to develop solutions for a cleaner space motivated the addressing of removing space debris issue with
a flexible capture manoeuvre, while docking manoeuvres are used to approximate on-orbit servicing
procedures. Starting by developing a six degree of freedom model that represents the motion of chaser
spacecraft with respect to an on-orbit fixed target, a simple parametrization of both spacecrafts is
addressed by the ESA Clean Space Initiative. Several optimization techniques were added up and
implemented following the indirect approach class of optimal control algorithms, but avoiding the usually
undesirable derivation of the necessary conditions. Concerning the direct approach, a NASA flight-
tested software, DIDO, was used for comparison issues. After verification procedures using a simple
circular orbit transfer manoeuvre, the above rendezvous problems were formulated in the usual OCP
syntax, its necessary conditions derived. Both manoeuvres were solved for an energy cost functional,
considering a collision avoidance constraint as safety measure. A cost that allied safety to fuel saving
was proposed. From the discussion of results emerged an improvement on accuracy of the terminal
conditions when using the indirect approach, although with costs of high computational time. The
implemented algorithm supports other well formulated optimal control problems as well.
Keywords: Optimal Control, Rendezvous, Active Debris Removal, Flexible Capture, Indirect Methods

1. Introduction
1.1. Motivation
The space activity has increased in a dramatic way
during the past decades. The amount of space hard-
ware has reached a total mass of more than 7500
tonnes. Most of the times refueling has a greater
cost than another launch and many of those satel-
lites stay in space when then become unoperational
due to lack of economic interest in bringing them
back. As the traffic grows, a collision is likely to
happen.

The LEO (Low Earth orbit) environment is
reaching to a critical point where new launches will
face difficulties due to the amount of debris in high
density zones. Moreover, other important tasks in
space are dependent on a reliable technology of ap-
proach and docking of two spacecraft. A wide range
of services that could be provided such as repairing
and refueling could even revive some unused mate-
rial in space. However, even with the investment
in the aforementioned programs, spacecraft prox-
imity operations that have any dynamic tasking at-
tributes are currently executed by humans, relying
heavily on an extensive staff to plan and oversee
the maneuvers [1]. Therefore, there is a need for
a robust and effective autonomous close proximity
control algorithm for spacecraft rendezvous.

1.2. Topic Overview

Space debris mitigation requirements have been
adopted internationally, such as the French Space
Operations Act and the ESA policy where a set of
several requirements and technical implementations
were defined focusing on ensuring long-term safety
and sustainability for population and environment.

A set of measures to reduce debris is proposed by
Bonnal [3].

These technical challenges using a chase and
catch technique for debris removal have been sum-
marised by Fehse [7].

A more recent article [4] describes high-level va-
riety of potential solutions focused on the recent
studies on this area and current trends.

The subject of space debris was faced by ESA
with the launch of the Clean Space initiave. A
branch of this study, e.deorbit investigates the via-
bility of a debris removal based on a development of
a chaser vehicle with all the necessary technologies.
All the work is focused on removing an ESA-owned
large non-operational satellite from LEO. This is
the first ADR mission that ever occured and then
it represents a great share of the knowledge and
development of the field.

An exhaustive list of guidance, navigation control
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(GNC) architecture efforts related to rendezvous
can be obtained in Nolet [14].

A complete survey on the research status of Ren-
dezvous Operations and Docking Control (RODC)
and its prospects is presented by Guogin [10].

2. Background
2.1. Reference Frames
Several reference frames were used to obtain the
relative motion between the two spacecrafts.

• Inertial Frame (I−XY Z, figure 1) The axis
lie along the central body principal axis.

• Hill Frame (H−xyz, figure 1), with origin at
the target center of gravity. The x axis points
towards the radial direction, y towards the ve-
locity of the target and z points towards the
orbit normal.

Figure 1: Representation of Hill’s Frame (centered
at targets center of gravity) and Inertial Frame
(centered at central body center of gravity).

• Chaser Body Frame (C− xcyczc, figure 2).
The chasers body frame is used to describe the
orientation of the chaser. The origin of this
reference frame is located at the chaser CM,
which is assumed to be in the geometric centre
of the spacecraft. Its axes are defined as in a
way so the net will be thrown at y direction.

Figure 2: Representation chaser body frame (C).

• Target Body Frame (T − xtytzt, 3). EN-
VISATs body frame is used to describe the ori-
entation of ENVISAT. The origin of this refer-
ence frame is located in the ENVISAT’S CM.

As with chaser, the axes are perpendicular to
the faces of the spacecraft box.

Figure 3: Representation of target body frame (T).

• Auxiliary Frame (A − x′′y′′z′′) has the same
orientation than H, however this one’s origin
is at the chaser’s center of gravity. It will be
useful to track the chaser rotation.

2.2. RDV Dynamics
In order to achieve a docking state between the two
vehicles, it is necessary reduce to zero the distance
between the positions of both docking points, ~rdt/dc ,
that can be written as

~rdt/dc = ~r(dt/CGt)+~r(CGt/dc) = ~r(dt/CGt)−~r(dc/CGt).
(1)

In order to expand ~r(dc/CGt) it is useful to think
of chaser movement as translation and rotation sep-
arately.

~r(dc/CGt) = ~r(CGc/CGt) + ~r(dc/CGc) (2)

Under the assumptions considered:

• target moving under constant circular orbit
around a central body,

• spherical central body,

• chaser - target distance much lower than the
target - central body distance |~r(CGt/CGc)| <<
|~r(CGt/CGCB)|,

the well-known CW equations (derivation presented
at [15] and [5]) provide the linear dynamics (all the
quadratic or high-order terms of positions or veloci-
ties were ignored) that models the behavior of rela-
tive positions and velocities between the two objects
CM as (using the notation rx,ry,rz to represent the
position of the chaser relative to the target mapped

at Hill’s Frame, ~r
(H)
(CGc/CGt)

) as
r̈x − 3Ω2rx − 2Ωṙy = fx

m

r̈y + 2Ωṙx =
fy
m

r̈z + Ω2rz = fz
m

, (3)

where Ω represents the constant angular velocity
of the target around the central body, depending
only on the gravitational constant parameter µCB
and on the radius of that circular orbit Rorbit =
|~r(CGt/CGCB)| [13]. It is calculated as:

2



Ω =

√
µCB
R3
orbit

. (4)

Note also that the forces are applied at the chaser,

but expressed at Hill’s Frame, [fx, fy, fz] = ~f
(H)
(CGc)

.

Writing (2) in the Hill’s Frame

~r
(H)
(dc/CGt)

= ~r
(H)
(CGc/CGt)

+~r
(H)
(dc/CGc)

=

rxry
rz

+~r
(A)
(dc/CGc)

(5)
In order to successfully dock the chaser to the

target, it is crucial to know exactly how the rotation
performs with the torque controls available. The
variation of angular momentum states:

Ḣ = M, (6)

where H = [I]ω represents the angular momentum
about a general point and M the torque applied at
that point.

Keeping track of the motion with an inertial co-
ordinate system and expanding (6), it follows [11]:

M = Ḣ =
d

dt
([I]ω) = [İ]ω + ω̇[I]. (7)

Although this approach is possible, keeping track
of [İ] is difficult, even if starting with the inertial
axis along the principal ones, the inertia at this sys-
tem would vary, resulting in a non-diagonal matrix,
turning the calculations harder. This issue disap-
pears if a body frame is adopted. It is only neces-
sary to include the Coriolis Theorem term (w×)[11].

With a body-fixed axis, (7) becomes:

Ḣ = [I]ω + ω ×H (8)

Although with this approach [İ] = 0 is guaran-
teed, it is now necessary to develop a method to
follow the changes in axis location as the body ro-
tates.

In order to avoid gimbal lock [12]and obtain a bet-
ter computation performance [17] (sine and cosine
functions are approximated by polynomials, slow-
ing the process when computing Euler’s rotation
matrices), quaternions were used as alternative.

A rotated point prot around an axis defined by a
quaternion q is calculated by[

0
prot

]
= q

[
0
p

]
q−1 (9)

where q−1 = q∗
|q|2 represents the inverse of the

quaternion, q∗ its conjugate and |q| its norm. It
is useful to write (9) in a more intuitive way, such
its matricial form:

prot = R · p (10)

Recording that the Auxiliary Frame -A is at-
tached to the chaser center of gravity, aligned
with the Hill’s Frame -H, if a quaternion qc =
(qc0 , qc1 , qc2 , qc3) could track the movement of the
chaser body frame around this intermediate frame,

then ~r
(A)
(dc/CGc)

could be given as:

~r
(A)
(dc/CGc)

= R(qc) · ~r(B)
(dc/CGc)

(11)

Assuming that the chaser can be modelled such
as a rectangular cuboid with width w, depth d and
height h, the inertial tensor from its principal axis
IBc =

[
Ix′x′ Iy′y′ Iz′z′

]
· I3, where I3 denotes the

third order identity matrix, will be [16]

IBc =
1

12
m

(h2 + d2) 0 0

0 (w2 + h2) 0

0 0 (d2 + h2)

 .
(12)

Simplifying the notation ~M
(B)
(dc/CMc)

=

[Mx′ ,My′ ,Mz′ ], ~ω
(B)
(dc/CMc)

= [ωx′ , ωy′ , ωz′ ],

the equation (8) can be rewritten in its scalar form
as:


Mx′ = Ix′x′ ω̇x′ − (Iy′y′ − Iz′z′)ωy′ωz′
My′ = Iy′y′ ω̇y′ − (Iz′z′ − Ix′x′)ωz′ωx′

Mz′ = Iz′z′ ω̇z′ − (Ix′x′ − Iy′y′)ωx′ωy′

. (13)

The components of the quaternion qc will evolve

with ~ω
(A)
(dc/CGCB) = [ωx′′ , ωy′′ , ωz′′ ]

T [2] as:


q̇0

q̇1

q̇2

q̇3

 =
1

2


0 −ωx′′ −ωy′′ −ωz′′
ωx′′ 0 ωz′′ −ωy′′
ωy′′ −ωz′′ 0 ωx′′

ωz′′ ωy′′ −ωx′′ 0



q0

q1

q2

q3

 .
(14)

To obtain the chaser angular velocity expressed

in the auxiliary frame ~ω
(A)
dc/CGCB

:

~ω
(A)
(dc/CGc)

= ~ω
(A)
(dc/CGCB) − ~ω

(A)
(CGc/CGCB) (15)

From equation (9), ~ω
(A)
(dc/CGCB) can be obtained

by the same quantity expressed at the body frame,
using the quaternion qc as:

~ω
(A)
(dc/CGc)

= R(qc) · ~ω(B)
(dc/CGCB) − ~ω

(A)
(CGc/CGCB).

(16)

Since the axis Z matches with the axis z, îz = îZ ,

so ~ω
(A)
(CGc/CGCB) = [0, 0,Ω]T , resulting in
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R(q) =

q2
0 + q2

1 − q2
2 − q2

3 2(q1q2 − q3q0) 2(q1q3 + q2q0)
2(q1q2 + q3q0) q2

0 − q2
1 + q2

2 − q2
3 2(q2q3 − q1q0)

2(q1q3 − q2q0) 2(q2q3 + q1q0) q2
0 − q2

1 − q2
2 + q2

3



~ω
(A)
(dc/CGc)

= R(qc) · ~ω(B)
(dc/CGCB) −

0
0
Ω

 . (17)

In order to model the body mounted thrusters,

the forces [fx, fy, fz]
T = ~f

(H)
(CGc/CGCB) from equa-

tion (3) may now be written as a function of the
ones expressed at chaser body frame as:

~f
(H)
(CGc)

= R(qc) · ~f (B)
(CGc)

. (18)

2.3. Model
The state vector will be formed by x =
[rx, ry, rz, vx, vy, vz, ωx′ , ωy′ , ωz′ , qc0 , qc1 , qc2 , qc3 ]
and the control u = [fx′ , fy′ , fz′ ,Mx′ ,My′ ,Mz′ ].
Note that both forces and torques have SI units
and are expressed at the chaser body frame.

The vector θ = [Ω,m,w, d, h] represents the pa-
rameters that need to be passed to the non-linear
function f .

It is now possible to compile these equations,
((3)),((13)),((14)) and ((17)), into a system ẋ =
f(x,u, θ) in order to model the rotational and
translational dynamics of the chaser around an on
orbit target.

3. Implementation
3.1. Algorithm Proposed
Following the techniques previoulsy mentioned,a
package name SEPFOpt was created. Its goal is
to achieve a solution to the optimal control prob-
lem posed by the user. It is implemented on MAT-
LAB and makes use of Symbolic Toolbox. A simple
overview on the solver and how the techniques were
implemented is to follow.

Figure 4: Overview of the implemented solver using
block diagrams and levels.

User Data
At the first stage, the concern is to ask and han-
dle the data for a correct problem formulation. Be

aware that the same problem may have different
formulations which may lead to different computa-
tional times and different solutions. Although not
required (if no guess is available the solver will as-
sume u(t) = 0 ∀t ∈ [0, tf ]), a good guess may im-
prove dramaticly the speed of the process. Also, it
is common to an OCP to have multiple local op-
timizers. Different guesses may lead the solver to
pursuit different solutions.

Symbolic Manipulation

The main drawback of the indirect methods are
based on difficulties on deriving the necessary
equations for optimality. For complex problems,
in particular the large scale ones, that task may
turn out to be very difficult. To avoid this sit-
uation, after the data is settled, the Symbolic
Toolbox from MATLAB was used, providing the
handles to functions necessary at subsequent stages.

The necessary conditions and the transversality
equation are derived from the problem formulation.
The resulting equations are exported to the Se-
quential Minimization block. Also, the hamiltonian
is exported for verification purposes.

This block has the functionality to augment the
cost functional converting the OCP to an uncon-
strained version. It introduces the penalty parame-
ter K which will be updated till convergence. The
augmented cost functional is:

Minimize Ĵn = J + Pn, (19)

where,incorporating the inequality and equality
constraints from the OCP formulation:

Pn(x, u, t) = Kn

( ng∑
i=1

∫ tf

t0

max(0, g(t, x(t), u(t))2+

nh∑
i=1

∫ tf

t0

h(t, x(t), u(t))2
)

(20)

where nh and ng are the number of equality and
inequality constraints, respectively.

For equality constraints this penalty may be seen
as the quadratic error (guaranteeing that the devi-
ation actually increases the cost). So if there is no
deviation, no penalty is applied.
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The same procedure applies to the inequality con-
straints. The operator max(., .), guarantees that
the behaviour will be penalized if it not complies
the constraints, since g(x(t), u(t)) is positive during
infesiabilites.

Sequential Minimization
The sequence of unconstrained problems is solved,
increasing K, until meeting the convergence crite-
ria.

These convergence criteria is based on giving a
tolerance for the constraints inserted, i.e. the can-
didate becomes feasible if the dot product of the
constraints error is less than a predifined parame-
ter Ωtol and htol

Ωerror = Ω(x(tf ), tf )T · Ω(x(tf ), tf ) << Ωtol (21)

herror =

∫ tf

0

h(x(t), t)T · h(x(t), t)dt << htol (22)

A gradient based method with the conjugated
method technique with backtracking line search is
aplied.

Dealing with control bounds

The presence of bounds in the control space affects
the linear search step of the previous algorithm. For
sufficient values of αj the calculated uj+1 may be in
the infeasible domain. The approach taken was to
truncate the control values within their boundaries
after this step. This approach saves much time in
computation with respect to the alternative of ad-
joining these constraints to the cost functional. For
each control variable ui:

ui+1 =


ui + αisi Umin ≤ ui+1 ≤ Umax
Umin ui+1 < Umin

Umax ui+1 < Umax

(23)

3.1.1 Formulation and Analysis

In order to check the hability of the used solver
to reach optimal solutions, the simple circular to
circular orbit transfer problem is formulated.

Since the thrust is always a limited quantity, the
real systems such as the chaser vehicle do not sup-
port impulses. Then, the problems at this thesis
consist always in optimizing low-thrust manouvres.

The motion of a satellite under an inverse squared
gravitacional field, may be expressed by the follow-
ing differential equations, where the controls ur and
uθ represent the thrust applied in radial and tan-
gencial directions as

{
r̈ = rθ̇2 − µ

r2 + ur

θ̈ = 2θ̇ṙ
r + 1

ruθ
. (24)

This system provides 4 first order ODEs, result-
ing in 4 states [r, θ, ṙ, θ̇]. The problem can be stated
as transfering a vehicle from an initial circular orbit
r0 to an also circular final orbit rf minimizing the

energy cost functional J = 1
2

∫ tf
0
u2
θ + u2

rdt. The
following OCP was obtained:



Minimize J = 1
2

∫ tf
0
u2
θ + u2

rdt

subject to: Equations (24)

r(0) = R0

θ̇(t0) =
√

µ
R3

0

θ(0) = ṙ(0) = 0

r(tf ) = R0 + ∆R

θ̇(tf ) =
√

µ
(R0+∆R)3

ṙ(tf ) = 0

(25)

The resulting hamiltonian is:

H =
1

2
(u2
θ + u2

r) + λr ṙ + λθ θ̇+

λṙ

(
rθ̇2 − µ

r2
+ ur

)
+ λθ̇

(2θ̇ṙ

r
+

1

r
uθ

) (26)

The adjoint equations are:


λ̇r = −λṙ

(
2µ
r3 + λ2

θ̇

)
− λθ̇

(
λθ̇
r3 +

2λṙλθ̇
r2

)
λθ = 0

λ̇ṙ = −λr + λθ̇
2θ̇
r

λ̇θ̇ = −λθ − 2λṙrθ̇ + λθ̇

(
2ṙ
r

) (27)

The gradient of the hamiltonian with respect to
the control gives

∇Hu =

[
ur + λṙ
uθ +

λθ̇
r

]
. (28)

Since no boundaries to the control were applied,
the optimal control satisfies ∂H

∂u = 0. Then, the
optimal control histories, u∗θ and u∗r are:

u∗r = −λṙ (29)

u∗θ = −
λθ̇
r
. (30)
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3.2. Results
Several circular orbit transfers were compared with
a first-order solution developed by Fernandes [9][8],
based on the previous work by Edelbaum [6], where
the optimal low-thrust transfer was first derived us-
ing the Pontryagin principle, and then a first-order
approximation was applied.

It should be noted that in the formulation of
the optimization problem described above, the vari-
ables are taken in a dimensionless form.

Several simulations were tested with different ra-
tios ρ and transfer durations tf . The results and
performance of DIDO and SEPFOpt were com-
pared between them and the linear theory optimal
results described at ??.

Figure 5: Comparison between the resulting end-
points of the solutions provided by SEPFOpt and
DIDO for the Earth-Venus transfer ρ = 0.727.

Figure 6: Comparison between the control history
provided by SEPFOpt and DIDO for the Earth-
Venus transfer ρ = 0.727.

4. Solution Characterization
In the pursuit of an optimal solution, the neces-
sary conditions derived at Chapter 2 are the major
tool used to attest a solution optimality. With the
penalty method implemented by SEPFOpt, the cost
functional is adjoined with the square of the nc im-
posed final constraints, multiplied by the penalty
factor K.

J̄ = J +K

nc∑
i=1

Ω2
i (31)

The final costates are for both manoeuvres is
given by

λi(tf ) = 2K · Ωi. (32)

The same hamiltonian is obtained for both ma-
noeuvres, since both obey to the same dynamics.

To determine the solution structure, only the
fraction of the Hamiltonian that depends on the
controls H̄ is relevant:

H̄ = λ4

(
q2
c0 + q2

c1 − q
2
c2 − q

2
c3)fx′ + (2qc1qc2

− 2qc3qc0)fy′ + (2qc1qc3 + 2qc2qc0)fz′
)

+

λ5

(
2qc1qc2 + 2qc3qc0)fx′ + (q2

c0

− q2
c1 + q2

c2 − q
2
c3)fy′ + (2qc2qc3 − 2qc1qc0)fz′

)
+

λ6

(
2qc1qc3 − 2qc2qc0)fx′ + (2qc2qc3+

2qc1qc0)fy′ + (q2
c0 − q

2
c1 − q

2
c2 + q2

c3)fz′−

Ω2ż
)

+
1

Ic1
λ7Mx+

1

Ic2
λ8My +

1

Ic3
λ9Mz + L

(33)

The derivative of the hamiltonian H with respect
to each control u = [fx′ , fy′ , fz′ ,Mx′ ,My′ ,Mz′ ] is

4.1. Minimum Energy

For a minimum energy problem, L takes the form

LME =
1

2

(
f2
x′ +f2

y′ +f2
z′ +M2

x′ +M2
y′ +M2

z′

)
, (34)

Thus, the term ∇uL results simply in:

∇uLME =
[
fx′ , fy′ , fz′ ,Mx′ ,My′ ,Mz′

]T
(35)

Since the trust is limited, the hamiltonian min-
imizer may be located at an interior point or may
assume the value of a boundary of the thrust inter-
val, i.e., u∗i (t) = Uimin and u∗i (t) = Uimax .

Thus, the resulting control structure for this per-
formance index is:

ui =


1 if ∇uHc(i) < −1

−∇uHc(i) if − 1 ≤ ∇uHc(i) ≤ 1

−1 if ∇uHc(i) > 1

(36)
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4.2. Minimum Fuel
In order to solve the problem from the fuel mini-
mization perspective, the running cost L takes the
form of the summation of the absolute value of the
controls, as

LMF = ||fx′ ||+||fy′ ||+||fz′ ||+||Mx′ ||+||My′ ||+||Mz′ ||.
(37)

However, this formulation would generate prob-
lems around zero, since at this value the modulus is
non-differentiable. There are two possible ways to
avoid this: either smooth the data, with a differen-
tiable function that is approximately the modulus
function, such as

||ui|| ≈ ui · tanh
(ui
k

)
, (38)

where k is a constant, or simply by augmenting
the dimension of the control variables, separating
the modulus function in two branches as

uN =
[
f lx′ , f ly′ , f

l
z′ ,M

l
x′ ,M l

y′ ,M
l
z′ , f

r
x′ , fry′ , f

r
z′ ,M

r
x′ ,Mr

y′ ,M
r
z′ .
]

(39)
where l represents the left branch and r the right

one. Now, the new Umin must be set to zero. The
original controls written in function of the new ones
are

u
i

= ulNi − u
r
Ni . (40)

For this type of problem the gradient ∇uL results
in a simple array of ones with dimension 12 .

The resulting control structure is then:

uNi =

{
0 if ∇uHc(i) > −1

1 if ∇uHc(i) ≤ −1
(41)

5. Addition of a path constraint
It may exist the case where the optimal path implies
a collision between the two vehicles. It becomes
necessary to restrict the chaser admissible path.

In order to meet the optimal control formula-
tion stated before, it is possible to state this con-
straint as an inequality constraint. The strategy
goes through impose certain region as a ”keep-out”
zone to the chaser movement.

As assumed in Chapter I, both vehicles are rect-
angular prisms, so the farthest points from the CM
are the vertices of each vehicle:

Rc =

√
depthc

2

2

+
widthc

2

2

+
heightc

2

2

(42)

Rt =

√
deptht

2

2

+
widtht

2

2

+
heightt

2

2

(43)

Given that the chaser CM position is part of the
state array, and the target CM position coincides
with the origin of the orbital frame it possible to
write the distance between the two vehicles CM as:

R =
√
r2
x + r2

y + r2
z (44)

The easiestway to ”protect” all the points of the
vehicles is to encapsulate them in a sphere, with
radius equal to the distance of a vertice to the ve-
hicle CM. So if the two spheres don’t intersect, it is
guaranteed that the vehicles avoided any collision
between them.

R > Rc +Rt (45)

Writing it according to the notation of an inequal-
ity constraint h:

h = Rc +Rt −R (46)

Figure 7: Illustration of a non-collision scenario.
The collision test is simply verifying if R > Rc+Rt.

5.1. Net capture manouvre
The closer the chaser shoots the net, the greater the
probabilities to effectively catch the target. How-
ever, the closer the thrown, the riskier it becomes.
In the following simulations the chosen distance was
assumed to be

rthrow = 2Rt +Rc. (47)

Assuming the de-orbit stage would include send-
ing the object to be burnt at Earths atmosfere, this
favourable final state would be the chaser behing
the target along the orbits direction, since apply-
ing thrust against the natural orbit motion would
progressivly decrease the targets energy and height
in a safe manner. Also, it offers the possibility of
planning the thrown while stationkeeping at zero
cost. Thus the final position of the chaser CM to
this net-capture manouvre is:rx(tf )

ry(tf )
rz(tf )

 =

 0
−2Rt −Rc

0

 (48)
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∇uH̄c =



dH
dfx
dH
dfy
dH
dfz
dH
dMx

dH
dMy

dH
dMz


=

1

m



λ4(q2
c0 + q2

c1 − q
2
c2 − q

2
c3) + λ5(2qc1qc2 + 2qc3qc0) + λ6(2qc1qc3 − 2qc2qc0)

λ4(2qc1qc2 − 2qc3qc0) + λ5(q2
c0 − q

2
c1 + q2

c2 − q
2
c3) + λ6(2qc2qc3 + 2qc1qc0

λ4(2qc1qc3 + 2qc2qc0) + λ5(2qc2qc3 − 2qc1qc0) + λ6(q2
c0 − q

2
c1 − q

2
c2 + q2

c3
12λ7

h2+d2
12λ8

w2+h2

12λ9

d2+h2

+∇uL

Accordingly with the baseline chaser representa-
tion and axis orientation, it is assumed that the net
is thrown along the y axis of the chaser body ref-
erence frame. Thus it is possible to write the final
orientation of this vehicle as:

qc0(tf )
qc1(tf )
qc2(tf )
qc3(tf )

 =


1
0
0
0

 (49)

The relative velocities between the two vehicles
are assumed to be zero:vx(tf )

vy(tf )
vz(tf )

 = 0 (50)

ωx′(tf )
ωy′(tf )
ωz′(tf )

 = 0 (51)

It is now all set to formulate this missions OCP
in the usual form. The chaser thrusters are under
restrictions of saturation, so it is possible to de-
fine the limit the control law in an interval u(t) ∈
[Umin, Umax].

The OCP formulation for the net capture prob-
lem:

NetProb :=



Minimize J =
∫ tf

0
Ldt

subject to: Model(section2.3)

x(0) = x0net

Ω(x(tf ))net = 0

Rc +Rt −R < 0

Umin < ui < Umax
(52)

In docking missions, the final positions of the
docking points must match. Explicitly:

d
(H)
t = d(H)

c ↔

rx(tf )
ry(tf )
rz(tf )

 = d
(H)
t −R(qc(tf )) · d(C)

c

(53)
For docking missions, the orientation has to

match between the docking points, then R(qc(tf ))

becomes the identity matrix 3 × 3, and the final
chaser CM position is

rx(tf )
ry(tf )
rz(tf )

 =

 0
−Rt −Rc

0

 . (54)

Following the same procedure than the net cap-
ture scenario, the resulting OCP formulation for the
docking problem stands as:

ProbDocking :=



Minimize J =
∫ tf

0
L dt

subject to: Model(section2.3)

x(0) = x0dock

Ω(x(tf ))dock = 0

Rc +Rt −R < 0

Umin < ui < Umax
(55)

6. Results

Both problems were solved without any guess pro-
vided to any of the softwares.

The set of simulations below used the same base-
line chaser and target than for the net capture mis-
sion, with slight modifications in the structure of
both. This time, the chaser aim point is replaced
by a docking interface, here named docking point.

6.1. Docking

The initial state was defined based on the assuption
that the chaser was stationkeeping along the y axis.

Figure 8: Zoom of docking manouevre performed
by chaser (DIDO solution).
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Figure 9: Controls history obtained with DIDO for
the docking problem.

Figure 10: Comparison between the endpoint his-
tories of SEPFOpt, DIDO and the propagation of
DIDO solution for the docking problem.

Figure 11: Comparison between the controls history
and the gradient of Hc with respect to the controls
of the SEPFOpt solution for the docking problem.

6.2. Capture

Figure 12: Plane xy view of capture manouevre per-
formed by chaser (SEPFOpt solution).

Figure 13: Comparison between the solutions for
SEPFOpt and DIDO for the capture problem.

Figure 14: Comparison between the endpoint his-
tories of SEPFOpt, DIDO and the propagation of
DIDO solution for the capture problem.

7. Comparison
Both methods found feasible solutions with similar
costs.

9



Capture Docking∑13
i=1 |Ωi| L∗ME

∑13
i=1 |Ωi| L∗ME

SEPFOpt 1.347800E-05 4.267278E-01 3.31202E-04 1.05522e-01
DIDO 1.147479E-14 4.267395E-01 3.55979E-13 1.05473E-01
Propagated DIDO 1.011056E-02 4.267395E-01 2.08786E-03 1.05473E-01

Table 1: Differences on accuracy of final state constraints and cost for each solution.

In the capture case, it is clear that the solution of
both algorithms is different, but only for the rota-
tional controls 13. However, the value of cost func-
tional for each solution is approximatly the same.

The propagated solution of DIDO, besides having
lower accuracy when meeting the final constraints,
also has greater cost.

Numericaly, regarding the meeting of the final
constraints and the manoeuvre cost, both solvers
present similar values. The final constraint error
obtained depends on the number of nodes chosen
for DIDO, and on the final error tolerance inputed
to the SEPFOpt solver. There is a clear compro-
mise between this tolerance and the resulting cost.
In the capture manouevre the SEPFOpt achieved
lower cost and final error than the DIDO propa-
gated solution.

8. Conclusions

The problem of space debris is adressed with the
recent Clean Space initiative by ESA, where the
mission e-deorbit, responsible for capturing and de-
orbiting these objects. Also on-orbit servicing by
satelites with maintenance and refueling capabili-
ties would decrease the number of non-used objects
in space. A six degree of freedom model with states
representing the translational movement at a tar-
get centered frame and also the attitude of a chaser
spacecraft. The dynamics suppose body mounted
thrusters.

Two manouvres were tested: in the realm of de-
orbiting, capture with a still under development
concept of a thrown-net was assumed, allowing
tumbling targets. Concerning on-orbit servicing,
docking of the interfaces for both vehicles was con-
sidered.

Comparisons between the two approaches solu-
tions were made, and tell that is possible to achieve
manouvre with similar (and sometimes lower) cost
for the implemented method. The major drawback
of the implemented algorithm is the spent computa-
cional time, where the pseudospectral approach is
much faster. The amount of simulation time ob-
tained tell that is not currently possible to rely on
this methods, even the pseudospectral one, to im-
plement in feedback control, being only capable to
be used for open-loop calculations.
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