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Trinification models, like other proposed Grand Unified Theories, may be able to provide us a
better understanding of elementary particles and their interactions. Namely, the appearance of
vectorlike quarks in this class of models may lead to new sources of CP violation. After a brief
recap of the Standard Model, we review some of the main properties of vectorlike quarks and
current experimental constraints. Then, we study the phenomenology of Trinification models and
the possibility of implementing spontaneous CP violation. We show that the mixing among vectorlike
and Standard Model quarks leads to a complex CKM matrix in agreement with experimental data.

I.

Introduction

Most of our current understanding about elementary
particles and how they interact through electromagnetic,
weak and strong interactions is embodied in the Standard Model (SM) of particle physics. With the discovery
of the Higgs Boson in 2012 at the Large Hadron Collider
(LHC), all of the particles in the SM have been observed
and experimental data supports most of its predictions.
However, the SM cannot be regarded as a complete theory and, therefore, it must be extended in order to explain some observed phenomena. For example, the SM
is not able to account for neutrino oscillations (an experimental proof that neutrinos are massive particles),
it does not contain any dark matter candidate and it is
unable to explain the matter-antimatter asymmetry of
the universe. This last fact is deeply connected with the
breaking of the symmetry Charge conjugation and Parity
(CP) [1].
Possible extensions to the SM that can provide an answer for some of the above open questions are provided
by Grand Unified Theories (GUTs), in which the electromagnetic, weak and strong interactions are unified into
a single force at some high energy. As a consequence,
GUTs rely on a larger gauge group that embeds the SM
one, implying the existence of new particles.
In this work, we will study a GUT proposed for the first
time by Georgi, Glashow and Rújula, known as Trinification model [2]. This model is based on the trinification
group SU(3)c ⊗ SU(3)L ⊗ SU(3)R , which is a maximal
subgroup of E6 , with an imposed discrete symmetry Z3
that ensures the existence of only one gauge coupling constant at high energy. In particular, we will study how the
existence of vectorlike quarks in these models may lead
to new sources of CP violation.
Vectorlike quarks are hypothetical spin 1/2 particles
which transform as triplets under the color gauge group.
In contrast with SM quarks, their left and right-handed
components transform equally under the SU(2)L group.
Not only in Trinification models but also in other GUTs
based on the group E6 , vectorlike quarks naturally arise
from assigning each generation of fermions to the fundamental representation of E6 . One of the most important
properties of these particles is that they can mix with
SM quarks, leading to new sources of CP violation. This

mixing must obey to experimental constraints [3] which
we will summarize later.
This work is organized as follows: in Section II we
present a brief review of the SM, focusing on the quark
sector of the theory, from which CP violation arises. In
this context, we present experimental data related to the
Cabibbo-Kobayashi-Maskawa (CKM) matrix. In Section III, we review some experimental constraints on the
vectorlike quarks masses and their mixing with the third
generation SM quarks. In Section IV we present some of
the most important features of Trinification models and
we show that spontaneous CP violation (SCPV) may be
realized. After that, we study in Section V the fermion
sector of the theory, giving special attention to quark
masses and mixing. Finally, in Section VI we draw the
main conclusions of our work.

II.

Brief review of the Standard Model

Before spontaneous symmetry breaking (SSB), the SM
is characterized by the gauge group
SU(3)c ⊗ SU(2)L ⊗ U(1)Y .

(1)

In this work, we consider Q = T3 + Y for the electric
charge Q, where Y is the weak hypercharge and T3 the
third component of weak isospin. We conclude by counting the number of generators of the gauge group that
there are twelve gauge fields in the SM to ensure invariance under the gauge group. All of them are massless
before SSB, which is realized as:
SU(3)c ⊗ SU(2)L ⊗ U(1)Y → SU(3)c ⊗ U(1)em .

(2)

Upon SSB driven by the Higgs field Φ, three of the gauge
fields (Wµ± and Zµ ) become massive. On the other hand,
the existence of an unbroken U(1)em symmetry after SSB
(which is identified with the gauge group of electromagnetism) is associated to the existence of a massless gauge
field Aµ (the photon). Finally, the color group SU(3)c remains unbroken, hence the remaining eight gauge fields
(gluons) are massless.
In the scalar sector of the SM, the SU(2)L invariant
Higgs potential is
V (Φ) = µ2 Φ† Φ + λ(Φ† Φ)2 ,

(3)
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where Φ is the scalar Higgs doublet, which has hypercharge 1/2 and is defined by
 +


1 ξ1 + iξ2
φ
√
Φ=
.
(4)
≡
φ0
2 ξ3 + iξ4
In order to find the minimum of the potential presented
in Eq. (3), we need to solve the equation
∂V (Φ)
= 0,
∂Φ

(5)

which only has a non-zero solution when λ > 0 and µ2 <
0. It is straightforward to see that the potential V (Φ) is
minimized at
r
 
µ2
0
hΦi =
,
v= − ,
(6)
v
2λ
breaking the SU(2)L ⊗U(1)Y symmetry into U(1)em . We
say in this case that the Higgs field acquires a vacuum expectation value (VEV) v. Considering small oscillations
around the vacuum, Φ can be reparametrized as
!
0
iτa ξ a (x)
Φ(x) = e
,
(7)
√
v + H(x)
2

Here, ui = u, c, t designates the up-quark of family i
with charge Q = 2/3 and di = d, s, b the down-quark,
with charge Q = −1/3. We have again left-handed particles grouped in SU(2)L doublets qi L , but in this case,
all quarks have a right-handed component, allowing the
occurrence of CP violation in this sector.
We now focus on the terms of the SM Lagrangian associated to quarks. These particles can interact with gauge
bosons, originating charged currents (CC) and neutral
currents (NC). They are described by the Lagrangians
LqCC and LqNC ,
g
LqCC = − √ uiL γ µ diL Wµ+ + H.c. ,
2
X
Q(ψi ) ψi γ µ ψi Aµ
LqNC = e

(11)

ψi =ui ,di

+

g
cos θW

X

i
ψi γ µ (gVi − gA
γ5 )ψi Zµ ,

(12)

ψi =ui ,di

respectively. In Eq. (11), H.c. stands for ’Hermitian
conjugate’ and in Eq. (12), the vector (V ) and axial (A)
couplings for the fermion i are given by
gVi ≡ T3i − 2 Qi sin θW 2 ,

i
≡ T3i .
gA

(13)

where τa (a = 1, 2, 3) are the Pauli matrices. Performing
an SU(2) transformation to take us to the unitary gauge,
the Higgs field can be written as
!
0
0
−iτa ξ a (x)
Φ (x) = e
Φ(x) =
,
(8)
√
v + H(x)
2

In the SM, all quarks and charged leptons acquire
mass after SSB due to their Yukawa interactions with
the scalar doublet, Φ. For quarks, these interactions are
encoded in the Yukawa Lagrangian,

where H(x) is the physical Higgs boson field, the only
scalar field that acquires mass. The remaining three
scalar fields are ’would-be’ Goldstone bosons, which in
the present gauge become longitudinal polarizations of
the fields Wµ± and Zµ .
Finally, in the fermion sector, both leptons and quarks
are distributed in three families with identical properties,
differing only in their masses. Starting by the leptonic
sector, we distribute particles in each family through the
following representations of SU(2)L :
 
νli
,
liR ,
(9)
`iL =
li L

where Φ = iτ2 Φ∗ , and Yiju and Yijd are general Yukawa
coupling matrices. Replacing Φ by hΦi as in Eq. (6), one
gets the mass Lagrangian Lqmass ,

where li = e, µ, τ is the charged lepton of the family i
and νli the corresponding neutrino. As in Eq. (9), we will
use L and R to distinguish left from right-handed fields,
respectively. Each left-handed doublet `iL has Y = −1/2
while right-handed lepton singlets have Q = Y = −1. In
the SM there are no right-handed neutrinos, meaning
that there is no lepton mixing and, consequently, there is
no CP violation in the leptonic sector of the SM. In the
quark sector, particles from each family are distributed
in a similar way in terms of SU(2)L representations:
 
ui
qi L =
, uiR , diR .
(10)
di L

VLu † M u URu = diag(mu , mc , mt ) ,

− LqYuk = Yiju qi L Φ uj R + Yijd qi L Φ dj R + H.c. ,

u
d
− LqMass = uiL Mij
uj R + diL Mij
dj R + H.c. ,

(14)

(15)

u
d
with Mij
= vYiju and Mij
= vYijd . By performing biunitary transformation of the quark fields,

uL → VLu u0L ,

dL → VLd d0L ,

uR → URu u0R , dR → URd d0R ,

(16)

such that

†

VLd M d URd = diag(md , ms , mb ) ,

(17)

the Lagrangian of Eq. (15) becomes
X
−LMass =
(mui u0iL u0iR +mdi d0iL d0iR )+H.c. . (18)
ψ=ui ,di

Implementing the field rotation (16) in the Lagrangian
of Eq. (12), we conclude that the NC Lagrangian is invariant under those transformations, meaning that there
are no flavor changing neutral currents (FCNCs) at tree
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Parameter

Fit

λ

0.22506 ± 0.00050

A

0.811 ± 0.026

ρ

0.124+0.019
−0.018

η

0.356 ± 0.011

TABLE I: Fit results for the Wolfenstein parameters. These
values were obtained using the method described in [8].

FIG. 1: Sketch of the unitarity triangle (taken from [8]).

level in the SM. As for the CC Lagrangian of Eq. (11),
we get
g
LqCC = √ u0iL γ µ (VCKM )ij d0j L Wµ+ + H.c. ,
2
where VCKM is the CKM matrix [4, 5],

Vud Vus
VCKM ≡ VLu † VLd =  Vcd Vcs
Vtd Vts

defined by

Vub
Vcb  .
Vtb

VCKM

1 − 2λ

λ

Aλ (ρ − iη)

−λ

1 − 12 λ2

Aλ2

Aλ3 (1 − ρ − iη)

−Aλ2

1

(20)

m,n

The most commonly used unitarity triangle (represented
in Fig. 1) arises from

where we normalize each term to Vcd Vcb∗ .

VCKM

0.0403 ± 0.0013

0.99915 ± 0.00005

(24)

−5
×
10
.
leading to the Jarlskog invariant, J = 3.04+0.21
−0.20
Finally, the global fit result is illustrated in Fig. 2, where
the experimental constraints on all the CP-violating observables are plotted in the (ρ, η) plane. Each shaded
area represents the allowed region for an observable in
that plane with 95% Confidence Level (CL) and one can
check that all those areas overlap consistently around the
global fit region.



+O(λ4 ) .


(21)
As noted in [7], one can also write Eq. (21) in
terms of the variables ρ and η, defined by ρ + iη =
∗
−(Vud Vub
)/(Vcd Vcb∗ ). The CKM matrix written in terms
of λ, A, ρ and η is unitary to all orders in the parameter
λ.
As aPconsequence of the unitarity
of VCKM , the relaP
∗
∗
tions
i Vij Vik = δjk and
i Vij Vik = δjk hold. The
orthogonality conditions can be represented as triangles
in the (ρ, η) plane. These are known as unitarity triangles, being their areas equal to J/2, where J is the
Jarlskog invariant J defined by
X


∗
Im Vij Vkl Vil∗ Vkj
=J
ikm jln .
(22)

∗
Vud Vub
+ Vcd Vcb∗ + Vtd Vtb∗ = 0 ,


0.97434+0.00011
0.22506 ± 0.00050 0.00357 ± 0.00015
−0.00012


= 0.22492 ± 0.00050 0.97351 ± 0.00013 0.0411 ± 0.0013  ,


0.00875+0.00032
−0.00033

(19)

In order to parametrize this matrix with three generations of quarks, we need three angles and one phase,
which violates CP. Here, we consider the Wolfenstein
parametrization [6] for the CKM matrix,


3
1 2


=


In Table I, we present the fit for the Wolfenstein parameters. The fit results for the magnitude of all nine
CKM matrix elements, presented in Eq. (20), are

(23)

FIG. 2: Experimental constraints on the (ρ, η) plane. The
ring centered at (0,0) establishes the allowed region for the
magnitude of the CKM matrix element Vub and the ones centered at (1,0) are associated to the mass differences ∆md and
∆ms between B 0 and Bs0 mesons, respectively. The hyperbolic curves limit the allowed region of the CP-violating observable in the kaon sector k . The remaining regions belong
to the angles of the unitarity triangle, namely α, β and γ. All
the shaded areas have 95% CL (image taken from [8]).
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III.

Constraints on vectorlike quarks

Recall from Section I that vectorlike quarks are colored fermions whose left and right-handed fields transform identically under SU(2)L . While there is no evidence for the existence of these particles, they have been
receiving a lot of attention nowadays. Along with the
mixing they may develop with SM quarks, they are the
simplest example of colored fermions still allowed by experimental data. Indeed, vectorlike quarks do not acquire
mass from Yukawa couplings, therefore evading the constraints from Higgs boson production that rule out for
example, a fourth generation of SM quarks [9].
In this section, we present the constraints on the mass
and mixing of vectorlike quarks. Since trinified models
include vectorlike B quarks with charge Q = −1/3 and
singlets of SU(2)L , we will focus on this type only1 . In order to simplify the analysis, we assume that the B quark
of our model couples only to the SM b one. In fact, we
expect dominant b − B mixing due to the large b Yukawa
coupling in comparison with the d and s ones.
The existence of b − B mixing results in new contributions to the oblique parameters S and T , precisely
measured at the Large Electron-Positron Collider (LEP)
and Stanford Linear Collider (SLC). Designating ∆S =
S − SSM and ∆T = T − TSM as the changes in the parameters S and T respectively (we consider ∆U = 0),
the following experimental values were obtained for these
quantities [10],
∆S = 0.04 ± 0.07 ,

∆T = 0.07 ± 0.08 ,

(25)

with a correlation of 0.88. Other measurements taken
into account to constrain the b − B mixing are those
coming from the Z → bb decay (also at LEP and SLC).
This stems from the fact that this mixing modifies the
Zbb coupling at tree level, as well as the SM predictions
of four observables. Two of these are Rb and Rc , defined
as
Rb =

Γ(Z → bb)
,
Γ(Z → had)

Rc =

Γ(Z → cc)
,
Γ(Z → had)

(26)

where Γ(Z → had) is the decay of Z boson into hadrons
(excluding the top quark). The remaining two are the
Forward-Backward (FB) asymmetry AbFB and the asymmetry parameter Ab , both associated to the b quark,
AbFB =

3
A e + Pe
Ab
,
4 1 + Pe A e

Ab =

2 g bV g bA
2
2
g bV + g bA

,

(27)

where g bV and g bA are the effective couplings, which include electroweak radiative corrections. The parameter

1

Most of the information shown in this section is also presented
in [3], where it can be found more details about vectorlike quarks
and their experimental constraints.

Parameter

SM

Experimental

Rb

0.21576

0.21629 ± 0.00066

Ab

0.9348

0.923 ± 0.020

AbFB

0.1034

0.0992 ± 0.0016

Rc

0.17227

0.1721 ± 0.003

TABLE II: SM predictions [10] and experimental results [11]
for the observables affected by the Zbb coupling.

FIG. 3: Constraints to the mixing angle θL as a function of
the vectorlike B quark mass. The black line represents the
constraints due to the change in the oblique parameters S and
T and the blue line the constraints related to the observables
Rb , Rc , AbFB and Ab , affected by the change in the Zbb vertex. The vertical dashed and continuous red lines indicate the
limit imposed by the ATLAS collaboration in 2013 [14] and
2017 [13] respectively (image adapted from [3]).

Ae is similar to Ab with the replacement b → e, and Pe
is the initial e− polarization.
In Table II, we show the SM predictions for the observables shown in Eqs. (26) and (27), as well as their
experimental values. In Fig. 3 we present constraints imposed to θL (the mixing angle between the left-handed b
and B quarks). As shown in [12], its relation with the
mixing angle in the right-handed sector θR is given by
tan θR =

mb
tan θL ,
mB

(28)

where mb and mB are the masses of b and B quarks,
respectively. This allows us to conclude that the mixing
angle θL dominates towards θR for the vectorlike quark
that we are studying. We also present the current lower
mass limit (continuous red line) for the mass of the B
quark. This has been obtained through searches of pair
production of vectorlike quarks [13], resulting in mB >
1080 GeV. As noted in [3], this constraint depends on the
possible decay modes of the B quark into SM particles:
B → W − t, B → Zb and B → Hb.
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IV.

General Properties of Trinification models

As mentioned in Section I, Trinification models are
characterized by the gauge group SU(3)c ⊗ SU(3)L ⊗
SU(3)R , where we identify SU(3)c as the unbroken
color group, SU(3)L the one containing the SU(2)L
group of the SM and SU(3)R the right-handed analog
of SU(3)L . We consider that at the unification scale
Mu ∼ 1014 GeV [15], the trinification group breaks down
spontaneously to the SM group. However, other possibilities can be considered [16], where the trinification group
breaks down to SU(3)c ⊗ SU(2)L ⊗ SU(2)R ⊗ U(1)B−L
(B − L represents the difference between baryon and lepton number) before breaking to the SM gauge group.
The trinification group contains two representations to
which particles may be assigned: the adjoint representation, with dimension 24,
24 → (8, 1, 1) ⊕ (1, 8, 1) ⊕ (1, 1, 8) ,

(29)

and the 27 fundamental representation of E6 , which
transforms under the trinification group as follows:
27 → (1, 3, 3) ⊕ (3, 1, 3) ⊕ (3, 3, 1) .

(30)

One can verify that both representations are invariant
under permutations of the three SU(3) factors, meaning that a discrete symmetry Z3 can be imposed to the
model [17]. In fact, this becomes necessary since it guarantees the existence of only one gauge coupling constant
at high energies.
In contrast with fermions and scalar particles, gauge
bosons are assigned to the representation shown in
Eq. (29). Therefore, Trinification models predict the existence of 24 gauge bosons, meaning that there are 12
new heavy gauge bosons that acquire mass through SSB.
It can be shown that all the heavy gauge bosons have
integer charges, meaning that proton decay cannot be
mediated by gauge interactions, as it happens in other
GUTs like SU(5) [18].
The fermion field content is organized in the 27 representation shown in Eq. (30). Representing the lepton,
antiquark and quark multiplets by ψ` , ψqR and ψqL respectively, each family of fermions will be assigned to one
of the components of the 27 representation,
27 → ψ` (1, 3, 3) ⊕ ψqR (3, 1, 3) ⊕ ψqL (3, 3, 1) .

(31)

Decomposing the fermion multiplets of Eq. (31) with respect to SM gauge group, we get

ψl →

1
1, 2,
2

ψqR





1
⊕ 2 1, 2, −
⊕ (1, 1, 1) ⊕ 2(1, 1, 0) ,
2
(32)




2
1
→ 3, 1,
⊕ 2 3, 1, −
,
(33)
3
3

ψqL →


 

1
1
3, 2,
⊕ 3, 1, −
.
6
3

(34)

This allows us to write the fermion multiplets in the following way:

 0
E E − e−
(35)
ψl = E + E 0 ν  ,
e + N1 N2


ψq R


uc
=  dc  ,
Bc


ψqL = u d B .

(36)

(37)

We observe that trinified models contain several new
fermions. In the leptonic sector, there are two new weak
doublets: one with the same quantum numbers as the SM
weak doublet, formed by the heavy leptons E − and E 0
(with charge −1 and 0 respectively), and another with
opposite hypercharge, that we assume to contain E 0 and
E + (antiparticles of E 0 and E − respectively). Two neutral lepton singlets N1 and N2 are also introduced. In
the quark sector, we find in each generation an SU(2)L
singlet formed by a vectorlike B quark, as we anticipated
in Section III.
Finally, in the scalar sector, the Higgs field is composed
by at least two complex scalar fields, both in the 27 representation. Even though it is possible to construct a
model based on the Trinification group with more than
two scalar fields, we consider here the model that is usually called Minimal Trinification [19]. This version contains only two scalar fields φ and χ, that break the trinification group down to the SM. There are two reasons
that lead us to reject the possibility of having just one
scalar field. First, we could always find a gauge in which
the VEVs are diagonal, hence we would not be able to
break the left-right symmetry displayed by the trinification group. On the other hand, the CKM matrix would
be trivial if there would be only one field to which quarks
couple to [18].
From Eq. (30), we notice that of the three bitriplets
in which the Higgs field is decomposed, two of them are
colored. These components of both scalar fields cannot
obtain VEV because the color group SU(3)c is not broken by SSB. Although we will not study the properties of
these particles in detail, it is worth noting that they must
have mass of the order of the unification scale and their
presence in the theory is important to explain the generation of neutrino masses, either through radiative [19]
or inverse [20] seesaw mechanisms. On the other hand,
color singlets (which we will denote by φc and χc ) are able
to obtain VEV, inducing SSB as a consequence. Under
the SM gauge group, these scalar fields have the same
decomposition as each lepton family in the fermion sector, hence φc and χc can be written as multiplets with a
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similar structure to the one presented in Eq. (32) for ψ` :


Φ1 Φ2 Φ3
φc =
,
(38)
S1 S2 S3


Φ4 Φ5 Φ6
χc =
.
S4 S5 S6

(41)

where we consider already a gauge in which the VEV
of φ is diagonal. Given the symmetry breaking pattern
described above, we conclude that M̂1 , M̂2 and M̂3 are
of the order of unification scale, whereas the remaining
VEVs are close to the electroweak scale.
We can now write the scalar potential for this model.
Since colored components of the Higgs field do not acquire VEV, all terms proportional to them are set to
zero (the complete potential is presented in [18]). Hence,
the potential is
V (φ, χ) = −µ21 Tr(φc φc ) + α1 [Tr(φc φc )]2
+ α2 Tr(φc φc φc φc ) − µ22 Tr(χc χc )
+ β1 [Tr(χc χc )]2 + β2 Tr(χc χc χc χc )
+ λ1 Tr(φc φc )Tr(χc χc )+
+ λ2 Tr(φc χc )Tr(χc φc )
+ [λ3 Tr(φc χc )2 + H.c.]



v sin ξ 0
0
0
0 ,
hχi =  0
0
M2 M3

(44)

where v = 174 GeV. With such VEV structure, we can
now obtain several constraints to the scalar potential.
First, computing the first derivatives of the scalar potential in order to all scalar fields in the minimum of both
fields (φ = hφi and χ = hχi), we get a set of relations
between the free parameters of the potential. In this process, one can find a CP-violating minimum characterized
by the condition
θ=

π
+ kπ,
2

k ∈ Z.

(45)

In order to have SCPV, one must ensure that the minimum described by Eq. (45) is absolute. Then, we
also have to impose that the scalar potential is negative
(V (φ, χ) < 0). Finally, we may compute the scalar mass
matrices, where their eigenvalues correspond to the mass
of the scalar particles. These must not only be real and
positive but we must also take into account the prediction
made by the Goldstone theorem concerning the number
of scalar particles. Of the 36 scalar fields (20 neutral and
16 charged), there are 15 that should be massless, so that
all gauge bosons (8 charged and 7 neutral) may become
massive, apart from the photon and the gluons. Since it
is not possible to obtain the eigenvalues of the scalar mass
matrices analytically, we tried first to compute them as
v
an expansion in M
,
(46)

(42)

+ [λ6 Tr(φc χc φc χc ) + H.c.]
+ [γ1 (φc )iα (φc )jβ (φc )kγ ijk αβγ + H.c.]
+ [γ2 (φc )iα (χc )jβ (χc )kγ ijk αβγ + H.c.] ,
where µi and γi have dimensions of mass and the remaining coefficients are dimensionless. It is possible to obtain

We use hats to designate complex VEVs.

(43)


 3 
v2
v
v
m2i = M 2 xi0 + xi1
+ xi2 2 + O
,
M
M
M3

+ λ4 Tr(φc φc χc χc ) + λ5 Tr(φc χc χc φc )

2



0
0
0
0 ,
hφi = 0 v cos ξ
0
0
M1 eiθ

(39)

While SSB from [SU(3)]3 to SU(3)c ⊗ SU(2)L ⊗ U(1)Y is
induced by the VEVs of the singlets S2 , S3 , S5 and S6
(S1 and S4 cannot obtain VEV because they are electrically charged), the electroweak symmetry is broken by
the VEVs of electrically neutral components of the doublets Φi . Given this, the most general vacuum configuration for the scalar fields may be written as2


v̂1 0 0
hφi =  0 v̂2 0  ,
(40)
0 0 M̂1



b̂1 0
0
hχi =  0 b̂2 b̂3  ,
0 M̂2 M̂3

both SCPV and a realistic mass spectrum by considering
the following VEVs:

where v and M are of the order of electroweak and unification scales, respectively. Counting the number of vanv
of the mass maishing eigenvalues at leading-order in M
trices of neutral and charged scalar particles, we concluded that two neutral scalars do not acquire mass of
the order of the unification scale. One can be identified
as the SM Higgs boson, whereas the other is an SU(2)L
singlet, which was not found so far. Finally, using the
software MINUIT [21], we were able to find a set of parameters (shown in Table III) which not only respect the
constraints imposed above but also fit pretty well the
mass of the SM Higgs boson, mH = 125.09±0.24 GeV [8],
with χ2 = 0.046.

7
Potential parameters

From now on we consider the VEVs shown in Eqs. (43)
and (44)3 .
In order to study the quark mass and mixing pattern of
our model, we start by computing the effective 3 × 3 light
down-quark matrix from Eq. (52). With this purpose, we
introduce the Hermitian matrix


md md †
md M †
†
Hd = Md Md =
, (54)
M m d † M M † + MB MB †

VEV parameters
5

α1 = −0.18867

M1 = 3.4640 × 10 GeV

β1 = 0.47375

M2 = 8.0296 × 103 GeV

β2 = 0.55327

M3 = 8.5884 × 107 GeV

λ1 = 0.69314

ξ = π/2.0116

λ3 = 0.01499
λ4 = −0.98621
TABLE III: Numerical values of the scalar potential and VEV
parameters compatible with the observation of a SM Higgs boson with mass mH ∼ 125 GeV. For this fit, we have obtained
χ2 = 0.046.

V.

Fermion masses and mixing in the Trinification
Model

We now turn our attention to the fermionic sector of
our model. The Yukawa interactions with φc and χc are
LYuk =Yφq (ψq†L φ∗c ψq† ) + Yχq (ψq†L χ∗c ψq† )
R

Yφ` (ψ` ψ` φc )

R

Yχ` (ψ` ψ` φc )

+ cyclic + H.c. ,
(47)
where Yφf and Yχf (f = q, `) are real 3 × 3 matrices (to
ensure CP conservation), and the cyclic terms arise from
the Z3 symmetry we impose to the Lagrangian. As in
Section II, the mass Lagrangian LMass is obtained by
evaluating Eq. (47) at the lowest-energy configuration of
the scalar fields. We may write it as LMass = LqMass +
L`Mass , with
+

+

LqMass = Yφq ψq†L φ∗c ψq† + Yχq ψq†L χ∗c ψq† + H.c. ,

(48)

L`Mass = Yφ` ψ` ψ` φc + Yχ` ψ` ψ` χc + H.c. .

(49)

R

R

Focusing first on the quark mass Lagrangian, we may
rewrite Eq. (48) as
Lqmass =mu (uu) + md (dd) + M 0 (dB)
+ M (Bd) + MB (BB) ,

(50)

in which mu is the mass of the up- quarks,
mu = Yφq v̂1 + Yχq b̂1 .

(51)

For the down-type quarks, the mass matrix Md in the
(d,B) basis is:


md M 0
Md =
.
(52)
M MB

and decouple the light down-quarks of the SM from the
heavy vectorlike ones. This can be achieved by introducing a unitary matrix U ,


Dd 0
†
U Hd U =
,
(55)
0 DB
which leaves Hd block-diagonal (Dd and DB are 3 × 3
matrices). For the matrix U we use the ansatz proposed
in [22],
√

1 − FF† √ F
U=
,
(56)
−F †
1 − F †F
√
where F is also a matrix. Considering 1 − F F † ≈ 1 we
can use Eq. (55) to compute F ,
F = md M † (M M † + MB MB † )−1 ,

(57)

and insert it in Eq. (57) to compute DB and Dd . Once
we do this, we get for the former
†

DB =Yφq Yφq M12 + Yχq Yχq † (M22 + M32 )
h
i (58)
†
+ Yφq Yχq † M1 M3 eiθ + Yχq Yφq M3 M1 e−iθ ,
while in the limit Dd  (M M † + MB MB † ), the effective
down-quark mass matrix mqeff is defined by
†

†

−1 q
mqeff mqeff ≈ Dd = v 2 cos2 ξ Yφq (1 − M22 Yχq † DB
Yχ )Yφq .
(59)
Here, we have already replaced md , M and MB by their
form given in Eq. (53). From Eq. (59) we see that with
no vectorlike quarks, mqeff would be similar to the SM
one of Eq. (15). Therefore, Eqs. (58) and (59) reflect
the influence of vectorlike quarks in the mass matrix of
down-quarks, encoded in the second term of Eq. (59).
We can now diagonalize mqeff in order to obtain the
CKM matrix, which is obviously affected by the presence
of the B quarks. For this purpose, we work in a basis
where the mass matrix of up-quarks is diagonal, implying
[see Eq. (51)]


mc
mt
mu
q
,
,
.
(60)
Yχ = diag
v sin ξ v sin ξ v sin ξ

where the matrices md , M 0 , M and MB are given by
md = Yφq vˆ2 + Yχq bˆ2 ,
M 0 = Yχq bˆ3 ,

MB = Yφq M̂1 + Yχq M̂3 ,
M = Yχq M̂2 .

(53)

3

The VEV M̂3 is often neglected [18–20]. Here we will not do this
simplification, otherwise we could not have CP violation.
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Quark masses

Zero entries

mu (MZ ) = 1.327 ± 0.28 MeV
md (MZ ) =

2.769+0.33
−0.21

MeV
y11 , y13

ms (MZ ) = 54.79 ± 3.6 MeV
mc (MZ ) = 0.6314 ± 0.031 GeV
mb (MZ ) = 2.861 ± 0.045 GeV
mt (MZ ) = 173 ± 2.1 GeV
TABLE IV: Masses of quarks computed at the electroweak
scale MZ = 91.1876 ± 0.0021 GeV (data taken from [23]).

y11 , y32

We also take into account the definition for the CKM
matrix given in Section II, being now the matrix which
diagonalizes mqeff . Furthermore, the eigenvalues of the
latter corresponds to the light down-quark masses. We
performed a χ2 minimization with respect to the four
parameters of the CKM matrix (see Table I), as well as
to the three down-quark masses, computed at the electroweak scale (Table IV). The fitted parameters are those
of Yφq :

Yφq



y11 y12 y13
= y21 y22 y23  ,
y31 y32 y33

(61)

being all real. As one can see from Table V, we only
need seven of the nine free parameters to fit the seven observables (three CKM angles, one phase and three quark
masses), with χ2  1.
The results shown in Tables III and V also allow us to
make a prediction for the masses of the vectorlike quarks.
Using the set of parameters where y11 = y13 = 0 and
taking into account that those masses correspond to the
square root of the eigenvalues of DB , they are given by

mB 1 ' 299 TeV ,

(62)

mB 2 ' 313 TeV ,

(63)

mB 3 ' 8.540 × 104 TeV .

(64)

y11 , y21

y12
y21
y22
y23
y31
y32
y33

0.01291
−0.00132
0.05688
0.09017
0.22826
−0.09430
−2.28568

y12
y13
y22
y23
y31
y32
y33

−0.01300
−0.00143
0.00144
0.05353
0.09637
−0.23123
−2.29297

y12
y13
y21
y22
y23
y31
y33

0.01348
−0.02034
0.07485
0.03931
0.19620
0.48439
3.11835

2.752 × 10−6

2.791 × 10−5

1.362 × 10−2

TABLE V: Fit of the effective down-quark matrix to the CKM
parameters and down-quark masses given in Tables I and IV.
The first column indicates the parameters of Yφq we set to
zero.

VEVs in Eqs. (40) and (41), we may write4
 
 ± eR
`
LMass = eL E L M`
ER
 0 
ER


0
0 N2R 
+ E L N 2L ν L N 1L M` 
,
ν 

(65)

R

N1R
0
where M±
` and M` are the mass matrices of charged
leptons and neutrinos, respectively:
!
−Yφ` vˆ2 − Yχ` bˆ2
Yχ` bˆ3
±
M` =
,
(66)
−Yφ` M̂1 − Yχ` M̂3
Yχ` M̂2

M0` =



Yφ` M̂1 + Yχ` M̂3 Yφ` vˆ1 + Yχ` bˆ1
0
0

 Y ` vˆ + Y ` bˆ
0
0
0

 φ 2
χ 2

`ˆ
`
`ˆ.

−Yχ b3
0
0
−Yφ vˆ1 − Yχ b1 
−Yχ` M̂2
0
−Yφ` vˆ1 − Yχ` bˆ1
0

(67)

All these values are above the current lower limit for the
B quark mass (see Section III). Hence, we conclude that
the predictions of our model are compatible with experimental constraints on vectorlike quark masses.
4

We now briefly study the lepton mass Lagrangian of
the model. After replacing the fields φ and χ with the

χ2

Free parameters

In order to write the lepton mass matrices, one should take into
T
account in Eq. (49) that ψ` = Cψ ` , where C is the charge
conjugation operator.
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Apart from the different Yukawa matrices and overall
signs, the matrix M±
` is similar to the down-quark one,
Md . Then, using the VEVs shown in Eqs. (43) and (44),
the results we obtain after diagonalizing M±
` are similar to those presented in Eqs. (58) and (59), as long as
we perform the replacements Yφq → Yφ` and Yχq → Yχ` .
Considering the case where both Yukawa matrices of the
leptonic sector are diagonal,
Yφ` = diag(yφ 1 , yφ 2 , yφ 3 ) ,
Yχ` = diag(yχ 1 , yχ 2 , yχ 3 ) ,

(68)

one can notice that charged leptons do not need to couple
to the field χ to become massive.

VI.

Conclusions

In spite of some limitations, the SM is a theory in remarkable agreement with most experimental results. For
this reason, one of the challenges we face putting forward a new theory is to guarantee that, at low energies,
it delivers similar predictions to the ones given by the
SM. This was our main motivation to study Trinification
models.
After reviewing the SM in Section II, we were able
to understand in Section III why models with vectorlike
quarks are so attractive. One of the features we most
emphasized is the possibility of having mixing with SM
quarks. Even if we are not able to observe vectorlike
quarks directly in the near future (we know already that
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