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Abstract—The main motivation for the control strategies pro-
posed in this work is to predict and estimate linear time-invariant
and time-varying dynamical systems, while reducing the process
model complexity. The identification problem studied aims at
estimating the transfer function coefficients recursively and the
order of the system, using classical methods of recursive model
identification, such as RLS. Sparse constraints are appended to
these methods such as to achieve subset model selection, and thus
avoid model over-parameterization.

Owing to the nature of the `1 norm penalty, a sparse model
parameter vector of estimates is obtained, and the true order of
the system is revealed. The algorithms proposed are described
and applied to the identification of sparse systems.

Two control strategies are considered in this work, one based
on one-step ahead prediction, and other based on multi-step
ahead prediction. These strategies are coupled to the algorithms
described, and they are then tested and illustrated by simulation.

Index Terms—Sparsity, Adaptive Control, System Identifica-
tion, Prediction, Minimum Variance Control, Generalized Pre-
dictive Control.

I. INTRODUCTION

A. Motivation and State-of-the-Art
Adaptive control is a widely used control strategy to design

control systems for uncertain plants. Its richness in terms of
algorithms and design techniques comprises a vast number of
applications such as chemical processes, ship steering, robotics
[1], biomedical systems like anesthesia administration [?].

The Self-Tuning Adaptive Control [3] block diagram is
depicted in Figure 1, where the Plant represents the dynamical
system to be controlled while the Controller manipulates the
system input u at each time instant k, to drive the system
output y towards the reference r.

Since the plant parameters may change continuously, the
Self-Tuning Adaptive Controller needs to compute its gains
online, which requires an estimation algorithm that updates
plant models parameters recursively. According to the Cer-
tainty Equivalence Principle, the estimates are assumed to be
equal to the true parameters of the process. The Adapter is
a combination of two blocks, the Recursive Identifier and
the Control Design blocks, being the former responsible for
the identification procedure, in which a recursive estimation
algorithm [4] is used to estimate the unknown plant parameters
θ given the plant inputs and outputs, and being the latter
a design method that recalculates the controller gains K
according to the new estimates of the model.

Systems may often be represented by low order models
or else they can be represented by a small number of pa-
rameters. While the proper representation may be known,
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Fig. 1. Self-Tuning Adaptive Controller architecture

the specific coefficients with nonzero value are unknown.
Having no certainty about which parameters are nonzero, the
parameter vector may be represented having a dimension that
is higher than really needed. This system representation, in
which the order assumed is higher than the true one and several
parameters are actually zero, is referred as “sparse”.

In many system identification scenarios, the system impulse
response can be assumed to be sparse [5]. The basis of
sparse system identification is to incorporate this sparse prior
information to improve the estimation procedure.

The field of hybrid system identification has benefited from
new discoveries and methods using convex relaxations and
sparsity [6], such as model segmentation, a special case in
which the system parameters are piecewise constant, and
change only at rare time instants. In [7], a sparse representation
aids in the identification of infrequently changing parameters.

Several techniques for sparse estimation have been success-
fully used for model subset selection [8]–[10] with the LASSO
[11] leading to a significant evolution and development of
sparse representations in a broad range of problems.

In [12], Zhang et al. summarized a vast number of sparse
representation algorithms and methods, from viewpoints of
the mathematical and theoretical optimization. When sys-
tems/signals are time-varying or the available resources are
limited, online algorithms are of great importance and most
of these algorithms are, however, unable to do it. In this
respect, `0 regularized LMS [13] and `1 norm regularized
LMS [14] algorithms have arisen in the context of adaptive
filters. In [15]–[17], `1 norm regularized RLS algorithms has
been proposed. Due to the nondifferentiability of the `1 norm,
subgradient methods are used to provide the information for
the following estimates. Similarly, Expectation-Maximization
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and Kalman filtering algorithms combined with `1 regulariza-
tion are proposed in [18], [19]. A projection based adaptive
algorithm is developed by Kopsinis et al. in [20], in which
a performance comparison is done to online algorithms up
to date. A different approach is proposed in [21], where a
homotopy scheme is used to update the LASSO solution.

B. Contributions and Outline

Based on RLS and LMS, several sparsity aware recursive
algorithms are tested and compared with the aim of estimating
the system parameters, thus achieving sparse solutions.

The main contribution of this article is the application of
sparsity inducing recursive estimation algorithms to adaptive
control laws that rely on the Certainty Equivalence Principle.
The proposal of time varying forgetting for recursive sparse
estimation algorithms is also a contribution.

The outline of the paper is as follows. The problem under
consideration is described in Section II providing some defi-
nitions and related background. In Section III the algorithms
for recursive identification of sparse systems are detailed. In
Section IV, control strategies are formulated for identification
of sparse systems. Numerical results are shown in Section V
and discussed in Section VI.

II. SPARSITY

A. Sparsity and the `1 norm

In the past decades, society and researchers have benefited
from the significant discoveries and advances in the areas of
signal and image processing, and machine learning [22].

An impressive sparsity-related breakthrough is compressive
sensing [23]. Results show that a sparse signal can be re-
constructed with fewer samples than those required by the
classical Shannon-Nyquist Theory [24]. Saving both sampling
time and sample storage space motivates the development of
sparse representation techniques.

In sparse statistical models only a relatively small number
of parameters (or predictors) play an important role. Infer-
ring quantities of interest from measured information is a
common task in many practical problems. Consider a matrix
A ∈ Rm×n and a vector y ∈ Rm. The vector x ∈ Rn can be
inferred either from noiseless observations of y

y = Ax, (1)

or from noisy observations

y = Ax + e. (2)

In the low dimensional case, when the number of ob-
servations is larger than the number of variables such that
m > n, as in classical statistical setups, system identification,
and adaptive control, the desired x is the unique solution to
the system of linear equation. In the high dimensional case
when m < n, the system is underdetermined (more unknowns
than equations), which implies that the solution is not unique,
provided that there is at least one. Assuming a matrix A with
full-rank (its columns span the entire Rn) guarantees that
a solution can be sought to. Typically, a single solution is

desired and additional properties are required to constrain the
problem. One approach to induce these properties is through
regularization, as it encodes additional criteria to the problem,
and evaluates the desirability of a possible solution.

A constrained optimization problem can be defined by
rewriting (1) as

min
x∈Rn

r(x)

subject to y = Ax
(3)

where r(x) denotes the regularization term. Additionally, un-
der noisy conditions, as happens with realistic measurements
and signals, the problem is

min
x∈Rn

r(x)

subject to ‖y −Ax‖22 ≤ ε
(4)

with error tolerance ε > 0.
Interesting choices of regularization functions are the so-

called `p “norms”. The `p norm of x is given by

‖x‖p =


|j ∈ {j, . . . , n} : xj 6= 0| , if p = 0

(
n∑
j=1

|x|p)
1
p

, if 0 < p <∞

max
j=1,...,n

|xj | , if p =∞

(5)

where |S| denotes the cardinality of the set S .
For 0 < p < 1, the `p “norm” violates the triangle

inequality condition and hence it is called pseudo-norm. For
p = 0 the homogeneity property, when λ 6= 0, is not
satisfied, and thus `0 is also called pseudo-norm. As shown
in (5) the cardinality of the vector is the `0 pseudo-norm.
Its association with sparsity is evident as it intuitively cor-
responds to the number of nonzero elements of x. Defining
supp(x) := {j ∈ {j, . . . , n} : xj 6= 0} then sparsity amounts
to having |supp(x)| � n. The problem of the `p pseudo-
norms, with 0 ≤ p < 1, is their non-convexity, nonsmoothness,
and global nondifferentiability.

The `1 norm is convex, nonsmooth and globally nondiffer-
entiable, while the `2 norm is convex, smooth and globally
differentiable.

The optimal solution of a norm minimization problem is,
by inflating the so-called norm ball, the first point of the
corresponding norm ball to hit the hyperplane containing the
solutions to the problem [12]. To understand how these differ-
ent norm balls affect the solutions of said norms minimization
and which of them can, in fact, induce sparse solutions,
the geometry solution via `1 and `2 minimizations for two
variables is depicted in Figure 2, from left to right.

The gray areas correspond to the constraint regions while
the green ellipses are the level sets of the objective function
‖y −Ax‖22, where x̂ = (ATA)−1ATy is the minimum.

When the penalty function is nondifferentiable at points
where xj = 0, it forms a corner in the axes, promoting the
loss and the penalty functions to meet at the axis. When they
intersect on one of the coordinate axes, the solution is sparse
(the other component is zero). Notice that the diamond-shaped
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Fig. 2. Geometry solutions of `1 and `2 norms minimization in 2D-space.
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Fig. 3. Distinct configurations of tangent points of the `1 norm ball and the
least squares error surfaces, keeping their centers fixed.

region tends to meet the ellipses at the vertices, which favours
sparse solutions. Similarly, for 0 ≤ p < 1, the `p pseudo-
norms are sparsity inducing. On the other hand, only `p norms
with p ≥ 1 are convex.

The `2 norm optimum will only be on one of the axes if
the minimum MSE point x̂ is also on one of the axes, and
this event will happen with probability zero. Because of its
sharp contour at the axes, on the `1 regularized system the
optimum can be on the axes even when the minimum MSE
point x̂ is not. Considering Figure 2, it is clear that the two
surfaces intersect at one of the axes, but typically a question
arises “what if x̂ is located at a different position, will the two
surfaces boundaries still intersect at one of the axes?”

Figure 3 shows different configurations of the tangent points
of the `1 norm ball and the least squares error surfaces, while
their centers remain fixed.

To understand how Figures 3 a), b), c) and d) differ from
each other it is important to recall that in the LASSO objective
there is a parameter that sets how important the `1 norm term
is, relative to the `2 norm term. If this regularization param-

eter is large, then the `1 norm term becomes the dominant
contributor to the LASSO objective, and the minimizer will
then have to make the `1 norm term really small. As the least
squares error surface size increases relative to the `1 norm
ball, the point of tangency gets closer to one of the vertices
of the `1 norm ball. Therefore, at the minimum the `1 norm
ball will be very small if the regularization parameter is very
large. The adjustment of the regularization parameter value
allows moving between the distinct scenarios of Figure 3, and
a favourable choice will lead to a sparse solution.

The biggest advantage of the `1 norm is the success of
achieving variable selection without surrendering the compu-
tational complexity of convexity.

B. Least Absolute Shrinkage and Selection Operator (LASSO)

Finding the sparsest solution is computationally intractable
(NP-hard problem) [25], due to its non-convex combinatorial
nature. Consider the simplest case where x is a 1-sparse vector
1 of size n and the position of the nonzero entry is unknown.
To find the unique minimizer,

(
n
1

)
possibilities have to be

searched. As k grows the number of
(
n
k

)
possibilities grows

too. If k is not known a priori then all n possible values
of k have to be considered, and the resulting complexity is
n∑
i=1

(
n
i

)
= 2n.

One way to bypass this problem is to resort to convex
relaxations, replacing the `0 pseudo-norm by a convex ap-
proximation. Any of the `p pseudo-norms (0 ≤ p ≤ 1) is a
good option to seek sparse solutions. From this set, however,
the only convex one is the `1 norm, and the relaxation is then

min
x∈Rn

‖x‖1

subject to ‖y −Ax‖22 6 ε,
(6)

commonly known as LASSO or Basis Pursuit Denoising.

C. Proximity Operator of the `1 norm

The proximity operator is a natural generalization of the
projection operator [26], showing a similar behavior to a
gradient descent step for a given function f . The proximity
operator proxαf (x) of f with parameter α is

proxαf (x) = arg min
z

{
f(z) +

1

2α
‖z− x‖22

}
. (7)

Proximal algorithms have several main advantages, among
which the fact that they can be applied to nonsmooth functions
or functions that are otherwise difficult to handle. Many
optimization problems that arise in statistics take the form

min
x∈Rn

Φ(x) := l(x) + r(x), (8)

where l(x) is a convex and smooth function, dependent of
the observed data, and r(x) is a lower semi-continuous,
convex, and nonsmooth regularization function. For example,

if l(x) =
1

2
‖Ax− b‖22 and r(x) = λ‖x‖1, then (8) similarly

corresponds to the LASSO problem.

1A k-sparse vector is characterized by k nonzero entries.
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Proximity operators and fixed-point theory are not entirely
unrelated. In fact, proxαf (x∗) = x∗ if and only if x∗ is a
minimizer of f(x). This means that starting at an initial point
and continuously applying the proximity operator such that

xk+1 = xk − α∇fα(xk), (9)

the minimum of the Moreau envelope is reached at conver-
gence. Therefore a minimum of f is also reached, at which
∇fα(xk) = 0, and consequently proxαf (x∗) = x∗.

Considering Φ(x) from (8), the proximal gradient consists
of two steps that must be iterated until convergence.

In the first step a point vk is defined by calculating the
gradient step with respect to the differentiable part of Φ:

vk = xk − α∇l(xk). (10)

The second step is the computation of the proximity operator
of the nondifferentiable part of Φ at vk:

xk+1 = proxαr(vk)

= proxαr(xk − α∇l(xk)).
(11)

III. SPARSITY AWARE RECURSIVE ALGORITHMS

A. RZA-NLMS

Motivated by LASSO, the `1 norm optimization strategy is
incorporated in the NLMS cost function in order to exploit the
sparsity of the system. Thus resulting the cost

J(k) =
1

2
e2(k) + γ‖θ(k)‖1. (12)

A valid subgradient of the `1 norm allows the update
equation for the parameter vector. Nevertheless, forcing all the
parameters to zero uniformly may be problematic, especially
for less sparse systems, in which relevant coefficients should
preserve their relevance. Weighting the penalty function can,
however, avoid uniform shrinkage. A weighted algorithm can
be derived through the log-sum penalty [27]. Hence, the
following cost is considered

J(k) =
1

2
e2(k) + γ

n∑
j=1

log

(
1 +
|θ̂j(k)|
ε

)
. (13)

Here, the penalty term is no longer the `1 norm but the log-sum
penalty, that behaves more similarly to the `0 pseudo-norm.

In [28] it was shown that when ε = 0, the log-sum penalty
function is essentially the same as the `0 pseudo-norm. Thus,
it is expected a similar behavior when ε is small. Furthermore,
as ε→ 0, it is more likely to converge to an undesirable local
minimum, therefore adding the log-sum penalty function turns
the problem into a non-convex optimization problem with no
guarantee that the algorithm converges to a global minimum.
Subsequently, it is important to choose a suitable initial point if
possible. In fact, the probability of finding a global minimum
can be improved by starting from different initialization points
and choosing the converged point that achieves the minimum
objective function value.

Additionally, a monotonically decreasing sequence {ε(k)}
can be considered, starting with a relatively large value to
provide a stable estimate, and then its value can be decreased.

Using the log-sum penalty function the update equation for
the parameter vector is then

θ̂(k) = θ̂(k − 1)− ρ
sgn

(
θ̂(k − 1)

)
1 + |θ̂(k − 1)|/ε

+ µ
e(k)ϕ(k)

α+ ϕT (k)ϕ(k)
, (14)

where sgn (·) is the sign function, ε =
1

ε′
, and ρ =

µγ′

ε′

controls the effect of the additional term −ρ
sgn

(
θ̂(k − 1)

)
1 + |θ̂(k − 1)|/ε

.

First introduced in [14], this term is responsible for attracting
the coefficients of θ to zero, hence the name zero-attractor.

This algorithm is summarized in Algorithm 1.

Algorithm 1 RZA-NLMS [14]

µ, ρ, α . inputs

γ(0), β, y(k), θ̂(0) = 0 . initialization

1: for k = 1, 2, . . . do . time recursion

2: θ̂(k) = θ̂(k − 1) − ρ
sgn

(
θ̂(k − 1)

)
1 + |θ̂(k − 1)|/ε

+

µ
e(k)ϕ(k)

α+ ϕT (k)ϕ(k)

3: end for . end of recursion

B. `1-RLS

The standard RLS cost function is modified as follows

J(k) = E(k) + γ(k)f
(
θ̂(k)

)
, (15)

where f : Rn → R is a convex function, and γ(k) ≥ 0
is a regularization parameter that trades-off the amount of
regularization and the estimation error.

Assuming that f is a generic nondifferentiable function, and
that E(k) is differentiable everywhere, then the subgradient is
a possible alternative for the gradient computation. A valid
subgradient vector of the cost function in (15) is

∇sJ(k) = ∇E(k) + γ(k)∇sf
(
θ̂(k)

)
. (16)

Defining a new variable Θ(k) = Φ(k)θ̂(k), such that

Θ(k) = r(k)− γ(k)∇sf
(
θ̂(k)

)
, (17)

where Φ(k) ∈ Rn×n and r(k) ∈ Rn are, respectively, the
deterministic autocorrelation matrix for the regression vector
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ϕ(k) and the deterministic cross-correlation estimate vector
between y(k) and ϕ(k):

Φ(k) =

k∑
m=0

βk−mϕ(m)ϕT (m) = βΦ(k − 1) + ϕ(k)ϕT (k),

r(k) =

k∑
m=0

βk−my(m)ϕ(m) = βr(k − 1) + y(k)ϕ(k).

(18)
Replacing r(k) in (17) with the update recursion defined by

(18) results in an update equation for Θ(k). The assumption
that γ(k−1) and ∇sf

(
θ̂(k − 1)

)
do not change substantially

each time instant, allows for an update equation of the form

Θ(k) ≈ βΘ(k−1)+y(k)ϕ(k)−γ(k−1)(1−β)∇sf
(
θ̂(k)

)
.

(19)
Note that this assumption implies time invariant and slow
variation scenarios only. Using the Matrix Inversion Lemma,
the covariance matrix P (k), inverse of the autocorrelation
matrix Φ(k), yields the well-known update equation

P (k) = β−1
[
P (k − 1)−K(k)ϕT (k)P (k − 1)

]
, (20)

where K(k) is the Kalman gain vector

K(k) =
P (k − 1)ϕ(k)

β + ϕT (k)P (k − 1)ϕ(k)
. (21)

The relation Θ(k) = Φ(k)θ̂(k) ⇔ θ̂(k) = P (k)Θ(k) and the
update in (19) allows writing an estimate for θ(k) as

θ̂(k) = θ̂(k−1)+K(k)e(k)−γ(k−1)(1−β)P (k)∇sf
(
θ̂(k)

)
.

(22)
One possibility is to choose f (θ(k)) = ‖θ(k)‖1 =

n∑
i=1

|θi(k)|. Again, the use of the `1 norm penalty leads to

biased estimates by uniformly affecting all the parameters,
which prompts the development of a weighted `1 norm scheme

‖Wθ̂(k)‖1 =

n∑
j=1

wj |θ̂j(k)|. (23)

The values wj , j = 1, 2, . . . , n are positive weighting factors
that affect the corresponding n parameters. W is a diagonal
matrix with the values wj on its main diagonal. The subgra-
dient of the weighted `1 norm is then

∇s‖Wθ̂(k)‖1 = WT sgn
(
Wθ̂(k)

)
= W sgn

(
θ̂(k)

)
, (24)

as W is a positive valued diagonal matrix.
To approximate the weighted `1 norm to the `0 pseudo-

norm, the weights can be picked as inversely proportional to
the actual value of the parameters. As they are unknown, the
best approximation available are the last estimates. Thereby,

wj =
1

|θ̂j(k − 1)|+ ε
, (25)

where the parameter ε is positive and its purpose is to avoid
numerical errors resulting from division by zero. In [27], it is

shown that a value of lower order than the nonzero estimates
is the more suitable choice.

The algorithm outlined above is summarized in Algorithm
2, where the vector division operation in state 5 denotes a
simple element-wise division.

Algorithm 2 `1-RLS [17]

β, ε, ϕ(k), y(k) . inputs

γ(0), θ̂(0) = 0, P (0) = aI, a = constant . initialization

1: for k = 1, 2, . . . do . time recursion

2: K(k) =
P (k − 1)ϕ(k)

β + ϕT (k)P (k − 1)ϕ(k)

3: ε(k) = y(k)− ϕT (k)θ̂(k − 1)

4: P (k) = β−1
[
P (k − 1)−K(k)ϕT (k)P (k − 1)

]
5: θ̂(k) = θ̂(k − 1) + K(k)ε(k) − γ(k − 1)(1 −

β)P (k)
sgn

(
θ̂(k − 1)

)
|θ̂(k − 1)|+ ε

6: end for . end of recursion

C. RLS-weighted LASSO (RW-LASSO)

LASSO continuously shrinks the coefficients toward 0 as λ
increases, and some coefficients are exactly shrunk to 0 when λ
is large enough. It has been shown that variable selection with
LASSO can be consistent if the underlying model satisfies
specific conditions and that LASSO can perform automatic
variable selection because the `1 penalty is singular at the
origin [29]. However LASSO shrinkage produces biased esti-
mates for large coefficients.

The RW-LASSO [15], [16] objective is formulated as

J(k) =
1

2

k∑
i=1

βk−i‖y(i)− ϕ(i)θ‖22+

+ λ(k)

N∑
n=1

wµk
(|θ̂RLS

n (k)|)|θn|,

(26)

where J(k) is the new objective function to minimize. The
RW-LASSO holds an estimate given by

θ̂ = arg min
θ

J(k), (27)

which can also be updated similarly to RLS by

θ̂ = arg min
θ

J(k)

= arg min
θ

s(k) + θTR(k)θ − 2θT r(k)

2

+ λ(k)

N∑
n=1

wµk
(|θ̂RLS

n (k)|)|θn|,

(28)

where
r(k + 1) = βr(k) + ϕT (i)y(i),

R(k + 1) = βR(k) + ϕT (i)ϕ(i).

5



0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

θ

-0.5

0

0.5

1

1.5

w
µ
(k
)(
θ
)

µ(k)

aµ(k)

Fig. 4. Weight function of (29) for values of µ(k) = 0.3 and a = 3.7.

Since s(k) is an additive variable that is independent of θ,
its value does not affect the minimum of the functional and
therefore the estimate is independent of it.

A desirable penalty function should weigh the `1 norm term
|θn| individually and be signal dependent [16]:

wµ(k)(|θ|) =
(aµ(k)− |θ|)+
µ(k)(a− 1)

u(|θ| − µ(k)) + u(µ(k)− |θ|), (29)

with u(·) being the step function and (·)+ the nonnegative
part of the function in parentheses. In [16] the parameter a
is set to 3.7 as in the Smoothly Clipped Absolute Deviation
penalty [30]. A proper choice of values for µ(k) and a grant
the opportunity to set unwanted or irrelevant coefficients to
zero, while not affecting the remaining ones.

While on the non weighted scenario all the elements |θn|
are identically weighted (w = 1), this weight function proves
the estimator with higher weights on small entries, and lower
weights on entries with large amplitudes. More precisely, as
depicted in Figure 4, elements of size less than µ(k) are
penalized as in LASSO, elements between µ(k) and aµ(k)
have a linearly decreasing penalization, and elements larger
than aµ(k) are not penalized at all. The weight function is
updated using RLS estimates that are computed alongside.

Although they involve affordable complexity, subgradient
methods have slow convergence, the proximity operator is
applied instead. For the specific case of LASSO where h(θ) =
λ‖θ‖1, the main step consists of computing

Proxαi‖·‖1(θi − αi∇g(θi)) = Sη(θi − αi∇g(θi)) (30)

where [Sη(θ)]n = sign(θn)(|θn|−η)+ with η = αiλ known as
the element-wise Soft-Thresholding function. At each iteration
the cost function is linearized around the current point. Since
the weight function in (29) yields values between 0 and 1,
if it is used in the `1 weighted-norm λ‖wθ‖1 then we can
admit a new regularization parameter equal to γ = λw, and
h(θ) = γ‖θ‖1. The proximal operator of h(θ) is the element-
wise Soft-Thresholding function now with τ = γα = λwα
for the `1 weighted recursive LASSO.

The RW-LASSO algorithm is summarized in Algorithm 3.

Algorithm 3 RLS-Weighted LASSO [15]

β, ε, ϕ(k), y(k), a, α, imax . inputs

r(0) = 0, R(0) = 0, λ(0), θ̂(0) = 0, P (0) = δI, δ =
constant . initialization

1: for k = 1, 2, . . . do . time recursion

2: r(k + 1) = βr(k) + ϕT (i)y(i)

3: R(k + 1) = βR(k) + ϕT (i)ϕ(i)

4: ε(k) = y(k)− ϕT (k)θ̂(k − 1)

5: K(k) =
P (k − 1)ϕ(k)

β + ϕT (k)P (k − 1)ϕ(k)

6: P (k) = β−1
[
P (k − 1)−K(k)ϕT (k)P (k − 1)

]
7: θ̂(k) = θ̂(k − 1) + P (k)ϕ(k)ε(k)

8: wµ(k)(|θ|) =
(aµ(k)− |θ|)+
µ(k)(a− 1)

u(|θ|−µ(k)) +u(µ(k)−|θ|)

9: for i = 1, . . . , imax do . iterative method

10: Proxαi‖·‖1(θi − αi∇g(θi)) = Sη(θi − αi∇g(θi))

11: end for . end of iterative method
12: end for . end of recursion

IV. VARIABLE FORGETTING FACTOR

When the forgetting factor is very close to one, the estima-
tion algorithm achieves low mis-adjustment and good stability,
but their tracking capabilities are reduced.

A fixed exponential forgetting factor can still be inadequate
as the algorithm is prone to estimator windup or covariance
blow-up. One of the problems happens when parameters are
kept constant over a long period of time and then an abrupt
variation occurs. At this time, the gain is too low and the
estimates converge too slowly to their true values.

A well-known method of choosing the forgetting factor,
described in [31], is

β(k) = max

{
βmin, 1−

[
1− ϕT (k)K(k)

] ε2(k)

Σ0

}
, (31)

that consists of keeping the information content of the algo-
rithm constant Σ(k) = Σ(k − 1) = . . . = Σ0.

V. ADAPTIVE CONTROL BASED ON SPARSE
IDENTIFICATION

A. Model Predictive Control (MPC)

MPC comprises a wide range of control methods designed
around common ideas. These ideas involve using a model to
predict the process output along future instants, the minimiza-
tion of a cost function to calculate a control sequence, and a
receding strategy enforcing that only the first element of the
control sequence is applied to the process at each time instant.
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The expression for the general cost function is

J(N1, N2, Nu) = E

{
N2∑
j=N1

δ(j) [y(k + j|k)− yref (k + j)]2

+

Nu∑
j=1

ρ(j) [∆u(k + j − 1)]2
}
,

(32)
where E {·} is the expectation operator, y(k + j|k) is the j-
step ahead prediction of the system output, and yref (k + j)
is a future reference. The weighting sequences δ(j), ρ(j) can
assume different values based on the approach used.

The parameters N1 and N2 are the minimum and maximum
output horizons corresponding to the limits of the time instants
for which the output y needs to follow the reference yref . The
control horizon value Nu depends on the type of process. The
parameter ρ can be tuned to cover a large scope of processes.

B. Minimum Variance Control (MVC)

MVC adopts a similar cost function to (32), apart from
ρ(j) = ρ = 0. The control target includes system noise,
observation noise, and other unmodeled dynamics that cannot
be represented in mathematical expressions. For that reason,
the CARMA model is used to represent the process dynamics

A(q−1)y(k) = B(q−1)u(k − d0) + C(q−1)e(k), (33)

where A(q−1), B(q−1), and C(q−1) are polynomials de-
fined in the backward shift operator q−1, and d0 is the
dead time of the system. No common factors can appear in
(A(q−1), B(q−1)), the zeros of C(q−1)) have to be inside the
unit circle, and {e(k)} is an i.i.d. sequence (white noise) with
zero mean and variance σ2

e .
If both sides of (33) are multiplied by F (q−1), a monic

polynomial of degree d0 − 1, such that

F (q−1) = 1 + f1q
−1 + . . .+ fd0−1q

−d0+1, (34)

then, according to the following Diophantine equation

C(q−1) = F (q−1)A(q−1) + q−d0G(q−1), (35)

where G(q−1) is given by

G(q−1) = 1 + g1q
−1 + . . .+ gna−1q

−na+1, (36)

equation (33) becomes

A(q−1)F (q−1)y(k + d0) = B(q−1)F (q−1)u(k)

+ C(q−1)F (q−1)e(k + d0)⇔

⇔
{
C(q−1)− q−d0G(q−1)

}
y(k + d0) = B(q−1)F (q−1)u(k)

+ C(q−1)F (q−1)e(k + d0).
(37)

The polynomials F (q−1) and G(q−1) can be determined by
polynomial division. Furthermore (37) can be rearranged as
follows

y(k + d0) = ŷ(k + d0|k) + ỹ(k + d0|k), (38)

where

ŷ(k + d0|k) =
G(q−1)y(k) +B(q−1)F (q−1)u(k)

C(q−1)
, (39)

is the d0-step ahead predictor based on data up to time k, and

ỹ(k + d0|k) = F (q−1)e(k + d0), (40)

is the d0-step prediction error.
The control law is determined in such a way that the cost

J = E
{

[y(k + d0)− yref (k + d0)]
2
}
, (41)

is as small as possible. The assumption that e(k) is an i.i.d.
sequence is of real importance as it makes the cross terms of
F (q−1)e(k + d0) vanish

J = E
{
ŷ2(k + d0|k)

}
+ σ2

e(1 + f21 + . . .+ f2d0−1)+

E
{
y2ref (k + d0)

}
− 2E {ŷ(k + d0|k)yref (k + d0)} .

(42)

Since the second and third terms are independent of u(k),
minimizing J amounts to choose the input u(k) so that

∂

∂u

(
ŷ2(k + d0|k)

)
− 2

∂

∂u
(ŷ(k + d0|k)yref (k + d0)) = 0. (43)

Finally, the MVC law is

u(k) =
C(q−1)yref (k + d0)−G(q−1)y(k)

B(q−1)F (q−1)
. (44)

C. Generalized Predictive Control (GPC)

Proposed by Clarke et al. [32], the main idea of GPC is
to calculate a sequence of future control signals such that it
minimizes a multi step quadratic cost defined over a prediction
horizon as in (32).

The processes are described by a CARIMA model

A(q−1)y(k) = B(q−1)u(k − d0) + C(q−1)
e(k)

∆
, (45)

where ∆ = 1− q−1, d0 is the system dead time, and A(q−1),
B(q−1), and C(q−1) are polynomials defined in the backward
shift operator q−1. For simplicity, C(q−1) is considered to
be equal to 1.The controller automatically has an integrator,
necessary to compensate for the drifting noise term.

The objective of the controller is to compute the future
control sequence such that the future output is driven close to
the reference. Defining the horizons N1 and N2 = Nu = N ,
a set of predicted outputs ŷ(k + j|k) for N1 ≤ j ≤ N are
computed from past values of inputs and outputs, as well
as future control signals. These predictors are then used in
the cost function to obtain an expression whose minimization
leads to the desired control sequence.

Consider the following Diophantine equation

1 = Fj(q
−1)∆A(q−1) + q−jGj(q

−1), (46)

where Fj(q
−1) and Gj(q

−1) of degrees j − 1 and na,
respectively, are uniquely defined polynomials. The subscript
j denotes the polynomial associated with the prediction of the
output at time k + j.

The output at j steps ahead is

y(k + j) =Fj(q
−1)B(q−1)∆u(k + j − d0)+

+Gj(q
−1)y(k) + Fj(q

−1)e(k + j),
(47)
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and the predictor at j steps ahead, orthogonal to the output, is

ŷ(k + j|k) =Fj(q
−1)B(q−1)∆u(k + j − d0)+

+Gj(q
−1)y(k).

(48)

Furthermore, upon defining the following equality

Fj(q
−1)B(q−1) = Wj(q

−1) + q−(j−d0+1)W̄j(q
−1), (49)

the predictor can be equivalently written as

ŷ(k + j|k) =Wj(q
−1)∆u(k + j − d0)︸ ︷︷ ︸
free response

+

+ W̄j(q
−1)∆u(t− 1) +Gj(q

−1)y(k)︸ ︷︷ ︸
forced response

.
(50)

The first term is called free response, as it represents the
prediction of the output y(k + j) when no future control
action is applied to the system. The second term is the forced
response, since it relates to the output prediction taking the
future control actions u(k + j − d0), for j > 1.

Let the forced response be expressed as ȳj , and W be a
matrix formed with the terms wji of polynomials Wj(q

−1) (in
fact wji = wi). Accordingly,

y =

 ŷ(k + 1|k)
...

ŷ(k +N |k)

 , ∆u =

 ∆u(k)
...

∆u(k +N − d0)

 ,
e =

 F1(q−1)e(k + 1)
...

FN (q−1)e(k +N)

 , yref =

 yref (k + 1)
...

yref (k +N)

 ,

W =


w1 0 0 . . . 0
w2 w1 0 . . . 0
...

...
...

. . .
...

wN wN−1 wN−2 . . . w1

 , ȳ =

 ȳ1(k)
...

ȳN (k)

 .
(51)

The cost function can be recast as

J(1, N,N) = E
{

(y − yref )T (y − yref ) + ρ∆uT∆u
}

= (W∆u + ȳ − yref )T (W∆u + ȳ − yref ) +

+ ρ∆uTu.

(52)

The minimum of J is found by equating its gradient to zero,
which leads to

∆u =
(
WTW + ρI

)−1
WT (yref − ȳ) . (53)

Equation (53) yields the future control sequence for k+j−
d0 for j = 1, . . . , N , and according to the receding horizon
strategy, only the first element of the sequence is applied to
the process. As is, the control law amounts to

∆u(k) =
[

1 0 . . . 0
] (

WTW + ρI
)−1

WT (yref − ȳ) .

(54)
Since ∆u(k) = u(k)− u(k − 1) the control input is then

u(k) = u(k − 1) + ∆u(k). (55)
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Fig. 5. Time evolution of the system parameter (upper plot) and time evolution
of the variable forgetting factor, using the sparsity-aware algorithm.

VI. RESULTS

The tracking capability and the convergence speed of an
algorithm do not relate, at all, to each other. Thereby the
performance of the algorithms to track time varying sparse sys-
tems needs to be analyzed. The analysis includes the systems
withstanding changes in their parameters. These variations can
be slow varying, or either sudden changes of the parameters
values or changes of the support of the sparse system.

The two following examples intend to illustrate the effect
of variable forgetting. In this case, the system admits the
following transfer function

H(q−1) =
1.6131q−1 − 1.0263q−2 + 0.1140q−3

1− 0.8103q−1 + 0.1746q−2 − 0.0114q−3
. (56)

One of the parameters is equal to −0.8103 initially but
its value varies along time, as depicted by the blue line in
Figure 5. The red and yellow lines are the estimated coefficient
values when using a variable forgetting factor and a fixed
one (equal to 0.9995), respectively. Figure 5 also displays
the variation of β according to (31). As expected, when the
variable forgetting factor is applied, the estimate has a small
drift. Notwithstanding, it follows the real value whereas using
a fixed forgetting factor takes too long to make the estimate
change. The downside of this approach is that the estimated
parameter vector loses its sparsity feature. The variations of β
lead also to small fluctuations in the estimated values of the
supposedly zero valued parameters.

Again, estimators respond much more quickly to model
variations when a variable forgetting factor is used. The
response can be faster or slower, depending on the parameter
used in (31), although with faster response (and more alertness
to variations) comes a greater steady state error.

Figure 6 shows the variance of the estimate as function of
the rising time, in terms of the number of iterations it takes for
the algorithm to react to a change. For a fixed forgetting factor,
as its value becomes closer to one, the rising time increases
and the variance decreases. A variable forgetting factor can
be more useful to the estimation as it exhibits a compromise
between the rising time and the variance.
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Fig. 7. Second order RC series circuit.

Hybrid systems concern dynamical systems governed by
differential or difference equations that exhibit both continuous
and discontinuous behavior [33]. In many cases, the discon-
tinuous behavior comes from switches or interactions between
distinct physical systems or parts of them.

Consider the hybrid system identification example corre-
sponding to the RC series circuit depicted in Fig. 7.

The system has one switch that allows shifting between one
of two distinct states. The switch is either open and the output,
Vout, is measured at point A, or the switch is closed and Vout

is measured at point B. The two states correspond to a first
and a second order system, respectively.

The aim is to identify at each time instant which of the
operating states is active, and it is expected that, using a sparse
representation, the time instants of these transitions become
evident. The knowledge of the first order system having less
coefficients than the second order system aids the identification
of the active state of the hybrid system at each time instant.

Let the measurements of Vin and Vout consist of sam-
ples at time instants k = nT, n = 1, 2, ..., where T
is the sampling time. The parameter estimation is updated
for each time k. The regression vector ϕ(t) is of the form
[Vout(k − 1) Vout(k − 2) ... Vin(k) Vin(k − 1) ...].

The data was acquired for values of R1 = 100 kΩ, R2 =
500 kΩ, C1 = 100 mF, and C2 = 5 µF, with a sampling rate
lesser than the time constant of the system.

Figure 8 shows the parameter a2 and the algorithms es-
timates θ2(t) of a2, that is the parameter associated to
Vout(k − 2). The true value of this parameter, represented
by the blue line, is zero in state A and 0.6 in state B.

Analyzing Figure 8, the initial system corresponds to state
B and around k = 400 a sudden change is registered, where a
drop in the absolute value of a2. Thus, the operating system
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Fig. 8. Time evolution of the system parameter a2.
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Fig. 9. Plant output affected by Gaussian white noise with σ2
e = 1, using

N1 = 1, N2 = 7, Nu = 3, and no knowledge of future reference values.

no longer corresponds to the second order series RC circuit,
as the order of the system decreases. This decrement of order
is reflected in the number of nonzero coefficients of ϕ(t).

In respect to the algorithms, RW-LASSO is faster to react to
the change and it has the most accurate estimate. It also has
lower variance. Besides being the slowest, the RZA-NLMS
algorithm does not even converge to the exact value of zero
after the sudden parameter variation.

To show the ability of GPC to control non-minimum phase
systems, the following model is considered

y(k) =
−0.007803− 0.01846q−1 − 0.01333q−2

1− 2.729q−1 + 2.515q−2 − 0.7834q−3
u(k − 1) + e(k).

(57)
To check whether a Self-Tuning controller can keep the

sparse parameter vector and at the same time follow a tra-
jectory, a sparsity-aware estimator is used with access to the
reference signal up the present instant. The horizons are set
to N1 = 1, N2 = 7, Nu = 3, and ρ = 0.98.

If the controller were aware of the future reference trajec-
tory, at a given time instant k, the control signal applied at
k would already account for that change (assuming it would
take place in the prediction horizon k + N2). The longer
the prediction horizon, the sooner the controller actuates to
compensate the change.

Figure 9 reveals that if the reference is considered constant
(and equal to the current set point reference) along the
prediction interval, then the controller actuates to compensate
the variation only when the change takes place.
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VII. CONCLUSIONS

One of the problems of many adaptive control schemes is
that they require exact knowledge of the order of the model.
On the other hand, LASSO helps determining the true order
information of the system without prior knowledge, allowing
to guess an arbitrary system order without compromising the
parameter estimation and tracking performance.

Given the nondifferentiability of the `1 norm, subgradients
and proximity operators were applied, through regularization,
to derive the sparsity-aware solutions. Since the `1 norm pe-
nalizes uniformly the vector of estimated parameters, weighted
versions of the algorithms were also introduced.

The RZA-NLMS algorithm has a constant gain µ and its
estimates approach values close to the correct ones relatively
quickly, but they do not converge, as its gain does not decrease.
This behavior was already expected since the disadvantages of
LMS compared to RLS are well known in the literature.

The `1-RLS algorithm is very similar to the RLS in com-
plexity, having better convergence and performance than its
regular counterpart when the system to be identified is sparse.

The RW-LASSO has good tracking capabilities at the ex-
pense of more complexity.

MPC control laws were coupled with a sparsity-aware
algorithm to demonstrate how self-tuning adaptive controllers
estimatie sparse models and control the respective plants.

One of the main problems is tracking time-varying pa-
rameters and the enforced trade off between sparsity and
tracking capability, which requires fine tuning of parameters.
In this regard, variable forgetting factors provide major help,
especially in abrupt changes scenarios, but at the same time
the sparsity of the solution is affected.

Finally, in the future it would be interesting to aim for
efficiently ways of extending this work to systems in which
noise has a particular structure, for example, when the systems
are described by ARMAX models. An interesting extension
to this work would be the use of Neural Networks to aid
the identification of processes (Neural Network System Iden-
tification). As a result of their natural ability to learn and
to approximate nonlinear functions, models developed using
neural networks capture nonlinear dynamics. Subsequently its
use to learn plants dynamics can enhance the ability of control
methods to make accurate predictions.
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