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Abstract 
Topology Optimization is a common approach used in the design of material structures. Previous 

works focused on mass constrained problems or minimization of mass with material properties 
constraints. A computational model for the design of linear elastic materials is proposed, combining 
both mass constrained problems with material constraints. This includes Maximization of Compliance, 
Bulk and Shear Modulus, and minimization of Poisson number with average stress criteria, single 
average stress parameters and material properties constraints. 

In this work, the intermediate density problem of topology optimization is tackled with two different 
interpolation models, 𝑆𝐼𝑀𝑃 and 𝑅𝐴𝑀𝑃, the effective material properties are calculated using either a 
periodic boundary condition homogenization or a strain energy based approach, and the optimization 
problem is solved using an Optimality Criteria or 𝑀𝑀𝐴 schemes. Also, to solve the mesh-dependency 
problems and the checkerboard problem caused by lower order finite elements, a sensitivity filter is 
used. 

The program was coded using the 𝑀𝐴𝑇𝐿𝐴𝐵 software, implementing the topology optimization 
problem with a Bi-linear 4-node finite element structured mesh. 
Various user inputs and its influence were tested and discussed, and the results were overall 
satisfactory. The program presented numerous results with fast convergence times, including auxetic 
and anisotropic materials with a varied set of constraints. However, problems with Maximum Stiffness 
Materials with average Stress Criteria’s constraints were found. Arguably, those problems stem from 
the formulation of the optimization problem, since the stiffness is almost equivalent to the average 
Tension Criteria. 
Keywords: Topology Optimization, Homogenization, Microstructure, 𝑀𝐴𝑇𝐿𝐴𝐵, Material Properties 

Constraints 

 
1 Introduction 

 
Nowadays all sectors of industry make use of 

computer-aided structural design when designing and 

developing new products. However, with the 
introduction of fiber based composites, ways to design 
better structures were opened. After all, designing the 
right material for the right application can present 
numerous pay-offs, including higher stiffness to 
weight ratios, improvement of thermal or dynamic 
response to name a few. Topology optimization 
has shown its applicability to create novel 
materials with enhanced properties. In this way, 
material properties are tailored through a 
redistribution of the material layout in the 
microstructure, making it possible to create 
materials with exotic properties that are very 
attractive for modern technology. Using 

homogenization approaches to determine the 
material properties and sensitivities [1], material 
with high Bulk and Shear Modulus [2], Negative 
Thermal Expansion [3, 4], Negative Poisson Ratio 
[3, 5, 6, 7], novel piezoelectric properties [8] can 
be designed. 

A new problem is proposed in this work, in which 
the objective is the design of materials with certain 
properties, be it maximum stiffness or negative 
Poisson, while at the same time introducing 
different constrains than just the usual volume 
fraction constraint. The new constraints that are to 
be implemented are Stress Criteria constraints, 
Single Directional Stress Constraints and Stiffness 
Tensor Constraints. 

To achieve that purpose a computational model 
is to be implemented. The program should be 
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simple to use, require low computational 
resources and capable of implementing various 
types of constrained optimization problems.  
 
2 Topology Optimization 

 
Topology Optimization Goal is to 

maximize/minimize an objective function while at 
the same time satisfying several constraints, 
making it possible to obtain a final distribution of 
material within a certain domain. The final design 
is a combination of both spaces filled with material 
and empty spaces. 

The interest is to determine the optimal 
placement of a given isotropic material in space. 
To do so, one must find which of the elements 
discretized in the domain Ω, should remain void 
and which should be material, thus finding a rough 
description of the continuum structure 
boundaries. 

The design domain Ω is discretized by N finite 
volume elements, each of those is assigned a 
design variable 𝜌𝑒 ∈ [0,1] that represents its 
relative density, 𝑒 = 1,… , 𝑁 . 

In discrete form, this corresponds to a black and 
white representation of the geometry with pixels 
given by the finite element discretization. 

 

𝐶𝑖𝑗𝑘𝑙 = 1Ω𝑚𝑎𝑡𝐶𝑖𝑗𝑘𝑙
mat , 1Ωmat =

{
1 , 𝑥 𝜖 Ω𝑚𝑎𝑡
 0 , 𝑥 𝜖 Ω\Ω𝑚𝑎𝑡

,                             (1) 

 

Where 𝐶𝑖𝑗𝑘𝑙
𝑚𝑎𝑡, is the constitutive tensor of the 

base material and 
 

∫ 1Ω𝑚𝑎𝑡 ∙ 𝑑Ω = 𝑉𝑜𝑙(Ω𝑚𝑎𝑡) ≤ 𝑉,Ω
                    (2)  

 
Represents the volume of the base (solid) 

element available, which is smaller than the total 
design volume 𝑉. This is the volume constrain that 
is commonly used in minimum compliance design 
problems. 

The definition of admissible 𝐶𝑖𝑗𝑘𝑙 means that we 

have formulated a discrete valued design problem 
(0 − 1 𝑝𝑟𝑜𝑏𝑙𝑒𝑚). To solve this problem, the most 
common approach is to replace the integer 
variables with continuous variables with some 
form of intermediate density’s penalization that 
steers the solution to discrete 0 − 1 values. 

The required results consist of almost entire 
regions of material or no material and they are 

obtained by using common approaches such as 
𝑆𝐼𝑀𝑃 or 𝑅𝐴𝑀𝑃. 

On 𝑆𝐼𝑀𝑃 approach the material properties can 
for intermediate densities are given by 

 

𝐸𝑒(𝜌) = 𝜌𝑒
𝑝
∙  (𝐸𝑚𝑎𝑡 − 𝐸𝑚𝑖𝑛),                              (3)  

 

   

On 𝑅𝐴𝑀𝑃 the material properties can be given 
by  

 

𝐸𝑒(𝜌) = 𝐸𝑚𝑖𝑛 +
𝜌𝑒

1+𝑞∙(1−𝜌𝑒)
∙ (𝐸𝑚𝑎𝑡 − 𝐸𝑚𝑖𝑛),    (4)  

 
Using a penalized Young’s Modulus, the element 

stiffness matrix can be obtained for isotropic 
materials as  

 

𝐾𝑒(𝜌) = [
𝐸𝑚𝑖𝑛

𝐸𝑚𝑎𝑡
+ 𝜌𝑒

𝑝
(1 −

𝐸𝑚𝑖𝑛

𝐸𝑚𝑎𝑡
)] ∙ 𝐾mat,            (5)  

 

𝐾𝑒(𝜌) = [
𝐸𝑚𝑖𝑛

𝐸𝑚𝑎𝑡
+

𝜌𝑒

1+𝑞∙(1−𝜌𝑒)
∙ (1 −

𝐸𝑚𝑖𝑛

𝐸𝑚𝑎𝑡
)] ∙ 𝐾mat, (6)  

 

Where 𝐸𝑚𝑎𝑡, is the Young’s Modulus of the solid 
material, and 𝐸𝑚𝑖𝑛 the Young’s Modulus of the 
least stiff material. 𝑝 and 𝑞 are the penalizations 
corresponding to each approach. 

The Topology optimization problem can be 
described by  

 
𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝜙 = 𝑈𝑇 ∙ 𝐾(𝜌) ∙ 𝑈,

𝑤. 𝑟. 𝑡. 𝜌𝑒 , 𝜌 = [𝜌𝑒=1, … , 𝜌𝑒=𝑁],

𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑚(𝜌) = ∑ 𝜌𝑒
𝑁
𝑒=1 ≤ 𝑚∗,

𝐾 ∙ 𝑈 = 𝐹,
0 < 𝜌𝑚𝑖𝑛 ≤ 𝜌𝑒 ≤ 1.

        (7)  

 
Where 𝑈, is the global displacement and 𝐾 the 

stiffness matrix and 𝜌𝑚𝑖𝑛 is a minimum relative 
density, which is non-zero to avoid singularities in 
the stiffness matrix [9]. When 𝜌𝑒 = 𝜌𝑚𝑖𝑛, it 
represents a void element. 𝑚(𝜌) is the calculated 
volume fraction by summing every element 
density, and 𝑚∗ is the volume fraction constraint. 

To avoid a singular stiffness matrix, it is also 
possible to give a residual stiffness to a void 
element. Instead of having 𝜌𝑒 ≥ 𝜌𝑚𝑖𝑛, it becomes 
𝜌𝑒 ≥ 0 [10, 11]. The advantage of the latter 
method is that no volume fraction will be wasted 
on void elements. 𝐸𝑟𝑒𝑠 is the same as 𝐸𝑚𝑖𝑛, only in 
this case it is considered that 𝐸𝑚𝑖𝑛 ≪ 𝐸𝑚𝑎𝑡 to 
simulate a void element. 
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2.1 Optimization  
 
To compute the optimal distribution, over the 

reference domain, of the design variable 𝜌, it is 
necessary the application of an iterative process 
updated by an optimization method, that for a 
previously computed design point and its 
associated displacements, updates the design 
variables at each new point. 

In this work both the 𝑂𝐶 [12] and 𝑀𝑀𝐴 scheme 
[13, 14],  will be used. 

The 𝑂𝐶 method is an iterative process based on 
satisfying the necessary conditions of optimality, 
that come from the Lagrange function. 

 

ℒ(𝑈, �̃�, 𝜌, 𝜆, 𝜆𝑒=1
+ , … , 𝜆𝑒=𝑁,

+ 𝜆𝑒=1
− , … , 𝜆𝑒=𝑁,

− ) =

𝜙 − �̃�𝑇(𝐾 ∙ 𝑈 − 𝐹) −  𝜆 ∙ (𝑚(𝜌) − 𝑚∗)

−∑ [𝜆𝑒
+ ∙ (𝜌𝑒 − 1)] − ∑ [𝜆𝑒

− ∙ (0 − 𝜌𝑒)],
𝑁
𝑒=1

𝑁
𝑒=1

 (8)  

 

Where �̃�, 𝜆, 𝜆𝑒
+ and 𝜆𝑒

− are the Lagrangian 
Multipliers for the constraints of the optimization 
problem and the necessary conditions for 
optimality are a subset of the stationarity 

conditions for the Lagrange function. �̃� belongs to 
the set 𝑈 of kinetically admissible displacement 
fields. 

With the switching conditions,  
 
𝜆𝑒
+ ≥ 0, 𝜆𝑒

− ≥ 0,                                          

𝜆𝑒
+ ∙ (𝜌𝑒 − 1) = 0,   𝜆𝑒

− ∙ (0 − 𝜌𝑒) = 0,         
    (9) 

 
Then the Optimality Criteria Scheme [10, 9] can 

be formulated as 
 

𝜌𝑒
𝑛𝑒𝑤 =

{
  
 

  
 
max(0 , 𝜌𝑒 −𝑚𝑣) 𝑖𝑓 

     𝜌𝑒 ∙ 𝐵𝑒
𝜂
≤ max(0 , 𝜌𝑒 −𝑚𝑣)

𝜌𝑒 ∙ 𝐵𝑒
𝜂
   𝑖𝑓

     max(0 , 𝜌𝑒 −𝑚𝑣) <  𝜌𝑒 ∙ 𝐵𝑒
𝜂
< min(1 , 𝜌𝑒 +𝑚𝑣)

min(1 , 𝜌𝑒 +𝑚𝑣)  𝑖𝑓

     min(1 , 𝜌𝑒 +𝑚𝑣) ≤ 𝜌𝑒 ∙ 𝐵𝑒
𝜂

, (10)
  

 
Where 𝑚𝑣 is a positive move limit, 𝜂 is a 

numerical damping coefficient and 𝛽𝑒 is found 
from the optimality condition from the 
Langrangian method. 

 

β𝑒 = −

𝜕𝜙

𝜕𝜌𝑒

𝜆∙
𝜕𝑚(𝜌)

𝜕𝜌𝑒

,                                                       (11)  

 

Note that 𝜌𝑒
𝑛𝑒𝑤  depends on the present value of 

the Lagrange multiplier 𝜆 , which should be 
adjusted to satisfy the volume constraint. 

However, when constraints are not physically 
intuitive, unlike the volume fraction constraint, a 
mathematical programming method is a more 
direct way to obtain results.  

One such method of mathematical programming 
is the 𝑀𝑀𝐴. The 𝑀𝑀𝐴 updating scheme has the 
advantage of working with more than one 
constraint, and since it uses not only the sensitivity 
information at the current iteration point, but also 
some iteration history, it works very well for 
physically unintuitive constraints. 

 
The sensitivities of the compliance formulation 

are obtained using the adjoint method for every 
element.  

In this way, for 𝑆𝐼𝑀𝑃 
 
𝜕𝜙(𝑈,𝜌)

𝜕𝜌𝑒
= −𝑈𝑒

𝑇 ∙ [𝑝 ∙ 𝜌𝑒
𝑝−1

∙ 𝐾𝑚𝑎𝑡] ∙ 𝑈𝑒 ,         (12)  

 

And for 𝑅𝐴𝑀𝑃 
 

𝜕𝜙(𝑈,𝜌)

𝜕𝜌𝑒
=

        = −𝑈𝑒
𝑇 ∙ [(

𝑞+1

((𝜌𝑒−1)∙𝑞−1)
2) ∙ 𝐾𝑚𝑎𝑡] ∙ 𝑈𝑒

,     (13)  

  

 
3 Microstructural Optimization 

 
If a structure is built from periodic materials it is 

often too cumbersome to model it taking every 
detail into consideration. Therefore, one 
substitutes the microstructure with some 
averaged properties that model the behaviour of 
the material on the macro scale. Within the scope 
of linear elasticity, the equivalent constitutive 
behaviour of periodically patterned 
microstructures can be evaluated using the 
homogenization method or the strain energy 
based method.  

 
3.1 Periodic Boundary Conditions 

Homogenization method 
 
The homogenization approach is based on the 

asymptotic expansion of the displacement field 
𝑢𝑒(𝑥).  Depending on the aspect ratio 𝑒 between 
the macro and micro scales, 𝑢𝑒(𝑥) is expanded as  
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𝑢𝑒(𝑥, 𝑦) = 𝑢
0(𝑥, 𝑦) +

      +𝑒 ∙ 𝑢1(𝑥, 𝑦) + 𝑒2 ∙ 𝑢2(𝑥, 𝑦)… 
, 𝑦 =

𝑥

𝑒
    (14) 

 

When only the first order terms of the 
asymptotic expansion in are considered, the 

homogenized stiffness tensor 𝐶𝑖𝑗𝑘𝑙
𝐻  is given by 

averaging the integral over the base cell Y [1, 10] 
as 

 
𝐶𝑖𝑗𝑘𝑙
𝐻 =

=
1

|𝑌|
∫ 𝐶𝑝𝑞𝑟𝑠 (𝜀𝑝𝑞

0(𝑖𝑗)
− 𝜀𝑝𝑞

1(𝑖𝑗)
) (𝜀𝑟𝑠

0(𝑘𝑙) − 𝜀𝑟𝑠
1(𝑘𝑙))𝑑𝑌

𝑌

, (15)  

 

Where 𝜀𝑝𝑞
1(𝑖𝑗)

=
1

2
(
𝜕𝑢𝑝

1

𝜕𝑦𝑞
+
𝜕𝑢𝑞

1

𝜕𝑦𝑝
)  is the 𝑌-𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐 

solution of 
 

∫ 𝐶𝑖𝑗𝑝𝑞𝜀𝑝𝑞
1(𝑘𝑙) 𝜕𝑣𝑖

𝜕𝑦𝑗
𝑑𝑌 =

𝑌

                          = ∫ 𝐶𝑖𝑗𝑝𝑞𝜀𝑝𝑞
0(𝑘𝑙) 𝜕𝑣𝑖

𝜕𝑦𝑗
𝑑𝑌

𝑌

 ,         (16)  

 

Where 𝑣 is the 𝑌-𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐 admissible 

displacement field, 𝜀𝑝𝑞
0(𝑘𝑙)

corresponds to the three 

(2D) or 6 (3D) unit test strain fields and the 
displacements 𝑢1 the 𝑌-𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐 solution to the 
unit test strain fields. 

In practice, the equilibrium equations are solved 
as a finite element problem 

 

𝐾𝜒𝑘𝑙 = 𝑓𝑘𝑙 ,                                                            (17)  
 

Where the displacements 𝜒𝑘𝑙are constrained to 
be Y-periodic by assigning equal node numbers to 
opposing boundary nodes (periodic boundary 
conditions). The force vector is found from 

 

𝑓𝑘𝑙 = ∑ ∫ 𝐵𝑒
𝑇𝐶𝑚𝑎𝑡(𝜌𝑒)𝜀

0(𝑘𝑙)𝑑𝑌
𝑌𝑒𝑒 ,                  (18)  

 

And the global stiffness matrix is calculated as 
the usual assembly of element stiffness matrices 
𝐾 = ∑ 𝐾𝑒𝑒  plus periodicity considerations. In FE-
notation, the effective properties may then be 
found as  

 
𝐶𝑖𝑗𝑘𝑙
𝐻 =

=
1

|𝑌|
∑ (𝜒0(𝑖𝑗) − 𝜒𝑖𝑗)

𝑇
𝐾𝑒(𝜌𝑒)(𝜒

0(𝑘𝑙) − 𝜒𝑘𝑙)𝑒

,          (19)  

 
Where 𝐶𝑚𝑎𝑡 is the isotropic material constitutive 

matrix, 𝐵 is the finite element strain-displacement 

matrix and  𝜒0(𝑖𝑗) is the nodal displacement vector 

corresponding to the test strain field 𝜀0(𝑖𝑗). 
However, to simplify the code the unit test strain 

fields can be applied directly on the boundaries of 

the base cell, which induces 𝜀𝐴(𝑖𝑗) which 
corresponds to the superimposed strain fields 

(𝜀0(𝑖𝑗) − 𝜀1(𝑖𝑗)) [15]. 
 By ascertaining that the periodicity boundary 

conditions are well implemented in the FEM we 
simplify the expression 

 

𝐶𝑖𝑗𝑘𝑙
𝐻 =

1

|𝑌|
∫ 𝐶𝑝𝑞𝑟𝑠 (𝜀𝑝𝑞

𝐴(𝑖𝑗)
) (𝜀𝑟𝑠

𝐴(𝑘𝑙)
)𝑑𝑌

𝑌
,       (20)  

And 
 

𝐶𝑖𝑗𝑘𝑙
𝐻 =

1

|𝑌|
∑ (𝜒𝐴(𝑖𝑗))

𝑇
𝐾𝑒(𝜌𝑒)(𝜒

𝐴(𝑘𝑙)),          𝑒 (21)  

  
And the sensitivities can be expressed as  
 

𝜕𝐶𝑖𝑗𝑘𝑙

𝜕𝜌𝑒
=

1

|𝑌|
(𝜒𝐴(𝑖𝑗))

𝑇 𝜕𝐾𝑒(𝜌𝑒)

𝜕𝜌𝑒
 (𝜒𝐴(𝑘𝑙)),              (22)  

 

 

3.2 Strain Energy Approach 
 

The other approach is the Strain Energy based 
method.  

The premise of the method is that by applying 
displacements on the cell boundaries 
corresponding to unit strain fields, the energy 
calculated from the 𝐹𝐸𝑀 is equal to the 
homogenized energy of the cell. Thus, to calculate 
all the entries of the stiffness tensor 4 𝐹𝐸𝑀 tests 
or 2𝐷 and 9 𝐹𝐸𝑀 tests for 3D are needed. 

On the basis of symmetry of the material 
microstructure, we can use the strain energy 
method not only to compute the effective 
properties but also the sensitivity values of a 𝑅𝑉𝐸. 

 

𝐶11
𝐻 = 𝑈1

𝑇
∙ 𝐾 ∙ 𝑈1, 𝜀0(1) = (1,0,0)

𝐶22
𝐻 = 𝑈2

𝑇
∙ 𝐾 ∙ 𝑈2, 𝜀0(2) = (0,1,0)

 𝐶33
𝐻 = 𝑈4

𝑇
∙ 𝐾 ∙ 𝑈4, 𝜀0(3) = (0,0,1)

2 ∙ 𝐶12
𝐻 − 𝐶11

𝐻 − 𝐶22
𝐻 =

            = 𝑈3
𝑇
∙ 𝐾 ∙ 𝑈3

, 𝜀0(4) = (1,1,0)

      (23)  

 

Where 𝑈𝑖 corresponds to the displacement that 
apply the strain conditions on the boundaries 

𝜀0(𝑖), thus obtaining 
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Figure 3.1 - - Boundary conditions of the unit cell. a) Load 

case 1. b) Load case 2. c) Load case 3. d) Load case 4.   

  
By definition, the sensitivity of the strain energy 

with respect to the element density variable is 
given by  

 

𝜕𝐸𝑛𝑖

𝜕𝜌𝑒
=
1

2
∙
𝜕 (𝑈𝑖

𝑇
∙ 𝐾 ∙ 𝑈𝑖)

𝜕𝜌𝑒
,                               (25) 

 

Considering 
 

𝜕𝑈𝑖
𝑇

𝜕𝜌𝑒
∙ 𝐹𝑖 = [

𝜕𝑈Γ
𝑇

𝜕𝜌𝑒
,
𝜕𝑈Ω

𝑇

𝜕𝜌𝑒
] ∙ [𝐹

Γ

𝐹Ω
],                  (26) 

 

Here Γ represents the boundaries and Ω the 
values on the inside of the cell. By the nature of 
the applied conditions, the displacements on the 
boundaries don’t vary [16, 17], and there are no 
forces applied inside the cell, only on the 
boundaries, which gives  

 

𝜕𝑈𝑖
𝑇

𝜕𝜌𝑒
∙ 𝐹𝑖 = [0,

𝜕𝑈Ω
𝑇

𝜕𝜌𝑒
] ∙ [𝐹

Γ

0
] = 0,                         (27)  

 

So, 
 

𝜕𝐸𝑛𝑖

𝜕𝜌𝑒
=
1

2
∙ [𝑈𝑖

𝑇
∙
𝜕𝐾

𝜕𝜌𝑒
∙ 𝑈𝑖],                               (28) 

 

The sensitivities of stiffness tensor are calculated 
by 

 

𝜕𝐶11
𝐻

𝜕𝜌𝑒
= 2 ∙

𝜕𝐸𝑛1

𝜕𝜌𝑒
, 𝜀0(1) = (1,0,0)

𝜕𝐶22
𝐻

𝜕𝜌𝑒
= 2 ∙

𝜕𝐸𝑛2

𝜕𝜌𝑒
, 𝜀0(2) = (0,1,0)

𝜕𝐶33
𝐻

𝜕𝜌𝑒
= 2 ∙

𝜕𝐸𝑛4

𝜕𝜌𝑒
, 𝜀0(3) = (0,0,1)

2 ∙
𝜕𝐶12

𝐻

𝜕𝜌𝑒
+
𝜕𝐶11

𝐻

𝜕𝜌𝑒
+
𝜕𝐶22

𝐻

𝜕𝜌𝑒
=

        = 2 ∙
𝜕𝐸𝑛3

𝜕𝜌𝑒

,  𝜀0(4) = (1,1,0)

,     (29)  

 

 
3.3 Objective Function  

 
The microstructural optimization can be 

formulated as  
 

𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒 𝜙 = 𝜀̅𝑇 ∙ 𝐶𝑖𝑗𝑘𝑙
𝐻 (𝜌) ∙ 𝜀̅

𝑤. 𝑟. 𝑡. 𝜌𝑒 , 𝜌 = [𝜌𝑒=1, … , 𝜌𝑒=𝑁]

𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑚(𝜌) = ∑ 𝜌𝑒
𝑁
𝑒=1 ≤ m∗

�̅�(𝜌) ≤ �̅�∗

0 ≤ 𝜌𝑒 ≤ 1

,     (30)  

 

Where 𝜙, is the compliance or deformation 
energy, �̅�∗ is the averag stress constraint, and �̅� is 
the effective average stress. 

 
4 Implementation 

 
The computational model was written in 

𝑀𝐴𝑇𝐿𝐴𝐵 based on the “A 99 line topology 
optimization code written in Matlab” [9], and of a 
𝑀𝐴𝑇𝐿𝐴𝐵 𝑀𝑀𝐴 optimization code. 

The code can be succinctly explained by the 
following flowchart: 

 
Figure 4.1 - Flowchart of the Optimization Algorithm 
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To develop an efficient 𝐹𝐸𝑀 computational 
model with easy implementation the Q4 element 
was selected. Since the Bi-linear 4-node element 
can be used to create a structured mesh, it allows 
the simple use of the same element stiffness 
matrix for every element of the cell, making it 
implementation friendly without any wasted CPU 
resources. In a uniform mesh, the identification of 
nodes and cells is also easier, which allows a 
simpler coding for the mesh connectivity, 
boundary conditions and photographic 
representation of the optimization results. By only 
having 4 nodes, the Q4 has an efficiency advantage 
against other elements such as Q8 or Q9 elements. 

However, the Q4 element discretizations has the 
problem of the appearance of artificial stiffness’s 
in checkerboard patterns, making it the use of a 
sensitivity filter a necessity. 

The sensitivity filter works by modifying the 
design sensitivity of a specified element, based on 
a weighted average of the element sensitivities in 
a fixed neighbourhood [10, 3]. It works as follows 

 
𝜕𝜙

𝜕𝜌𝑒
=

1

𝜌𝑒∙∑ �̂�𝑖
𝑁
𝑖=1

∙ ∑ �̂�𝑖
𝑁
𝑖=1 ∙ 𝜌𝑖 ∙

𝜕𝐶𝑜𝑚𝑝

𝜕𝜌𝑖
,          (31)  

 
Where 𝑁 is the total number of elements in the 

mesh and �̂�𝑖 the mesh independent convolution 
operator (weight factor) written as 

 

�̂�𝑖 = 𝑟𝑚𝑖𝑛 − 𝑑𝑖𝑠𝑡(𝑒, 𝑖),

     {𝑖 ∈ 𝑁|𝑑𝑖𝑠𝑡(𝑒, 𝑖) ≤ 𝑟𝑚𝑖𝑛},
                  𝑒 = 1,… , 𝑁.

                              (32)  

 
The operator 𝑑𝑖𝑠𝑡(𝑒, 𝑖) is defined as the distance 

between the center of element 𝑒 and the center of 

element 𝑖. The convolution operator �̂�𝑖 is zero 
outside the filter area and is seen to decay with the 
distance from element 𝑒. 

 
4.1 Periodic Boundary Conditions 

Implementation 
 
In the implementation of the computational 

model the periodic boundary conditions can be 
directly imposed by direct substitution in the finite 
elements model. 

The displacement field of the unit cell subjected 

to a given strain 𝜀0(𝑖𝑗) can be expressed as the sum 
of a macroscopic displacement field and a periodic 
fluctuation [18]. 

 

𝜒𝑖
𝐴 = 𝜀𝑖𝑗

0 ∙ 𝑦𝑗 + 𝜒𝑖  ,                                               (33)  

 

In practice, the periodic fluctuation term 𝜒𝑖  is 
unknown, however, by adopting a certain number 
of constraints between the nodes on the opposite 
surfaces of the cell, the periodic fluctuation terms 
can be eliminated [19, 20]. Considering a base cell 
pair of opposite boundaries  

 

{
𝜒𝑖
𝐴(𝑘+)

= 𝜀𝑖𝑗
0 ∙ 𝑦𝑗

𝑘+ + 𝜒𝑖

𝜒𝑖
𝐴(𝑘−)

= 𝜀𝑖𝑗
0 ∙ 𝑦𝑗

𝑘− + 𝜒𝑖
,                                    (34)  

 

 

𝜒𝑖
𝐴(𝑘+)

− 𝜒𝑖
𝐴(𝑘−)

=

         = 𝜀𝑖𝑗
0 ∙ (𝑦𝑗

𝑘+ − 𝑦𝑗
𝑘−) = 𝜀𝑖𝑗

0 ∙ Δ𝑦𝑗
𝑘
  ,            (35)  

 

For any given regular quadrilateral base cell Δ𝑦𝑗
𝑘 

is constant, thus with a specified 𝜀𝑖𝑗
0 , the right-

hand side becomes a constant 
 

𝜒𝑖
𝐴(𝑘+) − 𝜒𝑖

𝐴(𝑘−) = 𝑤𝑖
𝑘  ,                                     (36) 

 
By constraining the corresponding pairs of nodal 

displacements and eliminating the redundant 
unknowns the boundary conditions can be 
imposed [21]. 

 

 
Figure 4.2 - A 2D rectangular base cell model  

 

In finite element notation, the periodic 
boundary constraints can be exemplified by the 
following equations. 

 

[

𝐾11 𝐾12 𝐾13 𝐾14
𝐾21 𝐾22 𝐾23 𝐾24
𝐾31 𝐾32 𝐾33 𝐾34
𝐾41 𝐾42 𝐾43 𝐾44

] ∙ [

𝑈1
𝑈2
𝑈3
𝑈4

] = [

𝐹1
𝐹2
𝐹3
𝐹4

],          (37)  
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Where 𝑈1 are the prescribed displacement 

values corresponding to 𝜀𝑖𝑗
0 ∙ Δ𝑦𝑗

𝑘 in each of the 

four cell vertices, 𝑈2 are the unknown 
displacement values corresponding to the interior 

nodes and 𝑈4 = 𝑈3 +𝑊, where 𝑊 = 𝜀𝑖𝑗
0 ∙ Δ𝑦𝑗

𝑘. 𝐹1 

is an unknow force vector, 𝐹2 = 0, and 𝐹3 + 𝐹4 =
0. The equilibrium equation can therefore be 
reduced to 

 

[
𝐾22 𝐾23 + 𝐾24
𝑠𝑦𝑚 𝐾33 +𝐾34 + 𝐾43 + 𝐾44

] ∙ [
𝑈2
𝑈3
] =

= − [
𝐾21

𝐾31 +𝐾41
] ∙ 𝑈1 − [

𝐾24
𝐾34 + 𝐾44

] ∙ 𝑊
,      (38)  

  

And therefore, the equation can be solved. 
 

5 Illustrative Examples 
 
Many results can be obtained using the 

computational model. It is important to note that 
all parameters including, the initial guess, the 
penalization, the filter radius, the optimization 
move limit and 𝐸𝑚𝑖𝑛 used can influence the final 
solution leading the optimization to different local 
maximums/minimums. 

The program worked very well for mass only 
constrained problems. In Figure 5.1 a Bulk 
Modulus maximization result is presented and in 
Figure 5.2 a minimization of 𝐶12, which is an 
artificial way of designing auxetic materials is 
presented. 

The micro-structure presented is very similar to 
results presented in 5.1 Amstutz et al. [22] and the 
micro-structure presented 5.2 is very similar to 
results presented in Wang et al. [23] 

 
5.1 Maximum Bulk Modulus 

 

  
Figure 5.1 - Material with Maximum Bulk Modulus obtained 

using Homogenization Approach, 𝜙 = 0.5626, 𝑟 = 3, 𝑚 =
0.4, 𝜈 = 0.3, 𝑝 = 8, 𝑚𝑣 = 0.1, 𝑁 = 14400, OC, SIMP 

 
 

 
5.2 Minimum 𝑪𝟏𝟐, Auxetic Material 

 

  
Figure 5.2 - Material with Minimum 𝐶12, obtained using 

Homogenization Approach, 𝐶12 = −0.0355, 𝑟 = 2, 𝑚 = 0.4, 
𝜈 = 0.3, 𝑝 = 8, 𝑚𝑣 = 0.1, 𝑁 = 6400, MMA, SIMP 

𝐶𝑖𝑗 = [
0.1043 −0.0355 0.0201

−0.0355 0.1043 −0.0201
0.0201 −0.0201 0.0150

]  

 

5.3 Maximum Bulk Modulus, 𝑪𝟏𝟐 constraint 
 

  
Figure 5.3 -  Material with Maximum Bulk Modulus and 

𝐶12 ≤ −0,02, obtained using Homogenization Approach, 𝜙 =
0.2749, 𝑟 = 2, 𝑚 = 0.4, 𝜈 = 0.3, 𝑝 = 8, 𝑚𝑣 = 0.1, 𝑁 =
6400, MMA, SIMP 

𝐶𝑖𝑗 = [
0.1574 −0.0200 0.0180

−0.0200 0.1574 −0.0180
0.0180 −0.0180 0.0152

]  

The objective of this analysis was the design of 
auxetic materials with maximum stiffness by using 
a negative constraint in 𝐶12 parameter. As we can 
see the program was able to design this type of 
microstructure and presented a result where the 
constraint is active. It was noticed that the smaller 
the 𝐶12 constraint was, the less stiff the material 
designed would be, 
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5.4 Minimize 𝑪𝟏𝟐, Von Mises Stress constraint 
 

  
Figure 5.4 - Material with Minimum 𝐶12 and 𝜎𝑉𝑀

2 ≥ 0.3  for  
𝜀̅ = [1,1,0], obtained using Homogenization Approach, 𝜙 =

0.3465, 𝜎𝑉𝑀
2 = 0.0300, 𝐶12 = −0.0142, 𝑟 = 2, 𝑚 = 0.5, 𝜈 =

0.3, 𝑝 = 6, 𝑚𝑣 = 0.1, 𝑁 = 6400, MMA, SIMP 

𝐶𝑖𝑗 = [
0.1874 −0.0142 0.0178

−0.0142 0.1874 −0.0178
0.0178 −0.0178 0.0130

]  

 
The inverse problem of  Figure 5.3 is presented 

here. In this test, the objective was the to find a 
material with maximum auxetic properties but 
with constraints on its minimum stiffness. In this 
case the constrain used was in the average Von 
Mises Stress. It was noticed that the higher the 
constraint used, the higher 𝐶12 would be 

 
5.5 Maximize Stiffness, Von Mises Stress 

constraint 
 

 
Figure 5.5 - - Material with Maximum 𝜙 for 𝜀 ̅ = [1,1.2,0] 

and �̅�𝑉𝑀
2 ≤ 0.14, obtained using Homogenization Approach, 

𝜙 = 0.8243, �̅�𝑉𝑀
2 = 0.1400,  𝑟 = 2, 𝑚 = 0.5, 𝜈 = 0.3, 𝑝 = 6, 

𝑚𝑣 = 0.1, 𝑁 = 6400, MMA, SIMP 

While designing materials with maximum 
stiffness and average stress criteria constraints, 
some problems were found. Those problems stem 
from the from the formulation of the optimization 
problem, since the stiffness is almost equivalent to 
the average Stress Criteria. The applied strain 
fields should therefore be chosen to avoid 
applying constraints that are similar to the 
stiffness, in order to avoid an ill posed problem 
where the objective is stiffness maximization and 
the constraints are stiffness equivalents 

Also, a limitation of the computational model 
was identified. Due to the fact that the stiffness of 
intermediate densities is penalized, whenever the 
constrains are a limit on the maximum average 
stress is introduced, the program had a tendency 
to go to the grey zone. This, happens because the 
smallest average stress criteria values occur in the 
homogenous grey state, and it is to that state that 
the solution starts to converge. As we can see in 
Figure 5.5, some grey patches start to appear. The 
more rigid the constraint the bigger the patches 
become.  

On the other hand, when the constraints are 
limits on the maximum average stress the program 
is able so successfully find a black and white 
design, like in Figure 5.6. 

 

  
Figure 5.6 - Material with Maximum 𝜙 for 𝜀 ̅ = [1,1.2,0] 

and �̅�𝑉𝑀
2 ≥ 0.2, obtained using Homogenization Approach, 

𝜙 = 0.8769, �̅�𝑉𝑀
2 = 0.2120,  𝑟 = 2, 𝑚 = 0.5, 𝜈 = 0.3, 𝑝 = 6, 

𝑚𝑣 = 0.1, 𝑁 = 6400, MMA, SIMP 

5.6 Maximum 𝑪𝟏𝟏, 𝝈𝟐 constraint 
 
Whenever the constraints of average tension are 

single directional, the problems of the above 
chapter don’t occur. 

In Figure 5.7 and Figure 5.8 examples, the 
objective was to design a structure with maximum 
stiffness in the horizontal direction while 
constraining the vertical stress. 

When the vertical stress is constrained so that 
the material is under compression in the vertical 
direction, the result is an auxetic material with 
maximum stiffness in the horizontal direction as 
can be seen in Figure 5.8.  

When the vertical stress is constrained so that 
the material is under tension in the vertical 
direction, the result is a material with positive 
Poisson Number and maximum stiffness in the 
horizontal direction as can be seen in Figure 5.7. 

In these two structures, a non-symmetric initial 
guess was used, hence the peculiarity of the end 
designs.  



9 

 

  
Figure 5.7 - Material with Maximum 𝐶11 and 𝜎2 ≥ 0.1 for 

𝜀̅ = [1,0,0], obtained using Homogenization Approach, 𝐶11 =
0.3606, 𝜎2 =  0.1049, 𝑟 = 2, 𝑚 = 0.5, 𝜈 = 0.3, 𝑝 = 6, 𝑚𝑣 =
0.1, 𝑁 = 6400, MMA, SIMP 

𝐶𝑖𝑗 = [
0.3606 0.1049 −0.0071
0.1049 0.0736 0.0054

−0.0071 0.0054 0.0580
]  

 

 
Figure 5.8 - Material with Maximum 𝐶11 and 𝜎2 ≤

−0.02 for 𝜀̅ = [1,0,0], obtained using Homogenization 
Approach, 𝐶11 = 0.2311, 𝜎2 = −0.0200, 𝑟 = 2, 𝑚 = 0.5, 
𝜈 = 0.3, 𝑝 = 6, 𝑚𝑣 = 0.1, 𝑁 = 6400, MMA, SIMP 

𝐶𝑖𝑗 = [
 0.2311 −0.0200 0.0155
−0.0200 0.0281 −0.0166
0.0155 −0.0166 0.0126

]  

 
6 Conclusions 

 
In this work, topology optimization ideas were 

studied and applied to material design problems. 
Structural Optimization, Homogenization theories 
and Finite Element practices were combined to 
produce a computational model that allowed for a 
wide array of design problems to be solved. 

The program is very intuitive and presented a 
satisfactory performance. It also has the potential 
of being used for further research, since it can be 
easily modified. 

However, the computational model also 
presented some flaws that need to be addressed.  

Some smoothness problems were detected in 
some constrained optimizations. This problems 
stem from the necessity of sometimes using 
constraints without filtering, since they are so 

sensitive that small errors introduced by the 
filtering would impair the optimization’s solution. 

Also, the stiffness optimization with problems 
with Medium Stress Criteria’s Constraints were 
hard to implement since these optimizations were 
sometimes not a well posed problem depending 
on the imposed average strain fields, since the 
stiffness is almost equivalent to the average 
Tension Criteria. 

A limitation of the computational model was 
also discovered. Due to the penalized nature of the 
intermediate densities stiffness, whenever the 
constrains are a limit on the maximum average 
stress, the program had a tendency to go to the 
grey zone.  

For future consideration, to attenuate the 
smoothness problem, an introduction of a Q8 
mesh could possibly help since the artificial 
stiffness given by checkerboard patterns in 𝑄4 
elements would not exist. However, this would 
mean a complete overhaul of the Finite Element 
implementation since every aspect, including 
Element Stiffness Matrix, connectivities and 
Boundary Conditions would need to be adapted to 
the new reality.  

 
7 Acknowledgements 

 
Firstly, I would like to express my gratitude to my 

supervisors. Professor José Miranda Guedes and 
Professor Hélder Rodrigues for their support, 
guidance, patience, advice and motivative input 
during this last year, a 

Secondly, a special thanks to Professor Krister 
Svanberg for his kind replies to my questions and 
for lending me his 𝑀𝑀𝐴 code that was essential to 
the completion of this thesis. 

 

Bibliography 
 

[1]  J. M. Guedes and N. Kikuchi, “Preprocessing 
and postprocessing for materials based on the 
homogenization method with adaptive finite 
element methods.,” Computer methods in 
applied mechanics and engineering, vol. 83(2), 
pp. 143-198, 1990.  

[2]  M. M. Neves, H. C. Rodrigues and J. M. 
Guedes, “Optimal design of periodic linear 
elastic microstructures,” Computers and 
Structures, vol. 76, pp. 421-429, 2000.  



10 

[3]  O. Sigmund, “Design of Material Structures 
Using Topology Optimization,” PHD Thesis 
Technical University of Denmark, 1994.  

[4]  O. Sigmund and S. Torquato, “Design of 
materials with extreme thermal expansion 
using a three-phase topology optimization 
method,” Journal of the Mechanics and Physics 
of Solids, vol. 45(6), pp. 1037-1067, 1997.  

[5]  O. Sigmund, “Materials with prescribed 
constitutive parameters: An inverse 
homogenization problem,” International 
Journal of Solids and Structures, vol. 31(17), pp. 
2313-2329, 1994.  

[6]  O. Sigmund, “Tailoring materials with 
prescribed elastic properties,” Mechanics of 
Materials, vol. 20(4), pp. 351-368, 1995.  

[7]  E. Andreassen, B. S. Lazarov and O. Sigmund, 
“Design of manufacturable 3D extremal elastic 
microstructure,” Mechanics of Materials, vol. 
69(1), pp. 1-10, 2014.  

[8]  E. N. Silva, J. O. Fonseca and N. Kikuchi, 
“Optimal design of piezoelectric 
microstructures,” Computational mechanics, 
vol. 19(5), pp. 397-410, 1997.  

[9]  O. Sigmund, “A 99 line topology optimization 
code written in Matlab,” Structural and 
multidisciplinary optimization, vol. 21, no. 2, 
pp. 120-127., 2001.  

[10]  M. P. Bendsøe and O. Sigmund, Topology 
Optimization, Theory Methods and Aplications, 
Berlin: Springer, 2003.  

[11]  G. Allaire, F. Jouve and A. M. Toader, 
“Structural optimization using sensitivity 
analysis and a level-set method,” Journal of 
computational physics, vol. 194(1), pp. 363-
393, 2004.  

[12]  M. P. Bendsøe, “Optimization of structural 
topology, shape, and material,” vol. 414, Berlin, 
Heidelberg, New York, Springer, 1995.  

[13]  K. Svanberg, “The method of moving 
asymptotes - a new method for structural 
optimization,” International journal for 
numerical methods in engineering, vol. 24, no. 
2, pp. 359-373, 1987.  

[14]  K. Svanberg, “MMA and GCMMA, versions 
September 2007,” Optimization and Systems 
Theory, vol. 104, 2007.  

[15]  Z. Hashin, “Analysis of composite materials - 
A survey,” Journal of Applied Mechanics, vol. 
50(2), pp. 481-505, 1983.  

[16]  W. Zhang, G. Dai, F. Wang, S. Sun and H. 
Bassir, “Using strain energy-based prediction of 
effective elastic properties in topology 

optimization of material microstructures,” 
Acta Mechanica Sinica, vol. 23(1), pp. 77-89, 
2007.  

[17]  W. Zhang, F. Wang, G. Dai and S. Sun, 
“Topology Optimal Design of Material 
Microstructures Using Strain Energy-based 
Method,” Chinese Journal of Aeronautics, vol. 
20(4), pp. 320-326, 2007.  

[18]  J. C. Michel, H. Moulinec and P. Suquet, 
“Effective properties of composite materials 
with periodic microstructure: A computational 
approach,” Computer methods in applied 
mechanics and engineering, Vols. 172(1-4), pp. 
109-143, 1999.  

[19]  Z. Xia, Y. Zhang and F. Ellyin, “A unified 
periodical boundary conditions for 
representative volume elements of composites 
and applications,” International Journal of 
Solids and Structures, vol. 40(8), pp. 1907-
1921, 2003.  

[20]  Z. Xia, C. Zhou, Q. Yong and X. Wang, “On 
selection of repeated unit cell model and 
application of unified periodic boundary 
conditions in micro-mechanical analysis of 
composites,” International Journal of Solids 
and Structures, vol. 43(2), pp. 266-278, 2006.  

[21]  B. Hassani and E. Hinton, “A review of 
homogenization and topology opimization II—
analytical and numerical solution of 
homogenization equations,” Computers & 
structures, vol. 69(6), pp. 719-738, 1998.  

[22]  S. Amstutz, S. M. Giusti, A. A. Novotny and E. 
A. Souza Neto, “Topological derivative for 
multi‐scale linear elasticity models applied to 
the synthesis of microstructures,” 
International Journal for Numerical Methods in 
Engineering, vol. 84(6), pp. 733-756, 2010.  

[23]  F. Wang, O. Sigmund and J. S. Jensen, “Design 
of materials with prescribed nonlinear 
properties,” Journal of the Mechanics and 
Physics of Solids, vol. 69, pp. 156-174, 2014.  

 
 
 
 


