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New applications for low-temperature plasmas create a technological need to improve the pre-
dictability on their behaviour. This work contributes to the development of LoKI-B, an EBE solver,
by updating its treatment of electron-impact ionizations, including two-electron density growth
models (a spatial and a temporal), and a non-conservative ionization collisional operator that uses
a differential ionization cross section. Predictions, for high values of E/N , of the first Townsend
ionization coefficient improved in Argon and Nitrogen. Benchmark tests were done against another
EBE solver code. An analysis of commonly used ionization collisional operators, questions the use
of the equal energy sharing mode.

INTRODUCTION

Since the last century, low-temperature plasmas have
been extensively used on the industry of processing mate-
rials, with developments in environmental and biological
applications being made in recent years. As a result,
there is a newfound technological need to improve pre-
dictions of low-temperature plasma (LTP) behaviour.

This is the aim of the project KInetic Testbed for
PLASMa Environmental and Biological Applications
(KIT-PLASMEBA). This project intends to develop
new LTP modelling tools, such as a state-of-the-art ki-
netic scheme named LisbOn KInetics (LoKI). This code
contains an electron Boltzmann equation (EBE) solver
named LoKI-B.

This work contributes to the development of LoKI-B
by updating its treatment of electron-impact ionizations.
The goal of this work will then be to include two elec-
tron density growth models, as well as a non-conservative
ionization collisional operator that uses a differential ion-
ization cross section.

THEORETICAL FORMULATION

The electron Boltzmann equation

The main goal of an EBE solver, is to obtain the elec-
tron distribution function by solving the EBE. By ex-
panding the total derivative of the distribution function
(assuming that the distribution function may have an ex-
plicit time dependence, there can be an electron density
gradient, and electrons will be under the influence of an
electric field) we arrive at an EBE,

∂F̃

∂t
+~v ·∇~rF̃−

e ~E(t)

me
·∇~vF̃ = I(F̃ )+J(F̃ )+JI(F̃ ) . (1)

The solution of equation 1 is the electron distribution
function F̃ . The collisional operator is divided in elastic
collisions I, conservative inelastic/superelastic collisions
J , and in non-conservative inelastic ionizing collisions JI .

The particle distribution function

In this work, the electron distribution function, which
is normalized to the electron density ne,∫ ∞

0

F̃ (~r,~v, t)d~v = ne(~r, t), (2)

will be expanded in various approximations.
The first approximation to be applied is the adiabatic

approximation, in which we assume that the spatial de-
pendence of the electron density is similar to the spatial
dependence of the distribution function. Meaning that,

F̃ (~r,~v, t) ≈ ne(~r, t)F (~v, t), (3)

with F being a probability distribution function on the
electron velocity, normalized to one,∫ ∞

0

F (~v, t)d~v = 1. (4)

Through this work we will also use the electron energy
distribution function (EEDF) which is also a probability
function that relates to the electron velocity distribution
function as,

F (v) 4π v2dv = f(u)
√
u du, (5)

∫ ∞
0

f(u, t)
√
udu = 1. (6)

We will also expand the electron velocity distribution
function F on its velocity components using spherical
harmonics. We will assume that the anisotropy is along
the z axis, such that the expansion goes as,

~F (~v, t) ≈ F 0(v, t)+F 1(v, t) cos θ = F 0(v, t)+ ~F 1(v, t) · ~v
v
,

(7)
in which θ is the polar angle between the velocity ~v and
the anisotropy ~F 1 = F 1~ez. This allows us to separate an
isotropic part F 0 and an anisotropic part F 1.
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The temporal dependence of the function F will be a
response to the varying electric field. Assuming that the
electric field varies harmonically with a high frequency
ω, we can expand the distribution function in a Fourier
series,

F (~v , t) =
∑
m

Fm e
imω t ≈ F 0 + F 1

0 P1 + F 1
1 P1 e

i ω t.

(8)
The term F 0

1 was assumed to be zero, since ω � me

M νc,
with M being the mass of the neutral particles, me the
electron mass, and νc is the frequency of the quantity of
momentum transfer.

Electron-impact ionization

Electron-impact ionization is a process in which an
electron collides with a neutral particle producing a pos-
itive ion and two other electrons. For bookkeeping pur-
poses, it is customary to call the faster of the two elec-
tron as scattered and the slower as secondary. The initial
electron will also be distinguished from the electrons pro-
duced and will be called the primary electron. In terms
of energy we have,

0 ≤ usec ≤ usca ≤ ε− VI , (9)

ε = VI + usca + usec , (10)

with ε the primary electron energy, usca the scattered
electron energy, usec the secondary electron energy, and
VI the ionization potential in eV .

In order to describe the electron energy sharing we can
use a differential ionization cross section on the secondary
electron’s energy,

dσI(ε, VI)

dusec
≡ qIsec(ε, usec). (11)

which is also referred to as single differential cross section
(SDCS). Integrating this cross section on the secondary
electron energy we obtain the total ionization cross sec-
tion σI ,

σI(ε, VI) =

∫ (ε−VI)/2

0

qIsec(ε, usec)dusec. (12)

One of the most comprehensive measurements of SDCS
was done by Opal, Peterson and Beaty for a number of
gases [1, 2]. They used a function that had a similar
shape to the data, with a gas specific parameter w, and
a normalization constant dependent on the primary elec-
trons energy. Introducing this function in 12, they ob-
tained an expression for the differential ionization cross
section,

qIsec(ε, usec) =
σI(ε)

w arctan ε−VI

2w

1

1 +
(
usec

w

)2 . (13)

The ionization collisional operator for electron-impact
ionization was showed by Holstein [3] to be,

JI(u)

γ
=

∞∫
2u+VI

ε qisec(ε, u) f(ε) dε+

2u+VI∫
u+VI

ε qisca (ε, u)f(ε) dε− uσI(u) f(u). (14)

Here γ = meNne

4πe
√
u

is a common factor to the all EBE terms,

in which N is the gas density. The first term accounts
for secondary electrons, the second term for scattered
electrons, and the third term to primary electrons. This
will be the ionization operator implemented in LoKI.

However, there are also other frequently used ioniza-
tion collisional operator. The conservative ionization col-
lisional operator, in which there is no production of sec-
ondary electrons. The non-conservative collisional opera-
tor ”one electron takes all”, in which secondary electrons
have zero energy. And the non-conservative ionization
collisional operator with equal energy sharing, in which
the scattered and the secondary electrons have the same
energy.

Two electron density growth models will be applied.

The electron density exponential spatial growth model,

ne(~r, t) ≈ ne(z, t) = ne(t) e
α z, (15)

assumes that electron density grows with a constant spa-
tial frequency α, the first Townsend ionization coefficient.
And the electron density exponential temporal growth
model,

ne (~r, t) = ne (~r) e<νI>t, (16)

assumes that electron density grows with a constant tem-
poral frequency 〈νI〉, the mean electron-impact ionization
frequency.
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Two-term electron Boltzmann equation

By applying these expansions on the EBE we can obtain an equation for the isotropic part, the stationary anisotropic
part, and the non-stationary anisotropic part. Substituting one in another, we can obtain equations solely dependent
on the isotropic part, that is, the EEDF. Thus, there is an equation for each electron density growth model, and type
of electric field, direct current (DC) or high frequency (HF).

Temporal electron density growth with DC electric field

−u CI√
2eu
me

f(u) +
∂

∂u

(
u

3

E2
0R

σIeff (u)

∂f(u)

∂u

)
+
I0(u)

γ
+
J0(u)

γ
+
JI(u)

γ
= 0 (17)

Temporal electron density growth with HF electric field

−u CI√
2eu
me

f(u) +
∂

∂u

(
u

3

E2
1R

2

σIeff (u)

σIeff (u)
2

+ ω2
R/

2eu
me

∂f(u)

∂u

)
+
I0(u)

γ
+
J0(u)

γ
+
JI(u)

γ
= 0 (18)

Spatial electron density growth with DC electric field

αR
3

[
u

σeff

(
αRf(u) + E0R

∂f(u)

∂u

)
+

∂

∂u

(
uE0R

σeff
f(u)

)]
+
∂

∂u

(
u

3

E2
0R

σeff (u)

∂f(u)

∂u

)
+
I0(u)

γ
+
J0(u)

γ
+
JI(u)

γ
= 0 (19)

Here quantities with the subscript R are reduced quanti-
ties, defined by the original quantity divided by the gas
density N , for example E0R = E0

N . The quantity σIeff
is defined as σIeff = σeff + CI√

2eu
me

, in which σeff is the

effective cross section, which is used to write an effective
anisotropic collisional operator, and CI = 〈νI〉 /N the
ionization rate coefficient.

Drift-diffusion equations

The drift-diffusion equations can be calculated through
the electron transport ~Γ = ne~vdrift. Since the EEDF was
expanded in Fourier series, the electron flux will also be
expanded,

~Γ = ~Γ0 + ~Γ1 e
i ω t. (20)

The drift velocity can by calculated with the
anisotropic part of the EEDF

~vdrift =
1

3

√
2 e

me

∫ ∞
0

u f1(u) du~ez. (21)

with f10 for DC fields and f11 for HF fields.
For the DC electric field and temporal growth model

the drift-diffusion equation is,

Γ0 = neµ0E, (22)

with,

µ0 = − 1

3N

√
2e

me

∫ ∞
0

u
1

σIeff (u)

∂f(u)

∂u
du. (23)

For the DC electric field and spatial growth model the
drift-diffusion equation is,

Γ0 = −D∇rne + neµ0E, (24)

with,

D =
1

3N

√
2e

me

∫ ∞
0

u
1

σeff (u)
f(u)du, (25)

µ0 = − 1

3N

√
2e

me

∫ ∞
0

u
1

σeff (u)

∂f(u)

∂u
du. (26)

For HF fields, and temporal density growth, the drift-
diffusion equation is

Γ1 = neµ1E1, (27)

with µ1 = µr + i µi,

µr = − 1

3N

√
2e

me

∫ ∞
0

u
σIeff (u)

σIeff (u)
2

+ ω2
R/

2eu
me

∂

∂u
f(u),

(28)

µi =
1

3N

√
2e

me

∫ ∞
0

u
ωR
√

me

2eu

σIeff (u)
2

+ ω2
R/

2eu
me

∂

∂u
f(u). (29)
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COMPUTATIONAL APPROACH

In order to numerical solve the EBE we need to dis-
cretize it into an 1-D energy grid. The grid ranges from
0 up to umax. The energy step will be ∆u = umax/n,
being n the number of intervals.

Terms linear on the EEDF are discretized by writing
them at the middle of the energy grid intervals. Terms
that involve the integration of the EEDF are discretized
using the mid-point quadrature rule. Terms that involve
EEDF’s derivatives are discretized using a centred finite
difference method, such that the discretized EEDF is
written at the middle of the energy interval.

After the discretization, there is an EBE matrix, and
a system can be constructed of which the solution is
the EEDF. However, the ionization coefficients are non-
linear, as a result an iterative solution must be imple-
mented.

Solving the non-linear EBE

Terms that involve the ionization rate coefficient CI ,
or the reduced first Townsend ionization coefficient αR =
α/N , are non-linear on the EBE, because the EEDF must
be known in order to calculated them.

The ionization rate coefficient can be calculated with,

CI =

√
2 e

me

∫ ∞
0

uσI(u)f(u)du. (30)

. The reduced first Townsend ionization coefficient can
be calculate using its relation with the net electron pro-
duction,

αR =
CI
vdrift

, (31)

and with the drift-diffusion equation written on the elec-
tron drift velocity

vdrift = −N DαR + µ0E0R. (32)

With these relations, a quadratic equation in αR can be
written, with solution,

αR =
µ0E0R −

√
(µ0E0R)

2 − 4NDCI

2ND
. (33)

Analytical verification of the discretized electron
Boltzmann equation

Analytical verifications of the particle and energy bal-
ance identified discretization errors on the ionization col-
lisional operator on the order of the energy step. For the

particle balance equation the error was,

O(∆u) =

(n−MI)2∑
k=1

u2k+MI
qisec(u2k+MI

, uk)f2k+MI
∆u2.

(34)
For the energy balance equation the error was,

O(∆u) =

(n−MI)2∑
k=1

uku2k+MI
qisec(u2k+MI

, uk)f2k+MI
∆u2.

(35)
In order to account for these errors the calculation of the
CI coefficient was changed into,

CI =

√
2 e

me

n∑
k=1

JI

∣∣∣
k
∆u. (36)

This procedure ensures a perfect verification of the nu-
merical particle balance equation, and minimizes the rel-
ative error of the energy balance equation (keeping it
bellow 10−12).

Iterative method

In order to solve the non-linear EBE, the ionization
coefficients need to be explicitly calculated, and then it-
erated until convergence. These coefficients will func-
tion as convergence parameters, namely αR or CI being
the convergence parameter for the spatial or temporal
growth model, respectively. The iterative method can be
described as follows:

1. An EEDF is calculated without including sec-
ondary electrons;

2. Using the previous EEDF as an initial guess, the
convergence parameter is calculated;

3. Using the previous value of the convergence param-
eters, the EBE matrix is constructed now including
the production of secondary electrons due to ion-
ization events;

4. The ionization routine cycle commences with a new
calculation of the EEDF;

5. The new EEDF is used to update the convergence
parameters;

6. The convergence criteria are checked. If conver-
gence is not achieved the cycle continues back to
step 3.

Once the convergence criteria are met, usually corre-
sponding to relative differences smaller than 10−10 for
the convergence parameters and the EEDF, the cycle is
terminated. A flow chart of this iterative algorithm can
bee seen in Figure 1.
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FIG. 1: Flowchart of the EBE solver in LoKI. In blue we
present the original routine if secondary electrons were
not included. On the right hand side, we present all the
various steps of the ionization routine.

Coupling with electron-electron collisions

The electron-electron collisional operator (Jee) is non-
linear on the EEDF. In LoKI there was a routine in place
responsible to iteratively calculate this operator. In order
to fully integrate the new treatment of electron-impact
ionizations, a coupling between the ionization routine
and the electron-electron collisions routine was necessary.

To do this, a global cycle was implemented. This cycle
is essentially composed by two steps. On the first step,
the ionization routine is performed, in which ionization
convergence parameters are iteratively calculated. On
the second step, the electron-electron collisions routine
is performed, in which the collisional operator is itera-
tively calculated. The global cycle is then repeated until
both the electron-electron collisional operator and the
ionization convergence parameter converge.
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FIG. 2: Plot of EEDFs calculated in LoKI for Argon
with DC E/N = 1000Td and the electron density

spatial growth model.

RESULTS

Comparison between energy sharing models

These tests were performed for Argon, the general
behaviour being similar for other gases. A compari-
son of the three energy sharing models was done for
E/N = 1000 Td. The different energy sharing effects
were similar between growth models, so the comparisons
were done for the exponential spatial growth model only
(see Figure 2).

Comparison between electron density growth models

The results obtained using these models are shown in
Figure 3, for a DC Argon plasma at E/N = 1000Td, in
which we have also included the case in which secondary
electrons are not considered.
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FIG. 3: Plot of EEDFs calculated in LoKI for Argon
with DC E/N = 1000Td and the energy sharing using a

SDCS.

Benchmarks against BOLSIG+

The first tests were for the EEDF in Argon at E/N =
1000Td, with the temporal growth and the spatial growth
models (see Figure 4). After, the first Townsend ion-
ization coefficient, calculated with LoKI and BOLSIG+,
was compared for different E/N values in Argon and in
molecular Nitrogen (see Figure 5).

Validation of the first Townsend ionization
coefficient against experimental data for Ar and N2

The experiments were made in a Steady State
Townsend (SST) discharge, accordingly the spatial
electron-density growth model was adopted. Compar-
isons will use the energy sharing using an SDCS and the
case in which secondary electrons are not included.
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(a) Comparisons between LoKI and
BOLSIG+ for different energy sharing in

ionization, using the exponential temporal
growth model for the electron density.
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ionization, using the exponential spatial
growth model for the electron density

FIG. 4: Comparisons of the EEDF, calculated with
LoKI and BOLSIG+, for Argon with DC

E/N = 1000Td.

DISCUSSION

Comparison between energy sharing models

Energy sharing models refers to the way in which the
scattered and secondary electrons share the energy avail-
able after the ionization collision.

Two limiting cases would be the equal energy sharing,
and ”one electron takes all” sharing. With equal sharing
the secondary electron has always the maximum energy
possible and the scattered electron the least energy pos-
sible. With the ”one electron takes all” the secondary
electron has always the minimum possible energy and
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FIG. 5: Comparison between first Townsend ionization
coefficient calculated with BOLSIG+ and LoKI.

the scattered electron the maximum energy possible. In-
between these cases, there is the energy sharing using a
SDCS.

Experimental data suggest that there is a maximum
near the zero energy of secondary electrons [1, 6], with
the lowest probability values being for secondary elec-
trons with energies near its maximum, that is usec ≈
(ε− VI) /2. According to this information, the equal en-
ergy sharing scenario would be the least probable one,
and the ”one electron takes all” the most probable one.

With either spatial or temporal growth, and for both
energy sharing modes, there are less high energy electrons
when secondary electrons are included. This is caused
mostly by the introduction of the secondary electrons at
low energies that, by imposing the normalization condi-
tion, force the EEDF to be lower at high energy values.
This is well illustrated in Figure 2 with the energy shar-
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(a) Comparison between LoKI’s calculated
first Townsend ionization coefficient and

experimental data for Argon SST
discharges [4].
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FIG. 6: First Townsend ionization coefficient as a
function of the reduced electric field.

ing mode ”one electrons takes all”. This mode is in part
identical to the treatment of electron-impact ionizations
as conservative inelastic collisions, the difference being
that here secondary electrons are introduced at zero en-
ergy. As a result, the change seems to be caused by the
introduction of secondary electrons, and not by the en-
ergy partitioning between the electrons produced after
the ionization.

In Figure 2a we can better see the behaviour of the
high-energy region of the EEDF, mainly correlated with
the most energetic of the product electrons, the scattered
electron. In the ”one takes all” case, the energy of the
scattered electrons after the collision has the maximum
value usca = ε − VI . In this case the tail of the EEDF
is higher. In contrast, on the equal energy sharing case,
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the energy of a scattered electron after the collision is
usca = (ε− VI) /2 which is the lowest possible value for a
scattered electron. This shows why this case will have the
lowest probability of finding a high energy electron. The
tail of the EEDF for the energy sharing using a SDCS is
between these two limiting cases.

Observing Figure 2b we can better see the behaviour of
the low energy region of the EEDF, mainly related with
the energy of the least energetic of the product electrons,
the secondary electron. For the ”one electron takes all”
case, the probability is the highest. This is expected,
since with this type of sharing secondary electrons are
introduced at zero energy. The EEDF of the equal en-
ergy sharing case has the lowest probability (apart from
the case without secondary electrons). This can be ex-
plained by the fact that with this type of energy shar-
ing, secondary electrons have the highest possible energy
usec = (ε− VI) /2. Again, the case in which the energy
sharing is described with a differential ionization cross
section is between the limiting cases.

Comparison between electron density growth models

A significant difference is observed between the two
growth models. Spatial growth seems to produced lower
tails than the temporal growth model, which also relates
to a higher probability of finding low energy electrons
(see Figure 3).

This result is coherent with lower drift velocities for
the spatial growth model, where the electron flux is com-
posed by two opposite components, due to the drift in
the electron field and the diffusion caused by a pressure
gradient (see relations 24 and 22).

Benchmarks against BOLSIG+

One of the most popular EBE solvers is BOLSIG+ [7].
This EBE solver has some of the electron-density growth
models of LoKI. However, it can only use either the equal
sharing or the ”one electron takes all” energy sharing
mode, so our benchmark tests against BOLSIG+ will not
include the description of ionization using a SDCS.

Contrary to LoKI, BOLSIG’s energy grid is not com-
pletely defined by the user [7]. Comparing two distri-
bution functions with different initial and final energy
grid points is difficult, since different energy limits can
change the EEDF in a significant way when enforcing
the normalization condition. So, whenever possible, we
have tried to match LoKI’s user-defined energy grid with
BOLSIG’s.

For the exponential temporal growth model there is
very good agreement between BOLSIG+ and LoKI for
all energy sharing cases (see Figure 4a).

The EEDFs for the exponential spatial growth model
are similar in shape, but they don’t match as well (see
Figure 4b). One of the factors for this discrepancy was
the difficulty in matching the energy grid-points. If BOL-
SIG’s upper limit for the energy grid is used in LoKI,
large power-balance errors are present. However, even
when these limits are made very similar, there are still
some differences between the EEDFs that might be due
to the distinct discretization procedures in the two EBE
solvers.

For the first Townsend ionization coefficient, the EBE
solvers predict similar results (see Figure 5). However,
there are some deviations for high E/N values in Nitro-
gen and even for low E/N values in Argon.

Validation of the first Townsend ionization
coefficient against experimental data for Ar and N2

In Argon the simulation predictions improved signif-
icantly but they are still above experimental data un-
certainty (see Figure 6a). In Nitrogen the inclusion of
secondary electrons was enough to shift LoKI’s predic-
tions into experimental data uncertainty (see Figure 6b).
These results show that LoKI can now operate at higher
E/N values.

LoKI does yet not consider attachment or recombi-
nation non-conservative process. Since attachment and
recombination have an effect on the number of electrons,
it may have an influence on the electron density growth
terms of the EBE.

In SST experiments, the ejection of electrons from the
cathode due to ions or photons is significant. These
secondary processes can be difficult to separate from
the current growth due to electron impact ionization.
Some measurements of the secondary ionization coeffi-
cients were made in nitrogen [8], and separated in fast
and slow coefficients, due to cathode emissions by ions
and by photons or metastables, respectively. With this
discrimination of the secondary ionization coefficients, it
may be possible to include these processes in the EBE.

The use of the equal energy sharing mode

The non-conservative ionization operator with prede-
fined equal energy sharing is popular in the LTP commu-
nity, being preferred even when the ”one electron takes
all” mode is available. This may be because it leads to
closer estimates when compared to the experimental data
of the first Townsend ionization coefficient (see Figure 7).

Nonetheless, we have seen in this section that the equal
energy sharing scenario is much less probable than the
”one electron takes all” scenario (when compared to a dif-
ferential description of the energy sharing), so the better
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FIG. 7: Comparison between LoKI’s calculated first
Townsend ionization coefficient with equal energy
sharing mode, ”one electron takes all” mode, and

experimental data for Nitrogen SST discharges [5].

estimates cannot be attributed to a more realistic ioniza-
tion operator. One of the possibilities, is that the EEDF
calculated with the equal energy sharing mode, somehow
underestimates the value of the first Townsend ionization
coefficient, leading to closer estimates.

However the fact that the equal energy sharing is the
least probable scenario means that its use cannot be
properly justified with physical arguments.

CONCLUSION

This work as contributed to the LoKI-B code in various
ways besides the expected improvements of coefficient
predictions for high values of E/N .

The inclusion of an ionization collisional operator al-
lowed for a critical analysis of the most frequently used
ionization collisional operators with predefined energy
sharing, questioning the use of the equal energy sharing

mode.
The inclusion of two electron density growth models

will allow users to better tailor their simulations to a
specific gas discharge, and it paves the way for the imple-
mentation of other non-conservative collisional operators,
such as attachment or recombination.

This work also produced important documentation
that can support the future development of LoKI-B code.
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