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Abstract
The prospect of coupling ultra-intense lasers with X-ray sources (e.g. at SLAC or XFEL) will
allow to perform the first experiments on probing the quantum vacuum. To model future planned
experiments, we have developed a numerical method to self-consistently solve the nonlinear system of
Maxwell’s equations including quantum corrections of the vacuum polarization. These experiments
aim to measure the induced ellipticity on an X-ray pulse after probing a strong optical pump due
to quantum vacuum fluctuations. We present simulation results of the ellipticity induced in a wide
range of setups. We address both the simplified setups (plane wave probe pulse counter-propagating a
plane wave pump pulse) and the more realistic laser parameters and configurations taking into account
finite-size multi-dimensional effects (on the pump pulse, on the probe pulse, or both simultaneously).
We show how the induced ellipticity depends on the transverse distance to the axis of the beam,
demonstrating the importance of including finite-size effects in the modelling of future experiments.
In addition, we explore the high harmonic generation stemming from self-interaction processes and
perpendicular interaction of two ultra-intense laser pulses. Through the study of this last setup Fourier
space, we may be able to infer the angle between both laser pulses, enabling a potential ultra-intense
laser alignment system.
Keywords: Quantum Vacuum, QED Solver, Vacuum Birefringence, Ultra-Intense Laser, High
Harmonics Generation

Infrastructure (ELI) [10], the Vulcan 10PW project
[11] or the HIBEF laser [12], to deliver peak intensiThe strong field QED community is ramping up its ties sufficient to probe, for the first time, the quanimportance through the benefit of the development tum fluctuations of vacuum [13, 14]. The renewed
of laser technologies. Modern laser facilities are interest in studying and modulating the effects of
upgrading their lasers to surpass the 1022 Wcm−2 such quantum oscillations has to be, exactly, with
peak intensity frontier. Such high intensities are the fact that this low field limit (high-intensity field,
capable of triggering the Quantum Electrodynam- but still much smaller than the Schwinger critical
ics (QED) effects, which induce exotic new features limit) will be the first to prove the existence of QED
coming from the creation of electron-positron pairs signatures from a laser-based setup [4, 9].
[1, 2, 3, 4, 5, 6, 7, 8]. However, we are still far from
the Schwinger critical intensity (IS ∼ 1029 Wcm−2 ),
which is the limit where electrons with negative energies (from the Dirac sea) can tunnel into the posHeisenberg and Euler devised a semi-classical
itive continuum, polarizing the vacuum with real theory that accounted for the effects of electronparticles. Nevertheless, quantum fluctuations of positron virtual pair fluctuations on the classical
vacuum enforce virtual pairs to pop up and this electromagnetic (EM) Lagrangian (in all orders)
pairs can mediate photon-photon scattering pro- [15, 16, 17]. Interestingly, these effects can be concesses [2]. From the Heisenberg uncertainty prin- sidered as an effective response of the classical vacciple, we verify that the likelihood of such processes uum to the presence of a strong background EM
occurring is higher for high-energy photons (short- field (E0 or B0 ) [18]. In this way, in the low field
timed interaction), or equivalently, in the presence (E0  ES ) and low frequency limit (ω  ωc , where
of an ultra-intense laser field [9]. Actually, we ex- ωc is the Compton frequency), the first order corpect large-scale facilities such as the Extreme Light rections to the classical EM Lagrangian density are
1. Introduction
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given by (adopting the CGS unit system),
L = LM + LHE =
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where LM represents the standard Maxwell Lagrangian, F = (E 2 − B 2 ) and G = E · B are the
EM invariants and the QED coupling parameter ξ
can be written as,
ξ=

α
α2 ~3
=
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Figure 1: Counter-propagation setup, courtesy of
Karbestein, et al. [22].

(2)

This manuscript is organized as follows. In section 2, we discuss the numerical algorithm used
to solve the corrected Maxwell’s equations. The
two-dimensional results for the vacuum birefringence effect are presented in section 3. In section 4, a Fourier spectral analysis of the QED interaction leading to the mechanism of higher order
harmonics generation is explained and numerically
benchmarked. Finally, in section 5, we compile the
achievements and main results, pointing out the future possible developments and refinements.

This parameter represents the interaction
strength and goes to zero in the classical limit
(~ → 0). We can verify that the effect is going to
be really small as the coupling parameter is inversely proportional to the square of the Schwinger
critical field. Using the Euler-Lagrange equations
formalism [19, 20], we can obtain the classical
Maxwell’s equations (in vacuum) with a slight
modification from the Lagrangian in Eq. 1. These
equations now exhibit nonlinear polarization and
2. QED Solver module - PIC code
magnetization terms, given by,
The Yee Algorithm, a standard finite difference time
h
i
domain (FDTD) method, is commonly used to solve
∂LHE
= 2ξ 2(E 2 − B 2 )E + 7(E · B)B ,
P=
Maxwell’s equations [27]. This method consists in
∂E
h
i
discretizing the former equations on a spatial grid
∂LHE
M=
= −2ξ 2(E 2 − B 2 )B − 7(E · B)E .
as depicted in Fig. 2 (we solve Maxwell’s consider∂B
(3) ing no variations along z). For the two-dimensional
These terms carry the effective response of the case, the field components are set in a leapfrog layclassical vacuum due to the quantum fluctuation of out (centered in both time and space) and shifted
virtual pairs (vacuum polarization) [3, 2, 21]. We by half grid cell, which confers the field solver rocan perceive this quantum corrected vacuum as a bustness and accuracy [27]. The simplicity and the
new medium (usually designated as the quantum high efficiency of this algorithm allows its integravacuum) that modifies the way light propagates tion within a massively parallel and fully relativisthrough it. In this way, its study and modelization tic OSIRIS PIC (particle-in-cell) code [28, 29, 30].
is of utmost importance as we can infer the QED OSIRIS uses the EM quantities normalized to the
interaction signatures or how to maximize them ex- electron’s mass (me ), charge (e), the characteristic
perimentally [9]. The goal of this thesis is to model laser frequency (ω0 ) and velocity of light (c). In
future planned experiments using realistic parame- this sense, the fields are normalized in the followters and realistic laser fields (including finite-size ef- ing way: E → eE/me cω0 ≡ Ẽ (the same for the
fects). Ideally, this thesis will provide the scientific magnetic field).
community with important insight over the transThe Yee scheme available in OSIRIS solves the
verse effects on the QED signatures, focusing on standard linear Maxwell’s equations. However, HE
the ellipticity and the high harmonic generation. corrections to Maxwell’s equations introduce a nonNote that these effects emerge only when the EM linear polarization and magnetization (Eq. 3). To
invariants are non-zero and when the strong field evaluate these new terms at a certain time-step, one
intensity (E0 ) is sufficient to induce non-negligible needs to know the electric and magnetic field valeffects. The setups simulated (depicted in Fig. 1), ues for that same time-step. To overcome this difwhich replicate the most promising experimental ficulty, we modified the standard Yee Algorithm by
setups, consist in the counter-propagation of an implementing a predictor-corrector strategy (Fig. 3)
ultra-intense optical pump pulse (capable of ex- [31, 32].
citing the quantum vacuum) against a probe XAs the QED corrections scale with the small couray pulse (where the QED signatures are going to pling parameter ξ (Eq. 3), then the QED corrected
be detected) [14, 22, 23] or against another ultra- fields can be addressed in a perturbative manintense optical pump pulse (to detect the generation ner. Having this in mind, we start by evaluating
of higher harmonics) [24, 25, 26].
the predicted quantities (zeroth-order fields) using
2

In the next sections, an extensive benchmarking
of this two-dimensional code is done for vacuum
birefringence setups (in section 3) and for high harmonics generation setups (in section 4).
3. Vacuum Birefringence
To excite the quantum vacuum state, there are
two necessary requirements: non-zero EM invariants and strong field intensities. The simplest setup
to achieve these requirements is the propagation of
a probe pulse (noted by the subscript p) within a
Figure 2: Yee’s two-dimensional unitary grid cell.
strong static field region (noted by the subscript 0).
The position of the electric and magnetic field comThe probe pulse is a weak field intensity laser pulse
ponents within the grid cell (in red) is presented,
(usually an X-ray) whose main goal is to probe the
as well as the neighbouring grid cell field positions
quantum vacuum by acquiring QED interaction sig(other colors).
natures. The presence of a static field (which excites the quantum vacuum) breaks the symmetry
Interpolate fields
Linear Yee scheme
of the problem by inducing a dephasing of the elecin space
(predicted quantities)
tric field components of the probe pulse. This effect
comes from the birefringent response of the vacuum
Advance field
Compute
in the presence of the strong field [21, 33, 34, 35]. In
(modified Faraday)
EM invariants
this sense, an initially 45-degree linearly polarized
probe pulse acquires then an ellipsoidal polarization
Advance field with
Compute polarisation
nonlinearities
(Fig. 4).
and magnetisation
(modified Ampère)

Recursive loop
for convergence

Figure 3: Iterative loop of the modified Yee scheme.
The modification is mainly present in Ampre’s law
where one uses a predictor method with a recursive
loop for convergence, in order to get the correct
nonlinear electric field value.
Figure 4: Through the propagation in the quantum
vacuum, a probe pulse linearly polarized will dephase its components of the electric (or magnetic,
via Faraday’s law of induction) field, inducing an
ellipticity (QED interaction signature).

the standard Yee scheme (i.e solving the standard
Maxwell’s equations in vacuum). Consequently, we
can then linearly interpolate the predicted field values at all grid positions, allowing us to evaluate the
EM invariants and the polarization and magnetization of the medium (quantum vacuum). We implement the polarization and magnetization in the
HE corrected Maxwell’s equations and re-evaluate
the electric field (via the modified Ampères’ law)
(first-order electric field). Through a recursive loop,
we can, iteratively, repeat this process until the
electric field converges to the HE corrected electric field value. As soon as we obtain the corrected electric field value, we can re-evaluate the
magnetic field (via Faraday’s law of induction), selfconsistently with the QED corrections. In summary, the modified Yee Algorithm calculates the
zeroth-order fields to evaluate the polarization and
magnetization. Subsequently, the first-order fields
can then be calculated through a recursive loop.
We should mention that this method can only be
applied due to the perturbative nature of the corrections, which means that the zeroth-order fields
are already really close to the actual solution.

By fitting the resultant ellipsoidal polarization,
we can obtain the ellipticity δ (QED interaction signature) induced [31, 32], given by,
δtheo = 12πξE02 kp d,

(4)

where ξ is the coupling parameter, E0 (or B0 ) is the
static field amplitude, kp is the probe wavenumber
and d is the interaction length (distance covered
while under interaction). This expression shows
that the effect is proportional to ξE02 , which proves
the negligible effect for the case where the static
field amplitude is much smaller than the Schwinger
critical field intensity. The expression is also proportional to the dimensionless quantity kp d, showing that the effect can be maximized by using a
strongly varying probe field or a long interaction
length. This is the reasoning why modern laser
facilities will use X-ray sources in the attempt to
3
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Figure 5: Normalized elipticity for the various setups studied as a function of the transverse direction.
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As it is experimentally impossible to generate
such high field intensities using static fields, the
community turned its attention to the laser-based
setups. In this sense, the new setup consists in a
probe pulse and a counter-propagating ultra-intense
optical pump pulse (both with constant transversal
profiles - plane waves) [22]. We devised a theoretical expression using the Green’s function formalism
[38], given by,
√
δosc = 12π πξ Ē02 kp σ0 ,
(5)
√
δnosc = 24π πξ Ē02 kp σ0 ,
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Figure 6: Ellipticity as a function of the normalized
pump pulse duration (σ̃0 ), probe wavenumber (k̃p )
˜ 2 ). The points correand expansion parameter (ξ˜¯Ē
0
spond to the values extracted from the simulation
and the lines are the theoretical prediction.

This parameter scan is important as it proves
that the theory developed and the numerical results are in agreement (maximum error equal to
2%). Figure 6 shows that the error increases with
where Ē0 is the pump electric field amplitude, k0 the wavenumber of the probe. This has to do with
and σ0 are the pump wavenumber and pulse dura- the fact that we used the same spatial resolution
tion, respectively. Equation 5 shows that the inter- for every simulation setup. However, the simulaaction distance d gives place to an effective inter- tion with the highest wavenumber value requires a
action distance σ0 , while the prefactor is given by more refined resolution. In addition, the deviation
a constant that depends on the oscilatory nature from the theoretical line, which represents the limof the pump longitudinal profile. To test this ex- iting case where the pump pulse has no longitudinal
pression, we have done a parameter scan for kp , σ0 oscillations (k̃0 = 0), can come from the fact that
and dimensionless quantity ξ Ē02 (Fig.6). The simu- we are actually not using a null wavenumber value.
lation parameters used are presented: σp = 9.79 fs, In this way, small contributions coming from the
4
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probe quantum vacuum [14, 13, 36]. There are other I0 = 1023 Wcm−2 , λ0 = 33.3 µm (mimic a longituprojects that use laser cavities to force the probe dinal profile without oscilations), ξ˜ = 10−11 (except
pulse to oscillate several times inside the strong field when we are varying this parameter in Fig. 6 (c))
region [37].
and a 200 x 5 [c/ω0 ] simulation box (with 200k x
�����
We simulated the propagation of the probe pulse 20 cells).
within a region of strong static electric field (Estatic
~
�����
�����
�����
linearly polarized along y), magnetic field (Bstatic a) ����� k~p = 100 [ω0/c]
k~p = 50 [ω0/c]
linearly polarized along z) and with both at the
kp = 10 [ω0/c]
�����
�����
�����
�����
same time. The theoretical prediction for the first
two cases is given by Eq. 4, while, for the third
�����
�����
�����
�����
case, it is four times more intense. The simulation
parameters are: σp = 15 fs, Ip = 1018 Wcm−2 , λp =
�����
�����
�����
�����
10 nm, Ẽ0 = B̃0 = 100 [me cω0 e−1 ], d˜ = 34 [c/ω0 ],
�
�
��
��
��
˜
σ � - ���� ����� �������� [�/ω�]
ξ˜ = 10−10 (it should be 10−17 , but we increased
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a 98 x 100 [c/ω0 ] simulation box (with 196k x 300
~
�����
�����
σ�����
0 = 18.4 [1/ω0]
cells).����
The results presented in Fig. 5 show a very b) �����
~
σ0 = 8.6 [1/ω0]
good agreement between the theoretical prediction
σ~ 0 = 4.4 [1/ω0]
�����
�����
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�����
and the numerical results (with errors below 1.5%).
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longitudinal integration of the profiles might come as it should (an important benchmark for the limit
into play. Nevertheless, this parameter scan proves when W̃0 → ∞).
that the approximations done to obtain the expressions in Eq. 5 were correct and that the ellipticity a)
���
is proportional to the expansion parameter (ξ Ē02 ),
W0 = ∞
W0 = 150 [c/ω0]
���
probe wavenumber
(k
)
and
the
effective
interaction
p
√
W0 = 100 [c/ω0]
distance ( πσ0 ).
W0 = 80 [c/ω0]
���
W0 = 60 [c/ω0]
However, to generate such high laser intensities,
W0 = 30 [c/ω0]
���
lasers must be tightly focused. In this way, we
have to take into account laser pulses with trans���
verse finite-size effects (Gaussian transverse pro���
files) [39, 40]. To simplify, we implemented first
�
���
���
���
���
� [�/ω�]
the Gaussian transverse profile in the pump pulse,
satisfying the paraxial Gaussian theory (Rayleigh b)
���
length, ZR0 , much bigger than the simulation box).
In this approximation, the wavefronts are approxi���
mately planar and so the transverse effects are re���
duced. Moreover, we are going to consider a more
���
realistic case where the Gaussian longitudinal profile contains several wavelengths for a determined
���
pulse duration (k0 σ0  1). Consequently, the ellip���
ticity induced can be written as [41],
���
���
���
���
���
���


� [�/ω�]
√
2y 2
2
(6)
δtheo (y) = 12π πξ Ē0 exp − 2 kp σ0 ,
W0
Figure 7: Ellipticity variation along the transverwhere y is the transversal distance to the axis of the sal direction for the pump spot-size parameter scan
Gaussian pulse and W0 is the beam waist parame- (plane probe pulse).
ter. To benchmark the theory developed (Eq. 5), we
simulated the counter-propagating setup with the
Nonetheless, the probe pulse is also a Gaussian
same numerical parameters except for: σp = σ0 = laser pulse, realistically. Using exactly the same
3.34 fs, λ0 = 1 µm and a 98 x 6W̃max [c/ω0 ] simula- simulation parameters but implementing the transW̃max
tion box (with 98k x 60 6W̃
cells, where W̃max = verse finite-size effects in the probe pulse, we can
min
max(W̃0 , W̃p ) and W̃min = min(W̃0 , W̃p )). For the obtain the transversal variations of the ellipticity
plane wave case, we used a 98 x 100 [c/ω0 ] simula- for a wide range of spot-size values for both laser
tion box (with 98k x 360 cells). Figure 7 shows pulses (Fig. 8). To gain some physical insight on
a good agreement between the numerical results what is actually happening, one should analyze the
(dots) and the Gaussian paraxial theoretical predic- simplest case, which is presented in Fig. 8 (a). In
tion (lines). However, we notice that a decrease of this case, the pump pulse is a plane wave and we
the spot-size of the pump pulse, which is equivalent vary the spot-size of the probe pulse for the values
to a considerable decrease in the Rayleigh length presented. When the probe pulse has a Gaussian
(ZR = k × W 2 /2), has influence in the precision of profile, the ellipticity induced is not flat. This is
the numerical results (Fig 7 (b) for W̃0 = 30 [c/ω0 ]). due to the fact that infinitely away from the central
This is intuitive as the transverse effects start to axis of the probe, the electric field amplitude goes
dominate for lower values of the Rayleigh length to zero, which means that the probe pulse ceases
(the wavefronts get curved away from the focal to exist. In this way, there is no ellipticity induced.
point). Another important feature is the fact that Therefore, infinitely away from the axis of the probe
the ellipticity goes to zero when the transverse dis- pulse, the ellipticity should decay to zero.
Now analyzing all the other setups, we verify
tance (y) moves away from the axis of the pump
pulse. To explain this property, we need to re- that the blue line (W̃p = 80 [c/ω0 ]) and the orcall that the transverse pump profile is now gaus- ange line (W̃p = ∞ [c/ω0 ]) are almost always cosian, which means that it decays exponentially to incident, which makes sense as the Rayleigh length
zero. Consequently, after a certain distance from is much greater than the simulation box (similar to
the central axis, the pump electric field amplitude the infinite Rayleigh length case). However, when
is not strong enough to induce the quantum vac- we observe the resultant ellipticity variation for the
uum, therefore, the ellipticity (the QED signature) black line case (W̃p = 30 [c/ω0 ]), we notice the apvanishes. We can also verify that the numerical re- pearance of spot-size dependent structures. If we
sults (dots) recover the plane wave limit (in purple) recall the first example (Fig. 8 (a)), we can under5
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Another way of tackling the effects of the photonphoton scattering process mediated by electronpositron virtual pair fluctuations is via a k-space
analysis (Fourier space). As we have seen before,
the quantum response of vacuum (through the polarization and magnetization, Eq. 3) is present if the
EM invariants are non-zero and for high-intensity
fields (still verifying E  ES ). The first condition
prevents a plane wave to undergo QED effects on
its own as these waves have null EM invariants. In
contrast, Gaussian pulses possess a non-zero value
of the first EM invariant (G = 0), which enables the
QED effects to be present at all times for a single
Gaussian pulse propagating in the quantum vacuum (self-interaction) [21, 39]. If we recall that the
laser pulse wavefront results from the interference
of the single photon wavefronts and the wave vector is perpendicular to the wavefronts, we can infer
why the self-interaction process is not possible for
plane waves. In the plane wave case, all the local
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4. High Harmonic Generation
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Finally, in Fig. 8 (e), we do not observe the same
structures as in the previously analyzed cases. This
is due to the fact that these structures are also
dependent on the ratio between both pulses beam
waists, which for this case takes the unitary value.
Actually, there is a paper that predicts this result,
showing that the ellipticity induced on the probe
pulse should also have a slight decrease in amplitude (observed here in the numerical results) [41].
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stand why the amplitude of the ellipticity decreases
faster than the other colored curves, forming the
“1st curve”. Nevertheless, a “kink point” marking
the end of the probing range of the probe pulse
appears, followed by a fast decay of the ellipticity
induced (“2nd curve”). Actually, if we think about
a probe pulse with a much lower spot-size than the
pump pulse, we notice that the probe pulse ceases to
exist much closer to the axis of both pulses than the
pump pulse. Consequently, just a minor transversal
area of the pump pulse gets probed (approximately
2-3 W̃p [c/ω0 ]), which explains the fast decay of the
ellipticity after the kink point. If we keep decreasing
the pump spot-size (Fig. 8 (d)), we start noticing
the formation of another peak (the “outer peak”),
but, in opposition, we observe a less accentuated
“1st curve”. This can be understood by the fact
that, as we decrease the pump pulse beam waist,
the probe pulse can probe a wider area of the pump
transversal structures. The origin of the outer peak
appearance is still not totally clear, but we truly
think that it is physical as it was preserved when
we tested this setup with a better spatial resolution
and a wider box size. In addition, it seems that the
distance between the kink point and the outer peak
is approximately equal to the probe beam waist.
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Figure 8: Ellipticity variation along the transversal distance to the central axis. For a fixed gaussian pump pulse spot-size, we vary the value of the
Gaussian probe pulse (values and colours presented
in the figure).
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sense, we can observe that the kx = ±1 [ω0 /c] contributions come from the exponential exp (±ikx x)
terms in the field components. As these are the
seeded wavenumbers of the Gaussian pulse then
they appear for all the times. However, we observe the growth of outer peaks for kx = ±3 [ω0 /c]
(Fig. 10 (b)). These peaks are QED signatures of
the photon-photon scattering processes and arise
from the effective response of the quantum vacuum
(polarization and magnetization) [25, 26]. In a diagramatical way and having in mind that all the
quantities are exponential multiplications, we can
figure out why these high harmonics are being generated (via self-interaction processes):

wave vectors are pointing along the laser propagation direction, which means that these photons are
going to propagate without scattering with one another (Fig. 9 (a)). Conversely, in the Gaussian pulse
case, the curvature of the wavefronts induce a small
longitudinal component in the local wave vectors,
which enables the scattering of the photons from
the same Gaussian pulse (Fig. 9 (b)).

k

Ex , Ey , Bz ∼ exp (±ikx) ,
1 2
I1 = (Ex + Ey2 − Bz2 ) ∼ Ex2 ∼ exp (±2ikx) ,
(8)
2
P ∼ ξI1 E ∼ ξ exp (±2ikx) × exp (±ikx) ,
M ∼ ξI1 B ∼ ξ exp (±2ikx) × exp (±ikx) ,

and, consequently,
Ex , Ey , Bz → kx = ±1 ,
I1 → kx = 0, ±2 ,

k

P → kx = ±1, ±3 (∼ ξE 2 ) ,

(9)

M → kx = ±1, ±3 (∼ ξE 2 ) .
If we recall that the polarization and magnetization compose the source term of the electric and
magnetic field wave equations, then these higher order harmonics are transferred to the field Fourier
space. These higher order wavenumber contributions in the k-space spectrum correspond to a copropagating wave and have a lower contribution as
they scale with the coupling parameter ξ (Fig. 10
(b)). To prove that these effects are coming from
QED effects, we ran the same simulation with ξ = 0
(without QED) and we observed that these harmonics were not generated (Fig. 10 (c)).
The self-interaction setup is important to understand what QED effects happen for the case where
we use an ultra-intense Gaussian pulse. Nevertheless, it is of great value to study the Fourier spectrum for the interaction between two ultra-intense
laser pulses with exact same beam parameters and
focused in the same spatial point. In this way, we
studied the case of perpendicular propagation, one
pulse propagating along x (linearly polarized along
y) and another pulse propagating along y (linearly
polarized along x). By increasing the spatial resolution (25k x 25k cells), in order to decrease the
numerical noise, we obtained the k-space presented
in Fig. 11.
The field components of the second pulse are
now proportional to exp (±iky y), giving the ky =
±1 [ω0 /c] contribution (seeded wavenumber), in

Figure 9: Time evolution of a plane wave (a) and
a Gaussian pulse (b). The wavefronts and corresponding wavevectors are shown for each case.
Following this reasoning, we simulated the propagation along the x direction of an ultra-intense
laser pulse polarized along the y direction, using
the subsequent numerical parameters: k̃ = 1 [ω0 /c],
I = 1.38 × 1022 Wcm−2 , W = 4 µm, σ = 53 fs,
ξ˜ = 10−7 and a 300 x 300 [c/ω0 ] simulation box
(with 6k x 6k cells). If we analyze the Fourier spectrum for the transversal component of the electric
field (Ey ), presented in Fig. 10 (a), we observe the
appearence of several k-space peaks. To understand
these structures we first need to recall that the nonzero components of the two-dimensional paraxial
Gaussian pulse, which vary as exp (iωt), are given
by
Ex = Ēx exp (−ikx x) + c.c. (Long. component),
Ey = Ēy exp (−ikx x) + c.c. (Transv. component),
Bz = B̄z exp (−ikx x) + c.c. (Transv. component),
(7)
where the ratio between the longitudinal component
and the transverse components is of the order of
s = W/ZR , which in the paraxial Gaussian theory
is a small expansion parameter (W  ZR ). In this
7
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Figure 10: Time evolution of an ultra-intense gaussian pump pulse, in the Fourier space ((a) and (b)).
In (c), the Fourier amplitudes of the first harmonics are shown, comparing the case where the QED
effects are present or not.
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Fig. 11 (a). In addition, due to the polarization
of the second pulse being along the x direction, the
y component of the total electric field comprises the
longitudinal component of the second pulse and the
transverse component of the first pulse. This fact
explains why the amplitudes of the ky peaks have a
smaller amplitude than the kx peaks. After a certain time, we notice the appearence of the characteristic self-interaction signatures, which encompass
the kx = ±3 [ω0 /c] peaks for the first pulse and the
ky = ±3 [ω0 /c] peaks for the second (Fig. 11 (b)).
However, we can also verify the appearence of offaxis contributions coming from terms that involve
exponentials in both x and y. Once again, we can
track the origin of these Fourier peaks diagramatically. For this purpose, we established the (kx ,ky )
k-space coordinate system for a better identification
of the peaks:

-2
0
2
kx [ω 0 / c]

4

10

Figure 11: Time evolution of the Fourier space for
the y component of the total electric field (perpendicular propagation setup).

non-zero EM invariant,

I1 → 0th order :
st

(0, 0)(±2, 0)(0, ±2)
(±1, 1)(1, ±1),

1 order : (∼ s) (±1, 1)(1, ±1),

(11)

2nd order : (∼ s2 ) (±2, 0)(0, ±2).

To simplify the calculation, we will only consider
peaks
located in the first quadrant (kx , ky ≥ 0), all
Ey1 ∼ exp (±ikx x) → (±1, 0) ,
(10) the other peaks can be obtained using axial symEy2 ∼ s exp (±iky y) → (0, ±1)(∼ s) ,
metry. In addition, as we are interested in analyzing the Fourier spectrum of the y component of
from which we can obtain the peak locations of the the electric field, then we just need to evaluate the
8

contributions from Py and Mz :

pump pulse, using realistic beam laser parameters.
A full understanding of the physics behind the effects of positron-electron virtual pair fluctuations is
of utmost priority to model near future laser-based
setups that aim at probing quantum vacuum, for
the first time, in the low field limit.
To solve the HE modified Maxwell’s equations
we reach for a slight modification of the standard
Yee’s scheme, widely used to solve the classical case.
However, the inclusion of a nonlinear polarization
and magnetization modifies the way light propagates in vacuum. The most common effects debated
among the strong field community is the ellipticity (coming from the vacuum birefringence) and the
generation of higher harmonics.
The ellipticity induced in an X-ray probe pulse
was fully detailed and several setups were addressed: from static background fields to ultraintense pump pulses. For each setup, a theoretical
expression was given and benchmarked alongside
with numerical results coming from simulations of
the OSIRIS 3.0 PIC code, where we have integrated
our QED solver module. A parameter scan encompassing all the important laser parameters (pulse
duration, beam waist and wavenumber) was carried
to verify the validity of the theoretical predictions.
As the results and the predictions agreed with high
precision, we decided to explore more complex setups where finite-size effects on the ellipticity are
also important. An intuitive explanation for the
structures observed was given. We are now in position to explore the QED signatures far from the
paraxial approximation (near the diffraction limit).
In this work, the HE Maxwell solver was also extended to three dimensions to be able to model future laser experiments in a realistic geometry. Further, more realistic simulations using this Maxwell
solver are left as future work.
A Fourier space analysis of the QED interaction was performed for the propagation of an ultraintense pulse laser in vacuum. From this analysis, we concluded that Gaussian pulses can undergo self-interaction processes due to the inherent focusing of the laser, contrary to what happens with plane waves. The high harmonic generation process was detailed, diagrammatically, to
provide physical insight on the location of the peaks
and their amplitudes. By increasing the complexity of the setup addressed, we studied the Fourier
spectrum for the perpendicular propagation of two
ultra-intense pulse lasers. The QED signatures of
this setup are very interesting and the full understanding of the structures formed could lead to a
potential ultra-intense pulse alignment system. To
do so, we have to study the angular dependence
of the amplitudes of the Fourier peaks. However,
this study must be done taking into account higher

Py → 0th order : (∼ ξE 2 ) (1, 0)(3, 0)(1, 2)
(0, 1)(2, 1),

st

2

1 order : (∼ ξE s) (2, 1)(0, 1)(0, 3)
(1, 2)(1, 0),
(12)
th

Mz → 0

2

order :(∼ ξE ) (1, 0)(3, 0)(1, 2)
(0, 1)(2, 1)(0, 3),

st

2

1 order :(∼ ξE s) (2, 1)(0, 1)(1, 2)
(1, 0).
Therefore, the appearence of the peaks and the
relative amplitudes of all the peaks can be estimated
by re-injecting these contributions in the wave equation for the y component of the total electric field:
Ey → 0th order :

(1, 0),

st

1 order : (∼ s)
nd

2

(0, 1),
2

order : (∼ ξE )

(1, 0)(3, 0)(1, 2)
(0, 1)(0, 3)(2, 1), (13)

rd

3

2

order : (∼ ξE s) (2, 1)(0, 1)(0, 3)
(1, 2)(1, 0),

4th order : (∼ ξE 2 s2 ) Neglected .
We could repeat the same process but having
Eq. 13 as the initial field configuration. This would
yield even higher order harmonics, which are also
visible in the outer regions of Fig. 11 (b). After the
interaction, these higher frequency co-propagating
waves decay, in Fig. 11 (c). In this way, infinitely
away from the focal point (interaction point), we
should observe simply the self-interaction signatures.
A full calculation of the prefactors of each exponential term was done in [32], where we benchmark
the numerical Fourier amplitudes with the theoretical prediction. A numerical tool capable of predicting, with high precision, the amplitudes of each
peak of the spectrum might have the potential to
evaluate the alignment between two ultra-intense
pulse lasers. For this reason, it is important to
study the counter-propagation of two ultra-intense
pulse lasers, varying the angle between them and
inferring the changes observed in the QED signatures.
5. Conclusions
Through the refinement of a previously developed
module, we can finally address finite-size effects on
QED signatures. The main goal of this master thesis is to provide the scientific community with a
powerful tool capable of estimating with high precision the effects of laser-induced vacuum birefringence upon an X-ray source or another ultra-intense
9

order contributions to correctly predict the peaks
amplitudes for the higher harmonics. In addition,
a three-dimensional analysis should be carried to
verify if the extra dimension enhances the photonphoton scattering (expected result).
To conclude, the results obtained in this thesis
enable us to move to realistic setups with the ultimate goal of modeling near-future experiments. In
particular, this work will provide guidelines and estimates of the photon-photon scattering process effects in the propagation of laser pulses in vacuum.
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2016.
[32] Pedro Carneiro, Thomas Grismayer, Ricardo
Fonseca, and Luı́s Silva. arXiv:1607.04224,
2016.
[33] Rudolf Baier and P. Breitenlohner. Il Nuovo
Cimento B, 47:117–120, 1967.
[34] V. Dinu, T. Heinzl, Anton Ilderton, Mattias
Marklund, and Greger Torgrimsson. Phys.
Rev. D, 89:125003, 2014.
[35] J. J. Klein and B. P. Nigam. Physical Review,
135:1279–1280, 1964.
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